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Dept.of Maf,11olIlati($j\mathrm{S},\mathrm{F}\mathrm{a}\mathrm{t}^{\backslash },\iota 11\mathrm{t}\mathrm{y}$ of Education,Kumamoto $\mathrm{U}_{\mathrm{I}}\iota \mathrm{i}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{y}$

It is well kIltwll tllat $\mathrm{K}_{\mathrm{t}}1$) $\mathrm{a}.\mathrm{v}\aleph \mathrm{s}11\mathrm{i}(1\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{I}1(.\mathrm{C}^{\iota}$. and Caratlle( $\mathrm{d}\mathrm{o}\mathrm{r}\mathrm{y}$ distallce are iIIl-
portant $\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\iota$ ) $\mathrm{l}\mathrm{e}\mathrm{X}$ analysis. It is $\mathrm{b}\mathrm{e}\mathrm{t}^{\backslash },\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{s}\mathrm{e}$ of $\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{t}$ these distances have decreas-
$\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ property under $1_{\mathrm{t}}(1_{\mathrm{t}})111\mathrm{t})\mathrm{r}_{1})1_{1\mathrm{i}\mathrm{i}_{1}\mathrm{g}\mathrm{s}}(:111\mathrm{a}_{1)}1)1$. For $\mathrm{t}^{1}.\mathrm{X}\mathrm{a}\mathrm{I}\mathrm{I}11^{1\mathrm{e}}$) tlle little Picard tlleoreIIl
which asiserts $\mathrm{t}1_{1\mathrm{a}\mathrm{t},\mathrm{O}\mathrm{I}}$IIOII($\backslash \mathrm{l}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{t}$ entire $\mathrm{f}\mathrm{t}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{C}\mathrm{t}\mathrm{i}\{$ ) $\mathrm{I}\mathrm{l}11\mathrm{a}_{\iota}\mathrm{s}$ at IIlost $\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{e}$ exceptional value is

$1)\mathrm{r}\mathrm{t}\mathrm{V}\mathrm{e}\mathrm{C}\mathrm{l}$ by $\mathrm{t}]_{1\mathrm{t}}\backslash$, fact $\mathrm{t},1_{1}\mathrm{a}\mathrm{f},$
$\mathrm{K}(\mathrm{J}1_{\mathrm{J}\backslash }C‘.)r\dot{\mathrm{e}}\mathrm{t}\mathrm{s}1_{1}\mathrm{i}$ distance $11_{\dot{C}}\mathrm{t}\mathrm{S}(11\backslash .(.\mathrm{r}\mathrm{c}\mathrm{a}\mathrm{S}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ property and Kobayaslli

elistaIlcc $\mathrm{o}\mathrm{I}1\mathbb{C}^{\iota}$’ is identically zcro $\mathrm{a}\iota \mathrm{l}\mathrm{t}\mathrm{l}\mathbb{C}^{n}-\mathrm{t}a,$ $b$} is $\mathrm{K}_{0}\mathrm{b}\mathrm{a}\mathrm{y}\mathrm{a}\mathrm{S}1_{1\mathrm{i}\iota 1}\mathrm{y}\mathrm{P}^{\mathrm{e}\mathrm{r}\mathrm{b}_{01\mathrm{i}_{\mathrm{C}}}}$ .
Ill $\mathrm{t}]_{1}\mathrm{i}\mathrm{s}$ paper $111_{C}’\iota \mathrm{i}_{1}11\mathrm{y}\mathrm{a}\mathrm{t}:\mathrm{c}\mathrm{o}\mathrm{r}(\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{t},0.1_{8\mathrm{r}11}\mathrm{i}_{\mathrm{t}}\cdot \mathrm{k}\mathrm{i}- \mathrm{p}\mathrm{f}1_{1\iota}\mathrm{g}[4]$ , we survey distances alld

metrics $\mathrm{t}11$ a $\mathrm{d}_{\mathrm{o}\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{a}}\mathrm{i}\mathrm{I}$

} $\mathrm{i}_{\mathrm{I}1}\mathbb{C}^{\iota}’$ . First we deal $\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{l}\iota$ geIleral $\mathrm{t}1_{1}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{y}$ of pseudodistance
allcl $\mathrm{I}^{y\mathrm{s}\mathrm{e}\mathfrak{j}1}.\mathrm{d}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{t}^{s},\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{t}:$. Let, $G$ [ $)$ ($!$ a ( $10111\dot{C}\iota \mathrm{i}11$ ill $\mathbb{C}^{\iota}’$ . Let $(l_{C^{7}}, : G\cross Garrow[\mathrm{t}\mathrm{I}, \infty)$ be a

$\iota^{y\mathrm{s}\mathrm{e}\mathrm{u}\mathrm{d}_{0\mathrm{d}\mathrm{i}\mathrm{s}}}\mathrm{t}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{e}$ .
For $zz^{l}\in \mathrm{G}’,’$ , let $\alpha:[\mathrm{o},1]arrow G$ be a curve $\mathrm{s}\mathrm{u}\mathrm{c}^{\backslash }11$ tlkat cr(O) $=z^{l},$ $\alpha(1)=zP\prime ut\prime\prime$.

$\mathrm{L}_{d}(\alpha)=\sup\sum_{j=1^{\prime l,(}}^{t}’(\mathrm{f}(tj-1), \alpha(t_{j})),\mathrm{w}11\mathrm{t}^{\backslash }.\mathrm{r}\mathrm{e}\mathrm{s}\iota\iota\iota)\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{U}\mathrm{l}\mathrm{I}\mathrm{l}$ is taken over all partition
$\mathrm{U}=b0<f_{1}’<\cdots<f_{J},,$ $=1$ of $1^{[),1}$ ]. $14^{\gamma_{\mathrm{t}^{1}}}\{1_{\mathrm{t}}\cdot \mathrm{f}\mathrm{i}_{11(}\backslash$. $‘ l;,$ $=,,\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{f}Ld(\alpha)$ for $zz’,\prime\prime\in G$ ,
$\mathrm{w}1_{1\mathrm{e}\mathrm{r}},\mathrm{e}\mathrm{i}_{1}1\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{I}1\iota 1\mathrm{I}\mathrm{I}1,\mathrm{i}\mathrm{s}$ taken $()\mathrm{v}$,er all $\mathrm{t}\cdot \mathrm{t}\mathrm{l}\mathrm{r}\mathrm{v}\mathrm{t}:\alpha j(ji$. n.ing $7_{\mathrm{J}}$ alltl $z$ By definition we $1_{1\mathrm{a}\mathrm{V}\mathrm{t}}!$

$(l\leq d^{i}(Z, z^{\prime/})\mathrm{r}_{\mathrm{t}1},$ .
$Z,$

$z\prime\prime\in G$ .

Proposition 1. $((l^{i})^{i}=‘ l^{i},$ .

Proof. ($\mathit{1}^{i}\leq(d^{i})^{i}$ is trivial. It is $\mathrm{S}n1l\mathrm{i}\mathrm{t}^{\backslash },\mathrm{i}\mathrm{e}11\mathrm{t}$ to $1$ ) $\mathrm{r}()\mathrm{v}\mathrm{e}(d^{i})^{i}\geq d^{i}$ . We llave
$(l^{i}((\mathrm{z}(f_{j-},1).‘.\chi(t_{j}))\leq L_{t}‘((,\iota|[t_{j-1},, t_{j}])$ .

$\mathrm{T}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{f}_{\mathrm{t}\mathrm{r}\mathrm{e}}$

$\sum_{j=1}^{7l}d.\dot{.}((\mathrm{P}(t_{j},-1),$ $(f(tj)) \leq\sum_{j=1}^{n}L_{\mathrm{c}}\iota(_{\mathrm{V}}‘|\iota t_{j,j},-1^{-f}\})=Ld(\alpha)$ .

By $\mathrm{t}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{l}\mathrm{s}\mathrm{u}\iota \mathrm{J}\mathrm{r}\mathrm{e}\mathrm{l}\mathfrak{U}11111$over all $\mathrm{I}$ ) $\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{t}‘ \mathrm{i}_{\mathrm{o}1}1$ of $[\mathrm{t}1,1]$ , we $1_{1\mathrm{a}\mathrm{V}\mathrm{e}},$ $L\mathrm{i}(l(‘ x)\leq L_{d}(\alpha),\cdot$, Moreover
$\mathrm{t}\mathrm{a}\mathrm{k}\mathrm{i}_{1}\iota \mathrm{g},\mathrm{i}_{1}1\mathrm{f},\mathrm{i},\mathrm{I}\mathrm{u}\iota 1111$ over all ($:\iota \mathrm{u}\cdot \mathrm{V}\mathrm{e}\alpha$ such, that $\alpha(())=z$ and $\alpha(1)=z$ , we llave
$(d^{i})^{i}(_{Z}, Z)\leq d^{i}$ . $\square$

$d$ is called iIlller if $‘ l^{i}=d1_{1\mathrm{C})}1_{\mathrm{t}\mathrm{l}\mathrm{S}}$ . By $\mathrm{P}\mathrm{r}()\mathrm{p}\mathrm{C})\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}1,$
$d^{i}$ is iIuler.

Let $\delta$ : $G\cross \mathbb{C}^{7l}arrow \mathrm{f}^{()}\cdot\infty$ ) $\mathrm{b}_{\mathrm{C}^{\backslash }}$, a $1)_{\iota}\mathrm{s}(\backslash .11\mathrm{d}\mathrm{o}111\mathrm{t}\backslash .\mathrm{f},\mathrm{r}\mathrm{i}$($\backslash .$ . Let $\alpha$ : $[\mathrm{t}\mathrm{I},$ $1]arrow G$ be a $1$) $\mathrm{i}\mathrm{c}\mathrm{c}\mathrm{e}\mathrm{w}\mathrm{i}.\mathrm{S}\mathrm{c}$

$\mathrm{c}^{1_{Cu\Gamma}}\cdot ve$ . $p\prime utL_{\delta()}\alpha=/_{0}^{1}\delta(\alpha(f,);\alpha(\prime t\rangle)‘ lt$ .
Define

$( \int.\delta)=\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{f}L_{\delta(}\alpha)$ ,

$\mathrm{w}11\mathrm{c}^{1}\mathrm{r}\mathrm{e}\mathrm{i}_{11}\mathrm{f}\mathrm{i}\mathrm{I}11\mathrm{U}\mathrm{U}1$ is taken over $\mathrm{a}\mathrm{U}\iota$) $\mathrm{i}\mathrm{c}^{1}\mathrm{t}j\mathrm{c}.\mathrm{W}\mathrm{i}\mathrm{S}\mathrm{c}$. $\mathrm{c}1ec\cdot u\gamma\cdot v\alpha joi$niny $\mathrm{z}’$ alld $Z\prime\prime$
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Proposition 2. $(/\delta)^{\mathrm{i}}=/\delta$ .

Proof. $(/\delta)\leq(J^{\cdot}\delta)^{i}$ is trivial. lt is $\mathrm{s}\iota\iota \mathrm{f}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{n}\mathrm{t}$ to sllow $( \int\delta)^{i}\leq\int\delta$ . By definition
$( \int\delta)(\alpha(t_{j-1}), \alpha(tj\mathrm{I})\leq L_{\delta}(\alpha|[t_{j-1}, tj]).$ TlleIl

$\sum_{j=1}^{n}(.[\delta)(\alpha(f\text{ノ}j-1).‘,\iota(t_{j}))\leq\sum_{1j=}^{\gamma t}L\delta(\alpha|[t_{j-1}, t_{j}])=L_{\delta}(\alpha)$ .

Taking supremum over all partition of $[0,1]$ , we $1 \mathrm{l}\mathrm{a}\mathrm{V}\mathrm{e}L_{(},\int\delta$ ) $(\alpha),,\leq L_{\delta}(\alpha)$ . Moreover
taking infimum over all piecewise $C^{1}$ curve $\alpha j$oining $\mathrm{z}$ and $z$ , we have

$( \int\delta)^{i}\leq(\int\delta)$ . $\square$

Let $d:G\cross Garrow[0$ . $\infty$ ) be a psen( $\mathrm{l}\mathrm{t}(\mathrm{l}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{e}$. We define $\mathrm{p}_{\mathrm{S}\mathrm{e}\mathrm{U}}\mathrm{d}_{01}\mathrm{n}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}Dd$ as
follows:

$(Dd)(a;X)=_{\lambdaarrow 0_{z}}1 \mathrm{i}\mathrm{n}1\sup_{arrow a}d(Z, z+\lambda X)$ .

for $a.z\in G$ . $X\in \mathrm{C}^{n},$ $\lambda\in \mathbb{C}$ . $D\prime l$ is called the derivative of $d$ .
Proposition 3. $d\leq J^{\cdot}(Dd)$ .

Proof. Let $\alpha$ be a piecewise $C^{1}$ curve $\mathrm{j}_{\mathrm{o}\mathrm{i}_{\mathrm{I}}}1\mathrm{i}\mathrm{I}z’=\alpha(0)\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{d}z\prime\prime=\alpha(1)$. We sllow

$\alpha\leq\int_{0}^{1}(Dd)(\alpha(t).\alpha’(t))dt$

for $\mathrm{z}^{t},$ $z^{l\prime}\in G.$ Put $\varphi(t)=d(\alpha(()\mathrm{I}, \alpha(t)),$ $\psi(t)=(D(l)(\alpha(t), \alpha^{J}(t)\mathrm{I},$ $0\leq t\leq 1$ . It is
$\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{t}\cdot \mathrm{i}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}$ to $\mathrm{s}\mathrm{l}_{1(}$)$\backslash \mathrm{V}\varphi(1)\leq.l_{0}^{1}\psi(t_{\text{ノ}})r\iota t$ . $\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{l}(\backslash ,\mathrm{c}\backslash \varphi(1)=\varphi(1)-\varphi(())=J_{()}^{1}\varphi’(t)dt$ , We
show

$\ell’,t$
”$arrow 1\mathrm{i}\mathrm{I}11t\iota’\neq \mathrm{S}\mathrm{u}_{1,\iota’}$

)$’| \frac{\varphi(t^{\prime l\prime})-\varphi(t)}{t’-t’’}|\leq\psi(t)$

for $t\in[0.1]$ . Now wc fix $t_{0}\in[(), 1]$ . Let $X(t^{J}.t^{Jl})’= \frac{\alpha(t’’’)-\alpha(\iota)}{t-\dagger}$, for $\mathrm{t}’,$ $t”\in[0.1]$ .
then

$t’,t1, \mathrm{i}_{1\mathrm{I}1},\sup_{t\neq l}x(t, tarrow t_{\mathrm{O}}’\prime\prime\prime l’)=1\mathrm{i},1t^{l},\iota’arrow^{\ell}\mathrm{I}1\mathrm{o}t’\neq\sup_{l\prime,\iota}\frac{\alpha(t^{\prime\prime J})-\alpha(t)}{t’’-t^{J}}=\alpha(t_{0}’)$ .

We have

$t’t” arrow)\lim_{\mathrm{o}\iota t},\sup_{\prime\prime,\neq\iota}|\frac{\varphi(t’)-\varphi(t’)\prime}{t’-t’},|=1\iota’,\iota$

”

$arrow \mathrm{i}_{\mathrm{I}11},\sup_{t’’t\mathrm{o}t\neq}|\frac{d(c\mathrm{t}(0),\alpha(t\prime))-d(\alpha(0),\alpha(t’’))}{t’-t’’}|$

$\leq_{t^{l},t\iota}1,\mathrm{i}_{1\mathfrak{U}},\mathrm{s},11\iota),\frac{(l(\alpha(t’),\alpha(t’))\prime}{|t’-t’’|}arrow 0t\neq\iota’$

$=1,\mathrm{i},111t^{J}.tarrow$

to
$t’ \sup_{\neq t’’}\frac{d(\alpha(t)\prime,\prime\alpha(t)+(t’’’-t)X(t’,t))J\prime}{|t’-t’’|}$

$=(Dd)(\alpha(t\mathrm{o});\alpha^{J}(t_{0}))$

$=\psi(t_{0})$ . $\square$
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Proposition 4.
$. \int(Dd)\geq d^{i}$ .

Proof. From Proposition 3, we $1_{1}\mathrm{a}\mathrm{v}\mathrm{o}/(Dd)\geq d$. So $(/(Dd))^{i}\geq d^{i}$ . From Proposi-
$\mathrm{t}\mathrm{i}()\mathrm{I}\mathrm{l}2$ , we llaVe $(.\mathrm{r}(Dd))^{i}=/\cdot(Dd)$ . $\mathrm{s}_{\mathrm{t})}/\cdot(Dd)\geq d^{i}1_{10}1\mathrm{d}\mathrm{S}$. $\square$

Proposition 5.
$D(.[\delta)\leq\delta$ .

Proof. We llave

$D( \int\delta)((l;x)=_{\lambda}1\mathrm{i}\mathrm{n}1\sup_{zarrow a}\frac{1}{|\lambda|}(\intarrow 0Z\delta)(, z+\lambda X)$

$\leq \mathrm{l}\mathrm{i}\mathrm{n}1\lambdaarrow 0_{zarrow a}\sup\frac{1}{|\lambda|}L_{\delta}([z, Z+\lambda X])$

$= \mathrm{l}\mathrm{i}\mathrm{I}\mathrm{l}\lambdaarrow \mathrm{t})_{zarrow}\mathrm{l}\mathrm{S}\mathrm{u}\iota)\frac{1}{|\lambda|}a\int_{0}^{1}\delta(z+t\lambda X;\lambda X)dt$

$=1 \mathrm{i}_{1}\mathrm{I}1.\mathrm{s}\iota_{1^{)}}1\lambdaarrow \mathrm{t}Jzarrow a\int_{()}^{1}\delta(Z+t\lambda X,\cdot x)(lt$

$\leq\delta((\iota;X)$

,where $[z, z+\lambda X]$ denotes the segment joining $\mathrm{z}$ and $\mathrm{z}+\lambda X,$ $i.e.,\alpha(t)=(1-t)z+$
$t(_{Z+}\lambda x)=z+tX.t\in[(), 1]$ . $\square$

Proposition 6.
$D(d^{i})=Dd$.

Proof. Since $d\leq d^{i}$ , we llave $Dd\leq Dd^{i}$ . $\mathrm{F}\mathrm{r}()111$ Proposition 4 and 5, we $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$

$Dd^{i} \leq D(\int Dd)\leq Dd$ . $\square$

Proposition 7. Let $G_{1}$ and $G_{2}$ be domain in $\mathbb{C}^{n}$ . Let $Farrow$. $G_{1}arrow G_{2}$ be a holo-
morphic mapping. If

$(l_{G_{2}}(F, F)\leq dc_{1}(z, Z)\prime l’$ ,

then
$d_{c_{\mathrm{I}}}^{i}(2F, F)\leq d_{C_{1}}^{i}$ for $z^{l},$ $z^{J\prime}\in G_{1}$ .

Proof. Let $\alpha$ : $[0,1]arrow G_{1}$ be a curve joining $z’$ and $z\prime\prime$ From. the assumption,
we have

$d_{G_{2}}(F\circ\alpha(t_{j-1}), F\circ\alpha(t_{j}))\leq d_{G_{1}}$ (a$(t_{j-1}),$ $\alpha(t_{j})$ ).

Taking $\mathrm{s}\mathrm{u}\mathrm{m}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{I}\iota}\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{I}\mathrm{I}\mathrm{l}j=1$ to $j=n$ and taking supremum over all parti-
tion $0=\mathrm{t}_{0}\leq t_{1}\leq\cdots\leq t_{\tau\iota}=1$ , we llave $L_{d_{G_{2}}}(F\circ\alpha)\leq L_{d_{G_{1}}}(\alpha)$ . Moreover
taking $\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{f}\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{l}\mathrm{m}\mathrm{l}$ over all $\mathrm{c}\iota\iota \mathrm{r}\mathrm{v}\mathrm{e}\alpha j$ oining $\mathrm{z}\prime \mathrm{a}\mathrm{I}\iota \mathrm{d}z;’$ , we have $d_{G2}^{i}(F, F)\leq$

$d_{C\prime 1}^{i}(Z’,\prime Z)’$ . $\square$
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Proposition 8. Let $F:G_{1}arrow G_{2}$ be a holomo$7I^{yhi}C$ mappin.q. Let $\alpha$ : $[0,1]arrow$

$G_{1}$ be a $p\dot{?,}ecewisCC^{1}$ curv’e $joinir1,.qZ$
’

and $z\prime\prime$ If
$\delta_{G_{2}}(F(\alpha(t));F(\prime\prime\alpha(t))\alpha(t))\leq\delta_{G_{1}}(\alpha(t);\alpha’(t))$ ,

then
$( \int\delta_{G_{2}})(F, F)\leq(\int\delta G_{1})(_{Z,z)}\prime JJ$ .

Proof. $\mathrm{R}\mathrm{o}\mathrm{I}\mathrm{n}$ tlle assuIllptioIl, we llave

$L_{\delta_{G_{2}}}(F\circ\alpha)\leq L_{\delta_{G_{1}}}(\alpha)$ .

Taking $\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{f}\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{u}\mathrm{n}\mathrm{l}$ over all $\alpha$ , we $\mathrm{c}\mathrm{o}11\mathrm{c}1_{\mathrm{t}1}\mathrm{d}\mathrm{e}$ tlle proof. $\square$

In Proposition 7 and 8, if $F:G_{1}arrow G_{2}$ is a $\mathrm{b}\mathrm{i}1101_{\mathrm{o}\mathrm{I}}\mathrm{n}0\mathrm{r}\mathrm{p}\mathrm{h}\mathrm{i}\mathrm{C}$ mapping, equation
$1_{1}\mathrm{o}\mathrm{l}\mathrm{c}1_{\mathrm{S}}$ respectively.

Next, we recall $\mathrm{t}1_{1}\mathrm{e}$ (lefinitioll of $\mathrm{c}_{\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{t}}11\mathrm{e}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{r}\mathrm{y}$ pseudodistance, $\mathrm{C}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{t}11\mathrm{e}\mathrm{o}\mathrm{d}_{0}\mathrm{r}\mathrm{y}-$

Reiffen pseudometric, Kobayashi pseudodistance and Kobayashi-Royden pseudo-
llletric. Let $\triangle$ be a unit disc in $\mathbb{C}^{?\iota}$ . Let $G$ be, a domain in $\mathbb{C}^{n}$ . $Hol(G, \Delta)$ and
$Hol(\Delta, G)$ denote the set of llolomorphic mappings from $G$ to $\Delta$ and from $\Delta$ to $G$

respectively.

Definition 1.

$c_{C}\prime \mathrm{P}\{\rho(f=\mathrm{s}\iota 1, f)|f\in Hol(G, \Delta)\}$

$=\mathrm{s}11\mathrm{p}\{_{Q((}), f)|f\in Hol(c.\triangle), f=0\}$

for $z^{J},$ $z\prime\prime\in G$, wfiere $\rho$ is the Poinca$7^{\cdot}e$ distance in $\triangle$ .

$c_{G}$ is called $\mathrm{C}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}.\mathrm{t}$) $\mathrm{C}\mathrm{l}\mathrm{t}\mathrm{r}\mathrm{y}\iota$ )$\mathrm{s}\mathrm{t}\backslash .\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{t}\mathrm{d}\mathrm{i},\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{C}^{\cdot}\mathrm{e}$ .

Definition 2.

$\gamma_{G}(z;^{x)}=\mathrm{S}11\mathrm{p}\{\gamma(f(Z))|f’(z)x||f\in Hol(G, \Delta)\}$

$=\mathrm{s}\mathrm{u}_{\mathrm{I}^{)}\{1f(z)}\prime x||f\in Hol(G, \triangle),$ $f(z)=0\}$

for $z\in G,$ $X\in\sigma^{\iota}$ , where
$\gamma(f(z))=\frac{1}{1-|f(z)|^{2}}$

,

$f^{l}(z)X=j \sum_{=1}^{n}\frac{\partial f}{\partial z_{j}}(_{Z})Xj$ .

$\gamma_{G}$ is called Caratlleodory-Reiffell $\mathrm{I}$) $\mathrm{S}\mathrm{e}\mathrm{u}\mathrm{d}_{\mathrm{o}\mathrm{I}}\mathrm{n}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{C}$ .

Definition 3.

$k_{G}^{\sim}(Z, w)= \inf\{\rho(\lambda, \mu)|\lambda, \mu\in\Delta, \exists\varphi\in Hol(\Delta, G), \varphi(\lambda)=z, \varphi(\mu)=w\}$

for $z,w\in G$ .
$k_{G}^{\sim}\mathrm{d}\mathrm{o}\mathrm{e}\mathrm{S}$ not satisfy triangle inequality. So $k_{G}^{\sim}$ is not pseudodistance. $k_{G}$ is called

Lempert function.
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Definition 4.

$k_{G}(z, \mathrm{t}v)=\inf\{\sum_{=i,.1}^{n}k_{c}\sim(_{Z_{i}}-1, zi)|z..=z0, z_{1,\ldots n}, z=w\}$ .

$k_{G}(z, w)$ is called Kobayashi pseudodistance.
Definition 5.

$\kappa_{G}(z;X)=\mathrm{i}_{\mathrm{I}1}\mathrm{f}\{\gamma(\lambda)|c||\exists\varphi\in Hol(\triangle, G), \exists\lambda\in\Delta;\varphi(\lambda)=Z, C\varphi(\lambda)=\prime x\}$

$=\mathrm{i}11\mathrm{f}\{c>\mathrm{t})|\exists\varphi\in Hol(\triangle, c);\varphi(0)=Z, \alpha\varphi’(0)=x\}$

for $z\in G,$ $X\in C^{\iota}$

$\kappa_{G}$ : $G\cross \mathrm{C}^{n}arrow[0, \infty)$ is called $\mathrm{K}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{y}\mathrm{a}\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{i}}$-Royden pseudometric. We give some
propositions without proof.

Proposition 9. Let $G_{1}$ and $G_{2}$ be domain in $\mathbb{C}^{n}$ . If $f$ : $G_{1}arrow G_{2}$ is a holomorphic
$rnapp?,n.q$ , then

$k_{C_{2}}.(f(Z), f(w))\leq k_{G}(1z, w)$ ,
$c_{C_{2}}(f(z), f(w)))\leq(_{\vee G,\iota}.(z, w)$

for $z,$ $w\in G_{1}$ .

In particular,if $f$ is $\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{l}(\mathrm{l}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{r}\iota)1\iota \mathrm{i}\mathrm{c},$ tllen equalities hold respectively.
Proposition 10.

$k_{\mathbb{C}}^{\wedge\equiv}1)$

$(j\mathrm{c}\equiv(\}$

Proposition 11 ([2]).
$k_{G}^{i}=kc$

$c_{(j}^{i}\neq CG$

Proposition 12.
$c_{G}\leq k_{G}$

$\gamma_{C}\leq\kappa_{C}$

for any domain $G$ in $\mathbb{C}^{r\iota}$

Proposition 13. Let $f$ : $G_{1}arrow G_{2}$ be a holomorphic mappin.$q$ . Then

$\kappa_{G_{2}}(f(_{Z});f’(_{Z})x)\leq\kappa c1(Z$ ;

$\gamma c_{2}(f(_{Z});f’(_{Z})x)\leq\gamma G1(Z;X)$

for $z\in G_{1},$ $X\in\sigma$ .

Proposition 14 ([1]). Let $G$ be a domain in $\mathbb{C}^{n}$ . Topolo.qy on $G$ induced by $k_{G}$

coincides with the standard euclidean topolo.$qy$ of $G$ .
Proposition 15 ([3]). In the case of $n\geq 3$ , there exists a domain $G\subset\sigma$ whose
standard euclidean topolo.$qy$ does not coincide with the induced topolo.$qy$ by $c_{G}$ .

37



REFERENCES
[1] $\mathrm{T}.\mathrm{J}$ .Barth, The Kobayashi distance induced the standard topology, Proc.Amer.Math.Soc. 35

(1972), 439-441.
[2] –, Some counterexample intrinsic distances, $\dot{\mathrm{P}}\mathrm{r}\mathrm{o}\mathrm{c}.\mathrm{A}\mathrm{m}\mathrm{e}\mathrm{r}.’ \mathrm{M}$ath.Soc. 66 (1977), 49-53.
[3] M. Jarnicki, P.Pflug and J.P Vigue, The Caratheodory distance does not define the topology

the case of domain, C.R.Acad.Sci.Paris 312 (1991). 77-79.
[4] M.Jarnicki and P.Pflug, $Invar?ant$ distances and metncs in complex analysis, Walter de

Gruyter, 1993.
[5] S.Kobayashi, Huperbolic manifolds and holomorphic mappings, Marcel Dekker, 1970.

2-40-1 KUROKAMI $\mathrm{K}\mathrm{U}\mathrm{M}\Lambda 1\backslash \prime 1(\mathrm{T}\mathrm{O}$-SIII $\mathrm{K}\llcorner 1\mathrm{A}1\Lambda\Lambda 10$ ro,860. $\mathrm{J}\mathrm{A}1^{\supset}\mathrm{A}\mathrm{N}$

38


