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INVARIANT DISTANCES AND METRICS IN C*

TAI,)AY()SHI KANEMARU (BEE Kk - BT S£iEH)

Dept.of Mathematics,Faculty of Education,Kumamoto University

It is well known that Kobayashi distance and Caratheodory distance are imn-
portant in complex analysis. It is because of that these distances have decreas-
ing property under holomorphic mappings. For example the little Picard theorem
which asserts that nonconstant entire function has at most one exceptional value is
proved by the fact that Kobayashi distance has decreasing property and Kobayashi
distance on C" is identically zero and C™-{a, b} is Kobayashi hyperbolic.

In this paper mainly according to Jarnicki-Pflug [4], we survey distances and
metrics on a domain in C*. First we deal with general theory of pseudodistance
and pseudometric. Let G be a dowain in C*. Let di; : G x G.— [0,00) be a
pseudodistance .

For z',z" €G,let «: [0,1]— G be a curve such that «(0) = 2, (1) = 2. Put
Li(a) = qupz L d(a(tj—1), a(t;)) ,where supremun is taken over all partition
U=t <ty <-- <t,=10f [0,1]. We define di(z,z") = inf Ly(e) for z,2" € G,
whele mfnnum Is taken over all curve o joining 7 and 2. By definition we have
d(z',2") < di(2,2") for 22" € G.

Proposition 1. (d')! = (.
Proof. d* < (d)* is trivial. It is sulficient to prove (d*)* > d'. We have
A (e(tj-1). a(t;)) < Lalec | [t5-1,5)).

Therefore

Z (c(ti—1), lt; )<ZL¢(¥|[# —1 —t;]) = La(a).

= ]—
By taking supremun over all partition of [0,1], we have Ly () < Ly4(a). Moreover
takmg mfumnu over all curve « such that «(0) = z and a(1) = 2", we have

(d)i(z,2") < di(d, 2 . O
d is called inner if d* = d holds. By Proposition 1, d is inner.

Let § : G x C*— [0, 00) be a pqcudmnetric. Let a : {0,1] — G be a piecewise
Cleurve. Put Ls(a) = _[0 (a(t); o (£))dlt.
Define

(/ §)(z, z') = inf Ls(a),

. v 3 . - - 3 3 ’ "
where infimum is taken over all piccewise Cleurve a joining z and z .
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Proposition 2. ([§)' = [6.

Proof. (f8) < ([ é)* is trivial. It is sufficient to show ([ §)! < [§. By definition
(f 8)(a(tj-1), alt;)) < Ls(a | [¢5-1,5]). Then

Z(/é (tj—1), a(t <ZL5a| ti—1,t;]) = Ls(c)

Taking supremum over all partition of [0,1], we have L s)(a) < Ls(a). Moreover
taking infimum over all piecewise C! curve o joining z and 2z, we have

/6 z,2 ) < /6)(zl,z,’). O

Let d : G x G — [0,00) be a pseudodistance. We define pseudometric Dd as
follows:

(Dd)(a; X) = hm sup d(z,z + AX).

A—0 2 0

fora,z € G, X €C™, A € C. Dd is called the derivative of d.
Proposition 3. d < [(Dd).

Proof. Let a be a piecewise C! curve joining Zz = «(0) and 2 = a(1). We show
1
a(z ,z ) S/ (Dd)(a(t), a (t))dt
o

for z .z € G. Put o(t) v(0), a(t)), ¥(t) = (Dd)(alt), ’( )) ()<t<1 It is
(1) -

= d(c
sufficient to show ¢(1) < 01

P(t)dt. Since (1) = ¢ = /0 t)dt, We
show
t
lim  sup —(e(—)————(———)- P(t)
l, t —*lt ;’-‘t“ t _t

for t € [0,1}. Now we fix t, € [0,1]. Let X(¢,t ) = ﬂt—n)—:%ﬁf()r t',t" e [0,1],

then ) ,
t — t ’
lim  sup X(t t )——- lin  sup (—,2————-(——) = a (to).
t/ C —-»tOt 7’:t” ¢! t —"'Ot#t” t —-—t
We have
— (¢’ (0 ¢ —daO,at"
lim  sup #l 2 (/f,( ) lim  sup d((0), o ), ,g ( ),(t )
tt—’tot#t” t —1t tt"’tOf;ét” t —t
tl t”
< lim sup (a(,)’”‘,f )
t t —*LOt 9’-‘t” !t -1 l
tl t/ t” _ tl X tf’tll
o He)0l) £ OX(E)
t t —*t()t#t” ’t _"t l

= (Dd)(a(to); @ (o))
=Y(ty). O



Proposition 4.
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Proof. From ProI‘r)osition 3, we have [(Dd) >d. So (J(Dd))! > d*. From Proposi-
tion 2, we have ([(Dd))* = [(Dd). So [(Dd) > d holds. O

Proposition 5.

D( / 0) < 6.
Proof. We have

D(/(S)((L;X) = lim sup |——}\——|(/5)(z,z + AX)

A—0z1a
<1 !
S hm sup ——
S APy

L,;([z, z+ /\X])

1
= lim sup L‘/ 6(z +tAX; A X)dt
0z—a | X Jo

A—

1
= lim sup/ Oz + tAX; X)dt

A=0z44a g

< é6(a; X)
,where [z, 2 + AX] denotes the segment joining z and z+\X, i.e.,a(t) = (1 — t)z +
tz+AX)=2z+tX,te(0,1]. O

Proposition 6. '
D(d") = Dd.

Proof. Since d < d*, we have Dd < Ddi. From Proposition 4 and 5, we have

Dd' < D(f Dd) < Dd. O

Proposition 7. Let Gy and G5 be domain in C". Let F : G; — G4 be a holo-
morphic mapping. If

1

da,(F(2), F(z")) < de, (2, 2),

then

17

6, (F(2),F(2") < di (,2") for 2,2 € Gy.
Proof. Let a: [0,1] — G be a curve joining z' and z". From the assumption,

we have
de, (Foa(tj-1), F o a(t;)) < de, (aftj-1), alt;))-

Taking summation from j = 1 to 5 = n and taking supremum over all parti-
tion 0=ty < ¢, < --- < ¢, = 1, we have Lyg,(F o @) < Lgg (o). Moreover

n

taking infimum over all curve o joining z and z , we have d};z(F(z/), F(z')) <
i, (,2"). O

35
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Proposition 8. Let F : G; — G2 be a holomorphic mapping. Let « : [0,1] —
G be a piecewise C curve joining z and 2. If

S (F(a(t); F (a(t))e (1) < ba, (aft); & (1),

( / 66,)(F(2), F(z")) < ( / 56,7, 2").

Proof. From the assumption, we have

then

Lsg,(Foa) < Lsg, (o).
Taking infimum over all «, we conclude the proof. [

In Proposition 7 and 8, if F': G; — G3 is a biholomorphic mapping, equation
holds respectively.

Next, we recall the definition of Caratheodory pseudodistance, Caratheodory-
Reiffen pseudometric, Kobayashi pseudodistance and Kobayashi-Royden pseudo-
metric. Let A be a unit disc in C*. Let G be a domain in C*. Hol(G,A) and
Hol(A,G) denote the set of holomorphic mappings from G to A and from A to G
respectively.

Definition 1.
ca(z,2") = sup{o(f(2), f(z")) | f € Hol(G,A)}
= sup{o(0, f(2")) | f € Hol(G,A), f(z') = 0}

’ " - - . .

for z , z €G,where g is the Poincare distance in A.
i 1" . .

cc(z ,z ) is called Caratheodory pseudodistance.

Definition 2.
v (2 X) = sup{y(f(2)If (2)X| | f € Hol(G,A)}

= sup{|f (2)X|| f € Hol(G, D), f(2) = 0}
for z € G, X €C*, where

Y¢ is called ~Caratheoddry-Re1ﬂen pseudometrlc.
Definition 3.

kg (z,w) = inf{o(\, w)|A, n € A, Fp € Hol(A,G), p(A) = z, () = w}
for z,w € G.

k7 does not satisfy triangle inequality. So kg is not pseudodistance. kg is called
Lempert function.
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Definition 4.
kG(Z71U) = inf{Z,ka(Zi—ly Z-,,) I 2= 20,21y---y2%n = 'l.U} .
i=1 ‘ '
ka(z,w) is called Kobayashi pseudodistance.
Definition 5. |

k(2 X) = inf{y(Alel|3p € Hol(A,G),3A € A;p(A) = 2,00 (A) = X}
= inf{c > 0|3p € Hol(A,G); p(0) = z, agp (0) = X}
forze G, X eC?

kG : GXC™ — [0, 00) is called Kobayashi-Royden pseudometric. We give some
propositions without proof.

Proposition 9. Let Gy and G5 be domain in C™. If f : Gy — G3 is a holomorphic
mapping, then

ke, (f(2), f(w)) < kg, (z,w),
¢, (f(2), f(w))) < cq,(2,w)
for z,w € Gy.
In particular,if f is biholomorphic, then equalities hold respectively.

Proposition 10.
k,c =0

ce =0

Proposition 11 ([2]).

]\'; z"v = A:G

¢t # co

Proposition 12.

for any domain G in C*

Proposition 13. Let f: Gy — G; be a holomorphic mapping. Then

kG, (f(2); f1(2)X) < ke, (2 X)
16, (f(2); £ (2)X) < 76, (2 X)
forz € G, X eC”.

Proposition 14 ([1]). Let G be a domain in C*. Topology on G induced by k¢
coincides with the standard euclidean topology of G .

Proposition 15 ([3]). In the case of n > 3, there erists a domain G CC" whose
standard euclidean topology does not coincide with the induced topology by cc.
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