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An extension of order preserving operator inequalities

FOREAK B (LS %8 (Takeaki Yamazaki)
FOREAIK H  MIE B%  (Masahiro Yanagida)
FOREAR# &M #2Z  (Takayuki Furuta)

1 ([FL®HIC

T TR BV R L OB RETAERRICOWTE X B, 1EFAE T Mpositive 13 (T >0 &
o ) (Tz,z)>0forallz € H DT & LFEHET D, € LT, T Hstrictly positive (T'> 0 L EL,) &
IX. T #Spositive > invertible & E&ET 5, E/-Yb M2 LD positive operator DIEF- %7173 H1F
ARFRERE LT, ROKEELAZREEIMON TV D, ‘

Theorem L-H (Lowner-Heinz inequality 1934). If A > B > 0, then A* > B® for any a € [0, 1].

0 Theorem LH i & > 1 OFL4 L bR LAV O TSR ERETH T, €2 TS LER:
5 R OEBIHL S N,

P (1+r)gq=p+r -
Theorem F (Furuta inequality 1987)[5].
q= 1 p=

If A> B >0, then for eachr > 0, \\\\ q

. . N
() (B5APBE) > (BEBPBE): N

N

and (1, 1)|R \

T 1 T r\l
(i) (A3APA3)" > (A3BPA3)

0,r) (1,0 g

hold forp >0 and ¢ > 1 with (1+7)g > p+7. T Figure

Theorem F % [5] TH 541 [1],[8] THREAMREN (6] THDE LWGEEHAAB LN TVD, i, kD
(i) & (i) ITE LD p, ¢, r CEINIFRTRIL L. ZOFIEA best possible domain THh D Z L BHHNT
W3[10l, €L T, EORERIZBNTr < 0 DFETIRD & 5 72 Theorem A B3F HH TV D,

Theorem A [9][11]. Let A, B € B(H), then the following assertions hold.

(1) fA>B>0with A> 0, then A"! > (A% BPAT st for1>p>t>0withp>1
(9 IfA>B>0withA>0, then A~t> (AT BPAT)ws for1>t>p>0withl>p
(3) IfA>B>0withA>0, then A™~t> (AT BPAT)S= fori>p>t>0.

) [fA>B>0uwithA>0, then A?-1-t > (AFBPAF) T  for1>t>p> 1.

= @ Theorem A I3HE#NZ T. Yoshino 2 &> T (1) O—EEIEMIN(13]. [2I &> T(Y) BFIni,
EBIZ[9] IZE2TQ),3) DRATVIEARELN TV D, €L T, B|{d] T bIZENDILEETH 5
LELNTWS, (72, [11] Tk, ()~@) ETOFRERERLEZ LIIMAT, (3) ZBR< 320FREX
(1),(2),(4) W TIIIMUDFES? best possible T#h 5 ZEARENTVD, LoT, THETIC Theorem
A DEFRERIIMILITTREN., EBIZB) UANDOTRER(1),(2),(4) DIMUDIELI I best possible THD Z
EAMBN Tz, 728, Theorem A DERERDMY LD p & t ORRBIIROKTRDOT ZENTE
%, €L T, (3) DT “Mysterious A-zone” &FHIN TS, ZIZ T (1) & (2) ZZ2oDEINTHT
T#%x %, €LT, Theorem A DEFERDBRE VO RL, TOIEAE LT220FHL (3)12
VT D best possibility (ZB84 5 KFI%Z 7T,
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(2-b) |
0 3 1 ¢
Figure

2 4 2DFFEXDREEFR
FFEANCK D72 Proposition 2777 9,

Proposition 1. Let A, B € B(H), then the following (1) ensures (2);
1t :
(1) fA>B>0withA>0, then A"'>(AFBIAT)3* forl>t>o0.
(9 IfA>B>0with A>0, then A?P~t>(ATBPAT) forl>p>t>0.

OB EORDOFTEH X 9 EXBROEHTHY 7z, ZD Proposition 13 E.Kamei (ZX > T, &
IORENTWAR, T2 TIXEHEARERAZHEN L L D,
Proof. A>B>0 XY, Theorem L-H Z#A$5L, A® > B® for 1 >p> 0 BFdbN5, TIT,
(1) DHFBROAREXEERT D L. ROXB/LND,
Ayt > (A2 (B R (AT for % >t > 0. (2.1)
TIT, RDRUTBNT, 1= &8 L,

APt > (AzzﬁBl’A"a-‘)Zﬁ‘l—::1 for %2p>t20. (22

LAk CProposition 1 &4 2 LW TE T, 728, ZDProposition 1 DFEE LT Theorem 5 %
FEIETHRIT D, EbIZ, TOMORERITONWTHENETNDEFEETRL TV A3, E ORI Lemma
2V OB LK D,

Lemma F (Furuta 1995)[7]. Let A be a positive invertible operator, and let B be an invertible operator.
For any real number X\,
(BAB')* = BA* (A" B*BA3)*"1A3B*.
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Lemma 2. If A> B > 0 with A > 0, then
AP > (AT B PAT)
holds for any s € [1,2] and 2 > p 2> 0.
Z®Lemma 2 ZBWT, s= %. LB &, KD Corollary 23FHi 5,
Corollary 3. If A> B >0 with A > 0, then
AT > (AT BYPAT)S
holds for any p € (3, 1].
X5z, Lemma 2 IZBWT, s=2 &BL &, KD Corollary 23F o5,
Corollary 4. If A> B 20 with A > 0, then
A7 > (AT BYPAT)?
holds for any p € [0, 3].

723, Z®Corollary 3 & Corollary 4 iXE4L-E4LTheorem A @ (2),(4) Tt=1 LBWFIT2>T
WA ERbnb,

Proof of Lemma 2.
PLF. +_RTOIFEHADOFTIT A & B iXinvertible SREBLTH LV, p & s DL, ROX DI
Lemma F %8 L7212, Theorem L-H % 2[EER3 5 Z & BHES,

(AFBYPAT) = AT BT (BA'BT)1B%* A7 byLemmaF
A7 B (B B-1B7)*"1B'3* A% by Theorem L-H
AT BIPIAT

AT APAT by Theorem L-H

AP

IIA

IA

Lo, Lemma 2 &R EFHEKE,

2.1 4DD=ARDIYTIZONT
¥3°. Theorem A {IZEBWT, (1)NB) = 4) = (1-b) = (2-b) — 3) ZRLTWVI ),
(a). MHNEB) — @) 7 P, A>B>0IZ Corollary 4 ZEAT DL, ROXPHF LD,

AT20-D) > (AT BPAT) for pe[%,ll- (2.3)

FIT (23)RUT()N(B) PFRER (DD, Q) OFERIT p=1 LEVZLO) ZHEATHE, KO
RAELNS,

1—-t
(A7 > (0T AT AT B0 T B 24)
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for % >t >0
O, 24)ARZEET DL, KOABHFELND,

2(1—p)t; —1 2(1—p)t; =1

A—z(l—p)(l—n) > (AT 3 —BPAT 3 )—u (2.5)

TIT, 25)RCBNT ty = g7ty LBLE, 0, p ORHFED, 12t >p 2§ 20, EBE
2(1 —p)t; — 1= —t, —2(1 — p)(l—tl)—Qp 1-1t, %5% JL »EbHN. (2 S)Etiﬁmit WCERT
BLERTES,

—

A2p—1—t2(A%ﬁBPA::‘")gaﬁt‘ for 1>2t>p> .
£2T ()NE) - (@) PFET,

(b). (4) = (1—-b) "9, EF. Theorem A @ (4) DFREXDOEAI inverse Z0NT B &, ROREHFSD =
ERTE D,

[\D

AT < (AT AT )RR gy 12t>p2%. (2.6)

THL 12t>p>1 KV, 1+t-2p>1-¢>0 TH5H D, Theorem L-H % (2.6) NT#EHTS &
ROXPELND,

A"t < (AT BPAT), (2.7)

Z£ZT, (27)NiZlemma F Z@EAT5 L. ROXMELND,

A=t < AT BY(B3A'BY)7EBEAT. (2.8)
FIT. 028 REELIERLT, HlDinverse FAHCHT L EKRORIME HILB,

(2.9) |

BFAB?F < (BFABF)  for 1>t>p> %
ZIZTC, 29)XRDOFDICA> B Z#AT R L, ROXBZELNS,
B"? < B¥AB¥ byA>B
< (BFA!BF)E. (2.10)
TLT QIR p =t 1 =p LEL L, ROXBFLND,
Bt < (BEABFITE  for 12m>t2y 2.11)

ZO, INRIIERRONREFMETH B ZEBDNY, 4) — (1-b) BRTIENRTEE,

[y

_ _ 1-¢
Al > (AT BPATT) T for 13p >t > -

(3]

(¢). 1=b) = (2-b) 73, £F. A>B>01Z, Corollary 3 ZEATH L, ROXBELND,

A™' > (AT BY“PAT)s  for pe[%,l]. (2.12)
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FZC, (2.12) i Theorem A D (1 —b) DRERLEAT 5L, ROXPEF LN D,

(A-hHi-t > {(A—l)_—;’*(A%lBl—PA-‘g—‘)%}(A—l)%u};1__::]? (2.13)
for12p1>t12%.
Zo, 21B)RTBNT, pr=p LB LROXDBFLND,
At > (479 prop g =07 IS (2.14)

FIT, (2.14) ROEHE EDIER L TRORE /D Z L A3H%K D,

A0t > (AJ—L‘ L ’Bl—pA_“;"))(x—;()l:(tll—)el) | (2.15)

for2>1-t1>1-p>0.
FIT, QB)RCBN T, =1—-t, pp =1—p LB L, ROXBR/FLND,

At > (AP BPA ) for % >ty > pg > 0.

EoT, (1-b) — (2-0) BT,
(d). (2 —b) - (3) ﬁ:‘”&‘o iﬁz\ (2 - b) %’3‘?0)}]‘:2'(“%7}9 Lfﬁ<o
(2-b): A>B>0= BP?<(BFABF)TF for 1>p>t>0.
nESEXT, B)DABIZLemma F ZEAT DL, ROKICEETHILENTE D,
(AT BPAT)¥ = AT B3(B3A'B3)5=B3AT byLemmaF

' ' A%"Bg{(B:EEA‘B%E)?_:%}'IBgA_T'

< AT BEBPBEAT by (2-0)
= AT B?®AT
< AP for % >p>t>0. by Theorem L-H

PLEIZX 5T, Theorem A P4 OD=FHEOTY TIXTNTNEWIE X H S Z L RHED Z b
o7z,
2.2 2D20OWAKDOI!Y FIZDOWT

Wiz, Theorem A {2V TC, (1—a) « (2 —a) ZTFE D,

©. (1—a) = @2—a) ZFT, (1—a) OFER At > (AFBPAT)F for 12p> L >t > 0 with
p#t B\, t OFEEEE X522 &, Theorem L-H ZEA L TRORXEED Z L AHK 5,

At > (AT BPAT)F. (2.16)

IO, (2.16) I E BITRD I DR TE 5o

At > (ASBPAR)TS. | (2.17)



5Bz, (2.17) ROADIC Lemma F 2845 & . KORAELND,

At > ASBF (BT A'BY)TFBT A

ZZT, QRB)RZEICEHET S L, RORUT2D,

B? > (BFA'BF)5.

ZL T, (2.19) RO inverse & 5 &, ROXBF LD,

B? < (BFA'BF)s

for1>2p>12>t>0withp#t.
ZIT (2200 RZBWVT, pr=t, tp =p £BL L, ROXBFELND,

—t

B < (B:%LAplB:gh‘)_Lm—el .

FLT, 20 (2.21) RKDOR L FHETH S 2 L Rbhs,

At > (A-_—Q—leA:}*)p—L;::l

for 1>t > 1 >p > 0with t; # 1.
XoT, (1-4a) = (2-a) BRE,
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(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(). 2-a) - (1—a) BFF, (2—a) DFER A~ > (AFBPAT )77 for 1>t > 1 >p>0with

p#tITBWT, t OFiHEE %X BT & &, Theorem L-H Z @A L TROXEHS Z L a3H%K D,

A0 > (4T BPAT )T
Zo, (223) NI X HICKRD L S ITERTE D,

A1 > (ABBPAR)SE,

Ebiz, (2.24) ROADIZ Lemma F #FAT D L. ROAPELND,

A1 > ASBF(BFABF)EBF AL

T 22)REECERET DL, ROKUTED,

B%A-1B% > (BFA'BF)Fs,

ZLT, (2.26) ROMBIC inverse 2 & 5 &, ROADBFLND,

(2.23)

(2.24)

(2.25)

(2.26)
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"BFABF < (BFABF)S. (2.27)

bz, ZoR22NROADC A> B 28AT5E. ROXBELNG,

BTAB¥ byA>B
(BF ABTF)=F (2.28)

B'-?

for 1>¢t>1>p>0withp#t.
TIZT, 2B)RUTBNWT, pr=t, t1 =p B L, ROXMNEDND,

1—-¢t

Bl—-’tl < (Bl,‘-lAmB:;-L)f:k. (2.29)

ZL T, Z0(2.29) RIKOXEFMETH B Z &b,

1—t

Alt > (A%J' Bpr_—;’-);.T:& (2.30)

for1>py > >t > 0 with ¢; # p1.
£oT. (2-a) = (1—a) WREZ, UEDZLEY, 2-a) o (1-a) TR,

3 {Bonl-#R
E RN, Theorem A D4 DODOFREXE—DODRERIZE L DB LKRDL D BREELEBDL 2 LNRH
%60

Theorem 5. If A > B > 0 with A > 0, then
| ATt > (AT B AT

holds under the condition (i) or (ii);
(i) 2p>q2p>t>0and1>q¢>0
(ii)1>t>p>q>2p—1and1>4q>0.

Remark. Theorem 5 DM (i) IZBNT, ¢=1,¢=2p LB &, ZNEN Theorem A D(1),(3) A
T35, &bHiZ, Theorem 5 D&M (ii) IZBWT, ¢ =0,g=2p—1 B &, FNEN Theorem A
(2),(4)P T, &7, Theorem 5 DAR%ERiL Theorem F & [FE/2¢K D Theorem F' DA% L R U
(L7225 TWV B, '

Theorem F°. If A > B > 0, then for each q € [0,1],
ATt > (AT BPAT) =
holds for p > q and t < 0.

F7z, Theorem A @ (3) IZIVVTid best possible THB02E 903 oTWRVES, A THE XAt
DITRD L ST B THE X721 Ditbest possible THD &9 = & K. Tanahashi {2 Lk ->TE LN TN
BB, T THBREAZRT,
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Theorem 6. If% >p>t>0and a> 0, then there exist A, B € B(H) such that A > B > 0 with
A >0 and
B+ 3 AN (AT BPAT )5 AL,

4 febohri-FEROEHA

Proof of Theorem 5.
Case (i). BHNARED A > B >0 » 5, Theorem L-H @RI 5L, A7> B! forl1>q >0 BNEH
n3, £Z T, ZDAY, BT {IZBWT, Theorem A @ (1) 2EAT 5L, ROXBEHNB,

1—

(AT > {(A1)TF (BYym (41) ek @)
for 12p >t ZO\Nithpl > %

LRABR, ZOEMREROLIICEBEBLDHILNTE S,

2p1212p1 >t 20.

TIT, ZOANRTBNTp =, 8 =1 LB LRONTR2Y, Theorem 5 D (i) HFE7,

ATt > (AT BPAT)F (4.2)
for2p>q¢>p>t>0and1>qg>0.
Case (ii). BINARED A > B > 0 with A > 0225, Lemma 1 ZEATSH L. AP > (AT B PAT)®

for any s € [1,2] and 1 > p > 0 BFoND, TIT, s=1 LB L, ROXBFLND,
A1 > (AT BYPAT)E (4.3)

for any % €[l,2land1>¢> 0.
ZZ T, (4.3) R Theorem A @ (1) ZHWAT 5L, RORB/LND,

(A > (AT AT B AT A T (44)
for2p1 >212p >4 20.
ETIT, ZOUYHYRTBNTp =2, 4, = LB ERONZRSD,
At > (ATFE Bl gt (4.5)
for2p>q>p>t>0and1>qg>0.
D, (4.5)REIBIRO L S ZERT 5,
AC-D-0-0 > (452 glop 4 =0 (=863 (4.6)

for1>1—-t>1-p>1-¢>2(1-p)—land1>1-¢g2>0. _ _
FIT, A6)RTBNT, o=1-¢q,pe=1-p 2 =1-t LB L, RORDHEDHIL, Theorem 5 @
(il) e,
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Afz—ta > (A:éz BP:A;;-a)—l—a‘Zz::z : (47)
for1>t,>p;2¢2>22pp—1and 1> ¢ >0.
X o T(),(ii) £ Y. Theorem 5 ARE7z,

Remark. Z® Theorem 5 %753 MDIZ Theorem A @ (1) BAAREH Ry % Mrcwza eybxbﬁ%o
ZC. Theorem A D (1) ZRDE DITEBX BRI E D RBEAHI 12 ' :

Theorem A-s (satellite version). o
(1) FA>B >0 with A>0, then A> B> AS5(AF BPAT)"t A% for 1>p>t>O0withp> L.
ZDE DT Theorem A D (1) %E x5 &, IRD Theorem 5-s H34F H 5 AFEHIIG T,

Theorem 5 -s.
() If A> B >0 with A> 0, then AT > B1 > AS(AT BPAT )5 A%
holds forany 2p>q¢>p>t>0andl>q>0.
(i) fA>B>0withA>0, then A7 > A¥ATBPAT)IH 4%
> AS(ATBPAT)FiAS

~ holds forany1>t>p>q>2p—1and1>q>0.
Proof of Theorem 6. {EE® a = a(p,t) > 0 IZXH LT, ROFTBRY LD ERET 5,

B¥te > AB(AT BPAT )T A (4.8)
for fixed p and ¢ such that ; >p >t >0.
0D, 4.8)ADHDIZLemma F ZEAT D L. ROREHFSH Z & AHEKS,

Bte > pY(BEA-tBE)FE BE. (4.9)
FLT, ) REESDIEHTHE, KORHBLND,

pta

Brte > (BT A'BT)&. (4.10)
S HIZ, (4.10) RO inverse % & 5 L IROANDESND,

( p+a

B~te) < (BFABF)TS . O (411)
ZC, (41)RZBNT py =t, t, =p B L, ROXMNEON B,

(t)+a)

B-t+e) < (BT Am BTy Tite (4.12)

for fixed t; and p; such that > ¢, > p; > 0.
LaL, ZhiX(2-b) @best possibility [11] &Y ¥/&, & T Theorem 6 75>7Fﬁ‘7‘\_°
Z®, Theorem 6 I[ZX > TKRDZ & B>,

Corollary 7. If 1 > p>t >0, then there exist A, B € B(H) such that A> B > 0 with A > 0 and
| B ¥ AS(AT BPAT)Fi AL,
ZDORIER)72 example 13 J-F-Jiang IZ &> TRHN TN S,



57

5 Mysterious A-zone &R~ (TT

FAVTIX, IRD K D MBI Y SLODEA H 13 ?
Conjecture. If A> B >0 with A > 0, then

A > A%(A%BPA%&)%:—'?A% holds for any % >p>t2>0. - (5.1)

Z @ Conjecture {ILARTA>5 T.Furuta iI2 Lo T, RO L H722 2DFEL Y RIZLARNE FREN TV,
(). p==%,t=1LLkli GO)ROEDEEHLTNL &, KO ICRB, ’

12°

|
)

(47

-

5

BEAT)A

&l
Il
oy
Blen
S

s

A

O
Sfen
b
AL L
e
Glen

T
Slon

L
L =

by Theorem L-H

IN

3

:;

=
Hlen

b

Il

vy

Sl

h

o SR
&

Sl

7AN
o

A. (6.)RDOEID A Zizol=e L)

ZOBED AL (5.1)ROEDD A BHTIELWEWI ZET A LBWTHAEETTHSD, 22T
BOTREREE X THRBHR,

Ao (04 189 130 84\ _
=\189 207) =\ 84 58)7°7"

& L FICREDORERDBRY SL N E NS Z E Bbdr>TW5, %Y, Theorem L-H #—[E{F-
ZETTGEYRCINT, p=S, t =1 LRBOEERITFEATERNL VWD ZEbhot,

(2). E72. f(p) = AS(ATBPAT )5 A L LEBRHTRO L H R E bbho TV B,
(A)p>landt<0 =

A>B>AS(ATBPAT) =A% f(p) D p IKOWTOERESY,
(2)1>2p>t>0andp> 3 =
A>B>ANATBPAF)T A f(p) D p ICOVTOMIAM L,
() 32p>t20 =
A2 > B > AS(AT BPAT)ER AS f(p) D p KOWTOBFMER L,
R Ly () BT f(p) = AS (AT BPAT ) $5 45 & LTE xR,

2EY. () (7). () DIRICHERBFTEL 2o TWD, ZOHFIERFICERRZE LBDND,
PED 200z L0d (5.1) RAT—MAUTIIRIL L2 EFRL TV, EL T, ERICROBERBED
iz,

Theorem 8 (Counterexample). If p = 0.3 and t = 0.15, then there ezist A, B € B(H) such that

A>B2>0with A>0 and
¢ —t —t 1—t t
AP AI(AT BPAT )rt AT,
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Example. £7 1-20>a>0 & LT, X,Y 2RO L3 2EHET S,

2p—tta

X = A%t _ AS(AT BPAT) 5 AL,

—tta

Y = B _ A5(AT BPAT) 50 45,

ZL T,
18926 2549 26988 19
A=1| 2549 38479 3638 | >| 0
26988 3638 38524 0

p=031t=015 £F5L,
(1). a=1-2p=04 Ok,

18916.25--- 2587.35---
X = 2587.35--- 432.25...
26990.14--- 3655.53---

L2y, X OEHF{EIX 57785.0756 - - -, 87.9132- .., —0.9723 - - -

9.2543--- 38.3541.-.
Y =) 383541--- 86.2527..-
2.1437..-  17.5346---

0 0
38133 0 | =B.
0 1

26990.14 - - -
3655.53- - -
38523.50 - - -

L7220 X 20 THDZLibrd, £,

2.1437---
17.5346 - - -
0.5094- .-

729, Y OBEEMEIL 104.8795- -, ~9.5621 -, 0.6990--- RV, Y $0 Thd L ibns,

(2). 0.37=a < 1-2p= 0.4 O,

13614.65--- 1817.80.--
X = 1817.80--- 300.01---
19425.33-.- 2567.35.--

L20 X OBEAEIL 41578.4615- - -, 64.2655- - -, —0.0014 - - -

8.2638--- 27.9370---
Y = 279370--- 60.1809---
2.0135--- 12.7824--.

19425.33-- -
2567.35- - -
27728.05 - - -

L2V X 20 THDZ LMD, i,

2.0135- -
12.7824 - -
0.5413---

L7220, Y OEEMEIX 74.4826- .., —6.1697 - - -, 0.6733--- L2V, Y 20 THHIENDMPD, SbIK
p =2t B LTNDIN p DEREI/NSWEAIZIE Theorem 8 112 x 2 FTHICREINTES Z & b8

BTV 3,
LLEDZ L7535 Theorem A @ (3) IZ2OWTHIRD Z & A3 F4E
20,

TEDLH, EE-MBAVLAEBIR R T

Conjecture. If 1 > p >t > 0 and a > 0, then there ezist A, B € B(H)‘ such that A > B > 0 with

A>0and

APPre % AS(AT BPAT) I 4
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