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Abstract

H.Silverman determines some coefficient inequalities and distortion theorems for
univalent functions with negative coefficients that are starlike of order $\alpha$ or convex of
order $\alpha$ . The same coefficient inequalities and distortion theorems are obtained for
univalent functions with coefficients other than negative coefficients. We give some
examples of univalent functions with nagative coefficients or with coefficients other
than negative coefficients by using elementary functions. Further we investigate some
properties of the convolutions of such univalent functions.

1 Introduction
Let $A$ denote the class of functions $f(z)$ of the form

(1.1) $f(z)=z+n= \sum^{\infty}$ a
$2$

nZn $(a_{n}\in C, n\in N)$

that are analytic in the unit disk $U=\{z:|z|<1\}$ .
Let $S$ be the subclass of $A$ consisting of functions which are univalent in the unit disk U.

And we denote by $S^{*}$ the subclass of $S$ consisting of starlike functions. Further we denote

by $K$ the subclass of $S$ consisting of convex functions. The following theorems for $S^{*}$ and
$K$ are well known.

Theorem $\mathrm{A}(\mathrm{K}\mathrm{o}\mathrm{b}\mathrm{o}\mathrm{r}\mathrm{i}[1])$ . A function $f(z)$ in $A$ is in $S^{*}$ if and only if

(1.2) ${\rm Re} \{\frac{zf’(Z)}{f(z)}\}>0$ .

Theorem $\mathrm{B}(\mathrm{K}\mathrm{o}\mathrm{b}\mathrm{o}\mathrm{r}\mathrm{i}[1])$ . A function $f(z)$ in $A$ is in $K$ if and only if

(1.3) ${\rm Re} \{1+\frac{zf’’(z)}{f(z)},\}>0$ .

$\mathrm{M}.\mathrm{S}.\mathrm{R}\mathrm{o}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{t}_{\mathrm{S}}\mathrm{o}\mathrm{n}[2]$ defined the subclasses $S^{*}(\alpha)$ and $K(\alpha)$ of A as follows.
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A function $f(z)$ in $A$ is said to be starlike of order $\alpha$ if it satisfies

(1.4) ${\rm Re} \{\frac{zf’(Z)}{f(z)}\}>\alpha$

for some $\alpha(0\leq\alpha<1)$ , and for all $z\in U.$ Th.e subclass of $A$ consisting of all starlike
functions of order $\alpha$ is denoted by $S^{*}(\alpha)$ .

A function $f(z)$ in $A$ is said to be convex of order $\alpha$ if it satisfies

(1.5) ${\rm Re} \{1+\frac{zf’’(z)}{f(z)},\}>\alpha$

for some $\alpha(0\leq\alpha<1)$ , and for all $z\in U$ . The subclass of $A$ consisting of all such functions
is denoted by $K(\alpha)$ .

Let $A(1)$ denote the subclass of $A$ consisting of functions whose nonzero coefficients,
from the second on, are negative, that is,

(1.6) $f(z)=z-n \sum_{=2}a_{n^{Z^{n}}}\infty$ $(a_{n}\geq 0,n\in N)$ .

A function $f(z)$ in $A\{1$ ) is called analytic function with negative coefficients. We denote
by $T^{*}(\alpha)$ and $C(\alpha)$ the subclass of $A(1)$ that are, starlike of order $\alpha$ and convex of order
$\alpha$ , respectively.

In [3], H.Silverman determines the coefficient inequalities for the functions belonging to
$T^{*}(\alpha)$ and $C(\alpha)$ , respectively as follows.

Theorem $\mathrm{C}(\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{V}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}[3]).$ A function $f(z)$ in $A(1)$ is in $T^{*}(\alpha)$ if and only if

(1.7) $\sum_{n=2}^{\infty}(n-\alpha)a_{n}\leq 1-\alpha$ .

Theorem $\mathrm{D}(\mathrm{S}\mathrm{i}1_{\mathrm{V}}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}[3]).$ A function $f(z)$ in $A(1)$ is in $C(\alpha)$ if and ondy if

(1.8) $\sum_{n=2}^{\infty}n(n-\alpha)a_{n}\leq 1-\alpha$.

We note that $f(z)\in C(\alpha)$ if and only if $zf’(z)\in T^{*}(\alpha)$ for $0\leq\alpha<1$ .

Let $A(n, \theta)$ denote the subclass of $A$ consisting of functions of the form

(1.9) $f(z)=z- \sum_{k=n+1}e^{i}-1)\theta a_{k}z^{k}\infty \mathrm{t}k$ $(a_{k}\geq 0, n\in N)$ .

Then we have that $A(1,0)=A(1)$ . That is, $A(1,0)$ is a class of analytic functions with
negative coefficients.
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We denote by $B(n,\theta, \alpha)$ and $C(n, \theta, \alpha)$ the subclasses of $A(n, \theta)$ that are, respectively
starlike of order $\alpha$ and convex of order $\alpha$ . That is,

$B(n,\theta,\alpha)$ $=$ $A(n, \theta)\cap s*(\alpha)$ ,
$C(n,\theta,\alpha)$ $=A(n, \theta)\cap K(\alpha)$ .

Then $B(1,0,\alpha)$ and $C(1,0, \alpha)$ are equivalent to $T^{*}(\alpha)$ and $C(\alpha)$ , respectively.
We note that $f(z)\in C(n, \theta, \alpha)$ if and only if $zf’(Z)\in B(n,\theta, \alpha)$ for $0\leq\alpha<1$ .

2 Coefficients inequalities
Theorem 2. 1 A function $f(z)$ in $A(n, \theta)$ is in $B(n, \theta, \alpha)$ if and only if

(2.1) $\sum_{k=n+1}^{\infty}(k-\alpha)a_{k}\leq 1-\alpha$ .

Proof. If $f(z)$ is in $A(n, \theta)$ and coefficient inequality $\sum_{k1}^{\infty}=\mathrm{n}+(k-\alpha)ak\leq 1-\alpha$ hold true,
then

$| \frac{zf’(Z)}{f(z)}-1|$ $=$ $| \frac{\sum_{k=n+1}^{\infty}(k-1)e-)\theta akZi(k1k-1}{1-\sum_{nk=+1}^{\infty}e-\theta a_{k}Z^{k}i(k1)-1}|$

$\sum\infty(k-1)a_{k}|z|^{k-1}$

$\leq$ $\frac{k=n+1}{\infty}$

1- $\sum_{\mathrm{I}k=n+}a_{k}|Z|k-1$

$\sum_{k=n+1}^{\infty}(k-1)a_{k}$

$<$

1- $\sum_{+k=n1}^{\infty}a_{k}$

$\leq$ $1-\alpha$

Therefore since the values for $\frac{zf’(Z)}{f(z)}$ lie in a circle centered at $w=1$ whose radius is $1-\alpha$ ,

we have
${\rm Re} \{\frac{zf’(Z)}{f(z)}\}>\alpha$ .

The sufficiency $0\dot{\mathrm{f}}$ the condition is proved.
We shall prove the necessity of the condition.
If $f(z)$ is in $B(n, \theta, \alpha)$ , then we have

${\rm Re} \{\frac{zf’(_{Z)}}{f(z)}\}={\rm Re}>\alpha$
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for all $z\in U$ . Choose the values of $z$ on half line $z=re^{-i\theta}(0\leq r<1)$ , then

(2.2) ${\rm Re}\{$

$z- \sum_{nk=+1}^{\infty}e^{i}(k-1)\theta ka_{k}z^{k^{-}}$

$z- \sum_{k=n+}\infty 1e^{i}(k-1)\theta a_{k}Z^{k}$

$= \frac{1-\sum_{+k=n1}^{\infty}kak^{\Gamma^{k-1}}}{\infty}>\alpha$

.
1- $\sum_{+k=n1}akr^{k-1}$

Since $1- \Sigma_{k=n+}\infty k1a_{k}rk-1>0,1-\sum_{kn+}^{\infty}=1akr^{k-1}>0$, we have by the inequality (2.2) that

(2.3) 1- $\sum_{nk=+1}ka_{k}\infty rk-1>\alpha(1-\sum_{+k=n1}^{\infty}a_{k}r^{k-1})$ .

By letting $rarrow 1$ through half line $z=re^{-i\theta}(0\leq r<1)$ in (2.3), we have

(2.4) 1- $\sum_{k=n+1}^{\infty}ka_{k}\geq\alpha(1-\sum_{nk=+1}ak)\infty$ .

That is,

$\sum_{k=n+1}^{\infty}(k-\alpha)a_{k}\leq 1-\alpha$

and the proof of the theorem is completed.

Theorem 2. 2 A function $f(z)$ in $A(n, \theta)$ is in $C(n, \theta, \alpha)$ if and only if

(2.5) $k=n+ \sum_{1}^{\infty}k(k-\alpha)a_{k}\leq 1-\alpha$ .

Proof. As we noted in Introduction,

$f(z)\in C(n, \theta, \alpha)$ if and only if $zf’(Z).\in B(n,\theta,\alpha)$

for $0\leq\alpha<1$ .
Since

$zf’(z)=z- \sum_{k=n}\infty+1e-1)\theta ki(kka_{k}Z$ ,

if we put $ka_{k}$ insted of $a_{k}$ in Theorem 2.1, we obtain Theorem 2.2.
Special cases of Theorem 2.1 and Theorem 2.2 are Theorem $\mathrm{C}$ and Theorem $\mathrm{D}$ by

H.Silverman [3], $n=1,$ $\theta=0$ , respectively.

Now, we shall show some examples of function $f(z)\in B(2, \theta, \mathrm{o})$ and $C(2, \theta, 0)$ , respec-
tively. For the proof we refer to T. Sekine and T. Yamanaka [5].
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Theorem 2. 3 The function

(2.6) $f(z)= \frac{1}{2e^{\theta}}\dot{.}(1-ez)i\theta 2\log(1-ez)i\theta+\frac{3}{2}Z-\frac{3e^{1\theta}}{4}.z2$

belongs to $B(2, \theta, \mathrm{o})$ .

Proof. We note that

(2.7) $1+e^{i\theta}Z+(^{i\theta}eZ)^{2}+(e^{i\theta 3}Z)+(ez)i \theta 4+\cdots=\frac{1}{1-e^{i\theta}z}$ $(|z|<1)$ .

Hence we have the following equation by (2.13) above.

$z+e^{\dot{l}\theta_{\frac{z^{2}}{2}}i2\theta}+e \frac{z^{3}}{3}+ei3\theta_{\frac{z^{4}}{4}}+\cdots$ $= \int_{0}^{z}\frac{1}{1-e^{i\theta}\xi}d\xi$

$=$ $- \frac{1}{e^{i\theta}}\log(1-e^{i}Z)\theta$ .

Further we get the following equation.

(2.8) $\frac{z^{2}}{2}+\frac{e^{i\theta}.z^{3}}{23}+\frac{e^{i2\theta}z^{4}}{3\cdot 4}+\cdots$ $=$ $- \frac{1}{e^{i\theta}}\int_{0}^{z_{\mathrm{l}\mathrm{g}(1e\xi}}0-i\theta$ ) $d\xi$

$=$ $- \frac{1}{e^{i\theta}}\{(z-\frac{1}{e^{i\theta}})\log(1-e^{i\theta}Z)-z\}$ .

Let furtheremore integrate both sides of the equation (2.8) from $0$ to $z$ , similarly.
Then we get

$(2.9) \frac{z^{3}}{2\cdot 3}+\frac{e^{i\theta}z^{4}}{2\cdot 3\cdot 4}+\frac{e^{i2\theta_{Z^{6}}}}{3\cdot 4\cdot 5}\cdots=-\frac{1}{2e^{i3\theta}}(1-e^{i\theta}z)2\log(1-ez)i\theta-\frac{1}{2e^{i2\theta}}z+\frac{3}{4e^{i\theta}}z2$.

By multiplying $e^{2\theta}\dot{.}$ to both sides of (2.9), we have

$(2.10) \frac{e^{i2\theta}z^{3}}{2\cdot 3}+\frac{e^{t3\theta}z^{4}}{2\cdot 3\cdot 4}+\frac{e^{i4\theta_{Z}6}}{3\cdot 4\cdot 5}\cdots=-\frac{1}{2e^{i\theta}}(1-e^{i\theta}z)2\log(1-ez)i\theta-\frac{1}{2}Z+\frac{3e^{i\theta}}{4}Z2$.

We therefore define a function $f(z)$ as follows.

(2.11) $f(z)$ $=$
$\frac{1}{2e^{i\theta}}(1-e^{i\theta}z)^{2}\log(1-ez)i\theta\frac{3}{2}z-\frac{3e^{1\theta}}{4}+z2$

$=$
$z- \frac{e^{i2\theta}}{1\cdot 2\cdot 3}z^{3}-\frac{e^{i3\theta}}{2\cdot 3\cdot 4}z4-\frac{e^{i4\theta}}{3\cdot 4\cdot 5}z-5\ldots$ .

That is,

(2.12) $f(z)=z- \sum_{=k3}ea_{k}z\infty i(k-1)\theta k$ $(|z|<1)$

where $a_{k}= \frac{1}{(k-2)(k-1)k}$ .
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In this case, we have

$\sum_{k=3}^{\infty}ka_{k}$ $=$ $\frac{3}{1\cdot 2\cdot 3}+\frac{\sim.4}{23\cdot 4}\dotplus\frac{5}{3\cdot 4\cdot 5}+\cdots$

$=$ $\frac{1}{1\cdot 2}+\frac{1}{2\cdot 3}+\frac{1}{3\cdot 4}+\cdots$

$=$ $1- \frac{1}{2}+\frac{1}{2}-\frac{1}{3}+\frac{1}{3}-\frac{1}{4}+\cdots$

$=$ 1.

Hence we have that $f(z)$ belongs to $B(2, \theta, \mathrm{o})$ by Theorem 2.1.
By virtue of (2.12) of Theorem 2.1, and Theorem 2.2 we have the following corollary.

Corollary 2. 1 The function

(2.13) $f(z)=Z- \sum^{\infty}e-\frac{1}{(k-2)(k-1)k2}i\mathrm{t}^{k1})\theta z^{k}k=3$

belongs to $C(2, \theta, 0)$ .

Further putting $\theta=0$ or $\theta=\pi$ in the theorem 2. 3, we have the following examples.

Example 2. 1 (T.Sekine and T.Yamanaka [5]) The function

(2.14) $f(z)$ $=$ $\frac{1}{2}(1-Z)^{2}\log(1-z)+\frac{3}{2}Z-\frac{3}{4}z^{2}$

$=$ $z- \frac{z^{3}}{2\cdot 3}-\frac{z^{4}}{2\cdot 3\cdot 4}-\frac{z^{5}}{3\cdot 4\cdot 5}-\cdots$

belongs to $B(2,0,\mathrm{O})=T^{*}(\mathrm{O})$ .

Example 2. 2 The function

(2.15) $f(z)$ $=$ $- \frac{1}{2}(1+z)2\log(1+Z)+\frac{3}{2}z+\frac{3}{4}Z2$

$=$ $z- \frac{z^{3}}{2\cdot 3}+\frac{z^{4}}{2\cdot 3\cdot 4}-\frac{z^{5}}{3\cdot 4\cdot 5}+\cdots$

belongs to $B(2, \pi,0)$ .

3 Distortion theorems for $B(n, \theta, \alpha)$ and $C(n, \theta, \alpha)$

Theorem 3. 1 If $f(z)$ is in $B(n, \theta, \alpha)$ , then

(3.1) $|z|- \frac{1-\alpha}{n+1-\alpha}|Z|n+1\leq|f(Z)|\leq|z|+\frac{1-\alpha}{n+1-\alpha}|z|^{n+1}$ .

Right-hand equality holds for the function

(3.2) $f(z)=z-e \frac{\pi}{n})\frac{1-\alpha}{n+1-\alpha}|n(\theta+Zn+1$ $(z=re^{-i})\theta$
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and Lefl-hand equality holds for the function

(3.3) $f(z)=z-e^{in\theta_{\frac{1-\alpha}{n+1-\alpha}}}z^{n+1}$ $(z=re^{-i\theta})$ .

Proof. From the assumption of the theorem, note that

$(n+1- \alpha)\sum_{k=n+1}^{\infty}ak\leq k=n+\sum^{\infty}(k-1)\alpha ak\leq 1-\alpha$ .

Hence we have
(3.4) $k=n+ \sum_{1}^{\infty}ak\leq\frac{1-\alpha}{n+1-\alpha}$ .

Using the coefficient inequality (3.4), we have

$|f(z)|$ $\leq$ $|z|+ \sum_{nk=+1}^{\infty}a_{k}|z|^{k}$

$\leq$ $|z|+|Z|n+1k=n \sum_{1+}^{\infty}a_{k}$

.

$\leq$ $|z|+ \frac{1-\alpha}{n+1-\alpha}|z|^{n+1}$ .

Similarly, we have

$|f(z)|$ $\geq$ $|z|- \sum_{k=n+1}a_{k}\infty|Z|k$

$\geq$ $|z|-| \mathcal{Z}|^{n}+1k=n\sum_{1+}^{\infty}a_{k}$

$\geq$ $|z|- \frac{1-\alpha}{n+1-\alpha}|z|^{n+1}$ .

Theorem 3. 2 If $f(z)$ is in $C(n, \theta, \alpha)$ , then

(3.5) $|z|- \frac{1-\alpha}{(n+1)(n+1-\alpha)}|z|^{n+1}\leq|f(z)|\leq|z|+_{\frac{1-\alpha}{(n+1)(n+1-\alpha)}|z|^{n+1}}$.

Right-hand equality holds for the function

(3.6) $f(z)=z-e^{in(} \theta+\frac{\pi}{\mathfrak{n}})_{\frac{1-\alpha}{(n+1)(n+1-\alpha)}z^{n+1}}$ $(z=re^{-i\theta})$

and Lefl-hand equality holds for ffie function

(3.7) $f(z)=z-e \frac{1-\alpha}{(n+1)(n+1-\alpha)}in\theta z^{n}+1$ $(z=re^{-i})\theta$ .

Proof. Using Theorem 2.2, we shall prove Theorem 3.2 $\mathrm{s}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{l}.\mathrm{y}$

.
as in the proof of the

theorem 3.1.
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Theorem 3. 3 If $f(z)$ is in $B(n, \theta, \alpha)$ , then

(3.8) $1- \frac{(n+1)(1-\alpha)}{n+1-\alpha}|Z|^{n}\leq|f’(Z)|\leq 1+\frac{(n+1)(1-\alpha)}{n+1-\alpha}|z|^{n}$.

Right-hand equality holds for the function

(3.9) $f(z)=z-e^{i} \frac{\pi}{\mathfrak{n}})\frac{1-\alpha}{n+1-\alpha}n(\theta+n+1z$ $(z=re^{-i})\theta$

and lefl-hand equality holds for the function

(3.10) $f(z)=z-e^{in\theta_{\frac{1-\alpha}{n+1-\alpha}}}z^{n+1}$ $(z=re^{-1})\theta$ .

Proof. By the assumption of the theorem and the coefficient inequality (3.4) in the theorem
3.1, we have

$\sum_{k=n+1}^{\infty}ka_{k}$
.

$\leq$ $\alpha\sum_{k=n\cdot+1}^{\infty}ak+(1-\alpha)$

$\leq$ $\alpha\cdot\frac{1-\alpha}{n+1-\alpha}+(1-\alpha)$

$=$ $\frac{(n+1)(1-\alpha)}{n+1-\alpha}$ .

Hence

$|f’(z)|$ $\leq$ $1+ \sum_{k=n+1}^{\infty}kak|z|^{k-1}$

$\leq$ $1+|z|n \sum_{=kn+1}ka_{k}\infty$

$\leq$ $1+ \frac{(n+1)(1-\alpha)}{n+1-\alpha}|_{Z}|n$ .

Similarly, we have

$|f’(_{Z})|$ $\geq$ $1- \sum_{k=n+1}^{\infty}kak|Z|k-1$

$\geq$ $1-|z|n \sum_{=kn+1}ka_{k}\infty$

$\geq$ $1- \frac{(n+1)(1-\alpha)}{n+1-\alpha}|_{Z}|n$ .

Theorem 3. 4 If $f(z)$ is in $C(n, \theta, \alpha)$ , then

(3.11) $1- \frac{1-\alpha}{n+1-\alpha}|Z|^{n}\leq|f’(z)|\leq 1+\frac{1-\alpha}{n+1-\alpha}|z|^{n}$.
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Right-hand equality holds for $\hslash e$ function

(3.12) $f(z)=z-e^{in(} \theta+\frac{\pi}{n})_{\frac{1-\alpha}{(n+1)(n+1-\alpha)}z^{n+1}}$ $(z=re^{-i\theta})$

and lefl-hand equality holds for the function

(3.13) $f(z)=z-e^{in\theta_{\frac{1-\alpha}{(n+1)(n+1-\alpha)}}}z^{n+1}$ $(z=re^{-i\theta})$ .

4 Convolutions of functions from subclasses of $A(n, \theta)$

Let $f(z)$ and $g(z)$ be in $A(n, \theta_{1})$ and $A(n, \theta_{2})$ , respectively. That is,

(4.1) $f(z)=Z- \sum_{k=n}\infty+1e^{:}-1)\theta 1a_{k}(kZ^{k}$ ,

(4.2) $g(z)=z- \sum_{=kn+1}^{\infty}e^{i}-)\theta_{2}b_{k}(k1Z^{k}$ .

Then we define by $f(z)*g(z)$ the convolution of $f(z)$ and $g(z)$ , that is,

(4.3) $f(z)*g(Z)=Z- \sum_{k=n+1}e^{i}-)(k1\mathrm{t}\theta_{1}+\theta 2)\infty akb_{k^{Z}}k$ .

By using the convolution technique, which Schild and $\mathrm{S}\mathrm{i}1_{\mathrm{V}\mathrm{e}\mathrm{r}}\mathrm{m}\mathrm{a}\mathrm{n}[4]$ introduced, we shall
prove the following theorems in the same way.

Theorem 4. 1 If $f(z)$ is in $B(n, \theta_{1}, \alpha)$ and $g(z)$ oe in $B(n, \theta_{2}, \beta)$ , then $f(z)*g(z)$ is an

element of $B(n, \theta_{1}+\theta_{2}, \gamma)$ , where $\gamma=\frac{2-\alpha\beta}{3-\alpha-\beta}$ .
The result $i\mathit{8}$ sharp for the $functio\eta s$ .

$f(z)=z-e^{i\theta_{1}} \frac{1-\alpha}{2-\alpha}z^{2}\in B(1, \theta_{1}, \alpha)$ and $g(z)=z-e^{i\theta_{2}} \frac{1-\beta}{2-\beta}Z^{2}\in B(1, \theta_{2},\beta)$ .

Proof. By virtue of Theorem 2.1 we wish to find the largest $\gamma=\gamma(\alpha,\beta)$ such that

$\sum_{k=n+1}^{\infty}(.k-\gamma)akb_{k}\leq 1-\gamma$.

Hence it is equivalent to show that

(4.4) $k=n+ \sum_{1}^{\infty}(k-\alpha)a_{k}\leq 1-\alpha$

and
(4.5) $\sum_{k=n+1}^{\infty}(k-\beta)bk\leq 1-\beta$
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imply that

(4.6) $\sum_{k=n+1}^{\infty}(k-\gamma)a_{k}bk\leq 1-\gamma$

for all $\gamma=\gamma(\alpha,\beta)\leq\frac{2-\alpha\beta}{3-\alpha-\beta}$ .
Using Cauchy-Schwarz inequality for (4.4) and (4.5) we have the following inequality.

(4.7) $k=n+ \sum_{1}^{\infty}\frac{\sqrt{k-\alpha}\sqrt{k-\beta}}{\sqrt{1-\alpha}\sqrt{1-\beta}}\sqrt{a_{k}b_{k}}\leq 1$ .

Therefore it suffices to show that

$\sqrt{a_{k}b_{k}}\leq(\frac{\sqrt{k-\alpha}}{\sqrt{1-\alpha}})(\frac{\sqrt{k-\beta}}{\sqrt{1-\beta}})(\frac{1-\gamma}{k-\gamma})$ $(k=2,3, \cdots)$ .

Since we have
$\sqrt{a_{k}b_{k}}.\leq(\frac{\sqrt{1-\alpha}}{\sqrt{k-\alpha}})(\frac{\sqrt{1-\beta}}{\sqrt{k-\beta}})$

for each $k$ by (4), it will be suffice to show that

(4.8) $( \frac{\sqrt{1-\alpha}}{\sqrt{k-\alpha}})(\frac{\sqrt{1-\beta}}{\sqrt{k-\beta}})\leq(\frac{\sqrt{k-\alpha}}{\sqrt{k-\alpha}})(\frac{\sqrt{1-\beta}}{\sqrt{1-\beta}})(\frac{1-\gamma}{k-\gamma})$

for all $k$ .
Inequality (4.8) is equivalent to

(4.9)

Because the right hand side of (4.9) is an increasing functions of $k(k=2,3, \cdots)$ , we have

Corollary 4. 1 If $f(z)$ and $g(z)$ are in $B(1, \mathrm{o}, \alpha)$ , then $f(z)*g(z)$ is an element of
$B(1,0,\gamma)$ , where $\gamma=\frac{2-\alpha^{2}}{3-2\alpha}$ . The result $i\mathit{8}$ sharp for the functions

$f(z)=g(z)=Z- \frac{1-\alpha}{2-\alpha}z\in B2(1,0, \alpha)$ .

Remark 4. 1
$B(1,0,$ $\frac{2-\alpha^{2}}{3-2\alpha})=T^{*}(\frac{2-\alpha^{2}}{3-2\alpha})$ .
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Corollary 4. 2 If $f(z)i\mathit{8}$ in $B(1,0, \alpha)$ and $g(z)$ is in $B(1, \pi, \alpha)$ , then $f(z)*g(z)$ belongs

to $B(1, \pi, \gamma)$ , where $\gamma=\frac{2-\alpha^{2}}{3-2\alpha}$ . The resvlt is $sha7p$ for the functions

$f(z)=z- \frac{1-\alpha}{2-\alpha}Z2\in B(1,0, \alpha)$ and $g(z)=z+ \frac{1-\beta}{2-\beta}z^{2}\in B(1, \pi,\alpha)$ .

Corollary 4. 3 If $f(z)$ and $g(z)$ are in $B(1, \pi, \alpha)$ , then $f(z)*g(Z)$ belongs to $B(1,0, \gamma)$ ,

where $\gamma=\frac{2-\alpha^{2}}{3-2\alpha}$ . The resvlt is sharp for the functions

$f(z)=g(z)=Z+ \frac{1-\alpha}{2-\alpha}z\in B2(1,\pi, \alpha)$ .

Theorem 4. 2 If $f(z)$ and $g(z)$ are in $C(n, \theta_{\mathrm{I}}, \alpha)$ and $C(n,\theta_{2}, \beta)$ , respectively. Then

$f(z)*g(z)$ is an element of $C(n, \theta_{1}+\theta_{2},\gamma)$ , where $\gamma=\frac{2(3-\alpha-\beta)}{7-3\alpha-3\beta+\alpha\beta}$ .

The result is sharp for $u\iota efunCtio\eta s$.

$f(z)=z-ei \theta 1\frac{1-\alpha}{2(2-\alpha)}Z^{2}\in C(1, \theta_{1}, \alpha)$ and $g(z)=z-ei \theta 2\frac{1-\beta}{2(2-\beta)}z^{2}\in C(1, \theta_{2},\beta)$ .

Proof. From Theorem 2.1 we want to get the largest $\gamma=\gamma(\alpha,\beta)$ such that

$k=n+ \sum_{1}^{\infty}k(k-\gamma)a_{k}b_{k}\leq 1-\gamma$.

It is equivalent to show that

(4.10) $\sum_{k=n+1}^{\infty}k(k-\alpha)a_{k}\leq 1-\alpha$

and
(4.11) $\sum_{k=n+1}^{\infty}k(k-\beta)b_{k}\leq 1-\beta$

imply that

(4.12) $\sum_{k=n+1}^{\infty}k(k-\gamma)akbk\leq 1-\gamma$

for all $\gamma=\gamma(\alpha,\beta)\leq\frac{2(3-\alpha-\beta)}{7-3\alpha-3\beta+\alpha\beta}$ .
Proceeding similarly as in the proof of the preceding theorem, we have

(4.13) $\gamma(\alpha,\beta)\leq\frac{1-\frac{(1-\alpha)(1-\beta)}{(k-\alpha)(k-\beta)}}{1-\frac{(1-\alpha)(1-\beta)}{k(k-\alpha)(k-\beta)}}$.
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Since the right hand side of (4.13) is an increasing functions of $k(k=2,3, \cdots)$ as in
Theorem 4.1, setting $n=2$ in (4.13) we have

(4.14) $\gamma\leq\frac{1-\frac{(1-\alpha)(1-\beta)}{(2-\alpha)(2-\beta)}}{1-\frac{(1-\alpha)(1-\beta)}{2(2-\alpha)(2-\beta)}}=\frac{2(3-\alpha-\beta)}{7-3\alpha-3\beta+\alpha\beta}$ .

Corollary 4. 4 If $f(z)$ and $g(z)$ are in $C(1,0, \alpha)$ , then $f(z)*g(z)$ is an element of
$C(1,0, \gamma)$ , where $\gamma=\frac{2(3-2\alpha)}{7-6\alpha+\alpha^{2}}$ . The resvlt is $sha7p$ for the functions

$f(z)=g(z)=Z- \frac{1-\alpha}{2(2-\alpha)}z\in C2(1, \mathrm{o},\alpha)$ .

Corollary 4. 5 If $f(z)$ is in $C(1,0, \alpha)$ and $g(z)\dot{u}$ in $C(1, \pi, \alpha)$ , then $f(z)*g(z)$ belongs

to $C(1, \pi, \gamma)$ , where $\gamma=\frac{2(3-2\alpha)}{7-6\alpha+\alpha^{\mathit{2}}}$ . The res.ult is sharp for the functions

$f(z)=z- \frac{1-\alpha}{2(2-\alpha)}z^{2}\in C(1,0, \alpha)$ and $g(z)=z+ \frac{1-\alpha}{2(2-\alpha)}z^{\mathit{2}}\in C(1, \pi, \alpha)$ .

Corollary 4. 6 If $f(z)$ and $g(z)$ are in $C(1, \pi, \alpha)$ , then $f(z)*g(z)$ belongs to $C(1,0, \gamma)$ ,

where $\gamma=\frac{2(3-2\alpha)}{7-6\alpha+\alpha^{2}}$ . The result is sharp for ffie functions

$f(z)=g(z)=Z+ \frac{1-\alpha}{2(2-\alpha)}z\in C2(1,\pi, \alpha)$ .

Theorem 4. 3 If $f(z)$ and $g(z)$ are in $B(n, \theta_{1}, \alpha)$ and $B(n, \theta_{2},\beta)$ , respectively. Then

$f(z)*g(z)$ is an element of $C(n, \theta_{1}+\theta_{2}, \gamma)$ , where $\gamma=\frac{2\alpha+2\beta-3\alpha\beta}{2-\alpha\beta}$ .
The resvlt is sharp for the functions

$f(z)=z-e^{i\theta_{1}} \frac{1-\alpha}{2-\alpha}Z^{2}\in B(1, \theta_{1}, \alpha)$ and $g(z)=z-e^{i\theta_{2}} \frac{1-\beta}{2-\beta}Z^{2}\in B(1, \theta_{2},\beta)$ .

Proof. We shall prove that

(4.15) $k=n+ \sum_{1}^{\infty}(k-\alpha)ak\leq 1-\alpha$

and
(4.16) $k=n+ \sum_{1}^{\infty}(k-\beta)b_{k}\leq 1-\beta$

imply that

(4.17) $\sum_{k=n+1}^{\infty}k(k-\gamma)akb_{k}\leq 1-\gamma$
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for all $\gamma=\gamma(\alpha,\beta)\leq\frac{2\alpha+2\beta-3\alpha\beta}{2-\alpha\beta}$.
Proceeding similarly as in the proof of the theorem 4.1 or the theorem 4.2, we have

(4.18)
$\gamma=\gamma(\alpha,\beta)\leq\frac{1-\frac{k^{2}(1-\alpha)(1-\beta)}{(k-\alpha)(k-\beta)}}{k(1-\alpha)(1-\beta)}$

.
$1-\overline{(k-\alpha)(k-\beta)}$

Because the right hand side of (4.18) is an increasing functions of $k(k=2,3, \cdots)$ , we
have

(4.19)
$\gamma\leq\frac{1-\frac{4(1-\alpha)(1-\beta)}{(2-\alpha)(2-\beta)}}{2(1-\alpha)(1-\beta)}=\frac{2\alpha+2\beta-3\alpha\beta}{2-\alpha\beta}$

.
$1-\overline{(2-\alpha)(2-\beta)}$

Corollary 4. 7 If $f(z)$ and $g(z)$ are in $B(1,0, \alpha)$ , then $f(z)*g(z)$ is an element of
$C(1,0, \gamma)$ , where $\gamma=\frac{4\alpha-3\alpha^{2}}{2-\alpha^{2}}$ . The resvlt is sharp for the functions

$f(z)=g(Z)=z \cdot-\frac{1-\alpha}{2-\alpha}z\in B2(1,0, \alpha)$ .

Corollary 4. 8 If $f(z)$ is in $B(1,0, \alpha)$ and $g(z)$ is in $B(1, \pi, \alpha)$ , then $f(z)*g(z)$ belongs

to $C(1, \pi, \gamma)$ , where $\gamma=\frac{4\alpha-3\alpha^{2}}{2-\alpha^{2}}$ . The result is sharp for the functions

$f(z)=z- \frac{1-\alpha}{2-\alpha}Z2\in B(1,0, \alpha)$ and $g(z)=Z+ \frac{1-\alpha}{2-\alpha}z^{2}\in B(1,\pi, \alpha)$ .

Corollary 4. 9 If $f(z)$ and $g(z)$ are in $B(.1, \pi, \alpha)$ , ffien $f(z)*g(Z)$ belongs to $C(1,0, \gamma)$ ,

where $\gamma=\frac{4\alpha-3\alpha^{2}}{2-\alpha^{2}}$ . The result $i\mathit{8}$ sharp for the functions

$f(z)=g(z)=Z+ \frac{1-\alpha}{2-\alpha}z\in B2(1, \pi, \alpha)$ .

References
[1] K. Kobori, \"Uber die notwendinge und hinreichende Bedingung daf\"ur, dass Potenzreihe

den kreisbereich auf den schlichten sternigen bzw. konvexen Bereich abbildet, Mem.
Coll. Sic. Kyoto Imp. Univ. Sec. A 15(1932), 279-291.

[2] M. S. Robertson, On the therory of un.ivalent functions, Ann. of Math. 37(1936), 374-
408.

[3] H. Silverman, Univalent functions with negative coefficients, Proc. Amer. Math. Soc.
51 (1975),109- 116.

176



[4] A. Schild and H. Silverman, Convolutions of univalent functions with negative coeffi-
cients, Ann. Univ. M. Curie-Sklodowska, Sect. A, 12(1975), 99- 106.

[5] T. Sekine and T. Yamanaka, Starlike functions and convex functions of order $\alpha$ with
negative coefficients, submitted to MSR Hot-Line.

177


