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Hypersurface purely elliptic singularities of (0,1)-type

Naohiro Kanesaka (&R #4L)
Institute of Mathematics, University of Tsukuba

Introduction.

Let (X,z) be a germ of an normal isolated singularity of an analytic space. X often
denote a sufficiently small Stein neighbourhood of the germ (X, z) of the singularity.

Watanebe introduced plurigenera {6, }men for normal isolated singularities(see Def.1.1)
and defined a purely elliptic singularity (see Def.1.2). If (X, z) is a two-dimensional purely
elliptic singularity, (X, z) is a Gorenstein singularity. But if the dimension of (X,z) is
greater than two, (X, ) is not always a Gorenstein singularity.

Ishii [2] investigated the structures and the dual graphs of quasi-Gorenstein purely
elliptic singularities using the theory of mixed Hodge structure and classified them into
2n classes(see Def.1.3), including the condition that the singularity is Gorenstein or not.
The result of Ishii’s classification is shown in Table 1 and in Table 2 when n=2 and 3.

A two-dimensional purely elliptic singularity of (0,0)-type or (0, 1)-type is known as
a simple elliptic singularity or a cusp singilarity, respectively. Originally, a simple elliptic
singularity (X, z) is defined as a singularity such that the exceptional set of the minimal
resolution of (X, z) is a nonsingular elliptic curve, and a cusp singularity (X, z) is defined
as a singularity such that the exceptional set of the minimal resolution of (X, z) is a circle
of rational curves. Simple elliptic singularities are studied by Saito [6] in detail. In case

Gorenstein

(0,0) | a circle of rational curves
(0,1) an elliptic curve

Table 1: In two-dim. case.
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] Gorenstein | Non-Gorenstein
(0,0) a triangulation of S, a triangulation of T
(0,1) | a chain of surfaces Ey, Es, -+, E, | a circle of elliptic ruled surfaces
(0,2) a K3 surface an Abelian surface

Table 2: In three-dim. case.

that the self-intersection number of the elliptic curve E appearing as the exceptional set
~is =1, =2, or =3, (X, z) is a hypersurface singularity, and the defining equation of (X, z)
is given by one of the following in some coordinates z;, 22, and 23 around z:

Ee: 22+ 234+ 23+ Mauzneu=0(E-E=-3)

Er:22+ 25 + 23+ Maz12023 =0 (E - E = -2);

Es: zf+2§’+z§+,\3z1z2z3 =0 (E-E =-1);
A 4+27#0,)034+64# 0,1 — 432 #£0.

On the other hand, cusp singularities are sigularities appearing on the Satake compacti-
fications of Hilbert modular surface. — and the defining equation of (X, z) is given by

the following form in some coordinates 2, 22, and 23 around z:

Tpgr: 21 + 25 + 25 + Az12923 = 0,
1 1 1
2—7+E+;<1,)\750. |
Anagolus to simple elliptic singularities, a three-dimensional Gorenstein purely elliptic sin-
gularity of (0,2)-type is called a simple K3 singularity which is characterized as a normal
isolated singularity such that the exceptional set of any Q-factorial terminal modification
is a normal K3 surface by Ishii-Watanabe [3]. _

We are interested in hypersurface purely elliptic singularities. In general, for an n-
dimensional purely elliptic singularity (X,z) defined by a nondegenerate holomorphic
function f, the condition that (X,z) is of (0,¢)-type can be stated by the geometric
condition of the figure associated with with f in R™*! called the Newton boundary I'(f)
of f(see 1.4). Yonemura [10] and Fletcher [1] independently classified nondegenerate
hypersurface simple K3 singularities into ninety-five classes in terms of weight of f and
found nondegenerate quasi-homogenious polynomials for each weight.

In this note, we construct examples of polynomials defining a Gorenstein purely elliptic
singularity of (0,1)-type at the origine of C* from the weights of hypersurface simple K3
singularities listed by Yonemura and Fletcher in Section 2 and a result of good resolution
of a hypersurface purely elliptic singularity of (0, 1)-type in Section 3, and give results of
resolution of singularity for two hypersurface purely elliptic singularities of (0, 1)-type.
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1 Preliminaries.

Definition 1.1 (Watanabe [8]) Let (X,z) be a normal isolated singularity. For any
positive integer m,

bn & dimcT(X — {z}, O(mK))/L*™(X — {z}),

where K is the canonical line bundle on X — {z}, and L*™(X — {x}) is the set of all
L™ _integrable (at =) holomorphic m-ple n-forms on X — {z}.

Definition 1.2 (Watanabe [8]) A singularity (X, ) is said to be purely elliptic if 6,, =
1 for every m € N. R

Definition 1.3 (Ishii [2]) A quasi-Gorenstein singularity (X, ) is of (0,4)-type if H**(E;, Og)
consists of the (0,7)-Hodge component H%(Ej), where
' n-1

C ~ H""'(E;,0p) = GrgH" "\ (Ey) = @ H*(E;)

=0

Assume that (X, ) is a hypersurface singularity defined by a nondegenerate polyno-
mial f =Y a,2” € Clz,21,..., 2], and z = O € C™L,

The Newton boundary I'(f) of f is the union of the compact faces of I',(f), where
'y (f) is the convex hull of U,, £o(v + R%}!) in R, -

For any face A of 'y (f), set fa := Y, cn au2".

We say f to be nondegenerate, if

Ofa _0fa _  _0fa_

% Om T o

has no solution in (C*)™*! for any face A.
When f is nondegenerate, the condition for (X,z) to be a purely elliptic singularity
of (0,7)-type is given as follows : ‘

Theorem 1.4 (Watanabe [9]) Let f be a nondegenerate polynomial and suppose X =
{f = 0} has an isolated singularity at x = O € C"+1;
(1) (X,z) is purely elliptic if and only if (1,1,---,1) € I'(f).

(2) Let n = 3 and let Aq be the face of T'(f) containing the point (1,1,1,1) in the
relative interior of Ag. Then (X, z) is a singﬁla‘rity of (0,i)-type if and only if dimglo =
i+1fori=1 and?2.
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(4,0,0,0)

(0,0,0,4)

Figure 1: The Newton boundary of f .

Thus if f is nondegenerate and defines a simple K3 singularity, then fa, is a quasi-
homogenious polynomial of a uniquely determined weight « called the weight of f and
denoted a(f). Namely, a = (o4, a2,03,04) € 'Q‘éo and deg,(v) := Yi_ csv; = 1 for
any v € Ay. In paticular, Y} , a; = 1, since (1,1,1,1) is always contained in Ag. Let
W' = {a = (a1, 2,03, 4) € Q4glon + a3 + a3 + 04 = 1} and for an element « of W7,
set T(a) = {v € Z5slav = 1} and < T(a) >:= {L,erq) ¥ € R*|t, € Rxo}. Then the
set < T(a) > is a closed cone in R* spanned by T(c). Let W, := {a € W’|(1,1,1,1) €
Int < T(a) >,a1 > oy > a3 > ay}. By Theorem 1.4, W, is the set of weights of simple
K3 singularities.

Proposition 1.5 (Yonemura [10], Fletcher [1]) The cardinality of W, is 95.

2 Method of construction

In this section, we construct examples of polynomials defining purely elliptic singularities
of (0,1)-type. Our method of construction is due to Yonemura’s classification of nonde-
generate hypersurface simple K3 singularities in terms of the weight of a polynomial (see
[10]). We illustlate the construction with one of the examples which we obtained :
Assume that o = (1,1,1,1) is a weight, which is the weight of the nondegenerate
polynomial
f=X*+Y*+Z*+W* € C[X,Y,Z,W]

in Yonemura’s ninety-five examples.
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Figure 2: The Newton boundary of g, ;.

The Newton boudary I'(f) of f is shown in Fig.1, where the tetrahedron is the in-
tersection of RY, and the hyperplane {(z1,22,%s,%s) € R|z1 + 22 + 23 + 24 = 4},
and hence it is the 3-dimensional face of I';.(f) containing (1,1,1,1) in its relative in-
terior. In this 3-dimensional face, there exist triangles containing (1,1,1,1) in their rel-
ative interiors, with their vertices on the latices. For example, the triangle Ay with
vertices (4,0,0,0),(0,4,0,0) and (0,0,2,2) exists. This triangle Aq is the intersection
of two hyperplanes, i.e. the hyperplane through (4,0,0,0),(0,4,0,0),(0,0,4 + r,0) and
(0,0,2,2), and the hyperplane through (4, 0,0, 0), (0,4, 0,0), (0,0,0,4 + s) and (0,0,2,2),
where 7 > 0, s > 0, (r,s) # (0,0). On the other hand, consider the Newton boundary
L'(grs) of grs, where g, = X* +Y* + Z47 + W4* + Z2W?. Then I'(g,;) is the union
of the tetrahedron with vertices (4,0,0,0),(0,4,0,0), (0,0,4 + r) and (0,0, 2,2), and the
tetrahedron with vertices (4,0,0,0),(0,4,0,0),(0,0,0,4 + s) and (0,0,2,2). In addition,
Ay is the 2-dimensional face of T'i(grs) bcontaining (1,1,1,1) in its relative interior. Thus

“if g, is nondegenerate and X = {g,, = 0} C C* has an isolated singularity only at the
origin z = O(€ C*), then z is a purely elliptic singularity of (0,1)-type by Theorem 1.4.
In fact, 1) = X*+Y*+ Z° + W5 + Z2W? and goy = X* + Y* + Z* + W5 + Z2W? are
nondegenerate and define isolated singularities only at the origin z = O. ‘

In the same way, we could find 87 polynomials for 87 weights which appear in Yone-
mura’s classification, which are listed in Table 5. But for five weights we could not
construct any example, since the correspond tetrahedrons do not contain any triangle as
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Figure 3: The dual graph of exceptional sets .

above. And we did not give examples for three weights which contain only triangles which
seem to be irregular.

These examples are obtained from only one attempt for us to get examples in order
to investigate purely elliptic singularities of (0,1)-type. We cannot say that it is sufficient
to investigate these examples. In other words, there exists a polynomial which defines
another purely elliptic singularity of (0,1)-type essentially different from our examples.

3 The results of resolution of a hypersurface purely
elliptic singularity. |

For the singularity (X,0) , X = {X*+Y*+ Z° + W® 4 Z2W?} which we gave in Section
2, we made a good resolution of singularity by using torus embeddings. The results are
as follows. ' ‘

Let 7 : (X, E) — (X, 0O) be the resolution of the singularity (X,0), where E is the
exceptional set which has five irreducible components and whose dual graph is shown in
Fig. 3. Let E; be the essential devisor.

Then

E;=FE) + Ey+ EY,

where Ej is a surface birational to elliptic ruled surface and both E; and Ej are rational
ruled surfaces.

The intersection curves C = EyN E; and C' = EyN Ej are nonsingular elliptic curves.

The self-intersection numbers of C and C’ in E; are —2, and those in E; and in E}
are 8, respectively.

We give other results of the resolutions of the singularities of two examples by using
torus embeddings in Table 3 and in Table 4. In each of the two cases, we obtained good
resolutions of the singularities. In the tables, Fyo and Ej3o are surfaces birational to
elliptic ruled surfaces.
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Table 3: The result of the resolution of the singularity obtaind as an example for the

weight (%, %, %,% .
YN-3: (X,0) X={g= 0},‘0 : the origin € C
Polynomial =X +Y+ 7"+ W'+ Z°W?
The essential divisor Ey Eyy+ Eyp+ Ey,y

The intersection curves

C = E2’1 N E2,0, C, = E2,0 N Eé,l

The_ intersection numbers of C and C’

C’-C=C”-C”=—3inE2,0;
C-C’=9inE2,1;

C'-C'=9in B},

Table 4: The result of the resolution of the singularity obtaind as an example for the

weight (3, 1,1, 3)-
[ YN-5: (X,o0) | X ={g:=0}, o : theorigin € C |
Polynomial =X +Y+ 2"+ W'+ Z°W?
The essential divisor Ey Esy+ E3o+ E3,

The intersection curves

C = E3’1 N Eg,o, Cl = Eg,o N Eili,l

The intersection numbers of C and C’

c.c=0c.-C —1lin E3,o;
C'C=6iDE3,1;

C'-C'=6in Ej,
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Table 5: Examples of polynomials defining purely elliptic singularities of (0,1)-type.

The obtained polynomials

gs(A)=X44+Y 4+ Z4 WA+ W5+ 1 Z2W2 (5>0,t€C)

9:(t)=X3+Y3Z+Z4 4 tWOS+WT+e 1 Z2W3 (5>0,t€C)

9s()=X3+Y3 4+ Z6 WO+ WT+s L Z3W3 (s>0,t€C)
gr(0)=X3+Y3+uZ64 Z7+r LWL Z3W3 (r>0,ucC)

9s(t)=X3+Y34+ Z4 w124 Wid+s L Z3W3 (5>0,t€C)

9s(t)=X2+YO+Z6+tWO+WT+5 1 Z3W3 (5>0,t€C)
9r(u)=X2+YC+uz84+ 27"+ WO+ Z3W3 ,(r>0,u€C)

9s(t)=X2+Y*Z+Z5 +tWI04Wll+s L 73W4 (5>0,t€C)

9s()=X24Y 4+ Z8 HtWB+WOt+2 1 Z4W4 (s>0,t€C)
gr(w)=X2+Y*+uZ84 29"t WBL Z4W4 (r>0,ucC)

9s()=X24Y 4+ Z01tW 121 W1s+e 4 Z4W4 (5>0,t€C)

9s(t)=X2+Y 44+ Z5 W20 L W2 +s L Z4W4 (5>0,t€C)

9s(t)=X24Y3+Z12 w12t Wid+e L Z6W6 (5>0,tC)
gr(0)=X2+Y34+uZ124 Z13+r L W12 Z6W6 (r>0,ucC)

gs(£)=X2+Y3+ 2101 tW15 L Wi6+s 4 Z6W6 (5>0,tcC)

9s(t)=X2+Y 3420w 1B W19+e L ZO6 W6 (5>0,t€C)

gs(1)=X24Y 34+ Z8 w244 W2s+e L ZOW6 (5>0,t€C)

9s(£)=X2+Y 3427 4tW 2L W43+2 L. Z6W6 (5>0,t€C)

9s()=X3+Y3Z+Z5+tW5+W+s 4 Z22W3 (s>0,t€C)
gr(u)=X3+Y3Z+uZ5+ 25+ + W54 Z22W3 (r>0,ucC)
h,(t)=X3+Y3W+25+tW5+W6+’+Z3W2,(s§0,teC)
he(u)=X3+Y3W+uZ34+Z6+" + W5+ Z3W2 (r>0,ucC)

9s()=X34Y3W+Z4 HtWBLWO+s 4 Z3W?2 (520,t€C)

9s(1)=X3+Y3+Z5+tZWS4 W82+ Z3W3 (5>0,t€C)

ga(£)=X3+Y3+ ZAW W4 W10t+e L Z3WW3 (5>0,t€C)

9s(£)=X2Z+Y*+ Z4 +tWB4WOs L Z2W4 (5>0,t€C)

9:(t)=X2Z+Y3+Z++tW244+W25+2 4 Z3W6 (5>0,t€C)

9s(£)=X2Z+Y*W+Z5+tW i+ W6+2 1 Z22W3 (5>0,t€C)
9r(W)=X2Z+Y* W+uZ5+ 2847+ W5+ 22W3 (r>0,u€C)

9:(t)=X2Z+Y34+ Z3 +tW 1St W16+s 1 Z3W6 (5>0,t€C)

9s(t)=X2Z4+ Y44 Z8 WO+ W7t L Z2W4 (s>0,t€C)

gr(u)=X%2Z+Y*+uZ84+ 27T+ W6+ Z2W4 (r>0,ueC)
he(£)=X2W+Y 44 Z6 tWO+WT+e 1 Z4W 2 (5>0,t€C)
h, (u)=X2W;}-Y"‘+'u,Zs+Z7"”+W6+Z4 W2 (r>0,ueC)

The weights
YN— Da=(3,1,1,h)=(1,1,1,1;9)
YN-2: o=(1,1,1,1)=(4,332;12)
YN-3 : a=(3,1,1.5)=(2,2,1,16)
*YN-4 : a=(3,1,1,1)=(4,4,3,1;12)
YN-5 a= %1%1%;%) (3111171;6)
YN-6 : a=(1,1,1,.1)=(5,2,2,1;10)
YN-7 : o=(3,1,, $)=(4,2,1,18)
*YN-8 : a=(1,1,1,4)=(6,3,2,1512)
*YN-9 : o=(1,1,1,4)=(10,5,4,1;20)
YN-10 : a=(3,1,4,4)=(64,1,112)
*YN-11 : a=(,1,24,4)=(15,10,3,2;30)
*YN-12 1 a=(1,1,1,4)=(9,6,2,1;18)
¥YN-13 : o=(L,1,1,24)=(12,8,3,1;24)
*YN-14 : o=(,1,1,4)=(21,14,6,142)
YN-15 : a=(3,4,1,1)=(5,43,3;15)
YN-16 : o=(1,%.1,1)=(8,7,6,3:24)
YN-17 : o=(3,1,1,2)=(553215)
YN-18 : a=(1,1,2,1)=(3,3,2,1,9)
YN-19 : o=(3,1,1,1)=(3,2,2,18)
YN-20 : o=(3,1,1,4)=(9,8,6,1;24)
YN-21: a=(2,1,1,1)=(2,1,1,1;5)
YN-22 : o=(2,1,1,1)=(6,53,1;15)
YN-23 : o=(5,1,1,1)=(5,3,2,2;12)
YN-24 : a=(3,1,1,1)=(54,2,1;12)

9s(1)=X2Z+Y3+ 25 tW12 4 W1d+e 1 Z3WS (s>0,t€C)

YN-25 : a=(4,3.3.5)=(43,1,1,9)

9s()=X2Z4Y3+Z9tWO4+W10+2 4 Z3W6 (5>0,t€C)

gr(0)=X2Z+Y34+uZ°+ 21047 LW+ Z3WO (r>0,ueC)
he(£)=X2W+Y3+Z94tW9+W10+s L 763 (5>0,tC)
he(u)=X2W+Y34uZ94Z10+r L W94 ZSW3 (r>0,ucC)




£)=(9,5,4,2;20)

9o (t)=X2W+Y*4-Z5 1 tW 104 Wilte L Z4W2 (5>0,t€C)

P a= %,3,-,—-)_(11 8,4,2;24)

9s(t)=X2W4Y3+ Z84tW 124 W1d+s 4 Z8W3 (s>0,t€C)

D a=(38,1,1,.1)=(10,7,3,1;21)

s (D=X2W+Y34+Z7 - tW2 1 W22+s 1 Z6W3 (5>0,teC)

21°3°7°21
YN-29 : a=(1,1,1,2)=(15,6,5,4;30) 95 ()=X2+Y 54+ Z0+tY WO+ W 1Y3W3 (5>0,t€C)
YN-30 : o=(3,1,%,1)=(20,8,7,5:40) no triangle
YN-31: a=(3,5,3,1)=(12,5,4,3;24) 9:()=X2+Y 424 Z6 1 tWBLWO+2 L Z3W4 (5>0,t€C)

9s(t)=X2+Y*4Z+Z7 - tWT+WB+e 1 Z3W4 (5>0,t€C)
9r(W)=X2+Y4Z+uZ 7+ 28+t W4+ Z3W4 (r>0,ueC)

YN-32: a=(3,3,1,1)=(7,32,2;14)
he()=X2+Y W +Z7 W7+ W8+ 1L Z4W3 (5>0,teC)
he(u)=X2+Y4W+uZ7+ 2847+ W7+ Z4W3 (r>0,u€C)

YN-33 : o=(},2,1,1)=(9,4,3,2;18) 9s(t)=X2+Y AW + Z8 4t WO W10+ L Z4W3 (5>0,t€C)
YN-34: a=(1,%,1,2)=(15,7,6,230) | g,(t)=X2+Y4W+Z5+tW IS+ W16+s 4 Z4W3 (5>0,tcC)
YN-35: a=(1,3,1,2)=(14,7,4,3;28) 9 (t)=X2+Y 44+ ZT HZWB W10+ L Z4W4 (5>0,t€C)
YN-36 : o=(3,3,3,4)=(105,3,2,20) | g(t)=X2+Y*+ZOW WO+ W1l+s L Z4 W4 (5>0,t€C)
YN-37: a=(2.1,3,5)=(843,1;16) | g,()=X2+Y*+Z5WHWIS+ W17+ 4 Z4W4 (5>0,t€C)
YN-38 : o=(1,4.1,2)=(158,6,1;30) | gs(t)=X2+Y3Z+Z5+tW30+WBl+s { Z4WS (s>0,tcC)
YN-39 : a=(1,8,3,4)=(9,53,1;18) 9s(£)=X2+Y3Z4 Z6 4 tW18 L W1o+s L Z4WS6 (5>0,teC)
YN-40 : o=(1,2,1,2)=(7,4,2,1;14) 9:(O)=X24Y3Z4 ZT WAy W1s+e | Z4WS6 (5>0,t€C)
YN-41: o=(3,%,1,2)=(12,7,3,2;24) | gs(t)=X2+Y3Z+Z8 W12+ W13+s 4 Z4 WS (s>0,t€C)
YN-42 : a=(3,3.%.5)=(63,1,1;10) | g, ()=X2+Y3Z+Z10 W10+ Wll+s 4 Z4WS (5>0,tcC)
YN-43 1 a=(3,31,1,1)=(18,11,4,3;36) | g,()=X2+Y3W+ZO+tW 2+ W13+s 4 Z6W4 (s>0,t€C)
YN-44 : a=(1,5,1,2)=(852,1;16) | g.(t)=X2+Y3W+Z84tW16 L W17+ Z6W4 (5>0,€C)
YN-45: o=(1,2,1,4)=(149,4,1;28) | gu(t)=X2+Y3W+Z7+tW 2B+ W29+5 1 Z6 W (5>0,t€C)
YN-46 : a=(3,1,1,5)=(33,22,6,5:66) | g.(t)=X2+Y3+Z1 1tZW124Wit+e | Z6W6 (5>0,tcC)
YN-47 1 o=(},1,2,4)=(21,144,3142) | g, ()=X2+Y3+Y Z7 W4+ WI5+s 4 Z6W6 (s>0,t€C)
YN-48: o=(},1,5,4)=(24,16,5,3148) | g, (t)=X2+Y3+ZOW W16 4 W1T+e 1 Z6W6 (5>0,tcC)
YN-49 : o=(1,1,5,1)=(21,14,5,2142) | g.(t)=X2+Y3+Z8W+tW2 +W22+e 4 Z6W6 (5>0,cC)
YN-50 : a=(1,1,2,2)=(15104,1;30) | g,(t)=X2+Y3+Y Z5+tW30 4 W3l+s 1 266 (5>0,€C)
YN-51 @ o=(1,3,8,4)=(18,12,51;36) | g,(t)=X2+Y3+Z7W+tW36 4 WT+s 1. Z6W6 (5>0,t€C)
YN-52 : o=(1,1,2,5)=(12,9,8,7;36) no triangle

YN-53 : a=(3,&,2,1)=(6,5,4,3;18) 9 ()=X34+Y3W 4+ X Z3 WO+ W T+ 1 Z3W2 (5>0,t€C)
YN-54 : o=(1,2,5,1)=(7,6,53;21) 9 (t)=X3+Y3W LY Z3-HtW T+ W8+ 4 Z3W2 (520,t€C)
YN-55 @ a=(F, 5.3, 5)=(76,5220) | 0.(t)=X2Y +Y3W4Z4HtW 104 Wil+o Ly 2 W4 (5>0,tcC)
YN-56 : a=(31,4,1,2)=(11,8,6,5;30) no triangle

YN-57 : a=(2,1,5,1)=(9,6,5,4;24) 9 ()=X2Y +Y 4+ ZAW WO+ W T+ 1 Y2 W3 (5>0,t€C)
YN-58 1 o=(2,5,1,2)=(654,1;16) | g,()=X2Z+Y3W+Z4+tW1S+W1T+e 12314 (5>0,tcC)
YN-59 : a=(£,1,5,2)=(8751:21) | g,()=X2Z+Y3+Z4W+ W21 W22+ 2316 (50,t€C)
YN-60 : o=(%,1,2,4)=(7,6,4,1;18)

9:(t)=X2Z+Y3+Y Z3 +tW 184 W19+s 4 Z3W6 (5>0,t€C)
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YN-61: a=(31,1,8,3)=(11,7,6,4;28) 9s(O)=X2Z+Y* 4+ ZAW W+ W82 L Z2W4 (5>0,t€C)
YN-62 : a=(2,1,1,3)=(8,5,4,3;20) 9s()=X2Z+Y 44+ Z5 HY WS+ WT+s 4 Z2W4 (s>0,t€C)

YN-63 : o=(2,3, % +)=(4,3,2,1;10) 9s(£)=X2Z4Y3W+Z5 W 104 W1l+e 4 Z3W4 (5>0,t€C)
YN-64 : o=(&,%.3,1)=(10,7,4,3;24) 9s()=X2Z+Y3W+Z8+tWB W+ 4 Z3W4 (s>0,t€C)

YN-65: o=(34,1,5,1)=(14,11,53;33) | g.(t)=X2Z+Y3+ZW W11 4W12+s 4 Z3W8 (5>0,tcC)

9:(t)=X2Z+Y3W+Z7 HtW T+ W82+ Z3W1 (52>0,t€C)
gr(u)=X2Z+Y3WHtZ7+Z3+" W'+ Z3W4,(r>0,u€C)
hs(£)=X2W+Y3Z+Z7T+tW T+ W82+ Z4W3 (5>0,t€C)
hr(u)=X2W+Y3Z+uZ7+ 2874+ W7+ Z4W3 (r>0,ucC)

YN-67 : a=(2,1,},2)=(9,7,3,2;21) 9s()=X2Z+Y34+ ZTHtZWOHWil+e L Z3W6 (5>0,teC)
YN-68 : o=(33,1,2,1)=(13,10,4,3;30) | g,(t)=X2Z+Y3+Y Z5 W10+ W1l+o4 Z3 W6 (5>0,t€C)
YN-69 : a=(%,1,3,3)=(7.4,3,2,16) 9 ()=X2WAHY44Y Z4HtWELWOHe 4 Z4W?2 (s>0,t€C)
YN-70 : a=(4,5.1,1)=(85,3,2;18) 9s()=X2W+Y3Z+Z6 WO+ W10+s L Z4W3 (5>0,t€C)
YN-71: a=(&, 4.2, %5)=(1431;15) | g.(t)=X2W+Y3Z+Z5+tWIS+W16+s 1 Z4W3 (5>0,t€C)
YN-72 : a=(F&.4,%,%)=(1.52,1;15) | g (t)=X2W+Y3+Y Z5-+tW15+ W16+ 4 Z6W3 (5>0,t€C)
YN-73 : a=(3,1,4,5)=(25,10,8,7;50) no triangle
YN-T4 : a=(},%,5.1)=(16,7,5,4;32) s ()=X2+Y WY Z3 HtWB+Wo+2 1 Z4W3 (5>0,t€C)
YN-75 : a=(},5,2,4)=(11,5,4,2;22) ? ’
YN-76 : a=(1,4.5,5)=(13,65,226) | g, (t)=X2+Y*W+Y Z4+tW134+ Wit Z4W3 (520,t€C)
YN-77 : a=(3,Z,5,4)=(13,7,5,1;,26) | g:(t)=X2+Y3Z+Z5W+HW2+ W2+ Z4 W8 (s>0,t€C)
YN-78 : a=(3,3,2,1)=(11,64,1;22) | gu()=X2+Y3Z+Y Z4+tW22+ W2+ 1 Z4 WS (5>0,t€C)
YN-79 : a=(},£.,5,4)=(16,9,5,2:32) | g,(t)=X2+Y3Z+ZW +HtW 16+ W1T+s 4 Z4WS (5>0,t€C)
YN-80 : a=(3,8,5,1)=(22,13,5,4144) | g,(t)=X2+Y3Z+Z3W HW 1+ W12+o 4 Z4WS (520,t€C)
YN-81 : a=(1,4,3,5)=(13,8,3,2;26) ?
YN-82 : a=(1,Z,3.4)=(11,731;22) | g.(t)=X24+Y3W+Y Z5+tW22+ W23+ 1 Z6W* (5>0,t€C)
YN-83 : a=(3,1,8,2)=(27,18,54;54) | go(t)=X2+Y3+Z10W +tY WO+ W14+ 4 Z6WS (5>0,t€C)
YN-84 : a=(},%,2,5)=(9,7.6,5:27) 9s()=X34Y3Z4+ X Z3+tY WA+ W+2 1 Z2W3 (5>0,t€C)
YN-85 : a=(&,2,3,1)=(543214) ?
YN-86 : a=(%,%,L,4)=(9,7,5,4;25) no triangle
YN-87 @ a=(&,4,3,4)=(5431;13) | g,(t)=X2Z+Y3W+Y Z3tW 134 Wlt+s 4 Z3W* (5>0,t€C)
YN-88 : a=(31,1,5,2)=(11,9,5,2.27) | g.(t)=X2Z+Y3+ZWHY W +W*+s+23W® (s>0,t€C)
YN-89 @ a=(&,3,2.4)=(63.2111) | g,(t)=X2W+Y3Z+Y Z4-tW 14+ W12+e 4 Z4W3 (520,t€C)
YN-90 : a=(},Z,&,2)=(177,6,434) | g:()=X2+Y*Z+ZWHtZW '+ W*4+Z3W* (s20,t€C)
YN-91 @ a=(3,4,3,5)=(1986,538) | g.(t)=X2+Y*Z+Y Z5+tY WO+ W2+ Z3W* (s20,t€C)
YN-92 : o=(1,4,5,2)=(19,11,53;38) | g,(t)=X24Y3Z+Z"WH+tZW+W13+s+ Z4WS (s>0,t€C)

YN-93 : o=(1,5,2,2)=(17,10,4,3;34)

gs(£)=X24Y3Z+Y Z84+tZW104 W12+ Z4 W6 (5>0,t€C)

YN-94 : o=(%,5,5,3)=(754319) | g.()=X2Y+Y3Z+Z*W+tZW3+W"+*+Y2W3 (s>0,t€C)
YN-95 1 o=(&,&,2,2)=(753217) | g:(t)=X2Z+Y3W+Y Z*+tZWT+W+*+ Z3W*,(s>0,t€C)
References

95

[1] A.R. Fletcher. Plurigenera of 3-folds and weighted hypersurfaces, 1988. thesis sub-
mitted for the degree of Ph.D. Univ. Warwick.



96

[2] Shihoko Ishii. On isolated Gorenstein singularities. Math. Ann., 270:541-554, 1985.

[3] Shihoko Ishii and Kimio Watanabe. A geometric characterization of a simple K3
singularity. Tohoku Math. J., 44:19-24, 1992.

[4] Tadao Oda. Convez Bodies and Algebraic Geometry. Number 3. Folge , Band 15 in
Ergebnisse der Mahtematik und ihrer Grenzgebiete. Springer-Verlag, Berlin , Heidel-
berg , New York , London , Paris , Tokyo, 1988.

[5] Mutsuo Oka. On the resolution of hypersurface singularities. In T.Suwa and
P.Wagreich, editors, Complex Analytic Singularities, number 8 in Advanced Studies
in Pure Math., pages 405-436. Kinokuniya, Tokyo and North-Holland, Amsterdam,
New York, Oxford, 1986.

[6] Kyoji Saito. Einfach-elliptische singularititen. Invent. Math., 23:289-325, 1974.

[7] A.N. Varchenko. Zeta-Function of monodromy and Newton’s diagram. Invent. Math.,
37:253-262, 1976.

[8] Kimio Watanabe. On plurigenera of normal isolated singularities,]. Math. Ann.,
250:65-94, 1980.

[9] Kimio Watanabe. On plurigenera of normal isolated singularities,II. In T.Suwa and
P.Wagreich, editors, Complezr Analytic Singularities, number 8 in Advanced Studies
in Pure Math., pages 671-685. Kinokuniya, Tokyo and North-Holland, Amsterdam,
New York, Oxford, 1986.

[10] Takashi Yonemura. Hypersurface simple K3 singularities. Téhoku Math. J., 42:351-
380, 1990.

Institute of Mathematics, University of Tsukuba
Tsukuba-shi Ibaraki, 305 Japan
Email: kanesaka@math.tsukuba.ac.jp



