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1 Introduction

The classification of subfactors of the hyperfinite II; factor is one of the most important
and stimulating problems in the theory of operator algebras since V. F. R. Jones initiated
his celebrated index theory for subfactors in [16]. The strongest form of the classification
has been obtained by S. Popa based on his notion of strong amenability in [26]. In the
early stage it was known that hyperfinite II; subfactors with index less than four has one
of the Dynkin diagrams A,, Dy, Eg, E7 and Eg as their principal graphs For the complete
classification of subfactors of the hyperfinite II; factor A. Ocneanu introduced the notion
of paragroup in [20]. And by the paragroup theory the classification of subfactors of the
hyperfinite II; factor with finite index and finite depth is reduced to the clas&ﬁcatlon of
flat bi-unitary connections on the (dual) principal graphs. ‘

The paragroup theory as well as its importance are now widely spread and more
and more people have become to work on the theory. The importance of paragroup
theory is not only because it is complete invariant for subfactors of the hyperfinite Iy
factor with finite index and finite depth but also because it has deep relations to many
other theories in mathematics and mathematical physics. Actually it has been revealed
that there are striking relations between the paragroup theory and other theories such
as exactly solvable integrable lattice models, quantum groups, topological quantum field
theories (TQFT) both in the sense of Turaev-Viro ([32]) based on triangulation and in the
sense of Reshetikhin-Turaev ([27]) based on surgery, and rational conformal field theories
(RCFT) in the sense of Moore-Seiberg ([19]) and so on. (See for example (6], [11], [9],
[10], [22], [23], [28], [33], [34]. All of these relations are explained in [13].)

In 1995 A. Ocneanu gave a series of lectures on subfactor theory at The Fields Institute
from April 19 to 25. In his lectures ([24]) he introduced a new algebra called double
triangle algebra by using the notion of essential paths and extension of Kauffman-Lins’
Temperley-Lieb recoupling theory. He also gave many applications of his result. Among
their applications he raised particularly five problems in his talks at Aarhus in June 1995,
which consists of one problem concerned with TQFT, one concerned with RCFT and
three concerned with subfactor theory. There he showed that his method gives essentially
one solution of them. o '

Among the solutions of the five problems the most fundamental result is the complete
classification of irreducible bi-unitary connections on the Dynkin diagrams An, Dn, E¢7g
and other solutions will follow from it. More precisely the irreducible connections on the
Dynkin dlagrams here means the irreducible connections on the four graphs which have the
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Dynkin diagram K and L as the two horizontal graphs. (We call such a connection a K-L
bi-unitary connection.) And the classification here means the classification of irreducible
bi-unitary connections up to gauge choice, which is finer than the classification up to
isomorphisms. B '

The main purpose of this paper is to give a detailed proof of the classification of
irreducible connections on the Dynkin diagrams. As we mentioned in the beginning
the classification in more restricted case when the four graphs are all the same Dynkin
diagrams has been done in order to classify subfactors with index less than four. So the
classification of connections itself is very important for this purpose.

Another example in which bi-unitary connections on the Dynkin diagrams naturally
appear is the construction of a series of subfactors given by Goodman-de la Harpe-Jones
([14]). These subfactors are called Goodman-de la Harpe-Jones subfactors. (We call them
GHJ subfactors in short. A. Ocneanu calls the same subfactors Jones-Okamoto subfactors
because S. Okamoto computed their principal graphs [25].) They are constructed from
A-K bi-unitary connections, where A represents the Dynkin diagrams A4, and A is one of
the A-D-E Dynkin diagrams. The principal graphs of these subfactors are easily obtained
by a simple method but the dual principal graphs as well as their fusion rules are much
more difficult to compute. The most important example is the subfactor with index 3++/3
which is constructed from the embedding of the string algebra of A;; to that of Eg, i.e., it
is obtained from an A;;-Ejg bi-unitary connection. In this particular case it happens that it
is not very difficult to compute the dual principal graph (see [18], [13, Section 11.6]). But
it is more difficult to determine its fusion rule. Actually D. Bisch has tried to compute the
fusion rule just from the graph but there were five possibilities and it turned out that the
fusion rule can not be determined from the graph only. Some more information is needed
and Y. Kawahigashi obtained the fusion rule as an application of paragroup actions in
[18]. In his lectures at The Fields Institute A. Ocneanu gave a solution to this problem of
determining the dual principal graphs and their fusion rules as one of some applications
of his theory of double triangle algebra ([24]). In particular, the fusion rule algebra of all
K-K bi-unitary connection is used to determine the fusion rule of GHJ subfactors which
correspond to the Dynkin diagram A. Here we would like to mention that some of recent
works has revealed a surprising relation between GHJ subfactors and conformal inclusions
([37], [2], [3], [4]). Furthermore some generalization of the construction of GHJ subfactors
has been obtained by F. Xu ([35], [36]) and J. Béckenhauer-D. E. Evans ([2], [3], [4]).

Another striking and unexpected observation which A. Ocneanu has found ([24]) is
the relation between fusion rule algebras of all K-K connections for a Dynkin diagram
K he obtained and affine SU(2) modular invariants corresponding to the graph K. The
A-D-E classification of affine SU(2) modular invariants has been obtained in [7], (see also
[31])." A. Ocneanu showed some interpretations of off-diagonal terms of thesé modular
invariant matrices corresponding to D, and Fgrg in his lectures [24] by using a notion
of essential paths. In December 1997, he introduced the notion of quantum Kleinian
invariants which is the quantum version of Kleinian invariant and he showed another new
explanation of the off-diagonal terms. After A. Ocneanu’s work on the fusion rule algebras ‘
of K-K bi-unitary connections essentially the same fusion rule algebras are constructed
from conformal inclusions of SU(2) Wess-Zumino-Witten models by F. Xu ([37]) and J.
Béckenhauer-D. E. Evans ([3], [4]) in flat cases. Note that the non-flat case, i.e., the
case of D,4q and E; can not be obtained from their approach using conformal inclusions.
" Moreover the theory of double triangle algebra is recently used to generalize the result to
the case of conformal inclusions of SU(n) WZW models by J. Béckenhauer-D. E. Evans-Y.
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Kawahigashi ([5]). They showed that A. Ocneanu’s observation of the relation between
fusion rule algebras and modular invariant matrices holds true for some more general
cases including the case of SU(n) WZW models.

Now we give a brief outline of the contents in this paper. In the next section we will
give some definitions and terminologies concerning A. Ocneanu’s double triangle algebras
and we also fix some notations. Though all of the definitions of important notions such
as essential paths, gaps of finite graphs and chiral projectors are given in [24], we did not
omit them for reader’s convenience because they are indispensable for the classification
of connections. We refer readers to [24] for more details.

In section 3 we define some operations on the set of connections such as direct sum,
conjugation, irreducible decomposition and composition (product). These operations are
first defined by A. Ocneanu in [24] and later M. Asaeda-U. Haagerup clarified the cor-
respondence between these operations on connections and those on bimodules ([1}). In
order to deal with the system of connections closed under these operations we define
a notion of horizontally conjugate pair of connections and give a natural identification
between connections. We also give some equivalence relations on connections. We will
emphasize the difference of vertical gauge choice and total gauge choice and will make it
clear that the vertical gauge choice is the right equivalence relation to deal with a system

" of connections. This point is also clarified by M. Asaeda-U. Haagerup ([1]). In order to
make the most of M. Asaeda-U. Haagerup’s notion of generalized open string bimodule
we will show that Frobenius reciprocity holds for the system of connections.

" Section 4 is devoted to show the correspondence between irreducible K-L bi-unitary
connections and irreducible *-representations of the double triangle algebras on the graphs
K and L. This is the most important tool to classify the irreducible connections. Though
a detailed proof of the correspondence is given in his original paper [24], some more details
are necessary for our purpose. So we will supply it here and as a corollary we show an
important correspondence between some special minimal central projections of the double
triangle algebra and some irreducible bi-unitary connections on the Dynkin diagrams. We
also show the relation between the fusion rule algebra of K-K bi-unitary connections and
the center of the double triangle algebra. Actually it turns out that the fusion rule algebra
is isomorphic to the center of double triangle algebra with different product from original
one. One will notice that the notion of horizontally conjugate pair and the equivalence
relation vertical gauge choice are both natural to deal with this correspondence.

Finally in section 5, the classification result is explained in each case of the Dynkin
diagrams A,, Dy, Eg7s. In the procedure to get this result we also obtain the new fusion
rule algebras which consists of all K-K bi-unitary connections. It also provides a simple
proof of the flatness of Day, Eg and Eg connections. Hence we get another proof of the
complete classification of subfactors of the hyperfinite II; factor with index less than 4 by
this method. The flat part of non-flat connections Doy 1 and E; are also obtained easily.
By putting together all the cases of A-D-E we will obtain some important structural
result on the fusion rule algebras including a partial commutativity of the fusion rule
algebra.

2 Preliminaries and Notations

In this section we give definitions of essential paths on finite graphs and the double triangle
algebras for the sake of completeness. We also fix some notations. We refer readers to
[24] for the details.
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Figure 1: Creation operator
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Figure 2: Annihilation operator

2.1. Wenzl projectors and Essential paths. Consider a finite oriented bipartite graph
G. We denote even vertices of the graph G by Vert’G and its odd vertices by Vert!g.
We denote an abelian C*-algebra with basis v € Vert’G [resp. v € Vert'G] by A [resp.
B]. We use a notation H for a Hilbert space with basis e € Edge “VG. Here Edge Vg
represents the set of oriented edges of G with orientation from Vert’G to Vert'G. The
Hilbert space H defined as above becomes an A-B bimodule with the action defined as
follows, T - & -y = 6, 4(¢)0r(6),€ for € Vert’G, y € Vert'G and ¢ € Edge ®YG. Here
s(§) [resp. (€)] means the source (starting point) [resp. range (end point)] of the edge
€. The Hilbert space H has the conjugate Hilbert space H with the basis consists of the
orientation reversed edges £ € Edge ""YG. Then the conjugate Hilbert space H becomes
a B-A bimodule. We denote the adjacency matrix of G by Ag and the Perron-Frobenius
eigenvector for Ag by u which satisfy the condition Agu = Bu. Here § is the Perron-
Frobenius eigenvalue of Ag.

Now we define the annihilation operator ¢ € Hom(,Hg @ pH., A) by the following.

c(§ ®T) = dgu(r(§))2u(s(€) 712 - 5(¢)

for £, € Edge G. -
Its adjoint operator is called the creation operator which is given by the following.

C@= Y E0F u(r(€)u(s(©) 2.

§€Edge G, s(&)==x

We draw diagrams for the operators ¢ and ¢* as in Figures 1 and 2.

We remark that the composition of these operators c-c* becomes scalar multiplication
operator 3. We define the Jones projection on the path spaces on the graph G by e =
B~1c* - c. For these operators we draw pictures as in Figures 3 and 4.

Figure 3:
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Figure 4: The Jones projection
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Figure 5: Wenzl projector p,

We denote the set of paths of a graph G with length n by Path™g, i.e. Path™¢g =
{€ = (&,&,-+,&) | & € Edge§, s(&+1) = r(&)}, and denote the Hilbert space
with orthonormal basis £ € Path™¢ by HPath™G. Note that n times (relative) tensor
products 41 Hg ® pHs ® --- @ sHpg(orpH4) produce the path Hilbert space HPath™g.
We can define the sequence of creation/annihilation operators ¢y, ¢a,...cn,—1 and that of
the Jones projections ey, es,...e,—1 on the Hilbert space HPath™g depending on the
position where they act.

Definition 2.1 The Wenzl projectors p, on HPath(")g is defined by p, =1 —¢e; Vey VvV
«++V ep—1. We draw the picture in Figure 5 for the Wenzl projector p,. The space of
essential paths with length n on a graph G is defined by EssPath™¢G = p, - HPath™g.
We denote the space of essential paths of a graph G with length n, with starting point x
and end point y by EssPatthg .

We remark that the space of essential paths can be defined as follows.

EssPath™¢ = {¢ € HPath™G| exé =0 for k=1,2,,---,n -1}
{€ e HPath™G| cpé =0 for k = 1,2,,---,n = 1}.

The following Moderated Pascal rule is quite useful to count a dimension of essential
paths.

dim EssPathfl’f:UQ = Z dim EssPathg?s)(g)g — dim EssPathg'f; NG
£eEdge G,r(é)=x

For the proof of this rule, see [24, Section 5].

2.2. Extension of recoupling model and the double triangle algebra. Next we define an
extended model of Kauffman-Lins’ recoupling theory ([17]) from a viewpoint of subfactor
theory by using the notion of essential paths. First we remark that the recoupling model
for ¢ = €™V a root of unity can be realized by using the fusion rule algebra of sector
(or bimodule) and quantum 6j-symbols arising from the Jones’ subfactor with principal
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Figure 6: An intertwiner
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Figure 7: Recoupling

graph Ay_;. For example the trivalent vertex as in Figure 6 represent an intertwiner
in Hom(o,, ® o,,0%). Here o, is an irreducible sector (or bimodule) corresponding to
j-th vertex from the distinguished vertex * of the principal graph of type Ay_; Jones’
subfactors. The other notions in the recoupling theory such as f-evaluations, tetrahedral
nets and (quantum) 6j symbols will be interpreted in terms of sectors and intertwiners
arising from the Jones’ subfactor. Especially we have the recoupling as in Flgule 7. Here
the coeflicient is given as follows.

(coef), = a b vn =
c d m 6(a,b,n) (c,d,n)

Here 6(a, b, c) means the f-evaluation and
Tet [ a b n }
c d m
represents a value of the tetrahedral net. (See [17], [24, Section 12].) The special case
when m = 0 is given in Figure 8 and we use this to define the convolution product of the
double triangle algebras.
Now fix a recoupling model A which corresponds to a Perron-Frobenius eigenvalue 3

and let K be one of the Dynkin diagrams A,, D,, E47s with the same Perron-Frobenius
eigenvalue. We draw a picture for an essential path { € EssPath ”)Ix as in the left hand

a b

n
ZGabn) o

Figure 8:
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Figure 10:

side of Figure 9 or we simply draw the picture in the right hand side. (See [24, Section
10].) Then a double triangle algebra A is defined as an algebra which elements are linear
combinations of pairs of essential paths as in Figure 10. We call a double triangle algebra
defined on the graphs K and L which correspond to upper and lower horizontal graphs
respectively a K-L double triangle algebra. Two products are defined on this algebra.
One is - product defined as in Figure 11. The other product called convolution product
is defined as in Figure 12 and denoted by *. We decompose the element of the right hand
side in this figure as in Figure 13 by using recoupling and the equality in Figure 14. The
-operation for the convolution product on the double triangle algebra is given by Figure
15.

2.3 Ocneanu’s chiral projectors. We recall that special elements in (A, x) is defined by

Figure 11: - product on the double triangle algebra
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* = Oyl

Z w Z, ’U}I z w w/

A a b
b — Z n n
— 6(a,b,n) a b
Figure 13:

Figure 16 and Figure 17 and give the definition of Ocneanu’s chiral projectors.

Definition 2.2 The chiral projectors ¥, and ¥_ which are central projections in the
double triangle algebra (A, x) are defined as in Figure 18 and 19. The product of the two
chiral projectors W, x W_ is called the ambichiral projector and is denoted by ¥.

2.4 Gaps on the Dynkin diagrams and minimal central projections. The gap and 0-gap
of a finite graph G are numbers (positive integer or co) defined by the following. (See [24,
Section 17])

gap(G) = min{n >0 | EssPathg’f(EG # 0 for all a € VertG},
0 —gap(G) = min{n >0 | EssPatthO)G # 0}.

Here 0 represents the distinguished vertex of the Coxeter graph G, i.e., the vertex of G
which has the smallest Perron-Frobenius weight. The gaps and the 0-gaps of the Dynkin
diagrams are given in the following table.

o
Z y ~1/2  -1/2 )
=z&" OO |

z Y
z€& z ny z T a y

Figure 14:
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Figure 15: The %-operation for the convolution product
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Figure 16:

Graph G| gap(G) | 0-gap(G)

A, 00 e%)
Dopyq o) 4dn — 2

D, 4n — 4 4n —4
Es 6 6
E- 16 8
FEg 10 10

0 y

a vy

Let K be a connected finite bipartite graph and (A, *) a double triangle algebra on K
endowed with the convolution product. The following proposition shows that there are
two finite family of minimal central projections {pf }; and {p; }» on the double triangle

algebra (A, *).

Proposition 2.3 ([24, Proposition 17.3, Corollary 17.4]) Two elements p{ and p; defined
by Figure 20 and 21 are minimal central projections if k < gap(K)/2.

For orthogonality of these projections we have the following propositions.

Proposition 2.4 ([24, Proposition 18.1]) The minimal central projections p; (resp. py )
are mutually orthogonal if k < gap(I\)/2.

—

—1/2

-> OO

T y

Figure 17

-1/2

O

n
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Figure 19:

- Proposition 2.5 ([24, Proposition 18.2]) The minimal central projections p} and p; as
in the previous section are mutually orthogonal if k # 1 and k + 1 < 0-gap(K).

3 Operations and equivalence relations of connections, conjugate pairs and
Asaeda-Haagerup’s generalized open string bimodules

In this section we define some operations on the set of connections such as direct sum,
composition, irreducible decomposition and conjugation etc. (See [24, Section 20].) We
also define some equivalence relations on it. We shall give a natural identification of
connections and define the above operations on the set of equivalence classes of connections
with the identification. These operations are originally defined by Ocneanu ([24, Section
20]). Later Asaeda and Haagerup ([1]) introduced the notion of generalized open string
bimodules which is a generalization of open string bimodule of Ocneanu ([20]) and Sato
([30]) and they clarified the relation between connections and bimodules. We remark
that the identification of connections given in this section is different Asaeda-Haagerup’s
setting. Here we will also give their original definitions for reader’s convenience.

Remark 3.1 In this paper connections on four graphs Gy, G1, Go, G3 as in Figure 22 are
always assumed to have connected horizontal graphs Gy and G,. We do not assume that
the vertical graphs G; and Gz are connected. The word connection always means bi-unitary
connection in this paper. So we will often use the word connection instead of ‘bi-unitary
connection’ for simplicity.

First we define the notion of direct sum, composition, irreducibility and conjugation on
the set of bi-unitary connections. (See [24, Section 20], [1, Section 3].)



Figure 21:

Go

Gs

Figure 22:

Gs

115

Definition 3.2 ([24, Definition ‘20.2]) Let W, and W, be two bi-unitary connections on

four graphs Go, G1,G2,G3 and Gy, G, G2, Gy respectively, then a direct sum of these bi-
unitary connections is a bi-unitary connection W on four graphs G, G; U G1,Gy,Gs LGS

defined by the following. See Figure 23.

€o

[

|44 531

o

¢ —

&2

,

Wy

\

§o

. ——

@1

| .{&

if & €Go,& € G1,6 € 62,83 €G3,

lf g() S g07£1 € gia€2 € g2a€3 € gl,’)’

otherwise.

We denote a direct sum bi-unitary connection W of two bi-unitary connections W; and
W2 by W1 D WQ. !

Definition 3.3 ([24, Section 20]) Let W be a connection on four graphs go,gl,gé,g&
and W' a connection on other four graphs Ho = Go, H1, Ha, Hs which has the common

Go

Us

Wy

Gy

Figure 23: Direct sum of two bi-unitary connections

G dG;

- Go

W,

g

G2

I
1

= GsUGy

Go

W, @& W,

Go

Giug;
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Go Go
W
g3 G G
= §| w" g
Hs| W' |H,
Ho Ho

Figure 24: Composition (or product) of two connections

graph Hy = G,, then we define a composition of them by a bi-unitary connection W"
obtained by connecting these graphs, making products of both connections and summing
them over all the common horizontal edges as in Figure 24. Here the vertical graphs G’
and G” of the composed connection W” will change by this construction. We denote the
composite connection W” by W - W' or simply WW".

Definition 3.4 ([24, Definition 20.3]) A bi-unitary connection W on four graphs Gy, G1, G2, G3
are called reducible if there exist two bi-unitary connections W; and W, on four graphs
Go, G1, G2, G3 and Gy, G1, Go, Gj respectively such that the direct sum of them produces W

as in Figure 25 up to vertical gauge choice. We call a bi-unitary connection W irreducible

if it is not reducible. ’

Remark 3.5 We remark that this definition of reducibility is the same as Asaeda-Haagerup’s
([1, Section 3]). In general the reducibility up to wertical gauge choices is different from
that up to total gauge choices. But the next lemma shows that both definition coincides

if two horizontal graphs Gy and G, as in Figure 22 are trees, i.e., if both graphs only
have single edges and have no cycle. (cf. [1, Remark, Section 3].) Especially in the case
when the horizontal graphs are both among the Dynkin diagrams A,, D,, Fg 75 the two
equivalence relations coincide.

Lemma 3.6 If one of the two horizontal graphs Gy is a tree, then any gauge choices on
Go can be forced to put on vertical gauge choice. In particular if the two horizontal graphs
Go and Gy are both trees, then two equivalence relation ‘total gauge choice’ and ‘vertical
gauge choice’ on the set of connections on the four graphs coincide.

Proof Take a gauge choice a € C (Ja] = 1) on an edge of Gy. We can easily see that
the same gauge choice can be given by taking a gauge choice on vertical graphs G; and G,
which consists only gauge o on some edges of G; and o' on some edges on Gs. (This can
be shown by taking a vertical gauge step by step.) The existence of such a gauge choice
is assured by the fact that there is no multiple edge and no cycle on the graph G,. a

Remark 3.7 The condition in the above lemma that the graph Gy does not have any cycle
) . , , (1) ;

is necessary. Consider the case when all the four graphs are Ay, ., (n>1). It is easy to
see that you can not force to put horizontal gauge choice to vertical ones in these examples.
This shows that even if the two horizontal graphs consist of single edges, it may happen
that the above two equivalence relations do not coincide.
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G2 G Go

G |- Wi Gs DG W, Gy = Giug; w Gs L1 Gy

g4 ) g4 : o g4
Figure 25: Reducibility of a bi-unitary connection W

Go Go

Gz | Wy |G W | Gs

G |G
Gs| W, |91w, |9

Go - Gy

Figure 26: Four connections associated to a connection Wy

In this paper an equivalence relation on connections will mean vertical gauge choice
unless otherwise stated. Before we define a natural identification of connections we remark
first that four different connections which are transferred each other by renormalization
rule are associated to one bi-unitary connection W as in Figure 26, where G represents
the graph G with reversed orientation.

Definition 3.8 We say two connections Wy and Wy (resp. Wy and Ws) as in Figure 26
are horizontally (resp. vertically) conjugate. We denote them by W and WY respectively.
We will call vertically conjugate connection Wy simply a conjugate connection of W,. We
define a conjugation operation on a set of connections by a vertical conjugation in this
sense. The conjugation operation is often denoted by *. So we will also adopt the notation
W for a (vertically) conjugate connection of W.

In this paper, we regard two horizontally conjugate connections as the same one. In
other words, we always consider a connection W, as a pair of two connections (Wy, W)
which are horizontally conjugate each other. We call such a pair horizontally conjugate
pair. By this identification the relation ‘vertically conjugate’ still make sense. Moreover,
we consider the two equivalence relation ‘total gauge choice’ and ‘vertical gauge choice’
on this identified set of connections. Again they are still equivalence relation on it.

In the following we consider the set of connections which have fixed common horizontal
graphs. We will use the following terminology. (See [24, Section 20].)

Definition 3.9 Let K and L be two connected finite bipartite graphs. ~ A bi-unitary
connection on four graphs is called a i-L bi-unitary connection if it has the graph K as
an upper horizontal graph and the graph L as a lower horizontal graph as in Figure 27.

Note that we can naturally define the operations such as direct sum, conjugation and
irreducible decomposition on the set of equivalence classes of connections with the above
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Figure 27: K-L bi-unitary connection

[ even K Jyodd [y odd ff Jeven
*K

— ek

Figure 28: A graph K and K

identification. Before we define the composition (or product) operation on it we need
some more notations and terminology.

We often denote a graph K with a distinguished vertex %y by a pair (I, *x). Let
(K, *x) be a connected finite bipartite graph with a distinguished vertex. A vertex of I
with the same (resp. different) colour as *x is called even (resp. odd) vertex. The set
of even and odd vertices are denoted by K* and K°% respectively. In the following
whenever we consider a horizontal graph (A, ), the notation K will represent the graph
K with their even vertices on the left hand and odd vertices on the right hand. The
graph K with reversed orientation, that is, one with their odd vertices on the left and
even vertices on the right will be denoted by K. (See Figure 28.)

Note that when two horizontal graphs A" and L are connected finite bipartite with
distinguished vertices, four kinds of A'-L bi-unitary connections will be distinguished by
the above notation which respects the orientations of the graphs. That is, there are four
kinds of K-L bi-unitary connections depending on which graph K or K and L or L they
actually have as horizontal graphs.

For a given connection we can naturally associate the index of its generalized open
string bimodule [1]. We call it an index of a connection. This value is the same as the
square root of the index of subfactor constructed from the connection.

Now we define a composition (or product) of two (pairs of) connections.

Definition 3.10 Let (K, *g), (L,*;) and (M, *,) be three connected finite bipartite
graphs with distinguished vertices. Let a be a I'-L bi-unitary connection and § a L-M
bi-unitary connection. We regard these as two pairs of connections (o, o) and (3, 8%
as in the above setting. Define a composition (or product) of two (pairs of) connections
a and 3 by a (pair of) connection obtained by the following procedure. When o and 3
have the common graph L as bottom and top graphs respectively, then we just make a
product « - 3 and regard this as a pair of connections (a - 3, " - 8"*). When one of o and
3 have the graph L as a top or bottom graph and the other have the graph L, then we
make a product o - 8" or a product o - 3. Again we regard it as a pair of connections
(a- Bh, oM - B). A product of two (pairs of) connections a and 3 in the above sense will
be simply denoted by « - § (or o) when it does not cause any confusion.

;From the above definition we are now ready to deal with a system of K-K bi-unitary
connections which is closed under direct sum, product, conjugation and irreducible de-
- composition. The precise definition is given in the following.
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Definition 3.11 Let K be a connected finite bipartite graph and x Wk be a set of equiv-
alence classes of horizontally eonjugate pairs of K-I bi-unitary connections with respect
to the equivalence relation ‘vertical gauge choice’. Then a set x Wk is called a system of
K-K bi-unitary connections or simply a K-K bi-unitary connection system if it is closed
under direct sum, product, conjugation and irreducible decomposition. Another word
‘fusion rule algebra of K-K bi-unitary connections’ will often be used in the same mean-
ing. A K-K bi-unitary connection system is said to be finite if it contains only finitely
many irreducible connections. The rule of irreducible decomposition of products of two
irreducible connections in a system is called the fusion rule of the system.

Remark 3.12 Note that all the above operations are well-defined on a set of equivalence
classes of horizontally conjugate pairs of K-\ bi-unitary connections with respect to the
equivalence relation ‘vertical gauge choice’. It should be remarked that if we adopt an
equivalence relation ‘total gauge choice’ instead of ‘vertical gauge choice’, composition of
two connection will not necessarily be well-defined.

Example 3.13 Obviously there are two trivial examples of K- bi-unitary connection
systems. One is a system which consists of only trivial (identity) connection as its irre-
ducible object. The other is a system consisting of all I-A" bi-unitary connections. For
any given family of A-K bi-unitary connections there exists a system generated by them.
So the word generator of a system makes sense in this setting.

Example 3.14 Let N C M be a subfactor with finite index and finite depth. Then we
“obtain a (flat) bi-unitary connection W on the four graphs as in Figure 29 by Ocneanu’s
Galois functor. Where G is the principal graph and H is the dual principal graph. As
usual we denote the (vertical) conjugate connection of W by W. The composition of
two connections W and W = W* produce a G-G bi-unitary connection WW and a H-H
bi-unitary connection WW. A system of G-G bi-unitary connections generated by WWwW
is finite by the finite depth assumption. This can be regarded the same system as N-
N bimodules arising from the subfactor N C M. Another system of H-H connections
“generated by a connection WW also corresponds to a system of M-M bimodule arising
from the subfactor. This shows that for every subfactor with finite index and finite depth
we can associate two systems of bi-unitary connecmons We will obtain many non-trivial
finite systems of connections in this way.

Example 3.15 Another fundamental example is a system generated by one bi-unitary
_connection, i.e., a singly generated system. Let (K, %) and (L,*;) be two connected
finite blpartlte graphs with the same Perron-Frobenius eigenvalue. Any K-L bi-unitary
connection W yields a hyperfinite II; subfactor N C M by a string algebra construction.
This connection W generates a system of four kinds of generalized open string bimodules
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([1]) which has the same fusion rule as the system of bimodule arising from the subfactor
N C M. By looking at the corresponding bi-unitary connections, we get a system of four
kinds of connections, i.e., K-K, K-L, L-K and L-L connections. Especially we obtain
K-K and L-L connection system in this way. If the subfactor N C M has finite depth,
then both systems will be finite. And if it has infinite depth, they become infinite systems.

Remark 3.16 The procedure in Example 3.15 looks similar to that of Example 3.14. Ac-
tually the former is the special case of the latter. Here we remark that the latter is much
more general because the connections appear in the former example is always flat and
infinite system can not be obtained by the former procedure. Moreover a flat connection
obtained by the Galois functor is very special because they have (dual) principal graphs as
the four graphs. The following example shows this speciality of flat connections obtained
by the Galois functor. Flat connections obtained by Sato’s procedure ([29, Theorem 2. 1])
which is a generalization of the example of [8] show that any finite depth subfactor gener-
ated by a (not necessarily flat) bi-unitary connection W can be reconstructed by o different
flat connection Wy - W which is a horizontally composed connection by its flat part con-
nection Wy (See [29], [30]). Hence there are many eramples of finite depth subfactors
which are constructed by a flat connection that does not come from the Galois functor.

Example 3.17 Let K be one of the Dynkin diagrams A,, D,, Eg7g. It is known that
there are at most two non-equivalent bi-unitary connections on the four graphs which
are all the same graph K and trivially connected. (There are only one non-equivalent
connections in the case of A, and exactly two mutually complex conjugate non-equivalent
connections in the case of D,,, Es75.) We call them fundamental connections of the A-D-
E Dynkin diagrams. We denote one of them by W and the other by W. Let N C M be
a subfactor constructed by W in the horizontal direction.

First we consider the system generated by a single connection W. In this case the
system is finite and has the same fusion rule as that of the system of bimodules arising
from the subfactor N C M.

Next consider the system generated by the two bi-unitary connections W and W. In
this paper we will mainly deal with this system. It turns out that this system is finite and -
all the irreducible K-K bi-unitary connections appear in this system. (See section 5.)

Remark 3.18 It is a remarkable fact that there are only finitely many K-K irreducible
bi-unitary connections on the Dynkin diagrams K. This is one of the very special proper-
ties of the Dynkin diagrams. We should compare it to the following example. Consider the
case when all the four graphs are the same graph as the principal graph of Goodman-de la
Harpe-Jones subfactor with inder 3++v/3 (see Figure 30) which arise from an embedding
of the A1y string algebra to that of Eg ([14], [25]). In this case there exists one param-
eter family of (hence uncountably many) non-equivalent bi-unitary connections on the
four graphs. These connections are automatically irreducible by the criterion of Asaeda-
Haagerup [1, Corollary 2, Section 3] This means that even if we fix not only the two
horizontal graphs but all the four graphs it can happen that uncountably many irreducible
non-equivalent connections ezist on the graphs. The author would like to express his thcmks
to Y. Kawahigashi for pointing out this example.

Remark 3.19 In this paper we mainly deal with the case when the graph K is one of
the A-D-E Dynkin diagrams. It is natural to take the usual distinguished verter xy (i.e.,
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Figure 30: The principal graph of the Goodman-de la Harpe-Jones subfactor

the vertex with smallest Perron-Frobenius eigenvalue) in these cases and we do so in the
following. We denote a hyperfinite II; factor generated by the string algebra on the graph
K with the starting point xg by the same notation K. For a reversed graph K we will
take the verter next to xx as a_starting point of string algebra and again we denote its
generating factor by the same K. Then by generalized open string algebra construction
([1]) we can associate two different bimodules for a giwen horizontally conjugate pair
of K-K bi-unitary connections. Again we deal with the pair of generalized open string
bimodules as a corresponding bimodule to the original pair of connections. By working on
this correspondence between pairs of connections and pairs of bimodule, we can show that
Frobenius reciprocity holds for the system of connections as in the next proposition.

Proposition 3.20 Let K, L and M be three connected finite bipartite graphs with the
same Perron-Frobenius eigenvalue. Let oy, By and xyn be three (pairs of ) irreducible
bi-unitary connections which are K-L, L-M and IK-M respectively. If v appears n times
in the composite connection a3, then o appears n times in 7B and B appears n times in

ary.

Proof Choose and fix distinguished vertices from even and odd vertices of each graphs
K, L and M. Then apply the correspondence between (pairs of) bi-unitary connections
and (pairs of) generalized open string bimodules. We get the result from the Frobenius
reciprocity for bimodules ([22], [13, Section 9.8]). O

Let a be a K-L bi-unitary connection. Then from the rule of irreducible decomposition
of finite product connections gidy * ko - QK+ KOL (or pak) we get a graph which
is similar to the principal graph of a subfactor. Here pidg denotes an identity K-K
connection. We call this graph the principal fusion graph of a connection . Then we
can show the following by Asaeda-Haagerup’s criterion of irreducible decomposition of
connections [1, Claim 1, Section 3]. This is what we observed in Example 3.14 and 3.15.

Proposition 3.21 Let o be a K-L bi-unitary connection. Then the principal fusion graph
of a is the same as the principal graph of the subfactor constructed from the connection
Q.

4 Correspondence between connections and x-representations of double tri-
angle algebras

Let a graph K be one of the Dynkin diagrams A,, D,, Fs7s and (A, *) be the double
triangle algebra corresponding to the graph K with the convolution product. This is a
finite dimensional C*-algebra and is isomorphic to a finite direct sum of matrix algebras

as follows. ‘ o
(A, %) = @ier H; ® H; = ©ierEnd(H;).
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Figure 31:

Here the index i’s are labelled by minimal central projections in (A, *) and H;'s are
corresponding finite dimensional Hilbert spaces. This identification of elements in (A, *)
-is written as an extension of recoupling as in Figure 31.

Now we give the following theorem which means that we have only to find all the
minimal central projections in (A, *) in order to classify all irreducible K-K bi-unitary
connections.

Theorem 4.1 There is one-to-one correspondence between unitary equivalence classes
of irreducible matricial *-representations of the IN-I double triangle algebra (A, *) and
equivalence classes of irreducible K-IX bi-unitary connections.

Remark 4.2 Equivalence relation on bi-unitary connections. considered in this theorem
is ‘vertical gauge choice’. But it coincides with ‘total gauge choice’ in this case as we
stated in Remark 3.5. (See Lemma 8.6.)

Proof A proof for the construction of a bi-unitary connection for a given *-representation
and vice versa is shown in [24, Section 15]. So we only have to show that two unitarily
equivalent *-representation give two equivalent connections up to vertical gauge choice
and vice versa. It is easy to see that two equivalent connections up to vertical gauge choice
give two unitarily equivalent x-representation because the unitary matrix which transfer
one representation to the other is given by the unitary matrix of gauge choice. For the
other direction, first we have to find the vertical edges connecting two horizontal graphs K.
Let @ be a matricial *-representation of the K-" double triangle algebra (A, ). Because
elements a,y € A (x,y € VertK) as in Figure 32 are mutually orthogonal projections, the
matrices ®{a,,) are diagonalized with only 0 and 1 in the diagonal entries by a certain
unitary. We draw edges connecting the vertices @« and y with the same numbers as that
of 1 in the diagonalized matrix ®(a,,). In this way we get the vertical edges connecting
the two horizontal graphs. We label these vertical edges by some index set A. Then we
define a connection value of a rectangle as in Figure 33 by the number @, ,(£ @ n) for
&n € EssPath(")(K) and A, u € A. Here £ @ 1 is an element in A as in Figure 34 and
D, (& @ n) represents a (A, p)-th entry of the matrix (£ ® n). If we restrict the map
from A to the complex numbers C defined as above to EssPath’)(K) ® EssPath(K),
we get the connection map. Now the bi-unitarity condition of this connection follows
easily from the fact that ® is a s-representation. (See [24, Section 15].) Note that
in this procedure to get a connection W?® from a given x-representation ®, it is easy
to see that if the representation ® is reducible, then the connecting vertical edges as
well as the connections W? definéd on the four graphs decompose into some irreducible
components which corresponds to the irreducible components of the x-representation ®.
~So the irreducibility is preserved by this correspondence. Now it is easy to see that the
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Figure 33:
two unitarily equivalent *-representation gives the two equivalent bi-unitary connections
up to vertical gauge choice. Moreover one will notice that a given *-representation gives
rise to two horizontally conjugate connections at the saime time. - g

Remark 4.3 The above correspondence in Theorem 4.1 hold true for the case of K-L
double triangle algebras and K -L bi-unitary connections. The proof is ezactly the same as
the ‘proof of Theorem 4.1. But we remark that we do not have minimal centml projections
pi as in Section 2 in the case oflx -L double triangle algebras when K # L.

Applylng the above theorem to the concrete *-representation corresponding to the
m1n1mal central projection pi- as in Sectlon 2, we get the following 1mp0rtant result.

Corollary 4.4 Let K ‘be one of the Dynkin diagrams Ay, Dy, Eg 7. The minimal central
projections px of the KX-K double triangle algebra correspond to the two mutually complex
conjugate (flat) bi-unitary connections on the four graphs which are all the same Dynkin
diagram K as in 85. In particular pf = pi in the case of the Dynkin diagram A,.

Proof By looking at the shape of the minimal central projections pi, the vertical graphs
of the corresponding irreducible K-K connections are the graph K itself. Because we know
that there are two mutually complex conjugate non-equivalent connections on the four
graphs as in Figure 35 when the graph K is one of Dy, Eg7s. And there is only one
bi-unitary connection when the graph K is one of A,. (See [13, Theorem 11. 22].

remark that Theorem 11.22 in [13] states the isomorphic classes of connections whereas 1t
is also true for the equivalence classes.) The difference of two connections corresponding

Figure 34:
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to p{ and p; is shown by the relation in Temperley-Lieb recoupling theory as in Figure
36 which represents the difference of positive and negative crossing. Where ¢ is a complex
number given by ie™™/2" with the Coxeter number h. In particular it shows that these two

connections are mutually complex conjugate. a

' From Theorem 4.1 every minimal central projection p in the K-K double triangle
algebra corresponds to an irreducible K- connection W,. By the definition of product
of two connections and the above correspondence, the - product of two minimal central
projections p and ¢ corresponds to the product of two irreducible bi-unitary connections
W, and Wq. So by decomposing the product connection W), - W, into irreducible ones and
using the correspondence between, irreducible connections and minimal central projections,
we get a linear combination of minimal central projections with positive integer coefficient.
This means that the center of the K-K double triangle algebra Z = Z(A, *) is closed
under the - product operation. And this shows the fact that the fusion rule of A'-A bi-
unitary connections is given by the - product of corresponding minimal central projections.
So we get the following.

Corollary 4.5 Let K be one of the Dynkin diagrams A,,, Dy, Eg75. Then the fusion rule
algebra of K-K bi-unitary connections is isomorphic to the center Z of the K-K double
triangle algebra (A, *) with - product, i.e. (Z,-).

5 Classification of irreducible bi-unitary connections on the Dynkin diagrams

- 6.1 Classification of irreducible A-A bi-unitary connections.

Let A be one of the Dynkin diagram A,. We first classify all (irreducible) A-A bi-
unitary connections.

Proposition 5.1 Let Gy, G1, G, Gs be the four graphs connected as in Figure 22. Suppose
that both the upper graph Gy and the lower graph Gy are A and suppose there is a bi-
unitary connection on the four graphs. Then the connecting vertical graphs G and Gs are
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uniquely determined by the initial condition, i.e., the condition of edges connected to the
distinguished vertez  of the upper graph A. Moreover such a connection is unique up to
vertical gauge choice. :

Proof Because the string algebra on the graph A is generated only by Jones projections,
the vertical graphs G, and G3 are uniquely determined by looking at the dimension of
essential paths with starting point corresponding to the initial condition, i.e., the vertices
of the lower graph A connected to the distinguished vertex of the upper graph A. (See
[13, Section 11.6].) The connection on the four graphs can be decomposed into irreducible
ones. And an irreducible A-A connection have only one initial edge by the criterion in
[1, Section 3, Claim 1] and the fact that it is automatically flat ([13, page 593]). The
choice of the initial edge is one-to-one correspondent to the vertex of the (lower) graph A.
Hence the uniqueness (up to vertical gauge choice) of the connections on the four graphs
is proved by the uniqueness of irreducible connections corresponding to each vertex of
A. We know that there is at least one bi-unitary connection on the four graphs with an
initial edge corresponding to each vertex of the lower graph A. (Note that a corresponding
commuting square is given in [25].) So the proof will end to show that these are the only
irreducible bi-unitary connections up to vertical gauge choice. This is done by using the
correspondence between *-representations of the A-A double triangle algebras and A-A
bi-unitary connections. More precisely we have to show the following equality.

a€VertA \k=0 k=0 \a&EVertA

n—1 2 pa 2
3 (Z dim EssPathgk>A> =3 ( 3 dim EssPathg“A)

This equality can be easily obtained by a direct computation. - O

Remark 5.2 The above method also works for the classification of irreducible A-K bi-
unitary connections for arbitrary Dynkin diagrams K with the same Cozeter number as
A. The only different point is the last equality concerning the dimensions of the double
triangle algebras. In the case of general Dynkin diagram I, we have to show the following
equality instead of the above one.

m 2 m
> (Z dim EssPathg“)K) => ( Z dim EssPathg“)A> ( > dim EssPathik)I()

zeVertK \k=0 k=0 \ag&VertA rzeVert K

Here m is the mazimal length of essential paths on A and K which is the same as (the
Cogzeter number)—2. This also can be shown by a direct computation in each case. But
here we give another proof based on estimates of the global index in the following.

Remark 5.3 The uniqueness of irreducible A-IV bi-unitary connection corresponding to
each vertexr of K does not seem to be obvious though we know the uniqueness of corre-
sponding commuting square up to isomorphism. Here we remark that an isomorphic class
of commuting square corresponds an isomorphic class of connections (See [13, Definition
10.11] for the definition of isomorphic connections) and it does not imply the uniqueness
of equivalent connections up to (vertical) gauge choice. '

5.2 Classification of irreducible A-I bi-unitary connections.

Let A be one of the Dynkin diagrams A, and /" one of the Dynkin diagrams Any Dy, Eg73s
with the same Coxeter number as A. Before going into the details of the classification,
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we will show that a simple consideration on the fusion rule algebra leads an important
consequence, that is, the system of bi-unitary connections which consist of all irreducible
A-A, A-K, K-A and K-K connections are finite. It means that the numbers of all -equiv-
alence classes of irreducible A-K and K-/ bi-unitary connections are finite. Moreover we
can measure its size explicitly. To show this first we need the next lemma.

Lemma 5.4 Let A and K be as above. Then all irreducible K-K (resp. A-A) bi-unitary
connections are obtained from the product gas - aPBx (resp. acy - xBa) for some two
irreducible A-K bi-unitary. connections o and (3.

Proof We give a proof for the case of A-I\' bi-unitary connections because the same
proof also works for the case of A-A bi-unitary connections. This is an easy consequence
of Frobenius reciprocity. Let gwg be any irreducible A-K bi-unitary connection. Then
take (any) irreducible A-K bi-unitary connection 4o and make a product of them.
Take an irreducible A-K" connection 43y in the irreducible decomposition of the product
AQ) - KWk, i.e., we have qoawg > a0k. So we get &Sk > rwg by Frobenius reciprocity.

|

Theorem 5.5 Let K be one of the Dynkin diagrams A, D,,E¢7s. Then the numbers
of all equivalence classes of irreducible A-K and KN -K bi-unitary connections are finite.
Moreover, they have the same global index as that of the system of all irreducible A-A
bi-unitary connections.

Proof The case when the graph K is A, is shown in the previous section. So we consider
the other cases. The system of all A-A bi-unitary connections are obtained from a finite
set of irreducible A-K connections by the previous lemma. We choose and fix such a finite
set and consider the system generated by one A-K" bi-unitary connection gwy which is
the (finite) direct sum of all the A-K" connections we have chosen. It was shown that
the set of all irreducible A-A connections are finite. So this system contains only finitely
many different irreducible A-K connections because of the local finiteness of the principal
fusion graph of the generator qwy.

We claim that all irreducible A-K" connections appear in this system. Otherw1se we
have an irreducible A-K connection 4zx which do not appear in this system. If we take
an A-K connection w @ z as an generator, we get a different system having the same set
of irreducible A-A connections and strictly larger set of irreducible A-K connections than
before. Thus we get two systems of four kinds of connections consisting of irreducible A-A,
A-K, K-A and K-K connections which are both generated by one A-K connection. Now
it is easy to see that proof of the equality 3 v, [NXn] = X, v, INYM] = 2,2, [MZu]
for the estimates of global index for subfactor N C M still works in the case of singly
generated connection system. Here the summations run over all irreducible bimodule
appear in the system generated by yAM);. (See [13, Proposition 12.25] for the proof of
subfactor case.) So we get a contradiction from the estimates of the global index of the
two systems. Hence the system must contain all the irreducible A-K connections.

Now the same argument shows that we have finitely many irreducible K- connec-
tions and these are the all irreducible -/ connections by the previous lemma. So the
system of four kinds of connections consisting of all irreducible A-A, A-K, K-A and K-K
_ connections is generated by one A-I" connection w. Applying the estlmates of the global
indices of this system we get the result. ~ a
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By this estimates of global index we can easily classify all irreducible A-K bi-unitary
connections as in the following. proposition. : : :

Proposition 5.6 Let Gy, G1,G2, G3 be the four graphs connected as in Figure 22. Suppose
that the upper graph Gy is A and the lower graph Gy is K and. suppose. there is .a bi-
unitary connection on the four graphs. Then the connecting vertical graphs Gi. and Gs. are
uniquely determined by the initial condition, i.e., the condition of edges. connected to the
distinguished. vertezr of the graph A. Moreover such a connection is unique up to vertical
gauge.choice. S B L T ST R R R SR S o

Proof The proof of the first assertion is exactly the same as Proposition 5.1. So we
have only to show the uniqueness of irreducible connections corresponding to each vertex
of K. Again we know that there is at least one bi-unitary connection on the four graphs
with an initial edge corresponding to each vertex of A ([25]). So we show that these are
the only irreducible bi-unitary connections up to vertical gauge choice. L ‘

P

~In the case of KX = D,, we know that there is an irreducible A-Ix‘\‘connecti‘dn‘s' with

index V2 which correspond to the vertex * of fDn. We. d,yenot_e‘i’t by sak. . Take one of the
‘two non-equivalent fundamental connections on D,, and denote it by gwg. Take a finite
product aww - - - w (or @) and decompose them. In this way we get some irreducible A-K
connections. We remark that the fusion graph with initial vertex a and generator w has
the same Perron-Frobenius eigenvalue as the index of the connection w- So it must be one
of A-D-E Dynkin diagrams. It is easy to see that irreducible connections corresponding
to any. choice of the initial vertex of I appears in this procedure. So the graph has
vertices at least as many-as that of D,. ;From the estimates of global index, these are
all the irreducible A-K connections: because of the equality |Asaq1] = 2+ |Dn|. Here | K|

‘represents the global index corresponding to all the vertices of the graph K. ¥
In the case of K = Eg 15, the same proof as in the case of D, works. So we have only to
show the following estimates of global indices, i.e. |Es| = |og, |*-|Aul, |E7| = lag,[*-|Ar],
and |Es| = |ag,|? - |Az|. ‘Here ay represents a connection corresponding to an initial
edge connected to the distinguished vertex x of the graph K and |k | denotes-its index.
These are shown by Wenzl’s index formula [14, Theorem 4.3.3]. Actually the square: of
the indices of connections ay as above are the same as the indices of the corresponding
GHJ subfactors, which are exactly the quotient of two global indices of K and A, i.e.
lak|? = |K|/|A| for K = Egzs from Wenzl's index formula. So the above equalities hold.
S : !

;From' Proposition 5.1 and Proposition 5.6 we get the following theorem:

Theorem 5.7 Lﬁeth be one of the__Dyvnkbm diagrams Ay, Dy, Eg 7 8. There is a oné:iq—bne
correspondence between vertices of the graph I and equivalence classes of irreducible A-K
bi-unitary connections.

5.3 Classification of irreducible K-I bi-unitary connections.

;From the one-to-one correspondence between minimal central projections of the K-
K double triangle algebra and K-K bi-unitary connections, for every minimal central
projection p of the K-K double triangle algebra we can associate an index of the subfactor
generated by the corresponding connections.” We call the squareé root of the index of the
subfactor corresponding to a minimal central projection p an index of the projection p
and we denote it by d(p). Because two equivalent bi-unitary connections give rise to
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an isomorphic subfactor, this definition is well-defined. Moreover if two minimal central
projections p and ¢ coincide, they must have the same index, i.e. d(p) = d(q).

For the case of the Dynkin diagrams A" we have special central projections ¥, and
W_ which is called chiral projectors (see Section 2.3). We call the subset of (£, ) which
consists of minimal central projections contained in ¥, (resp. W_) chiral left part (resp.
chiral right part). Because the chiral left part (resp. chiral right part) comc1de with the
set of minimal central projections appears in the system generated by pi (resp. py) they
form two fusion rule subalgebras of (Z,-). The intersection of chiral left part and chiral
right part is called ambichiral part of the fusion rule algebra (Z,-) and it corresponds
to the ambichiral projector .. In the following we use the notations 2, Z, and Z, to
represent the fusion rule subalgebras of chiral left part, chiral right part and ambichiral
part respectively.

Proposition 5.8 Let K be one of Dynkin diagrams An, Dy, Es75. Suppose we have a
fusion rule subalgebra B of the fusion rule algebras of all irreducible K-K connections
Z. Then Z decomposes into left cosets of B and right cosets of B, i.e. we have subsets
X,Y C Z of irreducible connections (representatives of left and right cosets) such that
Z =Uzexz-B= UyeyB Yy, T- Bﬂl B=0ifzr#2’eXandB-ynB-y =0 if
y£y ey.

Proof We w1ll give a proof for the left cosets. We have only to show the following;
x-Bni = ( for irreducible z,2’ € Z, then z-B = z' - B. Suppose we have
x-Bna B = Q) for z,2' € Z. Then there are irreducible [\ K connections b, b’ € B
and z € Z, such that z-b > zand z'-¥ > 2. Hence z-B > z-b-B O 2 - B and
g’ B>z -b-BDz-Bholds. From the Frobenius reciprocity, we have z - b > z and
z-b = z'. So the converse1nclus1ons/v Bo>z-b-Bo>zx-Bandz2-BD>z-b-B>z' B
holds. Thus we havez-B=12'-B =z B. o -

Remark 5.9 It is easy to see that this proposition holds true for more general fusion rule
algebras such as those treated in Hiai-Tzumi [1 5]. We only need the property of Frobenius
reciprocity. For ezample any fusion rule algebras of bimodule (or sectors) arising from
subfactors have this coset decomposition property.

‘The following can be easily shown from Proposition 5.8 and the estimates of global
indices (Theorem 5.5).

Corollary 5.10 If the chiral left part Z; does not coincide with the chiral right part Z,,
then the principal fusion graphs of minimal central projections pf and p; cannot be the
Dynkin diagram of type A. Conversely if one of the principal fusion graphs of pt and p;
is the Dynkin diagram of type A, then we have 2, = Z, = Z, = Z.

5.3.1 The case of A,

This is done in the previous subsection 5.1. There is one-to-one correspondence be-
tween vertices of the Dynkin diagram A, and irleducible An-A,, bi-unitary connections.
In this case the two mmlmal central projections pf and p; coincide. The fusion rule graph
for the generator [1] = pi = py is given in Figure 40.

5.3.2 The case of D1
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In this case we have gap(Da,41) = 0o and corresponding recoupling system is Agpp_1-
So there are two series of mutually orthogonal minimal central projections {p{ }r=012, . 4n—2
and {py }x=0,12,.4n—2. Here pg¢ and pg coincide and it corresponds to the identity con-
nection. Because all pj arise from p{ by taking - product, this means that the subfactor
arising from the connection corresponding to pT (which is one of the two non-equivalent
bi-unitary connections as in Corollary 4.4) have at least 4n — 1 vertices in its principal
graph. From the index value d(py) this is possible only when the principal graph is the
Dynkin diagram A4,—1. So we have Z; = Z, = Z, = Z by Corollary 5.10. Hence these
are all the minimal central projections. ;From the facts that pi # pT, pi # Pg—3 and
d(pf) = d(p7) = d(pf,—3) = d(pz_3), the minimal central projection p; must coincide
with pJ,_s. Hence we get p; = pf,_,_; from the fusion rule. The fusion graph of the two
generator [1] = p{ and [4n — 3] = p; are given as in Figure 41.

Note that we did not use the fact of non-existence of Ds,y1 subfactors in the above
argument. So it gives another proof of the non-existence of Dy,y1 subfactors. It also
shows that the flat part of Dy, ; commuting squares are Agp-1.

5.3.3 The case of Dy,

In this case there are two non-equivalent connections with index 1. One is trivial
connection and the other comes from the flip of the two tails of the graph Ds, (we denote
it by £). We denote the minimal central projections corresponding to the connection € by
Pe-

Because pj # pr, the fusion graph of chiral left part as well as chiral right part can
not be Ay, 3 from Corollary 5.10. So they must be Dy, except the case n = 5,8. But
in the case of Do and D¢ we have gap(Dyo) = 16 and gap(Dys) = 28. Hence there is a
series of mutually orthogonal minimal central projections pg,py,...,p7 € 2 in the case
of Dy and py,p},...,pfs € 2 in the case of Dys. These shows that the fusion graph of
chiral left part (hence chiral right part as well) can not be Eg or Eg and they must be
D;o and D;¢ themselves. :

It is easy to see that p, does not appear in either Z; nor Z; by comparing the indices
except the case Dy. In the case of Dy, the fusion rule algebra of even vertices of Dy is the
cyclic group Z3. Hence p. ¢ Z;U Z, in this case, either. So we get the coset decomposition
Z O Z;UZ;-p.. But the estimates of the global indices of the both sets Z and Z,U Z; - p.
shows that these are all the irreducible -/ connections.

;From the equalities p; = p. - pf = pi - pe and p? = pe - p. = id we have Py = p3,
which shows that the even vertices of chiral left and right part coincide from fusion rule of
Ds,,. It is easy to see that the odd vertices of Z; and Z, does not coincide again from the
fusion rule. So we obtain the fusion rule graph for two generators [1] = pf and [17] = p;
as in Figure 42.

5.3.4 The case of Eg

In the case of Eg we know that pj # p7. By looking at the vertical edges of the
composite connection corresponding to pf - py, we can see that this connection is irre-
ducible from the criterion [1, Corollary 2, Section 3] and the Frobenius reciprocity. This
means that py is not in the chiral left part, i.e. p; € Z;. So we have coset decomposition

"Z D Z,UZ - p; (see Proposition 5.8). The (coset) principal fusion graphs for 2Z; and
Z, - py are one of the Dynkin diagrams D7 or Eg. We cannot have A;; from Corollary
5.10. The estimates of global indices show that [Ai;| = (3 + v/3)|Es| = (1'+ Ip71?)| s
;From this together with the following inequality |Eg| < |D7| < |Ay;] the both (coset)
principal fusion graphs for Z; and Z, - p; must be Eg. This also shows the flatness of
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X |idy 2 el o p3 ps
idn|idy p2 | pa p1 ps . | ps |
pa| p2 |idn+2p2+p4 | p2|prtps+ps | pr+ps | prtps+ops|
pal pa | m | ddn s s pP1 1
Pl ;| Pi+ps+ps | Ps| idu + ph Py | Pt Pl

P3| P3 p1 + Ps P3 5 idy + py P

Ps| Ps | P1+ Pp3s+ ps P P+ ph idpy + ph

Table 1: Multiplication table for - ©x - of the fusion rule algebra of E¢

idy P2 P N-—-N
p1 Pz Ps N-—M
Pl Pz Ps M—-N
idy Py M—-M

Figure 37: The (dual) principal graph Eg

FE¢ connections (see Proposition 3.21) and that the whole system Z is generated by the
two irreducible fundamental connections pj and p;. Now it is easy to see the fusion rule
graph for the two generators [1] = pj and [17] = py is given in Figure 43 from the index
values. Here we also give the multiplication table of the Eg fusion rule algebra in Table
1, where p;’s correspond to the vertices of Eg shown in Figure 37.

5.3.5 The case of E+ |

We have p/ # p; and the irreducibility of the composite connection pj - p; can be
shown in the same way as Fg case. So we have coset decomposition Z O Z;U Z; - p] and
the (coset) principal fusion graphs for Z; and 2Z; - p; are one of the Dynkin diagrams Dy,
or E;. (Again we cannot have A;g from Corollary 5.10.)

In this case the global indices satisfies |Ey| = 26(33%2 — 158 + 18) < |Dyo| = /3|E7| <
IA17I = 26|E7}, where ﬁ = 4COS (71'/18) ‘So we have |A17| = 2ﬂlE7| > |G1| + ﬁ|G2|
where G| and G, denote the (coset) principal fusion graph for Z; and Z; - p7 respectively.
Hence the equality only happens when G; = D,y and G = E7. This shows that the flat
part of the E; connections is Dy and that the whole system Z is generated by the two
fundamental connections p; and p;. Here we claim py # p;. If pJ = p;, from the fusion
rule we have pi < pf - pi = 2p; + p;. But this is impossible because dim End(p] - p7) =
‘dim Hom(p7 -pf -p7, p7) = 2 by Frobenius reciprocity, which contradicts the irreducibility
of pf - py. Hence we must have pJ # p;. Then by looking at the indices and the fusion
rules, we get the fusion graph for the two generators [1] = p{ and (0) = p; as in Figure
43. '

5.3.6 The case Of‘Eg

In this case we also have the coset decomposition Z O 2Z; U Z; - p; which.is shown



131

in the same way as Fg7 cases. the (coset) prmclpal fusion graphs for 2Z; and Z; - py
are one of the Dynkin diagrams Dig or Es. The global indices satisfies |Es| < |Dig| =
(8% — 2B +2)|Es| < |A1z] = (28% = 4B + 4)| Es|, where § = 4cos?(/30).

First we show the principal fusion graph of p{ is Fs. (From the above coset decompo-
sition, we have the following inequality, |A17| = (26 — 48 + 4)|Eg| > |G1| + B|G2|. Here
G, and G, denote the (coset) principal fusion graph for Z; and Zl . py Tespectively. If
G = Djg, there are two possibilities, i.e. py =p; or p3 #Dp;. If p3 = py holds, the even
vertices of the chiral left part Z; and those of the chiral right part Z. coincide from the
fusion rule. And we have the following coset decomposition, Z D Z;U Z; - p; U Z; - p3
because p; € 2, U Z; - p;. But the smallest possible value of the global ‘indices is
]D16| + B|Es| + B(B — 2)?|Es|=(8> — 36> + 33 + 2)|Es| > |Ag| and this is impossible. If
p3 # py holds, then p; ¢ Z,U 2, - p; by comparing the indices. So we have the coset
decomposition Z D Z;U 2;- p; U Z; - py . The smallest possible value of the global indices
is |Dig| + B|Es| + (8 —1)?|Es|=(2% = 30 + 3)|Es| > |A2|. So again this is impossible.
Thus the principal fusion graph of p must be Eg. And this shows the flatness of Ejg
connections. We label the vertices of the chiral left and right part as in Figure 38.

Next we show that the ambichiral part Z, = Z;N Z, is {po, ps = pe”} iFrom gap(Es)
=0-gap(Eg) = 10; we have two series of mutually orthogonal minimal central projections
{pi }r=01234 and {py }r=0,1,2,34- These are also labelled by py = pr and pj = py~. There .
are two possibilities, i.e. py = po~ or P2 # py~ from the index values: If p; = py~, then
from the fusion rule (Table 3) we have pi-p1-p1” = (po+p2)-p~=2p~+ps”. But thisis
impossible because dim End(p, - pi~) = dim Hom(p; - (p1-p17), p1) by Frobenius reciprocity
and it contradicts the irreducibility of p; - p1™. So pe and p;~ do not coincide. Then again
from the fusion rule we cannot have ps = ps~ which contradicts pa # p2™~. Now if ps # pe~
then we can check the following coset decomposition, Z D Z,U Z;- pi” UZ;- py” UZ; - p5~
UZ, - ps~ by comparing indices. The smallest possible value of the global index of these
cosets is (282 — 38 + 3)|Es| > |Axl|, which contradicts the estimates of global indices
(Theorem 5.5). Hence we must have pg = pg~. It is easy to see that the odd vertlces of
2, and Z, cannot coincide because of the fusion rule (Table 3) and the fact p1 = p1”.

Remark 5.11 Here we remark that the multiplication tables 1, 2 and 3 are for the system
of bimodules or sectors. But in the case of K- connection systems we have different
gradings. Actually we have equality w = @ for the two fundamental connections w of A-
D-E Dynkin diagrams. This is impossible in the case of bimodules because w corresponds
to an N — M bimodule. In the case of sectors self-conjugate sector py = pi makes sense,
but these have different meaning. ;From the fact that the fundamental connection w,
which corresponds to p1 in the multiplication tables, is self-conjugate in our sense as a
pair of connections, we can easily get pp = py for odd k and p), = pi for even k in the case
of E¢ and Eg. Again one will notice that pj, = py. for even k does not make sense even in
the case of sectors because the left hand side is in Sect(M) while the right hand side is in
Sect(N). But in our setting of K-K' connection systems such things can happen. Hence
we can read the multiplication py - po = py + p3 and py - ps = ph+ Py as p1-p2 = p1+ p3
and p1 - p3 = pa + ps Tespectively for examples in Table 2 and 3.

Now from the fusion rule we know p~ = pg - p1°, pa~ = pe - p2~ and p3~ = ps - p5. So
we have the coset decomposition Z D Z,U 2, - pi” UZ; - p” UZ; - ps”. And the estimates
of the global indices of both hand side is |Ay| = (28° — 48 + 4)|Es| and |Es| + 3| Es|
+(B8 — 1)2|Es| +B(—B +78% — 133 + 5)°|Eg| = (26 — 48 + 4)|Es|, where we used the
equality f*—78%+143*—8(+1 = 0 to compute the right hand side. So we get the equality
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Po P2

p1 3~
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Pe even

P ’ odd

6 even -

p7 odd

Figure 38: The chiral left and right part of the fusion rule algebra Z of Ej.

X |idn P2 P4 P6
idn| idn P2 P4 P6

p2| p2 idy + p2 + pa P2+ 2ps + ps P4

Pa| P4 P2+ 2ps+ps | idn+2pa+ps+ps | pa+ pa
Pe | Ps Pa p2 + p4 idn + pe
pL| P p1+ D3 p3 + ps + pr p1

P3| P3 | PL+ps+ps+pr | pL+2p3+ps +2p | P+ ps
Ps| Ps P3 + pr p1+ Ps+ p5 + pr P3

pr| pr P3 + ps + pr pL+2p3+ps+pr | P+ pr

Table 2: Multiplication table for - ®y - of the fusion rule algebra of Ej (1)

in the above coset decomposition. This shows that the whole system Z is generated by
the two elements pf and p;. Finally by looking at the index values and the fusion rule,
we obtain the fusion rule graph for the two generators [1] = pf and [17] = p as in in

Figure 45.

Remark 5.12 We will explain the meaning of Figures 40 to 45. The white vertices

and black vertices represents even and odd vertices respectively. The large double circled
vertices denote the ambichiral part. The thick edges and thin edges represent the chiral left
graphs and the left coset graphs, which are obtained as Cayley graphs for multiplication
by the generator pf from the left. The thick dotted edges and thin dotted edges represent
the chiral right graphs and the right coset graphs, which are obtained as Cayley graphs for

idn p2 P4 P6
P1 P3s  Ps  Pr
P1 Ps  Ps  Pr

idy P Py Pé

N-—-N
N-M
M-N
M-M

Figure 39: The (dual) principal graph Eg
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X 4! P3 P5 148
dyl T ;- Pz Ps P
p2| PLtps p1+ p3+ps + pr p3 + pr p3 + ps + pr
palps+pstpr | prt203+ps+2p0 prtp3tpst+pr| pLt2p3+ 05+ o7
Ps pr. P3 + pPs p3 p1+ p7
p1| idy +py Py + Py Py Pyt pg
ps| o+ Py idutpy+204+p6 | phtph py + 20,
Ps P4 Py + Py + P idy + po + Py
pr| Pyt P P + 20} P + Pl idy + py + P+ pg

Table 3: Multiplication table for - ©n - of the fusion rule algebra of Eg (2)

multiplication by the generator p; from the right.

~ In the procedure to get the complete classification of irreducible K-K bi-unitary con-
nections. We also obtained the complete classification of flat connections and flat part of
non-flat connections on the Dynkin diagrams. We state this as the following corollary.

Corollary 5.13 The (; fundamehtal} bi-unitary connections on the four graphs as in Fig-
ure 35 are flat in the case of An, Doy, Eg and Eg. They are not flat in the case of Daptq
and E;. The flat part of Do,y and E7 connections are Asn—1 and Dyg respectively.

Hence it provides another proof of the complete classification of subfactors of the
hyperfinite II; factor with index less than 4.

Corollary 5.14 There is only one subfactor with principal graph A, for each n > 2.
There is only one subfactor with principal graph Da, for each n > 2. There are two and
only two non-isomorphic subfactors with principal graph E¢ and Eg respectively. These
are all the subfactors of the hyperfinite II, factor with index less than 4.

By examining each case we obtain the following structural result on the fusion rule
algebra of all K-K bi-unitary connections.

Theorem 5.15 Let K be one of the A-D-E Dynkin diagrams. The fusion rule algebras
of all K-K bi-unitary connections are generated by the two minimal central projections
pE. Moreover the chiral left part and the chiral right part commutes.

Remark 5.16 The first assertion of the above theorem can be shown directly by taking
the - product of two chiral projectors ¥, - W_. Minimal central projections appear in this
product is contained in the fusion rule subalgebra generated by py and py. And it is not
difficult to show. that the product contains the identity element of the K-K double triangle
algebra by using the non-degenerate braiding on the recoupling system A. This result can
be generalized in more abstract setting of double triangle algebra as in [5].

Remark 5.17 Though it is not written in detail in [24], Ocneanu showed stronger result
than the commutativity of the chiral left and right part. He showed that the chiral left
part and chiral right part of the fusion rule algebra of K-I bi-unitary connections has
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N [0]
Ne |
[1]

Ay Ay As

Figure 40: Chiral symmetry for the Coxeter graph A,

non-degenerated braiding. (See the explanation of the picture “Quantum Symmetry for
Coxeter graphs” in [24].) He defined the choice of intertwiner in Hom(p; - pj,p; - p1)
graphically and showed the existence of the non-degenerate braiding. This shows that the
fusion rule algebra of the ambichiral part has non-degenerate braiding. And it implies
the existence of non-degenerate braiding on the system of bimodule corresponding to even
vertices of the Dynkin diagram D,,, which was shown by D. E. Evans-Y. Kawahigashi in

[12].
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Figure 45: Chiral symmetry for the Coxeter graph Eg



