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1. Introduction

We discuss the existence of positive classical solutions of the boundar.$\mathrm{v}$ value

problems:

$(I_{\lambda}^{\alpha})$ $\{$

$-\triangle u=\lambda g(_{X).f(u)}$
. in $\Omega$

$(1-O) \frac{\partial\tau\iota}{\partial\uparrow x}+o\mathrm{t}l=0$ on $\partial\Omega$ ,

$\mathrm{w}1_{1\mathrm{e}}\mathrm{r}\mathrm{e}_{/}\backslash \mathrm{a}1\overline{\perp}\mathrm{d}\cap$ are $\mathrm{I}^{\cdot}\mathrm{e}\mathrm{a}\mathrm{l}_{1}\supset \mathrm{a}1^{\cdot}\mathrm{a}111\mathrm{e}\mathrm{t}\mathrm{e}1^{\cdot}\mathrm{S}$ ancl $\Omega$ is an open bounded $\iota\cdot \mathrm{e}\mathrm{g}\mathrm{i}_{01}1$ of $\mathrm{R}^{\prime\backslash \mathrm{r}},$ $N\geq 2$

with smooth boundary $\partial\Omega$ . We shall suppose $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}o\leq 1$ : thus $\mathit{0}=0$ corresponds

to the Neumann problem, $\mathfrak{a}=1$ to the Dirichlet problem and $0<\mathit{0}<1$ to $\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{e}$

usual Robin $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{n}$ . We shall assume througluout that $g$ : $\overline{\Omega}arrow \mathrm{R}$ is a $\mathrm{s}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{O}\mathrm{o}\mathrm{t}1_{1}$

function which changes sign on $\Omega$ .

Equation $(I_{\lambda}^{\alpha})$ arises in population genetics with $f(u)=n(1-u)$ (see [7]). $\mathrm{I}1\overline{1}$

this setting $(I_{\lambda}^{\mathrm{O}})$ is a reaction-diffusion equation $\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ tlle real $\mathrm{p}\mathrm{a}\iota\cdot \mathrm{a}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{l}$

. A $>0$

corresponds to the reciprocal of the diffusion coefficient and the unknown function

$u$ represents a relative frequency so $\mathrm{t}1_{1\mathrm{a}\mathrm{t}}$ tllere is illterest only in solutions satisfying

$0\leq u\leq 1$ . In $\mathrm{t}\mathrm{l}\dot{\mathrm{u}}\mathrm{s}$ paper xve shall study $\mathrm{t}1_{1\mathrm{e}\mathrm{S}\mathrm{t}_{1}\cdot \mathrm{t}_{\mathrm{U}}}\mathrm{u}\mathrm{c}1^{\cdot}\mathrm{e}$ of the set $\mathrm{o}\mathrm{f}_{1}\supset \mathrm{O}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{V}}\mathrm{e}$ solutions
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$(I_{\lambda}^{\alpha})$ ill the cases $\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}.f\cdot(u)=u(1-|u|^{p})$ and.$f(u)=u(1+|u|^{I})),$ $p>0$ . In

order to obtain a better $\iota \mathrm{l}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{l}\cdot \mathrm{S}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{l}\overline{\perp}\mathrm{g}$ of this $\mathrm{s}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{U}\mathrm{c}\mathrm{t}\mathrm{U}\mathrm{l}\cdot \mathrm{e}$ we no longer $\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\supset(\supset \mathrm{S}\mathrm{e}\mathrm{t}1\overline{\perp}\mathrm{e}$

restrictions $\mathrm{t}1\overline{\perp}$at A $>0$ or $\mathrm{t}1\overline{\perp}$ at $u\leq 1$ .

We obtain new existence results by using a variational lnethocl based on tlle

properties of eigencurves, $\mathrm{i}.\mathrm{e}.$ , properties of the map $\lambdaarrow\mu(\lambda)\mathrm{w}1_{1\mathrm{e}\mathrm{l}\mathrm{e}\mu}(\lambda)$ dellotes

$\mathrm{t}1_{1}\mathrm{e}$ principal eigenvalue of the linear problem

(1. 1) $\{$

$-/\triangle u-/\backslash \overline{\subset}j(X)u=_{\mathrm{f}^{\prime u}}$ in $\Omega_{\lrcorner}$

$(1- \mathit{0})\frac{\partial_{Il}}{\partial\prime\iota}+ou=0$ $()1\hat{\perp}$
$\partial\Omega_{\lrcorner}$ .

Our lllethod works provided that the linearized problelll for $(I_{\lambda}^{\alpha}),$
$\backslash \cdot \mathrm{i}\mathrm{z}$ ,

$(L^{\alpha})$ $\{$

$-\triangle u=\lambda g(X)u$ in $\Omega$

$(1- \mathit{0})\frac{\partial_{1l}}{\partial n}+Ou=0$ on $\partial\Omega$ .

luas principal eigenvalues and it is sllolvn ill Afiouzi $\partial \mathrm{A}\mathrm{l}\mathrm{c}1$ Brown [1] $\mathrm{t}1\hat{1}’\mathrm{d}\mathrm{t}$ this occurs

on an interval $[c_{\mathrm{t}}0,1]\mathrm{w}\mathrm{l}\mathrm{u}\mathrm{e}\mathrm{l}\cdot \mathrm{e}c\mathrm{t}0\leq 0$. Thus we are able to obtain existence results for

$(I_{\lambda}^{\alpha})$ even in the case of nonstandard Robin $\mathrm{b}\mathrm{o}\iota \mathrm{m}\mathrm{d}\mathrm{a}\mathrm{I}.\mathrm{v}$ conditions where $\mathit{0}$ is slllall

and negative. Our nlethod depends on using $\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{c}\iota \mathrm{u}\mathrm{v}\mathrm{e}\mathrm{s}$ to $\mathrm{p}_{\mathrm{I}\mathrm{o}\mathrm{d}}\mathrm{u}\mathrm{C}\mathrm{e}$ an equivalellt

$\mathrm{n}\mathrm{o}\mathrm{r}\ln$ on $W^{12}(\Omega);$ suclu an equivalent $\mathrm{n}\mathrm{o}\mathrm{l}\ln$ is also introduced $\mathrm{i}_{1\overline{1}}[4]$ .

Solutions of $(I_{\lambda}^{\alpha})$ also arise $\mathrm{f}\mathrm{I}\cdot 0111$ the $\mathrm{b}\mathrm{i}\mathrm{f}\mathrm{t}\mathrm{l}\mathrm{l}\cdot \mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of solutions frolll $\mathrm{t}1_{1\mathrm{e}}$ zero solution

in tlle $(\lambda, u)$ -plane. We shall illvestigate tlle natuIe of bifurcating solutions in $\mathrm{t}1\overline{\perp}\mathrm{e}$

cases.$f(u)=n(1-|u|^{\mathit{4})})$ and.$f\cdot(\iota \mathit{4})=u(1+|u|^{p});\mathrm{i}_{1}1\mathrm{t}1_{1}\mathrm{e}$ forlIler case we show that tlle

solutions wllose existence luas been established by variational llleans are colnpletel.\.’$\cdot$

distinct fronl $\mathrm{t}1\overline{1}\mathrm{O}\mathrm{S}\mathrm{e}$ arising $\mathrm{f}\mathrm{I}_{0}.1111\supset \mathrm{i}\mathrm{f}\iota 11\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ but $\mathrm{t}1\overline{\perp}$at in the latter case variational

and bifrurcation $111\mathrm{e}\mathrm{t}\mathrm{h}_{0}\mathrm{d}_{\mathrm{S}}$ give existence results $\mathrm{f}\mathrm{o}\mathrm{l}1\supset \mathrm{l}\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{S}\mathrm{e}\mathrm{l}.J\mathrm{V}\mathrm{t}1\overline{\perp}\mathrm{e}$ sallle $\lambda_{-1\mathrm{a}}\mathrm{n}\mathrm{g}\mathrm{e}\mathrm{S}$ .

Our $1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{s}$ illustrate $\mathrm{t}\mathrm{l}\hat{\perp}\mathrm{e}$ ver.v $\mathrm{s}\mathrm{i}\mathrm{g}_{1\overline{1}\mathrm{i}}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{n}\mathrm{t}$ role played by the indefinite $\backslash \mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{l}\overline{\perp}\mathrm{t}$

function $g(x)$ in the existence of positive solutions of $(I_{\lambda}^{\alpha})$ . If $g(\iota\cdot)\equiv 1$ and.$f(u)=$
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$u(1-|u|^{p})$ then $(I_{\lambda}^{\alpha})$ becomes

$\{$

$-\triangle u=\lambda u(1-|u|^{p})$ in $\Omega$

$(1- \alpha)\frac{\partial u}{\partial n}+\alpha u=0$ on $\partial\Omega$ .

Then, when $\alpha>0$ , it is well known that positive solutions llltlst satisfy $0<u<1$

and are precisely those arising out of bifurcation $\mathrm{f}1_{01\mathrm{u}}^{\backslash }1\mathrm{t}1_{1\mathrm{e}}$ zero solution: moreover

the equation has no positive solutions if $\lambda<\lambda_{1}$ where $\lambda_{1}$ denotes the least eigenvalue

of the Laplacian. We shall show, however, that, $\mathrm{w}\mathrm{l}$)$\mathrm{e}\mathrm{n}g$ cllanges sign, tlue variational

method proves the existence of a positive solution for all $/\backslash ,$ $0<\lambda<\lambda^{+}(\alpha)$ , where

$\lambda^{+}(\alpha)$ denotes the positive principal eigenvalue of $(L^{\mathfrak{a}})$ alld that sucll solutions are

not bounded above by 1.

The plan of the paper is as follows. In section 2 we first recall the facts tluat we

shall require about eigencurves and show how eigencurves can be used to generate

an equivalellt norm for $W^{1,2}(\Omega)$ ; then using this equivalent norm we prove tlle

existence of solutions by applying variational methods. In section 3 we discuss

tlue solutions of $(I_{\lambda}^{\alpha})$ which arise from bifurcations alld colllpare these with the

variational solutions obtained in section 2 for the case where $ce\in(0,1]$ , i.e., where

we luave Dirichlet or $\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{e}$ standard Robin boundary condition.

2. Variational Solutions

We first recall some facts about $1_{1}\mathrm{o}\mathrm{w}$ tlle methocl of eigencurves call be usecl to

prove the existence of principal eigenvalues of $(L^{\alpha})$ (see, e.g., [1]). For fixed $\lambda$ we

denote by $\mu(\mathfrak{a}, \lambda)$ the principal eigenvalue of the Schr\"odinger $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\ln(1.1)$ . Clearly

$\lambda$ is a principal eigellvalue of $(L^{\alpha})$ if and onl.v if $\mu(\alpha, /\backslash )=0$ .

It can be $\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{O}}\mathrm{w}\mathrm{n}\mathrm{t}1_{1}\mathrm{a}\mathrm{t}\mu(\alpha, /\backslash )$ has tlue variational $\mathrm{C}1_{1\mathrm{a}\mathrm{r}\mathrm{a}}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

$\mu(\mathit{0}, \lambda)=\inf\{\int_{\Omega}(|\nabla u|^{2}-/\backslash _{J^{u}}c2)dX+\frac{o}{1-\mathit{0}}\cdot/\partial.\Omega u^{2}dS_{x} : u\in W^{12}(\Omega), \int_{\Omega}u^{2}dx=1\}$
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from $\mathrm{w}\mathrm{l}$)$\mathrm{e}\mathrm{n}\mathrm{C}\mathrm{e}$ it follows tllat

(i) $\alphaarrow\mu(\alpha, \lambda)$ is an increasing function;

(ii) $\lambdaarrow\mu(\alpha, \lambda)$ is a concave function with a unique $\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}_{\ln}\mathrm{t}\mathrm{U}\mathrm{n}$ such that $\mu(\alpha, /\backslash )arrow$

$-\infty$ as $\lambdaarrow\pm\infty$ .

If $\alpha\in(0,1],$ tluen $\mu(\mathfrak{a}, 0)>0$ . In $\mathrm{P}^{\mathrm{a}\iota \mathrm{t}\mathrm{i}_{\mathrm{C}}\mathrm{u}\mathrm{l}\mathrm{a}}\mathrm{r}’.\lambdaarrow\mu(\mathit{0}, /\backslash )$ has exactly one

negative zero $,\backslash ^{-}(\alpha)$ and one positive zero $,\backslash +(\mathit{0})$ . $\mathrm{T}\mathrm{l}\mathrm{u}\iota\iota \mathrm{s}/\backslash ^{-}(\mathit{0})$ allcl $/\backslash ^{+}(\mathit{0})$ are

principal eigellvalues for $(L^{\mathrm{o}})$ .

If $\alpha=0,$ $\mathrm{i}.\mathrm{e}.$ , we have the Neumann $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{I}1,$ $\mathrm{t}1_{1}\mathrm{e}\mathrm{n}\mu(0,0)=0$ . If $/\Omega gdj\cdot<0$ .

$(L^{\alpha})1_{1}\mathrm{a}\mathrm{s}$ principal eigenvalues $\lambda^{-}(0)=0$ and $,\backslash +(0)>0$ . On $\mathrm{t}\mathrm{l}$) $\mathrm{e}$ otller luand, if

$./\Omega gdx>0,$ $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ exist principal eigenvalues such that $\lambda^{-}(0)<\lambda^{+}(0)=0$ .

Suppose now tluat $\int_{\Omega}gdx<0$ and that $\alpha$ is slllall and negative. Then. since

$\alphaarrow\mu(\alpha, /\backslash )$ is increasing. there still exist principal eigenvalues $,\backslash ^{-}(\mathit{0})<\lambda^{+}(\mathit{0})$ of

$(L^{\alpha})$ but now botll $\lambda^{-}(\alpha)$ and $\lambda^{+}(\mathit{0}^{\text{ノ}})$ are positive. It call be $\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{O}\mathrm{W}}\mathrm{n}$ tllat $\mathrm{t}1_{1\mathrm{e}\mathrm{r}}\mathrm{e}$ exists

$\alpha_{0}<0$ such that the above is true for all $\alpha\in(\mathit{0}_{0}’,0)$ , but for $\mathit{0}<\alpha_{0}\mu(\alpha, /\backslash )<0$

for all $\lambda$ so tllat principal eigenvalues no longer exist.

SilllilaI considerations $\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{O}\mathrm{W}}$ tllat $\mathrm{w}1_{1}\mathrm{e}\mathrm{n}./\zeta?^{gdx}>0$ there exists $\mathit{0}_{0}<0$ such that

tllere principal eigenvalues $\lambda^{-}(\alpha)<\lambda^{+}(\mathit{0})<0\mathrm{f}\mathrm{o}\mathrm{r}/\backslash 0<\lambda<0$ but $\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}.\int\zeta lgd\iota’\iota\cdot=0$

tluere are no principal $\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{e}\mathrm{l}$)$\mathrm{v}\mathrm{a}\mathrm{l}\mathrm{u}\mathrm{e}\mathrm{S}$ for $\alpha<0$ .

We now show how the above eigencurves $\lambdaarrow\mu(\alpha, /\backslash )$ nlay be used to produce

an equivalent norm for $W^{1,2}(\Omega)$ .

Theorem 2.1. Suppose $\mathit{0}\in(0,1)$ or $\cdot$

$thC\iota t./\zeta$

}
$gdx\neq 0$ and $\mathit{0}\in(\zeta 1_{0},0]$ so that $(L^{\alpha})$

has przncipal eigenvalues $\lambda^{-}(\mathit{0})$ and $\lambda^{+}(\mathfrak{a})$ . For $any/\backslash \in(\lambda^{-}(\mathit{0}), /\backslash +(\alpha))$

$||u||_{\lambda}= \{\int_{\Omega}[|\nabla u|^{2}-\lambda gu^{2}]d_{X}\text{ノ}+\frac{\alpha}{1-\mathfrak{a}}\int_{\partial\Omega}u^{2}dS_{x}\}1/2$

de.fines a norm in $W^{1,2}(\Omega)$ which is equivalent to the usual norm $f_{\mathit{0}7}\cdot W^{12}(\Omega)$ .
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Proof. Since $||||_{\lambda}$ corresponds to the bilineal$\cdot$ $\mathrm{f}_{0}\mathrm{r}111$

$<u,$ $\iota)>_{\lambda}=\cdot/\Omega^{\cdot}(\nabla u$ . $\nabla v-\lambda \mathit{9}uv\mathrm{I}dx+\frac{o}{1-\mathit{0}}\int_{\partial\Omega}uvdsx$

in order to prove tllat $||||_{\lambda}$ is a norm it suffices to prove $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}<u,$ $u>_{\lambda}>0$ for all

$u\in W^{1,2}(\Omega)-\{0\}$ . By the variational characterisation of $\mu(\alpha, \lambda)$ we have

(2.1) $<u,$ $u>_{\lambda}= \int_{\Omega}[|\nabla u|^{2}-\lambda_{gu^{2}}]dX+\frac{\alpha}{1-\mathit{0}}\int_{\partial\Omega}u^{2}dS_{x}\geq\mu(\mathit{0}, \lambda)\int_{\Omega}\iota l^{2}dX$.

Hence, $\mathrm{i}\mathrm{f}_{/}\backslash ^{-}(\alpha)<\lambda</\backslash +(\mathit{0}),$ $\mu(\mathit{0}$ . $/\backslash )>0$ and so $<n$ . $\iota x>_{\lambda}>0$ whenevel$\cdot$ $u\neq 0$ .

Thus $||||_{\lambda}$ is a nornl.

We now prove the equivalence of $\mathrm{t}1_{1}\mathrm{e}$ norms. It is easy to see that there exists

a constallt $K>0$ such tluat $||u||_{\lambda}\leq K||u||_{W^{12}(\Omega)}$ . Suppose $\mathrm{t}\mathrm{l}$) $\mathrm{a}\mathrm{t}$ tllere exists a

$\mathrm{s}\mathrm{e}\mathfrak{c}_{1}\mathrm{u}\mathrm{e}\mathrm{n}\mathrm{C}\mathrm{e}\{u,,\}\subseteq VV^{12}(\Omega_{\lrcorner})$ such that $||u_{l},$ $||_{W^{\perp 2}(\Omega)}=1$ and $||u_{\iota},||_{\lambda}arrow 0$ as $77arrow\infty$ .

Since $\{u_{?},\}$ is boundecl in $\mathrm{T}’V^{12}(\Omega)$ . $\mathrm{t}\mathrm{l}\overline{\perp}\mathrm{e}\mathrm{r}\mathrm{e}$ exists a subsequence, which for convenience

we again denote by $\{u_{n}\}$ , such that $u,,$ $arrow \mathrm{t}$ ) weakly in $W^{12}(\Omega.)$ . Since $W^{12}(\Omega)$

may be compactly $\mathrm{e}\mathrm{I}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{d}\mathrm{d}\mathrm{e}\mathrm{d}$ in $L^{2}(\Omega)$ and in $L^{2}(\partial\Omega)$ , we llave $u_{n}arrow v$ in $L^{2}(\Omega)$

and $u_{n}arrow v$ in $L^{2}(\partial\Omega)$ . Since $||u_{n}||_{\lambda}arrow 0$ , it follows $\mathrm{f}\mathrm{i}\cdot \mathrm{o}\mathrm{m}$ equation (2.1) $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}$

$u_{7l}arrow 0$ in $L^{2}(\Omega)$ , i.e., $v=0$ . Thus $n_{n}arrow 0$ in $L^{2}(_{-}0\lrcorner)$ and $u_{\iota},arrow \mathrm{O}$ in $L^{2}(\partial\Omega)$ and

so, since $1\mathrm{i}\mathrm{n}1_{narrow\infty}[./\zeta l[|\nabla u_{\mathit{1}},|\sim)-/\backslash _{\mathrm{c}}c/p^{\underline{)}},]l$ $cl.v+ \frac{\alpha}{1-\alpha}\cdot/\partial\zeta l^{Ll^{2}}$

”
$ds_{1}.$ ] $=0$ . we lllust $1\hat{\perp}$ ave $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}$

$1\mathrm{i}_{111}narrow\infty/\Omega|\nabla u_{n}|^{2}dX=^{\mathrm{o}}$ . This is $\mathrm{i}_{111}\mathrm{p}_{\mathrm{o}\mathrm{s}\mathrm{S}}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}_{\mathrm{t}}$ lloweve\iota$\cdot$ , as $||u_{n}||\iota\prime V^{1}2(\Omega)=1$ for all $n$

and so we have a contradiction. It follows that $||u||_{\lambda}$ alud $||u||_{W^{12}}(\Omega)$ are equivalent

$\mathrm{n}\mathrm{o}\mathrm{r}\ln$S.

Using a $\mathrm{s}\mathrm{i}_{\ln}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{r}$ argulllent it can be proved that

Corollary 2.2. If $\lambda\in(\lambda^{-}(1), /\backslash +(1))whe(e/\backslash -(1)$ and $\lambda^{+}(1)de7lote$ the $I^{J’ i_{?c},\iota pl}a$

eigenvalues of $(L^{\alpha})$ in the case of Dirichlet $b_{\mathit{0}}undar’|Jcor?dit_{i}ons$ . then

$||u||_{\lambda}= \{\int_{\Omega}. [|\nabla u|^{2}-\lambda gu2]dX\}^{1/2}$
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defines a norm on $7’V_{0}^{1_{\mathrm{t}}2}(\Omega)$ which $\iota s$ equivalent to the usual norm $fo7^{\cdot}\nu V_{0^{12}}(\Omega)$ .

We can now prove $\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{e}$ existence of solutions to nonlinear $\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ by using

variational methods. We first consider the case wllere.$f(u)=u(1-|u|^{\mathit{1})})$ .

Theorelll 2.3. Suppose $\mathit{0}\in(0,1)$ or $t,h_{\mathcal{L}\mathrm{t}}t/‘ fgdx\neq 0$ and $\mathit{0}\in(\cap 0,0]$ . Then. if

$0<p< \frac{4}{\prime\iota-2}$ .

(2.2) $\{$

$-\triangle u=\lambda g(x)u(1-|u|^{p})$ in $\Omega$

$(1- \alpha)\frac{\partial u}{\partial\uparrow?}+\alpha u=0$ on $\partial\Omega$ ,

has a posztive solution $fo7^{\cdot}$ all $\lambda\in(\lambda^{-}(\mathit{0}), /\backslash +(\mathit{0}))$ . provided that $\lambda\neq 0$ .

$P\uparrow\cdot 0$ of. Let $M=\{u\in W^{12}(\Omega) : /\backslash J_{\Omega}g|\iota x|^{\mathit{4}^{)}+2}\zeta l.1^{\cdot}=-1\}$ . Since $g<0$ on all $0_{1^{\gamma}}$ en

subset of $\Omega,$ $M$ is nonempty. Moreover, as $L^{p+2}(\Omega)\mathrm{n}\mathrm{l}\mathrm{a};$ ’ be $\mathrm{e}111\mathrm{b}\mathrm{e}\mathrm{d}_{\mathrm{C}\mathrm{l}\mathrm{e}}\mathrm{d}$ conlpaCtl.\ノ $\cdot$

in $W^{1,2}(\Omega),$ $M$ is weakly closed in $W^{1,2}(\Omega)$ .

Since the natrrral energy functional associated with equation (2.2). $\mathrm{v}\mathrm{i}\mathrm{z}.$ ,

$u arrow./\Omega^{\cdot}(\frac{1}{9,arrow}|\nabla \mathrm{t}l|^{2}-\underline{\frac{1}{9}}/\backslash gu^{2}+\frac{\lambda}{p+9arrow}yc|\mathrm{L}l|’)+2)d.\mathrm{t}\cdot+\frac{o}{2(1-O)}\cdot/\partial \mathrm{f}tu^{2}ds1$

is bounded neither above nor below. we are led to consider the constrained $1\supset 1()\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}$

of lllinimizing the functional

$J_{\lambda}(u)= \int_{\Omega}(|\nabla u|^{2}-/\backslash gu^{2})dX+\frac{cv}{1-\mathit{0}}\cdot/\partial\zeta\iota^{ll^{2}}ds_{\iota}.=||u||_{\lambda}^{2}$

rest $\iota\cdot \mathrm{i}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{d}$ to $M$ .

It is easy to see $\mathrm{t}1_{1\mathrm{a}}\mathrm{t}J_{\lambda}$ is sequentially weakly lower semicontinuous and Theorenl

2.1 shows $\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{a}\mathrm{t}J_{\lambda}$ is coercive. It follows (see Struwe [9], Theorelll 1.2) that $J_{\lambda}$ is

bounclecl from below on $M$ and attains its $\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{l}\iota \mathrm{m}$ on $l1/I$ .

Suppose tlldt $J_{\lambda}$ assulIles its $\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{i}_{1}11\mathrm{u}111$ at a $\lambda\in M.$ Tllell $|\mathrm{u}_{\lambda}|\in M$ alld $J_{\lambda}(n_{\lambda})=$

$J_{\lambda}(|u_{\lambda}|)$ . Thus we llla.v assullle tluat $n_{\lambda}\geq 0011\Omega$ .
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By the Lagrange nlultiplier rule there exists a parameter $\kappa\in \mathrm{R}$ such that

$./ \Omega^{\cdot}\nabla u_{\lambda}\cdot\nabla\phi dx-/\backslash ./\zeta.)ycu\lambda\emptyset d_{X+}\frac{o}{1-C\mathrm{Y}}\int_{\partial\Omega}.u_{\lambda}\varphi’ds\mathrm{j}\iota+\mathrm{h}/\backslash ./\mathrm{t}.?gU\lambda|u_{\lambda}|I^{)}\phi dx=0$

for all $\phi\in W^{1,2}(\Omega)$ . Setting $\phi=u_{\lambda}$ above gives

$||u_{\lambda}||^{2}\lambda=-\kappa\lambda \mathrm{t}/\Omega^{\cdot}g|u_{\lambda}|p+2=\kappa$ .

Since $u_{\lambda}\in l\vee I$ cannot vanish identically, $||u_{\lambda}||_{\lambda}>0\partial 11\mathrm{c}1$ so $\kappa>0$ .

Let $u=\kappa^{\frac{1}{l}}’ u_{\lambda}\in W^{1,2}(\Omega)$ . Then $u$ is a weak solution of $\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}(I_{\lambda}^{\mathrm{o}})$ in $\mathrm{t}1_{1}\mathrm{e}$

sense that

$\int_{\Omega}(\nabla u\nabla\phi-\lambda gu\phi+\lambda gu|u|^{p}\phi \mathrm{I}^{d_{X+}}\frac{\alpha}{1-\alpha}./\partial.\Omega u\phi ds_{x}=0$

for all $\mathrm{c}p^{\mathit{1}}\in W^{1_{\tau}\mathit{2}}(\Omega)$ . It follows frolll standard regularity arguments tluat $u\in C^{t2}(\Omega)$

is a classical solution $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{S}}\mathrm{f}.\backslash Y\mathrm{i}_{1\overline{\perp}}\mathrm{g}\mathrm{t}1\overline{\perp}\mathrm{e}$ applopl
$\cdot$iate $\mathrm{b}_{(\rangle\iota\ln}\mathrm{d}\mathrm{a}\mathrm{r}.\mathrm{V}$ conclition.

Since $u\geq 0$ on $\Omega$ , it is easy to deduce frolll tlue lllaxil\iota lulll principle that $u>0$

on $\Omega$ .

Corollary 2.4. If $0<p< \frac{4}{1\iota-2}$ . then the equation

$\{$

$-\triangle u=/\backslash g(x)u(1-|u|^{\mathit{1}^{)}})$ $m$ $\Omega$

$u=0$ on $\partial\Omega$ .

has a positive solution $fo7^{\cdot}\lambda\in(\lambda^{-}(1), /\backslash +(1))$ . $p_{7ovid}ed$ that $\lambda\neq 0$ .

Proof. The result follows as in tlle proof of Theorem 2.3 but considering the func-

tional

$uarrow./\Omega^{\cdot}(|\nabla u|^{2}-\lambda gu^{2})d_{X}$

for $u\in \mathrm{T}’V^{1.2}0(\Omega)$ .

Conclusions idelltical to those of Theorem 2.3 and Corollary 2.4 can also be

obtained for $\mathrm{t}1_{1}\mathrm{e}$ case $\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}.f(u)=u(1+|u|^{p})$ by considering tlue same functional
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$J_{\lambda}$ constrained to the set $\{u\in W^{1,2}(\Omega) : \lambda./\Omega g|u|^{F+}\mathit{2}d\mathrm{t}\prime 1^{\cdot}=1\}$ ; in this case tlle

Lagrange multiplier $\kappa<0$ and the change of variable $u=(-\kappa)^{\frac{1}{p}}u_{\lambda}$ is required.

Finally in this section we remark that since tlle function $J_{\lambda}$ is even, using tlle

Krasnoselskii genus alud lninilnax $1\supset \mathrm{r}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{s}$ (see [9]). it can be $\mathrm{s}\mathrm{l}_{1(}$ ) $1\mathrm{V}\mathrm{n}\mathrm{t}1_{1}\mathrm{a}\mathrm{t}\mathrm{t}1\overline{\perp}\mathrm{e}$ above

equations $1_{1}\mathrm{a}\mathrm{v}\mathrm{e}$ infinitely lllany distinct $1\supset \mathrm{a}\mathrm{i}\mathrm{r}\mathrm{s}$ of solutions for all $\mathit{0}\in(\mathit{0}_{0}.1]$ .

3. Solutions arising from bifurcation

The following lemlna is central in proving that bifurcation occurs and in cleter-

lllining the direction of $\mathrm{b}\mathrm{i}\mathrm{f}\mathrm{t}\mathrm{l}\mathrm{l}\cdot \mathrm{C}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ .

Lemma 3.1. Let $\alpha\in[0.1]$ and suppose that $\lambda\neq 0\mathrm{t}_{\mathrm{t}}‘$; a $I^{j\gamma?}cil$) $al$ eige’walue of $(L^{\alpha})$

with corresponding positive principal eigenfunctzon $\acute{\varphi}$ . Then $\lambda./\Omega g\phi^{\prime)+1}dx>0f_{\mathit{0}7}$ .

all $p\geq 1$ .

$P\gamma\cdot oof$. Suppose $0<$ a $<1$ . Multiplying $(L^{\mathrm{o}})$ by $\acute{\mathrm{o}}^{p}/$ we $()\mathrm{b}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{l}\overline{\perp}-\triangle 0\acute{;}\phi^{P}=/\backslash go\prime\prime’)+1$

on $\Omega$ and so

(3.2) $-./ \partial\Omega\frac{\partial\phi}{\partial n}\phi^{p}dS_{x}+p./\Omega\phi^{p-1}|\nabla\phi|^{2}dx=\cdot/\Omega’\backslash g\phi^{I^{y}}+1d_{X}$ .

Hence

$\lambda\int_{\Omega}$

.
$g \phi^{p+1}dX=\frac{c\backslash }{1-\alpha}\int_{\partial\Omega}c\acute{p}^{\mathit{1})+1}dSx+p\int_{\Omega}\psi^{\mathrm{J}^{)}}-1|\nabla\varphi^{l}|2dx$

and so the required result holds.

If $0’=0$ or a $=1,$ $\mathrm{t}1_{1}\mathrm{e}_{d}$ surface $\mathrm{i}_{11\mathrm{t}\mathrm{e}\mathrm{g}}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{r}\ln$ in (3.2) $\mathrm{v}\mathrm{a}1\dot{\mathrm{u}}\mathrm{s}\mathrm{l}_{1}\mathrm{e}\mathrm{s}$ and the result

follows easily.

NVe now show $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ bifurcation occurs at our principal eigenvalues by using the

Crandall and Rabinowitz $\mathrm{t}1_{1}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln$ on bifurcation fiolll $\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\supset \mathrm{l}\mathrm{e}$ eigenvalues [6].
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Suppose $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}.f$ : $\mathrm{R}arrow \mathrm{R}$ is any slllootll function such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}.f(\mathrm{O})=0$ and

$f’(0)=1$ . Consider $F:\mathrm{R}\cross c_{B}^{2+\tau}(\Omega)arrow C^{\prime\tau}(\Omega)$ defined by

$F(\lambda, u)=-’\triangle u-\lambda g.f\cdot(u)$

$\mathrm{W}1_{1\mathrm{e}\mathrm{r}}\mathrm{e}C2+\tau(B\Omega)=$ { $u\in C^{2+\tau}(\Omega.)$ : $(1- \mathit{0})\frac{\partial u}{\partial_{l}},+o^{}u=0$ on $\partial\Omega$ }. Then $F$ is a slnootll

nlap with $\mathrm{F}_{\mathrm{l}\mathrm{e}^{f}\mathrm{C}}1\mathrm{z}\mathrm{e}\mathrm{t}$ derivative $F_{Il}$ such that

$F_{\mathrm{t}l}(/\backslash , 0)u=-\triangle u-\lambda gu$ .

Thus, if $\lambda_{0}$ denotes a principal eigellvalue of $(L^{\mathrm{o}})$ and $\phi_{0}$ a corresponding pos-

itive eigenfunction, tllen $\mathit{1}\mathrm{V}(F_{u}(\lambda, \mathrm{o}))=[\phi_{0}]$ and $R(F_{\mathrm{t}l}(\lambda_{0}.0))=[\phi_{0}]^{\perp}=\{u\in$

$C^{1\mathrm{Q}}(\Omega)$ : $\int_{\Omega}u\phi 0^{d_{X}\mathrm{O}}=$ }. Moreover $F_{\lambda u}(\lambda_{0\cdot 0})\phi 0=-g\phi_{0}$ and since, by Lenllna 3.1,

$\lambda\int_{\Omega}g\varphi’d2x>0$ , it follows $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}F_{\lambda u}(/\backslash 0\cdot \mathrm{o})\mathrm{c}l\mathrm{o}\not\in R(F_{u}(\lambda 0\cdot \mathrm{o}))$ . $\mathrm{T}1_{1\mathrm{U}}\mathrm{S}$ by tlue Crandall

and Rabinowitz tlueol$\cdot$enl there exists a curve of $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{t}_{1}\cdot \mathrm{i}_{\mathrm{V}}\mathrm{i}\mathrm{a}1$ solutions of the $\mathrm{f}\mathrm{o}1^{\cdot}\ln$

$sarrow$ ( $\lambda(s).S(\phi 0+\psi(s))$ bifurcating from $(\lambda_{0},0)\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}\lambda(0)=/\backslash _{0}$ . $\psi$)(0) $=0$ and

$\psi(s)\in C_{B}^{2+\alpha}(\Omega)\cap[\varphi_{0}’]^{\perp}$ .

Now suppose $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}.f\cdot(u)=u(1-|n|^{I^{)}})\mathrm{w}1_{1\mathrm{e}1}\cdot \mathrm{e}p>0$ . We shall deterllline tlle

direction of $\mathrm{b}\mathrm{i}\mathrm{f}\iota 11^{\cdot}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$. For sufficiently $\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{l}_{S}$ we have

$-\triangle\phi_{0^{-\triangle}}/\emptyset)(_{S)}=\lambda(s)_{\mathit{9}}[\phi 0+\mathrm{t}_{\mathit{1})}(\cdot\underline{\backslash }\mathrm{I}][1-|\iota\iota(s\mathrm{I}|^{\mathit{1})}]$

and so

$-\triangle\varphi_{0}-\mathit{1}\triangle \mathrm{v})(S)=\lambda_{0}g[\phi 0+\sqrt 1(S)][1-|u(|p]+(_{/}\backslash (S)-/\backslash _{0})g[\phi 0+l)(_{S)}][1-|u(_{S)1^{I)}}]$ .

Hence

$-\triangle\sqrt)(s)-\lambda_{0}g\psi(\underline{.\backslash })=-\lambda_{0}g[\emptyset 0+\emptyset’(_{S)}]|u(s)|\mathit{1}j+(/\backslash (_{S})-\lambda_{0})g[\varphi)0+\psi(s)][1-|u(_{S)}|\mathit{1})]$
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and so, since $R(-/\Delta-\lambda_{0}g)=[\phi_{0}]^{\perp}$ , we lnust $1\hat{\perp}\mathrm{a}\mathrm{v}\mathrm{e}$

$\lambda_{0}\int_{\Omega}g[‘ b0+_{\mathrm{V}^{}})(s)]|u(s)|^{p}\phi \mathrm{o}d.\mathit{1}^{\cdot}=(/\backslash (s)-\lambda_{0})\int_{\Omega}g[(l\mathrm{o}+\psi’(S)][1-|u(s)|p](p0d\mathit{1}x$ .

$\mathrm{T}\mathrm{l}\mathrm{l}\mathrm{t}\iota \mathrm{s}$ , dividing by $s^{p}\Re 1\mathrm{c}1$ letting $sarrow \mathrm{O}$ , we $\mathrm{o}\mathrm{b}\mathrm{t}_{\mathfrak{N}}\mathrm{n}$

$61 \mathrm{i}_{111,arrow 0^{\frac{/\backslash (s)-/\backslash _{0}}{S’}}})=/\backslash _{0}\cdot.\frac{/_{\zeta l^{C}}.J\phi’0^{+2})lc.\tau}{/_{\Omega^{\zeta}}jO^{2}0\zeta l_{}.1}$

,

The forlllula above deternlines the clirection of $\mathrm{b}\mathrm{i}\mathrm{f}\iota\iota \mathrm{r}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ of the branch of positive

solutions. In particular we llave

Theorem 3.2. Let $\alpha\in[0,1]$ and suppose that $\lambda_{0}\neq 0$ is a principal $eigenv\zeta ll\iota ue$ of

$(L^{\mathfrak{a}})$ . Then a curve of positive solutions $fo\uparrow\cdot equcltiO\gamma l(^{t}\mathit{2}.p\mathit{2})bif_{Ur}Cc\iota teSf7^{\cdot}07\gamma l$ th $‘ j$ line

of $ze7^{\cdot}CJ$ solutions at $(/\backslash _{0},0).\cdot$ bzfurcation is to the right (left) $\iota f\lambda_{0}>0(<0)$ .

We now investigate in $1\mathrm{I}\mathrm{l}\mathrm{O}1^{\cdot}\mathrm{e}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{t}\dot{\Re}1$ the curve of positive solutions bifurcating $\mathrm{f}1\cdot 0\ln$

$(\lambda_{0},0)$ wllere $\lambda_{0}>0$ .

It is straightforward to sllow $\mathrm{t}1\overline{\perp}$at, wluen $\mathit{0}\in(0,1]$ , equation (2.2) is $\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$

to $\mathrm{t}1_{1\mathrm{e}\mathrm{o}}1\supset \mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}_{0}1^{\cdot}\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$

(3.2) $u=\lambda K_{B}N_{1}\mathit{4}$

where $I\iota_{B}’$ : $C(\Omega)arrow C(\Omega)$ is tlle compact integral operator with kernel the $\mathrm{G}\mathrm{r}\mathrm{e}\mathrm{e}\mathrm{n}^{)}\mathrm{s}$

function associated with $-\triangle$ and the corresponding boundary condition and $N$ :

$C(\Omega)arrow C’(\Omega)$ is the $\mathrm{N}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}.\backslash ’ \mathrm{t}\mathrm{s}\mathrm{k}\mathrm{i}\mathrm{i}(1^{\mathrm{J}\mathrm{e}\mathrm{l}\mathrm{d}\mathrm{t}}(1N(\mathrm{t}l)(\alpha\cdot)=g(1^{\cdot})_{1}(\mathrm{t}\cdot)[1-|n(\iota)|^{\mathit{4})}]$ . It is

also easy to show $\mathrm{t}1^{-}1\mathrm{a}\mathrm{t}$ the Rabinowitz global bifurcatioli tlueolell\perp (see [8]) $\mathrm{c}\mathrm{a}\mathrm{l}\overline{\mathrm{l}}$ be

applied to equation (3.2) to give tlue existence of a $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{i}_{1}1\iota\iota \mathrm{U}111c$ of positive solutions

of (2.2) joining $(\lambda_{0},0)$ to $\infty$ in $\mathrm{R}\cross C^{1}(\Omega)$ .

We now sluow tluat tlue variational solutions $\mathrm{w}1_{1}^{-}\mathrm{o}\mathrm{s}\mathrm{e}$ existence was $\mathrm{p}_{\mathrm{l}\mathrm{O}\backslash /}\vee \mathrm{e}\mathrm{d}$ ill tlle

$1^{\gamma \mathrm{I}\mathrm{e}\mathrm{v}\mathrm{i}\mathrm{o}\mathrm{u}\mathrm{S}}$ section cannot lie on $C$ .
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Theorem 3.3. Suppose $0<\alpha<1$ . If $(\lambda, u)\in c_{\dot{}}$ then $u(x)<1fo7^{\cdot}x\in\overline{\Omega}$ .

Proof. Close to the bifurcation point $(\lambda_{0_{\text{ノ}}}.0)\mathrm{t}\mathrm{l})\mathrm{e}$ continuulIl $c$ must coincide with

the curve of positive solutions given by the Crandall and Rabinowitz theorelll and

so, if $(\lambda, u)\in C$ lies close to the bifurcation point, we lnust have that $u(x)<1$ for

all $x\in\overline{\Omega}$ .

Suppose that $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$ exists $(\lambda, u)\in C$ such that $u(x_{0})\geq 1$ for $x_{0}\in\overline{\Omega}$ . Then there

lnust exist $(\lambda^{*}, u^{*})\in C$ such that $0\leq u^{*}(x)\leq 1$ for all $x\in\overline{\Omega}$ and $u^{*}(x^{*})=1\mathrm{f}\mathrm{o}1^{\cdot}$

some $x^{*}\in\overline{\Omega}$ . Let $v=1-u^{*}$ . Then $v$ satisfies

$- \triangle v=\lambda(-g).\frac{f(1-v)}{v}v$ in $\Omega$ ; $(1- \mathit{0}’)\frac{\partial v}{\partial n}+\alpha v=0’$ $1_{11}$ $\partial\Omega$

where.$f(\iota)=u(1-|u|^{p})$ . Thus $v(x)\geq 0$ for $x\in\overline{\Omega}$ . $\mathrm{t}$ ) $(x^{*})=0\mathrm{a}\mathrm{n}\mathrm{d}-\triangle v+q(x)v=0$

on $\Omega$ for solne $\mathrm{s}\mathrm{m}\mathrm{o}\mathrm{o}\mathrm{t}\mathrm{l}\mathrm{l}$ function $q$ . It follows $\mathrm{f}\mathrm{i}_{0}111\mathrm{t}1_{1}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{X}\mathrm{i}\mathrm{l}\mathrm{l}\overline{\mathrm{l}}\mathrm{t}\mathrm{l}\mathrm{n}\mathrm{l}$ principle tluat, if

$x^{*}\in\Omega$ tllen $v(x)\equiv 0$ in $\Omega$ which is ilnpossible. But, if $x^{*}\in\partial\Omega,$ tluen $(1- \alpha)\frac{\partial v}{\partial n}=\mathit{0}$

and so $\frac{\partial v}{\partial n}(x^{*})>0$ which is also $\mathrm{i}_{1}\mathrm{n}\mathrm{p}_{\mathrm{o}\mathrm{s}\mathrm{S}\mathrm{i}}\mathrm{b}\mathrm{l}\mathrm{e}$ as $v$ attains its minimulll value at $x^{*}$ .

Hence $u(x)<1$ for all $x\in\overline{\Omega}$ whenever $(\lambda, u)\in C$ .

The existence of positive $\mathrm{s}()1_{\mathrm{t}}1\mathrm{t}1()\mathrm{n}\mathrm{S}$ to

(3.3) $-\triangle u=/\backslash g(x)f(u)$ in $\Omega$ ; $(1-O’) \frac{\partial u}{\partial n}+\mathrm{O}’u=0$ in $\partial\Omega$

where $\mathit{0}’>0,$ $.f$ : $[0,1]arrow \mathrm{R}^{+},$ $.f(0)=.f(1)=0,$ $.f’(0)=1,$ $.f”(u)<0$ for

$u\in(0,1)$ is $\mathrm{s}\mathrm{t}\mathrm{u}\mathrm{d}\mathrm{i}\mathrm{e},\mathrm{d}$ in [5] $\mathrm{w}1\overline{1}\mathrm{e}\mathrm{r}\mathrm{e}$ it is sllown tllat (3.3) has only tlue zero solution

for $0<\lambda</\backslash +(\mathit{0})$ . Clearly solutions of equation (2.2) $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}.\backslash ’\cdot \mathrm{i}\mathrm{l}\overline{\mathrm{l}}\mathrm{g}0<n<1$ are

also solutions of equation (3.3) with.$f(u)=u(1-|u|^{I)})$ . But, under the hypotlleses

of Theorem 3.3, if $(\lambda, u)\in C$ , we must have that $0<u(x)<1$ for $x\in\Omega$ and so

$\lambda\geq\lambda^{+}(\alpha)$ .
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Thus, if $0<\alpha<1,$ $C$ lies entirely in [ $\lambda^{+}(\alpha),$ $\infty)\cross\{u\in C^{\mathrm{t}}(\Omega)$ : $|u(x)|<1$ for $x\in$

$\Omega\}$ and so none of the variational solutions whose existence we established $\mathrm{f}\mathrm{o}1^{\backslash }$

$\lambda</\backslash ^{+}(\alpha)$ lie on C. More$()\mathrm{V}\mathrm{e}\mathrm{l}\cdot$ . since by [5] zero is $\mathrm{t}1\hat{\perp}\mathrm{e}_{d}$ unique nonnegative solution

of (3.3) lying between $0$ and 1 $\mathrm{f}\mathrm{o}\mathrm{I}\lambda</\backslash ^{+}(\mathit{0})$ , it follows $\mathrm{t}\mathrm{l}\mathrm{T}\mathrm{a}\mathrm{t}$ if $u$ is a variational

solution of (2.2) then $u(x_{0})>1$ for some $x_{0}\in\Omega$ .

It is easy to adapt the above argument to deal with the case $\mathrm{w}1_{1\mathrm{e}\mathrm{r}}\mathrm{e}o=1$

(Dirichlet boundary conditions) and again $\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{O}\backslash }\mathrm{v}$ tllat $C$ lies entirely in $[\lambda^{+}(0),$ $\infty)\cross$

{ $u\in C(\Omega)$ : $u(x)<1$ for $x\in\Omega$ } so tllat the $\mathrm{b}\mathrm{i}\mathrm{f}\iota\iota 1^{\cdot}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}()\mathrm{n}$ and variational solutions

are colnpletely disjoint from eacll $\mathrm{o}\mathrm{t}1_{1}\mathrm{e}\mathrm{r}$ .

If $\alpha_{0}<\alpha<0$ and $\int_{\Omega}gdx<0$ so that $\mathrm{b}\mathrm{o}\mathrm{t}1_{1}\lambda^{-}(\mathit{0})$ and $\lambda^{-}(\alpha)$ are positive

with corresponding principal eigenfunctions $\phi_{-}$ and $\phi_{+}$ , straightforward continuity

argulnellts $\mathrm{s}\mathrm{l}_{1}\mathrm{o}\mathrm{W}\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{c}/\Omega g\phi_{-}^{p+1}d_{X}<0\mathrm{a}\mathrm{n}\mathrm{d}.\int_{\Omega}g\acute{\mathrm{o}}_{+}^{I}’$

)$+1dx>0$ provided that $\alpha$ is

sufficiently close to zero. It follows frolll (.3.1) $\mathrm{t}1\overline{\perp}$at the bifurcation of $1$ ) $\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}_{\mathrm{V}\mathrm{e}}$

solutions occurs to the left at $\lambda^{-}(\mathfrak{a})$ and to $\mathrm{t}1_{1}\mathrm{e}$ right at $,\backslash +(\mathfrak{a})$ . When $\mathit{0}<0$ the

argument used in tlue proof of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 3.3$ to show the boundedness of continua

$\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ from principal eigenvalues no longer holds and the global nature of the

colltinua bifurcating frolll $/\backslash ^{-}(\mathfrak{a})$ and $/\backslash -(\mathit{0})$ is an $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}$ open problelll, it is

unclear which of the altenlatives in the Rabinowitz $\mathrm{t}1\overline{\perp}\mathrm{e}()1^{\cdot}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}$ hold., $\mathrm{i}.\mathrm{e}..\backslash n^{\gamma}11\mathrm{e}\mathrm{t}1\overline{1}\mathrm{e}\mathrm{l}\mathrm{t}1_{1}\mathrm{e}$

two continua join up with each other or $\mathrm{b}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{e}$ rulbounded.

We now consider the case wllen.f $(u)=u(1+|u|^{p}).$ Forlnula (3.1) now $\mathrm{b}_{\mathrm{e}\mathrm{C}\mathrm{O}\mathrm{l}1}1\mathrm{e}\mathrm{s}$

(3.4) $\mathrm{s}arrow 0\mathrm{l}\mathrm{i}111\frac{\lambda(s)-\lambda_{0}}{o^{\mathrm{b}}}=-\lambda_{0}.\cdot.\cdot\frac{/\Omega^{j}\zeta\zeta l\mathrm{o}\zeta l_{}p+2.x}{/\Omega^{\zeta}\mathrm{J}^{(}b0d2\mathit{1}}$ .

Suppose $0<\mathit{0}/\leq 1$ . It follows easily $\mathrm{f}\iota_{0}111(3.4)\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$ a curve of positive solutions

bifurcates to the left at $(\lambda^{+}(c\mathrm{t}), \mathrm{o})$ . The Rabinowitz global $\mathrm{b}\mathrm{i}\mathrm{f}_{\mathrm{t}\mathrm{l}\mathrm{C}\mathrm{a}}\mathrm{t}\mathrm{i}o\mathrm{n}\mathrm{t}1_{1\mathrm{e}\mathrm{o}1}$elll

can again be applied in this case to give tlue existence of a continuum of positive
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solutions $C|\backslash$ oining $(\lambda+(\alpha), \mathrm{o})$ to $\infty$ in $\mathrm{R}\cross C^{1}(\Omega)$ . The next lelllllla $\mathrm{s}\mathrm{l}_{\mathrm{l}\mathrm{O}}\mathrm{w}\mathrm{S}$ tllat $C$

intersects $\lambda=/\backslash +(\alpha)$ only at $(\lambda^{+}(\alpha), 0)$ .

Lemma 3.4. There does not exist a positive solution of the equation

(3.4) $\{$

$-\triangle u=/\backslash +(\mathit{0})g(X)u(1+|\iota\iota|\mathit{1}^{j})$ zn $\Omega$

$(1 \cdot-\mathit{0})\frac{\partial u}{\partial n}+\mathit{0}\mu=0$
$0’$ ? $\partial\Omega$ .

Proof. Suppose $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}u$ is a positive solution of (3.4) and let $\varphi^{J}$ be a positive $\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{l}\supset \mathrm{a}\mathrm{l}$

eigenfunction of $(L^{\alpha})\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{P}\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}_{1}\mathrm{u}\mathrm{g}$ to $\lambda^{+}(\alpha)$ . Multiplying (3.4) by $u^{-(p+1}$ )
$\emptyset^{p+2}$

and $(L^{\alpha})$ by $u^{-p}\phi^{p+1}$ , subtracting alld integrating we obtain

(3.5) $\int_{\Omega}[(\frac{(fJ}{\iota\iota})^{\prime)+1}(u\triangle \mathit{0}-\phi\triangle \mathrm{t}l)]d_{X}=\backslash /(+)\mathit{0}./\zeta.lg(\iota\cdot)\phi^{\mathit{4}})+\mathit{2}_{\zeta}l..1^{\cdot}$ .

But by Picone’s identity (see [3] and the references $\mathrm{t}1_{1\mathrm{e}}\mathrm{r}\mathrm{e}\mathrm{i}\mathrm{n}$ )

$\mathrm{d}\mathrm{i}\mathrm{v}$ [ $\xi(\frac{\phi}{u})(u\nabla’\varphi-\acute{\varphi}$Vu)] $= \xi(\frac{q)}{u}‘)(_{U}\triangle\phi-\varphi\triangle\prime u)+\xi’(\frac{\varphi’}{u})u^{2}|\nabla(\frac{cb}{u})|^{2}$

which holcls for any $\xi\in C^{1}(\mathrm{R}),$ $u$ , $of\in C^{2},$ $u>0$ . $\mathrm{C}^{1}\mathrm{h}\mathrm{o}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\xi(t)=t^{l^{)}+1}$ and using

integration by parts in (3.5) gives

$./ \partial.\Omega(\frac{\phi}{u})^{p1}+p(u\frac{\partial\phi}{\partial n}-\phi\frac{\partial u}{\partial\uparrow?})dSx-(+1)./\Omega^{\cdot}(\frac{\varphi^{f}}{u})^{p}u^{2}|\nabla(\frac{\varphi^{\mathit{1}}}{u})|^{2}dx=\lambda./\Omega^{\cdot}g\phi^{F+2}dx>0$

and so we have a colztradictioIl.

Hence $C$ bifurcates to the left at $(/\backslash +(\mathit{0}), 0)$ and has no otllel$\cdot$ intersection $1\supset \mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$

with the $1\mathrm{i}_{11}\mathrm{e}\lambda=/\backslash +(\mathit{0})$ . Since $\mathrm{t}1_{\hat{1}}\mathrm{e}\mathrm{l}\mathrm{e}$ are no positive solutions wllen $\lambda=0,$ $C$ -

{( $/\backslash +(o^{\prime),)\}}\mathrm{o}$ must lie strictly $\mathrm{b}\mathrm{e}\mathrm{t}\mathrm{w}\mathrm{e}\mathrm{e}\mathrm{n}/\backslash =0$ and $\lambda=\lambda^{+}(\mathit{0})$ and so must $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{a}\mathrm{C}1_{1}$

$\infty$ in $\mathrm{s}\mathrm{u}\mathrm{C}\mathrm{l}\mathrm{l}$ a way tluat $||u||arrow\infty$ in this region.

We can derive $f_{\mathrm{t}\mathrm{t}}1^{\cdot}\mathrm{t}\mathrm{l}\mathrm{u}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ about $C$ by $\mathrm{n}\mathrm{l}A\mathrm{i}\mathrm{n}\mathrm{g}$ use of a $1\supset \mathrm{r}\mathrm{i}\mathrm{o}\mathrm{r}\mathrm{i}$ bouncls ob-

tained by Berestycki, Capuzzo-Dolcetta and Nirenberg $\mathrm{i}_{1\overline{1}}[2]\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{e}\iota \mathrm{s}()\mathrm{n}\mathrm{l}\mathrm{e}$ additional

assulllptions on $g$ . $\Omega$ and $p$ .
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Lemma 3.5. Suppose $\Omega^{+}=\{x\in\Omega ; g(\iota\cdot)>0\}$ . $\Omega^{-}=\{\iota\cdot\in\Omega : g(\iota\cdot)<0\}\zeta\iota d$

$\Gamma=\Omega^{+}\cap\Omega^{-}$ If $\Gamma\subseteq\Omega$ . $\nabla_{\mathit{9}(\iota\cdot)}\neq 0$ for $\cdot$ all $x\in\Gamma$ and $p<\overline{N}’-1^{\cdot}$ then. for all $\lambda\neq 0$ .

there exzsts $C>0$ such that $u(x)\leq Cfo7^{\cdot}$ all $x\in\Omega fo7^{\cdot}an(/$ posztzve solution $u$ of

equation (3.4).

$\mathrm{T}1\hat{\perp}\mathrm{t}\iota \mathrm{S}$ under the hypotl\^ieses of Lelnnla 3.5 $c$ cannot approacl\^i $\infty$ at any $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{z}\mathrm{e}\mathrm{l}\cdot \mathrm{O}$

value $\mathrm{o}\mathrm{f}/\backslash \mathrm{a}\mathrm{n}\mathrm{d}$ so llltlst approach $\infty$ in such a way $\mathrm{t}1_{\hat{1}}$at $||u||arrow\infty$ as $\lambdaarrow 0$ . It

follows by a silnple connectedness argrment that tllele llmst exist $(/\backslash , u)\in C$ for

every $/\backslash \in(0, \lambda^{+}(\alpha))$ . Thus in this case the variational solutions discussed in $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$

previous section $\mathrm{m}\mathrm{a}_{d}\mathrm{v}$ coincide with the solutions arising from $\mathrm{b}\mathrm{i}\mathrm{f}_{\mathrm{U}\mathrm{l}\mathrm{C}}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ .
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