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1 Introduction

For a Riemann $\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{r}\mathrm{f}_{(}\prime \mathrm{l}_{2}\mathrm{c}\mathrm{e}S,$ lctl End(S) denot, $\mathrm{c}$ t,he set of all holomorphic en-
domorphisms of S. It, is a semigroup with the semigroup operation being
$\mathrm{c}o\mathrm{m}_{1})\mathrm{o}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of maps. A rational $sem\dot{i}.qroup$ is a sllbscmigrollp of End $(\overline{\mathbb{C}})$

$\mathrm{w}\mathrm{i}\mathrm{t},\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{f}$, any constant, element, $\mathrm{s}$ . We define hyperbolic, sltb-hyperbolic, and
semi-hyperbolic semigroups. We show that, if $G$ is a finit,ely generated ra-
tional semigroup and sat,isfies some semi-hyperbolicit.$\mathrm{y}$, then $\mathrm{t},\mathrm{h}\mathrm{c}\mathrm{r}\mathrm{e}$ exist,s an
attractor in the $\mathrm{F}\mathrm{a}\mathrm{t},011$ set, of $G$ for $G(\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{C}\mathrm{m}3.12)$ . In Section 4, we will
consider the skew $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}_{11}\mathrm{c}\mathrm{f}_{/}\mathrm{s}$ of rat,ional $\mathrm{f}\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{C}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$ or $\overline{\mathbb{C}}$-fibrations. The “

$\mathrm{J}_{11}1\mathrm{i}\mathrm{a}$

set,” of any skew product, is defined $\mathrm{t},0$ be the $\mathrm{c}1_{\mathrm{o}\mathrm{S}1}1\mathrm{r}\mathrm{C}$ of the lmion of the
fiberwise $\mathrm{J}_{\mathrm{l}1}1\mathrm{i}\mathrm{a}$ set,s. We will define hyperbolicit,$\mathrm{y}$ and semi-hyperbolicity.
We will show $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}$, if a skew $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}_{11\mathrm{C}}\mathrm{t}$ is semi-hyperbolic, $\mathrm{t},\mathrm{h}\mathrm{e}\mathrm{n}\mathrm{t},\mathrm{h}\mathrm{C}$ Julia set is
$\mathrm{e}\mathrm{q}_{11}\mathrm{a}\mathrm{l}\mathrm{t},\mathit{0}$ the llnion of t,he fibcrwisc Jlllia sets and the skew product has the
contraction property with respect, $\mathrm{t},0$ the backward dynamics along fib $e\mathrm{r}\mathrm{s}$ .
The reslllf,s in section 4 are generalized to t,hose of version of $\overline{\mathbb{C}}$-fibrations.

In Section 5, we will consider necessary and sllfficient, conditions to be
semi-hyperbolic. We will show that, any sllb-hyperbolic semigroup without
any sllperat,t,ract,ing fixed point of any element of the semigroup in the Julia
set is semi-hyperbolic.

We consider t,he Hallsdorff dimension of $\mathrm{t},\mathrm{h}\mathrm{e}$ Julia sets of rational semi-
groups. To $\mathrm{i}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{S}\mathrm{t},\mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t},\mathrm{e}$ t,hat we construct the subconformal measure.$9(\mathrm{s}_{\mathrm{e}\mathrm{c}\uparrow\prime}\mathrm{i}_{\mathrm{o}\mathrm{n}}6)$.
If a rattional semigrollp has at, In$o\mathrm{s}\mathrm{f},$ collnt,ably many element, $\mathrm{s}$ and the $(\overline{)}-$

Poincar6 scrics converges, then we can consf,rllct, ($\overline{)}$-subconformal measllres.

We will see $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{f}_{3}$ if $G$ is a finit,ely $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t},\mathrm{C}\mathrm{d}$ semi-hyperbolic rational semi-
grollp, then t,he Hausdorff dimension of t,hc $\mathrm{J}\iota 1\mathrm{l}\mathrm{i}\mathrm{a}$ set, is lcss t,han the expo-
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nent, $\delta(\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}6.7)$ . To show those $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{l}\iota \mathrm{l}\mathrm{t}\mathrm{s}$, the contracting property of
backward dynamics will be llsed.

In section 7, for any finitely generat,cd rational semigroup $G=\langle fi, \ldots, f_{rrl}\rangle$

we consider t,he skew product cost, $\mathrm{r}\iota 1\mathrm{c}\mathrm{t}_{)}\mathrm{e}\mathrm{d}$ by $\mathrm{t}_{\mathit{1}}\mathrm{h}e$ generat,or $\mathrm{s}\mathrm{y}\mathrm{s}\mathrm{t},\mathrm{e}\mathrm{m}$ . we con-
struct the (backward) self-similar measure. That is, a kind of invariant mea-
sures whose projection to the base spacc( $\mathrm{S}\mathrm{P}^{\mathrm{a}\mathrm{C}}\mathrm{C}$ of one-sided infinite words)

are some Bernoulli mcasllres. We will show the llniqueness for any weight
without any assumption about hyperbolicit,$\mathrm{y}$. Furthermore we caliculate the
met, $\mathrm{r}\mathrm{i}\mathrm{c}$ ent,ropy of $\mathrm{t},\mathrm{h}\mathrm{o}\mathrm{s}\mathrm{C}$ mcasllres. We show t,hat the $\mathrm{t},o\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{i}_{\mathrm{C}\mathrm{a}1}$ cnt,ropy of
the skew prodllct constructed by $\mathrm{t},\mathrm{h}e$ generator system $\{f_{1}, \ldots, f_{m}\}$ is equal
$\mathrm{t},0$

$1o\mathrm{g}(\Sigma_{j}\gamma r\iota\deg(=1f_{j}))$

and there exists a $11\mathrm{n}\mathrm{i}\mathrm{q}_{1\iota \mathrm{e}}$ maximal entropy measure, which coincides with
the backward self-similar measure corresponding to the weight

$a_{0}:=$
$( \frac{\deg(f_{1})}{rr\iota}$ , ... , $\frac{\deg(f_{m})}{m})$ .

$\sum_{j=1}\deg(f_{j})$ $\sum_{j=1}\mathrm{d}e\mathrm{g}(f_{j})$

Hence t,he $\mathrm{p}\mathrm{r}\mathrm{o}.|_{\mathrm{C}}\mathrm{c}\mathrm{f}$
)

$\mathrm{i}\mathrm{o}\mathrm{n}$ of $\mathrm{t}_{c}\mathrm{h}\mathrm{e}$ maximal $\mathrm{e}\mathrm{n}\mathrm{t}$,ropy measllre of the skew product
t,o the base space is $\mathrm{c}\mathrm{q}_{\mathrm{l}1}\mathrm{a}\mathrm{l}\mathrm{t}_{r}\mathrm{o}$ the Bcrnolllli measllrc corresponding to the

above weight $a_{0}$ . Applying this result, if $\{f_{j}^{-1}(J(G))\}_{j\gamma n}=1,\ldots$, are mutually

disjoint, t,hen we get, a lower estimate of $\mathrm{H}\mathrm{a}11\mathrm{S}\mathrm{d}_{\mathrm{o}\mathrm{r}\mathrm{f}\mathrm{f}}$ dimension of the Julia
set of $G$ .

This paper is a summary of a part of the author’s thesis $([\mathrm{s}5])$ .

2 preliminaries

For a Riemann surface $S$ , let End$(S)$ denote the set of all holomorphic
cndomorphisms of $S$ . It is a $\mathrm{s}\mathrm{e}\mathrm{m}\mathrm{i}\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{l}\iota \mathrm{p}$ with the semigroup operation being

composit,ion of maps. A rational $sem\dot{i}gro?\iota p$ is a subscmigroup of End $(\overline{\mathbb{C}})$

without any constant $\mathrm{e}\mathrm{l}\mathrm{c}\mathrm{m}\mathrm{C}\mathrm{n}\mathrm{t},\mathrm{S}$ . We say t,hat a rational semigroup $G$ is a

polynomial semigroup if each element of $G$ is a polynomial.

Definition 2.1. Let $G$ be a rational semigrollp. We set

$F(G)=$ { $z\in\overline{\mathbb{C}}|G$ is normal in a neighborhood of $z$ }, $J(G)=\overline{\mathbb{C}}\backslash F(G)$ .

$F(G)$ is called t,he Fatou set for $G$ and $J(G)$ is called t,he Julia set for $G$ .

Definition 2.2. Let, $G$ be a rational semigroup and $z$ be a point of $\overline{\mathbb{C}}$.

The backward orbit $G^{-1}(z)$ of $z$ and the set of except,ional points $E(G)$ are
defined by:

$G^{-1}(z)^{\mathrm{t}\iota_{\mathrm{e}}}=^{\mathrm{f}}$ { $?lJ\in\overline{\mathbb{C}}|$ there is some $g\in G$ such t,hat $g(w)=z$ },
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$E(G)^{\mathrm{t}1\mathrm{e}}=\{z\in\overline{\mathbb{C}}|\# c-1(z\mathrm{f})\leq 2\}$ .

Lemma 2.3. Let $G$ be a rational semigroup.

1. For any $f\in G$ ,

$f(F(c))\subset F(G),$ $f^{-1}(J(G))\subset J(G)$ ,

$F(G)\subset F(\langle f\rangle),$ $J(\langle f\rangle)\subset J(G)$

2. Asstlme $G\dot{i}_{\backslash }9$ generated by a compact subset A of End$(\overline{\mathbb{C}})$ . Then

$J(G)= \bigcup_{f\in\wedge}f^{-1}(J(c))$
.

We call this property the $backu$)$ard$ self-similarity of the Julia set.

The $\mathrm{J}_{11}1\mathrm{i}\mathrm{a}$ set. of any rational semigroup is a perfect set,, backward orbit,
of any point, of the Julia set, is densc in $\mathrm{t},\mathrm{h}\mathrm{e}\mathrm{J}_{11}1\mathrm{i}\mathrm{a}$ set, and the set of repelling
fixed points of t,he semigroup is dense in $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ Julia set. In general, the Julia
set, of a rat,ional semigrollp $G$ is not) forward invariant lmdcr $G$ and the
Julia set, of a $\mathrm{r}\mathrm{a}\mathrm{t}_{l}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{s}\mathrm{c}\mathrm{m},\mathrm{i}\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{l}\iota \mathrm{p}$ may have non-empty int,erior points. For
example, $J(\langle_{Z}2,2_{Z}\rangle)=\{|z|\leq 1\}$ . In fact, in [HM2] it was shown that if $G$

is a $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}_{J}\mathrm{e}\mathrm{l}\mathrm{y}\mathrm{g}\mathrm{e}\mathrm{n}e\mathrm{r}\mathrm{a}\mathrm{t},\mathrm{e}\mathrm{d}\mathrm{r}\mathrm{a}\mathrm{t}_{r}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{a}}1$ semigrollp, t,hcn any sllper attract,ing fixed
point, of any element, of $G$ does $\mathrm{n}o\mathrm{f}_{r}$ belong t,o $\partial J(G)$ . Hence we can easily
get many examples t,hat, the Jlllia sct,s hav$e$ non-empty int,erior points. For
more $\mathrm{d}\mathrm{e}\mathrm{t}$,ails abollt, t,hese propert, $\mathrm{i}_{\mathrm{C}\mathrm{S},\mathrm{s}}\mathrm{e}\mathrm{c}[\mathrm{H}\mathrm{M}1],$ $[\mathrm{H}\mathrm{M}2]$ , [S1] and [S2]. In this
paper we use t,he $\mathrm{n}\mathrm{o}\mathrm{t},\mathrm{a}\mathrm{t}\mathrm{i}o\mathrm{n}\mathrm{S}$ in [HM1] , [S1] and [S2].

Since t,he Julia set of a rational scmigroup may have non-empty interior
point, $\mathrm{s}$ , it, is significant, for us t,o $\mathrm{g}\mathrm{e}\mathrm{t}_{J}$ sufficient conditions such $\mathrm{t}\prime \mathrm{h}\mathrm{a}\mathrm{t}$, t,he Julia
$\mathrm{s}\mathrm{c}\mathrm{t}$, has no interior $\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t},\mathrm{S}$ , to know when $\mathrm{t},\mathrm{h}\mathrm{e}$ arca of the $\mathrm{J}_{\mathrm{l}1}1\mathrm{i}\mathrm{a}$ set is equal $\mathrm{t}_{\text{ノ}}\mathrm{o}$

$0$ or to get an $11\mathrm{P}\mathrm{p}_{\mathrm{C}\mathrm{r}e\mathrm{s}}\mathrm{t},\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{e}$ of t,he $\mathrm{H}\mathrm{a}11\mathrm{S}\mathrm{d}_{\mathrm{o}\mathrm{r}\mathrm{f}\mathrm{f}}$ dimension of the Julia set.
We will try that using various information about forward dynamics of the
semigroup in the Fatou set or backward dynamics of the semigroup in the
Julia set.

3 Hyperbolicity

Definition 3.1. Let, $G$ be a rat,ional semigroup. We set,

$p(G)=, \bigcup_{c\in c^{\mathrm{v}}}$ { critical vallles of $g$ }.

We call $P(G)$ t,he post, crit,ical set, of $G$ . We say t,hat $G$ is hyperbolic if
$P(G)\subset F(G)$ . Also we say t,hat $G$ is $\backslash \mathrm{s}ub- h\uparrow/perbol\dot{i}C$ if $\#\{P(G)\cap J(G)\}<\infty$

and $P(G)\cap F(G)$ is a compact set.
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We denote by $B(x, \epsilon,)$ a ball of ccnt.er $x$ and radills $\epsilon$ in the spherical
metric. We denote by $D(x, \epsilon)$ a ball of cent,er $x\in \mathbb{C}$ and radius $\epsilon$

, in the
Euclidim $\mathrm{m}\mathrm{c}\mathrm{t},\mathrm{r}\mathrm{i}\mathrm{c}$. Also for any hyperboplic manifold $M$ we denot, $\mathrm{e}$ by $H(x, \epsilon)$

a ball of $\mathrm{c}\mathrm{c}\mathrm{n}\mathrm{t},\mathrm{C}\mathrm{r}X\in M$ and radills $\epsilon$

, in the hyperbolic met,$\mathrm{r}\mathrm{i}\mathrm{c}$ . For any rational
map $g$ , we denot, $\mathrm{e}$ by $B_{g}(x, \epsilon,)$ a connected component of $g^{-1}(B(x, \epsilon))$ . For
each open set $U$ in $\overline{\mathbb{C}}$ and each rational map $g$ , we $\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{t}_{y}\mathrm{e}$ by $c(U, g)$ the set
of all connect,ed $\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{n}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{n}\mathrm{t},\mathrm{s}\mathrm{o}\mathrm{f}.q-1(U)$. Not,e that, if $g$ is a polynomial and
$U=D(x, r)$ then any element, of $c(U, g)$ is simply connect,ed by the maximal
principle.

For each set $A$ in $\overline{\mathbb{C}}$ , we denote by $A^{i}$ the set of all interior points of $A$ .

Definition 3.2. Let $G$ be a rational semigroup and $A$ a set in $\overline{\mathbb{C}}$ . We set
$G(A)= \bigcup_{g\in Gg}(A)$ and $G^{-1}(A)= \bigcup_{g\in Gg}-1(A)$ .

We can show the following Lemma immediately.

Lemma 3.3. Let $G$ be a rational semigroup. Assume that $\{f_{\lambda}\}_{\lambda\in\Lambda}$ is a
generator system of G. Then we have

$\bigcup_{g\in G}$
{ $Critical$ values $of.q$ } $= \bigcup_{\lambda\in\wedge}(G\cup\{Id\})$

( $\{Cr\dot{i}t\dot{i}Cal$ values of $f_{\lambda}\}$ ).

Definition 3.4. Let $G$ be a rat,ional semigroup and $N$ a positive integer.
We set,

$SH_{N}(G)$

$=$ $\{x\in\overline{\mathbb{C}}|\exists\delta(X)>0, \forall g\in G, \forall B_{g}(_{X(\overline{)}},(_{X})), \mathrm{d}\mathrm{c}\mathrm{g}(g:B(gX, \delta)arrow B(x, \delta))\leq N\}$

and $UH(G)=\overline{\mathbb{C}}\backslash (\cup N\in \mathrm{N}SHN(c))$ .

Remark 1. By definit,ion, $SH_{N}(G)$ is an open $\mathrm{s}\mathrm{e}\mathrm{f}_{J}$ in $\overline{\mathbb{C}}$ and $g^{-1}(sH_{N}(G))\subset$

$SH_{N}(G)$ for each $.q\in G$ . Also $UH(G)$ is a compact, set and $g(UH(c))\subset$

$UH(G)$ for each $g\in G$ . For each rat,ional map $g$ with $\mathrm{d}\mathrm{c}\mathrm{g}(g)\leq 2$ , any

parabolic or at, $\mathrm{t}$,ract,ing periodic point of.$q$ belongs $\mathrm{t},oUH(G)$ .

Definition 3.5. Let $G$ be a $\mathrm{r}\mathrm{a}\mathrm{t},\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{a}}1$ semigroup. We say that, $G$ is semi-
hyperbolic (resp. weakly semi-hyperbolic) if t,here $\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{S}\mathrm{t}_{}\mathrm{S}$ a positive integer
$N$ such t,hat, $J(G)\subset SH_{N}(c)(\mathrm{r}\mathrm{e}\mathrm{s}_{\mathrm{P}}.\partial J(c)\subset SH_{N}(G))$ .

Remark 2. 1. If $G$ is semi-hyperbolic and $N=1$ , t,hen $G$ is hyperbolic.

2. If $G$ is $1_{1}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{C}$ , t,hen $G$ is semi-hyperbolic.

3. For a $\mathrm{r}\mathrm{a}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{m}\mathrm{a}\mathrm{p}f$ with t,he degree at, least two, $\langle f\rangle$ is semi-hyperbolic
if and only if $f$ has no parabolic orbits and each $\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{t}_{l}\mathrm{i}\mathrm{C}\mathrm{a}1$ point, in t,he

Julia set, is non-recurrent, $([\mathrm{C}\mathrm{J}\mathrm{Y}], [\mathrm{Y}])$ . If $\langle f\rangle$ is semi-hyperbolic, then
there are neit,her indifferent cycles, Sicgel disks nor Hermann rings. In
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[CJY], it is shown t,hat, for a polynomial $P$ of degree at least two, $P$

is semi-hyperbolic if and only if t,he basin of $\mathrm{i}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{f}\prime \mathrm{y}$ of $P$ is a John
domain.

Lemma 3.6 $([\mathrm{C}\mathrm{J}\mathrm{Y}])$ . For any positive integer $N$ and real number $r$ rvith
$0<r<1$ , there exists a constant $C=C(N, r)$ such that if $f$ : $D(0,1)arrow$
$D(\mathrm{O}, 1)$ is a proper holomorphic map $?l$)$\dot{i}t,h\deg(f)=N$ , then

$H(f(z0), c)\subset f(H(z0, r))\subset H(f(z\mathrm{o}), r)$

for any $z_{0}\in D(0,1)$ . Here we can take $C=C(N, r)$ independent of $f$ .

Corollary 3.7 $([\mathrm{Y}])$ . Let $V$ be a simply connected domain in $\mathbb{C},$ $0\in V,$ $f$ :
$Varrow D(\mathrm{O}, 1)$ be a proper holomorphic map of degree $N$ and $f(0)=0,$ $W$ be
the component of $f^{-1}(D(\mathrm{o}, r))$ containing $0,0<r<1$ . Then there exists a
constant $K$ depenrling only on $r$ and $N$, not $depend_{\dot{i}}n.q$ on $V$ and $f$ , so that

$|. \frac{x}{?/}|\leq K$

for all, $x,$ $\tau/\in\partial W$.

Lemma 3.8. Let $V$ be a domain $\dot{i}n\overline{\mathbb{C}},$ $K$ a continuum $\dot{i}n\overline{\mathbb{C}}\uparrow l$

)$if,hd_{\dot{i}}amsK=$

$a$ . Assume $V\subset\overline{\mathbb{C}}\backslash K$ . Let $f$ : $Varrow D(\mathrm{O}, 1)$ be a proper holomorphic
map of $d_{\mathrm{C}^{\supset}},.qrC(^{\supset}$, N. Then there exists a constant $r(N, a)$ depending only on
$N$ and $a$ such that for each $r$ with $0<r\leq r(N, a)$ , there exists a constant
$C=C(N, r)$ depending only on $N$ and $r$ satisfying that for each connected
component $U$ of $f^{-1}(D(\mathrm{o}, r))$ ,

$d_{\dot{i}}am_{6}’ U\leq C$ ,

where we denote by $d_{i}am_{6}$’ the.spherical diameter. Also we have $C(N, r)arrow 0$
as $rarrow 0$ .

Definition 3.9. Let $G$ be a rational $\mathrm{s}\mathrm{e}\mathrm{m}\mathrm{i}\mathrm{g}\mathrm{r}\mathrm{o}\mathrm{l}\iota \mathrm{p}$. We $\mathrm{s}\mathrm{e}\mathrm{f}$,

$A_{0}(c)=\overline{G(\{z\in\overline{\mathbb{C}}|\exists.q\in G\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}\deg(g)\geq 2,g(X)=x\mathrm{a}\mathrm{n}\mathrm{d}|g\prime(x)|<1.\})}$ ,

$\tilde{A}_{0}(c)=\overline{c(\{_{Z}\in F(G)|\exists g\in G\mathrm{W}\mathrm{i}\mathrm{t}\mathrm{h}\deg(g)\geq 2,g(X)=x,\mathrm{a}\mathrm{n}\mathrm{d}|g(\prime x)|<1.\})}$,

$A(G)=\overline{G(\{_{Z}\in\overline{\mathbb{C}}|\exists g\in G,g(T_{\text{ノ}})=T,\mathrm{a}\mathrm{n}\mathrm{d}|.q(\prime \mathcal{T}_{\text{ノ}})|<1.\})}$ ,

$\tilde{A}(G)=\overline{G(\mathrm{i}z\in F(c)|\exists.q\in G,g(_{X})=x‘\gamma\mathrm{n}\mathrm{d}|g(_{X)|\})}\prime<1.}$ ,

where t,he $\mathrm{c}1_{\mathrm{o}\mathrm{s}\mathrm{l}1}\mathrm{r}\mathrm{C}$ in t,he definit,ion of $\tilde{A}_{0}(G)$ and $\tilde{A}(G)$ is considered in $\overline{\mathbb{C}}$.
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Definition 3.10. Let $G$ be a rational semigroup and $U$ a open set in $\overline{\mathbb{C}}$ .
We say t,hat, a non-empty compact, $\mathrm{S}\mathrm{l}\iota \mathrm{b}\mathrm{S}\mathrm{e}\mathrm{t}K$ of $U$ is an attractor in $U$ for
$G$ if $g(K)\subset K$ for each $g\in G$ and for any open neighborhood $V$ of $K$ in $U$

and each $z\in U,$ $g(z)\in U$ for all $\mathrm{b}_{\mathrm{l}1}\mathrm{t}$ finitely many $g\in G$ .

Remark 3. By definition, $A_{0}(G)\subset A(G)\cap p(G)$ . For each $g\in G,$ $g(A\mathrm{o}(G))\subset$

$A_{0}(G)$ and $g(A(G))\subset A(G)$ . We have also similar statements for $\tilde{A}_{0}(G)$ and
$\tilde{A}(G)$ .

Lemma 3.11. Let $G=\langle f_{1}, f_{2}, \ldots , f_{\tau’\iota}\rangle$ be a finitely generated rational
semi.qroup and $E$ a finite subset $of\overline{\mathbb{C}}$ . Assume that each $x\in E$ is not any
non-repelling fixed point of any $el,ement$ of G. Then there exists an open
neighborhood $V$ of $E\dot{i}n\overline{\mathbb{C}}$ such that for each $z\in V$, if there $ex\dot{i}.St_{S}$ a word
$w=(0\mathit{1}[] \mathrm{l}, w2, \ldots)\in\{1, \ldots , m\}^{\mathrm{N}}$ satifying that:

1. for each $n,$ $(f_{\mathrm{t}1)}n\ldots fu)1)(z)\in V$,

2. $(f_{w_{n}}\cdots f_{\tau l},\mathrm{l}(z))$ accumulates only in $E$ and

3. for each $n$ , $(f_{\tau v_{n}}\cdots f1v_{1})(()\in E$ and $(f_{w_{n}}\cdots f_{w_{1}})’(()\neq 0$ where (is
the closest point to $z$ in $E$ ,

then $z$ is equal to the point $(\in E$ .

By Lemma 3.8 and Lemma 3.11, we get the fo’llowing result.

Theorem 3.12. Le $t,$ $G=\langle fi, f_{2}, \ldots , f_{7r\iota}\rangle$ be a finitely generated rational
semigroup. Assume that $F(G)\neq\emptyset$ , there $\dot{i}_{\backslash }S$ an element $g\in G$ such that
$\mathrm{d}\mathrm{e}g(g)\geq 2$ and each element of $Aut\overline{\mathbb{C}}\cap G$(if $th_{\dot{i}}s$ is not $empt\uparrow/$) is loxodromic.
Also ?we assume all of the followin.$q$ conditions;

1. $\tilde{A}_{0}(G)$ is a compact subset of $F(G)$ ,

2. any element of $G$ with the degree at least $tu$) $\mathit{0}$ has neither Siegel disks
nor Hermann rings.

3. $\#(UH(G)\cap\partial J(G))<\infty$ and each point of $UH(G)\cap\partial J(G)$ is not a
non-repelling fixed point of any element of $G$ .

Then $\tilde{A}_{0}(G)=\tilde{A}(G)\neq\emptyset$ and for each compact subset $L$ of $F(G)$ ,

$\mathrm{S}11\mathrm{P}\{d(fi_{n}\ldots fi1(Z),\tilde{A}(G))|z\in L, (\dot{i}_{n}, \ldots,\dot{i}_{1})\in\{1, \ldots, m\}^{n}\}arrow 0$ ,

as $??_{\text{ノ}}arrow\infty$ , $?k$)$herC$ we denote by $d$ the spherical metric. Also $\tilde{A}(G)$ is the
smallest attractor in $F(G)$ for G. Moreover we have that if $(h_{n})$ is a sequence
in $G$ consistin.q of mutually disjoint elements and converges to a map $\phi$ in
a subdomain $V$ of $F(G)$ , then $\phi\dot{i}.9$ constant taking its value in $\tilde{A}(G)$ .
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Remark 4. Lctr $G=\langle f_{1}, f_{2}, \ldots , f_{m}\rangle$ be a finitely generated rational semi-
grollp which is slll)- or $\mathrm{s}\mathrm{c}\mathrm{m}\mathrm{i}- \mathrm{h}\mathrm{y}\mathrm{P}\mathrm{c}\mathrm{l}\mathrm{b}_{0}1\mathrm{i}\mathrm{C}$. $\mathrm{A}_{\mathrm{S}\mathrm{S}11}\mathrm{m}\mathrm{e}$ t,hat $\mathrm{f}_{r}\mathrm{h}\mathrm{C}\mathrm{r}\mathrm{C}$ is an element
$.q\in G$ stlch that, $\deg(g)\geq 2$ and each element of $\mathrm{A}_{\mathrm{l}1}\mathrm{t}\overline{\mathbb{C}}\cap G(\mathrm{i}\mathrm{f}$ this is not
$\mathrm{e}\mathrm{m}_{\mathrm{P}^{\mathrm{t}_{l}}\mathrm{y})}$ is loxodromic. If $F(G)\neq\emptyset$ , t,hen all of t,he conditions in $\mathrm{t}_{l}\mathrm{h}e$ assllmp-
$\mathrm{f}_{l}\mathrm{i}\mathrm{o}\mathrm{n}$ in Theorem 3.12 are satisfied. Not, $\mathrm{e}$ thaf, by [HM2] if $z$ is an attracting
fixed point of some element of $G$ , then $z$ does not belong to $\partial J(G)$ .

4 Rational Skew Product

Definition 4.1 (rational skew product). Let $X$ be a $\mathrm{t},\mathrm{o}\mathrm{p}_{0}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{i}_{\mathrm{C}\mathrm{a}1}$ space.
If a cont,inllolls map $\tilde{f}$ : $X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ is represented by the following
$\mathrm{f}o\mathrm{r}\mathrm{m}$ :

$\tilde{f}((x, y))=(p(x), q_{x}(y))$ ,

where $p:Xarrow X$ is a continllolls map and $q_{x}$ : $\overline{\mathbb{C}}arrow\overline{\mathbb{C}}$ is a rational map with
the degree at, least 1 for each $x\in X$ , then we say $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t},\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$

is a rational skew product. In $\mathrm{t},\mathrm{h}\mathrm{i}\mathrm{s}$ paper we always assume that $X$ is a
compact metric space.

O.Sester invcstigat,ed polynomial skew product, $\mathrm{s}(\mathrm{i}\mathrm{n}$ particular, quadratic
casc) in [Se]. M.Jonsson investigat,$\mathrm{e}\mathrm{d}\overline{\mathbb{C}}$-fibration in [J2].

Definition 4.2. For each $n\in \mathrm{N}$ and $x\in X$ , we set $q_{x}^{(n)}:=q_{I^{J}}n-1(x)\mathrm{O}\cdots\circ q\gamma$

and $\tilde{f}_{x}^{n}:=\tilde{f}^{n}|_{\pi_{X}^{-1}}(\{x\})$ . We define t,he following sets. For each $x\in X$ ,

$d(x)=\deg(q_{x})$ ,

$F_{x}=$ { $y\in\overline{\mathbb{C}}|\{q_{a}^{(.n)}\}_{n}$ is normal in a neigborhood of $y$ },
$J_{x}=\overline{\mathbb{C}}\backslash F_{x},\tilde{J}_{x}=\{x\}\cross J_{x}$ .

$\mathrm{F}_{11\mathrm{r}\mathrm{t}},\mathrm{h}\mathrm{e}\mathrm{r}$ we set

$\tilde{J}(\tilde{f})=\overline{\cup\tilde{J}_{x}},\tilde{F}(\tilde{f})=(X\mathrm{x}\overline{\mathbb{C}})\backslash \tilde{J}(\tilde{f})$.
$x\in\lambda^{f}$

$C(\tilde{f})=\{(x, y)\in x\cross\overline{\mathbb{C}}|q_{T}^{;}(\not\in./)=0\},$

$P( \tilde{f})=\bigcup_{\mathrm{N}n\in}\tilde{f}n(C(\tilde{f}))$
.

$C(\tilde{f})$ is called the critical set, for $\tilde{f}$ and $P(\tilde{f})$ is called the post critical set
for $\tilde{f}$ . Moreover we set

$(\tilde{f}^{n})’((_{X}, y))=(q_{x}(n))’(y)$ .

If $(x, \tau./)$ is a period $\mathrm{p}_{\mathrm{o}\mathrm{i}}\mathrm{n}\mathrm{t}_{c}$ of $\tilde{f}\mathrm{w}\mathrm{i}\mathrm{t}_{e}\mathrm{h}$ t,he period $n$ , t,hen we say that $(x, y)$

is $\mathrm{r}\mathrm{e}\mathrm{p}_{\mathrm{C}\mathrm{l}1}\mathrm{i}\mathrm{n}\mathrm{g}$ ( $\mathrm{r}\mathrm{C}\mathrm{S}\mathrm{p}$ . indifferent,, at,tracting, etc.) if $|(\tilde{f}^{n})’((x, y))|>1$ (resp. $=$

$1,$ $<1$ , etc.).
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Lemma 4.3. Let $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rational, $sk_{C\eta\ell}$) product represented
by $\tilde{f}((x, y))=(p(x), q_{x}(y))$ . Then the following hold.

1. if $x\in X$ , then $q_{x}^{-1}(F_{p(x)})=F_{x},$ $q_{x}^{-1}(J_{p(x)})=J_{x},\tilde{f}(\tilde{J}(\tilde{f}))\subset\tilde{J}(\tilde{f})$ .

2. if $p:Xarrow X$ is surjective, then $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ is surjective.

3. if $p$ : $Xarrow X$ is a snrjective and open map, $th$

. en
$\tilde{f}^{-1}(\tilde{J}(\tilde{f}))=$

$\tilde{f}(\tilde{J}(\tilde{f}))=\tilde{J}(\tilde{f})$ .

Now we need some notations from [J2], concerning pot,ential $\mathrm{t},\mathrm{h}e\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t},\mathrm{i}_{\mathrm{C}}$

aspect,s. Let, $\tilde{f}$ : $X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rat,ional skew product reprcsent$e\mathrm{d}$

by $\tilde{f}((x, y))=(p(x), q_{x}(y))$ . Let, $\omega$ be the spherical probability measure on
$\overline{\mathbb{C}}$ . Let $\omega_{x}=(\dot{i}_{\mathcal{J}}\cdot)_{*}\omega$ for each $x\in X$ where we $\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{t},\mathrm{e}$ by $\dot{i}_{x}$ : $\overline{\mathbb{C}}arrow\pi_{X}^{-1}(\{x\})$

the nat,llral isomorphism. For each cont,inllolls $\mathrm{f}\mathrm{i}\iota \mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\varphi$ on $\pi_{X}^{-1}(\{x\})$ let
$(\tilde{f}_{J}^{n}$. $)^{*}\varphi$ be the continllolls funct,ion on $\pi_{\mathrm{X}\wedge}^{-1},(\{p^{n}(x)\})$ defined by $((\tilde{f}_{x}^{n})^{*}\varphi)(z)=$

$\sum$ $\varphi(?lJ)$ for each $n\in \mathrm{N}$ . Let, $f^{l_{T,7?}}$ be the probability Ineasllre on $\pi_{\lambda}^{-1},(\{x\})$

$\tilde{f}_{x}^{n}(?l))=z$

defined by $\langle j^{\chi}x,n’\varphi\rangle=\frac{1}{\Pi_{j=\mathrm{t}}^{n-1}1l(_{J^{y}}j(\mathcal{J}))},.\langle\omega_{I^{J^{\eta}}}(x), (\tilde{f}_{x}^{r1}.)^{*}\varphi\rangle$ . For each $x_{\text{ノ}}\in X$ , wc

denot, $\mathrm{e}$ by $R_{7}$. : $\mathbb{C}^{2}\backslash \{0\}arrow \mathbb{C}^{2}\backslash \{0\}$ the $\mathrm{h}_{\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{g}\mathrm{e}}\mathrm{n}\mathrm{i}_{011}\mathrm{s}$ polynomial mapping of
degree $d(x)$ such t,hat, $q_{x}\circ\pi’=\pi’\circ R_{\alpha}$. where $\pi’$ : $\mathbb{C}^{2}\backslash \{0\}arrow\overline{\mathbb{C}}$ is $\mathrm{t}_{y}\mathrm{h}\mathrm{e}$ nat,ural

project,ion and $\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{P}\{|R_{x}(z, rn)|||(Z, ?l))|=1\}=1$ . $R_{x}$ is determincd uniquely
up t,o $\mathrm{m}\iota 1\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{a}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}$ by a complex number of units. We can assume $xrightarrow R_{x}$

is. cont,intlolls. For each $x\in X$ and $n\in \mathrm{N}$ let,
$G_{a\cdot,n}:= \frac{1}{\Pi_{j=0^{1,}}^{n-}l(_{I^{\mathrm{J}}}\mathrm{j}(x))}\log|R_{x}^{n}|$

where $R_{x}^{n}:=R_{f)}n-1(a\cdot)^{\circ\cdots\circ R}\mathcal{J}^{\cdot}$ . Thcn the following reslllts hold.

Proposition 4.4. Let $\tilde{f}$ : $X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rational skew product
represented $l$) $?./\overline{f}((x, y))=(p(x), q,.(?,/))$ and assume $d(x)\geq 2$ for each
$x\in X$ . Then we have th $\mathrm{t}^{\supset},$ $foll\mathit{0}w\dot{i}n.q$ .

1. $\mu_{x,n}$ conver.qe.s to a probability measure $l^{\iota_{x}}$ on $\pi_{\mathrm{x}\prime}^{-1},(\{X\})$ weakly as $narrow$

$\infty$ for each $x\in X$ .

2. $G_{77}.,$ ’ converges to a continuous $pluriS\mathrm{t}\iota bharmon\dot{i}C$ function $G_{x}$ locally
$un\dot{i}f_{orm}l\mathrm{t},/on\mathbb{C}^{2}\backslash \{0\}$ as $narrow\infty$ for each $x\in X$ .

3. $l^{\iota_{x}}=(\dot{i}_{x}^{-1}.)_{*}(dd\mathrm{r}\cdot(c_{x^{\mathrm{O}S}}))$ where.s is a local section of $\pi’$ : $\mathbb{C}^{2}\backslash \{0\}arrow\overline{\mathbb{C}}$ .
$F\not\in\iota rbherG_{x}(Z, w)\leq\log|(z, w)|+o(1)as|(z, w)|arrow\infty$ and $G_{x}(\lambda z, \lambda w)=$

$G_{x}(z, w)+\log\lambda$ for each $\lambda\in \mathbb{C}$ , for each $x\in X$ .

4. $G_{p(x)^{\mathrm{O}}}R_{T}=d(x)\cdot G_{x}$ for each $x\in X$ .

5. if $xarrow x’$ then $G_{x}$. $arrow G_{x’}$ uniformly on $\mathbb{C}^{2}\backslash \{0\}$ .

6. $(\tilde{f}_{x})_{*l^{\iota}x}=/l\mathit{1}^{)(a\cdot)}’(\tilde{f}_{a}.)^{*}/\iota(T)I)=d(p(x))\cdot ll_{i\Gamma}$ for each $x\in X$ .

7. $l^{\iota_{x}}$ puts no mass on polar subsets of $\pi_{\lambda}^{-1},(\{x\})$ for each $x\in X$ .
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8.
$X\mathrm{x}^{\frac{\mathit{1}^{l}}{\mathbb{C}’}}x,$

$\mapsto.\cdot\dot{i}.S$
continuou.s with respct to the weak topology of measures in

9. $su_{f^{)}p(l^{l_{T})}}=\tilde{J}_{J}$. for each $x\in X$ .

10. $\tilde{J}_{x}$ has no isolated points for each $x\in X$ .

11. $x\vdash\Rightarrow\tilde{J}_{x}i.s$ lower semicontinuous $\uparrow${$)\dot{i}th$ respect $t,o$ the Hausdorff metric
in $tl_{l}e$ space of compact sub.sets of $X\cross\overline{\mathbb{C}}$ .

Proof. Since $d(x)\geq 2$ for each $x\in X$ , we can show t,he statements in the
same way as $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}$, in section 3 in [J2]. $\square$

Definition 4.5. Let, $G$ be a rational semigrollp generated by $\{f_{\lambda}\}_{\lambda\in\Lambda}$ . Let
$X=\Lambda^{\mathrm{N}}$ . Let $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be the map defined by:

$\tilde{f}((x, y))=(p(x), f_{x_{1}}(y))$ ,

where $p\backslash Xarrow X$ is the shift map and $x\in X$ is represented by: $x=$
$(x_{1}, x_{2}, \ldots)$ . Then we say t,hat, $\tilde{f}$ : $X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ is t,he rational skew

$\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}_{11\mathrm{c}}\mathrm{t}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t},\mathrm{r}11\mathrm{C}\mathrm{t}_{\mathrm{C}}\mathrm{d}$ by $\mathrm{t},\mathrm{h}\mathrm{e}g\mathrm{c}\mathrm{n}\mathrm{C}\mathrm{r}\mathrm{a}\mathrm{t},\mathrm{o}\mathrm{r}\mathrm{S}\mathrm{y}_{\mathrm{S}}\mathrm{f},\mathrm{e}\mathrm{m}\{f_{\lambda}\}_{\lambda}\in\wedge\cdot$

Let, $G=\langle f_{1}, \ldots, f_{rrl}\rangle$ be a finit,ely generat,ed rational semigroup. Let $\tilde{f}$ :
$\Sigma_{r’\iota}\cross\overline{\mathbb{C}}arrow\Sigma_{rr\iota}\cross\overline{\mathbb{C}}$ be $\mathrm{t}_{V}\mathrm{h}\mathrm{c}$ rat,ional skew product, $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{t}$

)
$\mathrm{e}\mathrm{d}$ by $\mathrm{t},\mathrm{h}e$ generator

syst,em $\{f_{1}, \ldots, f_{r’\iota}\}$ , where $\Sigma_{r’\iota}=\{1, ‘. . , m\}^{\mathrm{N}}$ . Then $\tilde{f}$ is a $\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\acute{\mathrm{C}}- \mathrm{t}_{0}$,-one

and open map. We have that a point, $(?l),$ $X)\in\Sigma_{r’\iota}\cross\overline{\mathbb{C}}$ sat,isfies $f_{\tau\downarrow)}’1(x)\neq 0$

if and only if $\tilde{f}$ is a homeomorphism in a small neighb $\mathit{0}$ rhood of $(?l\mathit{1}, x)$ .
Moreover t,he following proposition holds.

Proposition 4.6. Let $G=\langle f_{1}, f_{2}, \ldots f_{\gamma\gamma\iota}\rangle$ be a $fin\dot{i}tely.qenerated$ rational
$\backslash 9em\dot{i}.qro\mathrm{t}lp$ . Let $\tilde{f}:\Sigma_{7n}\cross\overline{\mathbb{C}}arrow\Sigma_{r’\iota}\cross\overline{\mathbb{C}}l$

) $e$ the rational skew product defined
$l).?/\tilde{f}((w, x))=(\sigma(w), f_{1}1’ 1(x))$ . Then the $fol,l_{\mathit{0}}w\dot{i}ng$ hold.

1. $\tilde{F}$ and $\tilde{J}$ are completely inva,riant under $\tilde{f}.\tilde{F}\dot{i}.S$ open and $\tilde{J}$ is compact.
$\tilde{f}(\tilde{J}_{\tau\iota)})=\tilde{J}_{\sigma\tau v}.\tilde{F}(\tilde{f})$ is equal, to the.set of all the points $(w, x)\in\Sigma_{rn}\cross\overline{\mathbb{C}}$

which satisfies that there exists an open neighborhood $U$ of $x$ and an
open $nei.qhb_{\mathit{0}}rh_{\mathit{0}}od$ $V$ of $w$ such $t_{\text{ノ}}hat$ for each $a\in V$ the family of map.$s$

$\{f_{a_{n}}\circ\cdots\circ fa_{1}\}$ is normal in $U$.

2. $\tilde{J}=\mathrm{n}_{r\iota=0}^{\infty}\tilde{f}-rl(\Sigma_{\gamma\iota},\cross J(G))$ . $\pi_{2}(\tilde{J})=J(G)$ , $\mathrm{t}l)her(^{\supset}$
, we denote by $\pi_{2}$ :

$\Sigma_{rr\iota}\cross\overline{\mathbb{C}}arrow\overline{\mathbb{C}}$ th $‘,\supset$ second projection.

3. $\tilde{J}$ has no interior points or $\dot{i}_{\mathrm{e}}S$ equal to $\Sigma_{\gamma\prime l}\cross\overline{\mathbb{C}}$.

4. If $\#(J(G))\geq 3$ , then $\tilde{J}$ is a perfect set.

$\iota Jr’$ . If $\#(J(G))\geq 3$ , then $\tilde{J}$ is equal to the closure of the set of all repelling
period $point,S$ of $\tilde{f}$.
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6. Assume $\#(J(G))\geq 3$ and $E(G)\subset F(G)$ . Let $K$ be a compact subset of
$\pi_{2}^{-1}(\overline{\mathbb{C}}\backslash E(G))$ . If $U$ is an open set, in $\Sigma_{7r\iota}\cross\overline{\mathbb{C}}$ satisfying $U\cap\tilde{J}\neq\emptyset$ ,
then there $ex\dot{i}st.S$ a positive integer N.such that for each integer $n$ with
$n\geq N$ , we have $\tilde{f}^{\mathit{7}\mathfrak{l}}(U)\supset K$.

Definition 4.7 (hyperbolicity). Let, $\tilde{f}$ : $X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rational
skew prodllct,. We say that $\tilde{f}$ is hyperbolic along fibcrs if $P(\tilde{f})\subset\tilde{F}(\tilde{f})$ .

Definition 4.8. Let, $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rational skew prodllct. We
say t,hat, $\overline{f}$ is expanding along fibers if there $\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{S}\mathrm{t}\prime \mathrm{s}$ a positive constant $C$ and
a const,ant, $\lambda$ with $\lambda>1$ sllch that, for each $n\in \mathrm{N}$ ,

inf $||(\tilde{f}^{71})’(Z)||\geq C\lambda^{n}$ ,
$z\in\overline{J}(\overline{\int})$

where we denote by $||\cdot||\mathrm{t},\mathrm{h}\mathrm{e}$ norm of f,he derivative with respect to the
spherical metric.

Definition 4.9 (semi-hyperbolicity). Let, $\tilde{f}$ : $X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a
rational skew product,. Let, $N$ be a positive int,eger. We say that a point,
$(x_{0}, ?./0)\in X\cross\overline{\mathbb{C}}$ belongs t,o $SH_{N}(\tilde{f})$ if there exists a neighborhood $U$ of $x_{0}$

and a posit,ive $\mathrm{n}\iota\iota \mathrm{m}\mathrm{b}_{G\mathrm{r}}\delta \mathrm{s}\mathrm{a}\mathrm{t},\mathrm{i}\mathrm{s}\mathrm{f}.\mathrm{y}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}$ for any $x\in U$, any $n\in \mathrm{N}$ , any
element $x_{r\mathrm{I}}\in p^{-7\prime}(x)$ and any clement, $V$ of $c(B(y0, \delta),$ $q_{x_{n}}^{(n)})$ ,

$\mathrm{d}\mathrm{c}\mathrm{g}(q_{Tn})(7\mathrm{t} : Varrow B(y_{0}, \delta))\leq’N$.

We set
$UH(\tilde{f})=(X\cross\overline{\mathbb{C}})\backslash \cup N\in \mathrm{N}sHN(\tilde{f})$ .

We say $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}\tilde{f}$ is semi-hyperbolic along fibers if for any $(x_{0,./}\tau 0)\in\tilde{J}(\tilde{f})$ there
exists a positive integer $N$ such $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}(x_{0}, y_{0})\in SH_{N}(\tilde{f})$ .

Lemma 4.10. Let, $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}l$) $e$ a rational skew product. If $\tilde{f}$ is
$h_{l/p}erbol\dot{i}C$ along $fi,l$)$er.s$ , then it is $semi-hq/perb_{\mathit{0}}liC$ along fibers.
Lemma 4.11. Let $G=\langle f_{1}, f_{2,.l}. , f_{m}\rangle$ be a finitely generated rational
semigroup. Then $G$ is $sem\dot{i}-h?/p_{Crb_{\mathit{0}}}liC$ if and only if the rational skew prod-
uct $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}_{ConS}.truCted$ by the generator system $\{\underline{f_{1}}, f_{2}, \ldots , f_{m}\}$

is $.sem\dot{i}- h\uparrow./perbol\dot{i}C$ along fibers. $G$ is hyperbolic if and only if $f$ is hyperbolic
along $fi,l$)$erS$ .

Definition 4.12 (Condition $(\mathrm{c}\mathrm{l})$ ). Let $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rat,ional

skew product,. We say t,hat, $\overline{f}$ sat,isfies t,he condition (C1) if there exist, $\mathrm{s}$ a
family $\{D_{x}\}_{x\in\lambda}$

, of discs in $\overline{\mathbb{C}}$ such t,hat the following t,hree conditions are
satisfied:

1. $\bigcup_{n\geq 0}\tilde{f}^{7t}(\{x\}\mathrm{x}D_{x})\subset\tilde{F}(\tilde{f})$ .

2. for any $x\in X$ , we have that, diam $(q_{x}(n)(D_{x}))arrow 0$ , as $narrow\infty$ .
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3. $\inf_{x\in\lambda’}$ diam $(D_{x})>0$ .

Now we will show the following lemma and theorem.

Lemma 4.13. Let $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rational.$ske\tau l$) product sati.$sf?J^{\dot{i}}n.q$

the condition $(Cl)$ . Assume that there exists a point $(x_{0}, \mathrm{t}/0)\in X\cross\overline{\mathbb{C}}$ with
$?/0\in F_{x_{()}}$ , a connected open neighborhood $U$ of $\mathrm{i}/0\dot{i}n\overline{\mathbb{C}}$ and a sequence $(n_{j})$

of positive $\dot{i}nte.qerSs\tau\iota Ch$ that $R_{j}:=q_{x_{()}}$ conver.qes to a $non- ConS\dagger_{\text{ノ}}ant_{\text{ノ}}ma,p$

$(n_{\mathrm{j}})$

$\phi$ uniformly on $Uas.jarrow\infty$ . Let $(x_{j}, \tau/j)=\tilde{f}^{n_{j}}(x_{0,y0})$ and $(x_{\infty}, \tau./\infty)=$

$\lim_{jarrow\infty}(X_{j}, ?/j)$ . Let $S_{i,j}=q_{J_{t}}^{(_{7}\iota_{i})}.lj-7$ for $1\leq i<j$ . Let

$V= \{y\in\overline{\mathbb{C}}|\exists\epsilon>0,\lim_{iarrow\infty_{jd}}(\mathrm{S}1\iota \mathrm{P}\mathrm{k}\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{p}d>i(\epsilon,\gamma/)\leq\epsilon(s_{i,j}(\xi), \xi)=0\}$.

Then $V$ is a non-empty open set and for any $y\in\partial V$, we have that

$(x_{\infty}, y)\in\tilde{J}(\tilde{f})\cap UH(\tilde{f})$ . (1)

Theorem 4.14. Let $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a rational $ske\uparrow \mathit{1}$) product. Assume
$\tilde{f}$ is semi-hl/perbolic alon.q fibers and sati.$\mathrm{s}fiC^{\supset},.9$ the condition $(Cl)$ . Then the
$foll_{\mathit{0}}w\dot{i}n.q$ hold.

1. Let $(x_{0}, y\mathrm{o})\in X\cross\overline{\mathbb{C}}$ be $am./$ point with $y_{0}\in F_{\alpha_{\mathrm{O}}}.$ . Then for any open
connected neighborhood $U$ of $\mathrm{i}/0$ in $\overline{\mathbb{C}}$, there exists no subsequence of
$(q_{x_{\mathrm{t}})}^{(n)})n$ conver.qing to a non-constant map locally uniformly on $U$.

2.
$\tilde{J}(\tilde{f})=\bigcup_{x\in X}\tilde{J}_{x}$

.

3. If there exists a disc $D\dot{i}n\overline{\mathbb{C}}$ such $that_{\text{ノ}}D_{a},$ $=D$ for all $x\in X$ in the
condition $(Cl)$ , then there exist positive constants $\delta,$ $L$ and $\lambda(0<\lambda<$

1) such that for any $n\in \mathrm{N}$ ,

$\mathrm{S}\mathrm{l}\mathrm{l}\mathrm{p}\{d\dot{i}amU|U\in C(B(y, \delta), q_{x_{n}}^{(n)}), (x, y)\in\tilde{J}(\tilde{f}), x_{n}\in p^{-n}(X)\}\leq L\lambda^{n}$ .

4. Assume $d(x)\geq 2$ for each $x\in X.$ Then we have that $x\vdash*\tilde{J}_{x}$ is
continuous with respect to the Hausdorff metric in the space of compact
subsets of $X\cross\overline{\mathbb{C}}$.

5. Assume $d(x)\geq 2$ for each $x\in X.$ Then for any compact subset $K$

of $\tilde{F}(\tilde{f})$ , we have that $\bigcup_{n\geq 0}\tilde{f}^{\eta}(K)\subset\tilde{F}(\tilde{f})$ and there exist constants
$C>0$ and $\tau<1$ such that for each $n,$

$z\in J\mathrm{i}\iota \mathrm{S}\mathrm{t}\mathrm{l}\mathrm{p},$

$||(\tilde{f}^{n})’(Z)||\leq C\tau^{n}$ .

To show Lemma 4.13 and Theorem 4.14, we need the following lemma.
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Lemma 4.15. Let $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}l$)$e$ a rational skew product $.sat\dot{i}Sf_{l}J^{\dot{i}}ng$

the condition $(Cl)$ . Assume $(x_{0,y0},)\in SH_{N}(\tilde{f})$ for some $N\in \mathrm{N}$ . Then there
exists a positive number $\delta_{0}.9uch$ that for each $\delta u$)$ith0<\delta<\delta_{0}$ there exists
a $ne\dot{i}.qhl$)$orhoodU$ of $x_{0}\dot{i}n\overline{\mathbb{C}}.sa\dagger_{\text{ノ}}i\mathrm{e}9f_{l/}.\dot{i}ng$ that for each $n\in \mathrm{N}$ , each $x\in U$ and
each $x_{n}\text{ノ}\in p^{-n}(x)$ , we have that each element of $c(B(y0, \delta),$ $q_{T_{n}}^{(n)})$ is simply
connected.

Proof. By Lcmma 3.8 and condit,ion (C1). $\square$

Proof. $(0\tau \mathrm{l}\mathrm{t},\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{e})$ of Lemma 4.13 and Theorem 4.14. We will show Lemma 4.13.
We will develop a method in [J1]. Since $\phi$ is non-constant, we have that $V$

is non-empty. Take any point, $y\in\partial V$. By condition (C1), we can show
t,hat, $(x_{\infty}, y)\in\tilde{J}(\tilde{f})$ . $\mathrm{S}_{11}\mathrm{p}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{C}(x_{\infty}, y)\in SH_{N}(\tilde{f})$ for some $N$ . Then by
Corollary 3.7 and Lemma 4.15 we cm show t,hat, $\{S_{i,j}\}_{j>i}$ is normal in a
neighborhood of $y$ . But it implies t,hat $y\in V$ and t,his is a cont,radiction.

Hence Lemma 4.13 holds. By t,his lemma t,he $\mathrm{s}\mathrm{t}$,atement 1 of Theorem 4.14
holds. The statement 2 of Theorem 4.14 follows from Lemma 4.13 and the
condit,ion (C1). The $\mathrm{s}\mathrm{t}$,atement, 3 of Theorem 4.14 follows from $\mathrm{t}_{r}\mathrm{h}\mathrm{e}$ statement
2 and some arguments on moduli of annuli. The statement 4 follows from
t,he $\mathrm{s}\mathrm{t},\mathrm{a}\mathrm{t}_{\mathrm{C}}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t},$ $2$ of Theorem 4.14 and 11 in Proposition 4.4. The statement
5 follows from Lemma 3.8, 11 in Proposit,ion 4.4 and $\mathrm{t}_{y}\mathrm{h}\mathrm{e}$ statement 1 of
Theorem 4.14. $\square$

Corollary 4.16. Let $G=\langle f_{1}, f_{2}, \ldots, f_{\gamma\gamma},\rangle l)e$ a finitely generated rational
semigroup $\uparrow()hich$ is $sem\dot{i}- h_{l}JperboliC$ . Assume $G$ contains an element with
the degree at least two and each element of $Aut\overline{\mathbb{C}}\cap G$ (if this is not $empt\uparrow J$)
is loxodromic. Also assume $F(G)\neq\emptyset$ . Then there exists a $\delta>0$ , a constant
$L\uparrow l)\dot{i}thL>0$ and a constant $\lambda$ with $0<\lambda<1$ such that

$\mathrm{S}1\iota \mathrm{p}\{d_{ia}.mU|U\in c(B(X, \delta), f_{i_{n}}\cdots f_{i}1), x\in J(G), (\dot{i}_{1}, \ldots, i_{n})\in\{1, , .., m\}^{n}\}$

$\leq L\lambda^{n}$ , for each $n$ .

Theorem 4.17. Let $\tilde{f}:X\cross\overline{\mathbb{C}}arrow X\cross\overline{\mathbb{C}}$ be a $rat_{\text{ノ}}ional$ skew product. Assume
$\tilde{f}$ is hyperbolic alon.$q$ fibers and satisfies $t,hecond\dot{i}t,\dot{i}on(Cl)$ urith a family of
discs $(D_{x})_{x\in\lambda}$, such that there exists a disc $D$ satisfying $D_{x}=D$ for all
$x\in X$ . Then $\tilde{f}$ is expanding along fibers.
Remark 5. We can show t,hat t,he $\mathrm{r}e$sults in this section are generalized to
t,he version of $\overline{\mathbb{C}}- \mathrm{f}\mathrm{i}\mathrm{b}\mathrm{r}\mathrm{a}\mathrm{t}" \mathrm{i}\mathrm{o}\mathrm{n}$ . For t,he definit,ion of $\overline{\mathbb{C}}$-fibration, see [J2].

5 Conditions to be semi-hyperbolic

Theorem 5.1. Let $G=\langle f_{1}, f_{2}, \ldots , f_{\gamma n}\rangle$ be a finitely generated rational
semigroup. Let $z_{0}\in J(G)$ be a point. Assume all of the $f_{oll_{ou}}Jin.q$ con-
ditions:
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1. there exists a nei.qhborhood $U_{1}$ of $z_{0}$ in $\overline{\mathbb{C}}$ such that for any sequence
$(.q_{n})\subset G$ , any domain $V\dot{i}n\overline{\mathbb{C}}$ and any point ( $\in U_{1}$ , we have that
the sequence $(g_{\mathit{7}l})$ does NOT converge to (locally uniformly on $V$.

2. $tl_{l}erc$ exists a neighborhood $U_{2}$ of $z_{0}$ in $\overline{\mathbb{C}}$ and a positive real number $\tilde{\epsilon}$

such $t,hat$ if we set

$T=\{C\in\overline{\mathbb{C}}|\exists.j, f_{j}’(C)=0, (G\cup\{\dot{i}d\})(fj(C))\cap U2\neq\emptyset\}$

then for each $c\in T\cap C(f_{j})$ , we have $d(c, (G\cup\{\dot{i}d\})(fj(c)))>\tilde{\epsilon,}$.

3. $F(G)\neq\emptyset$ .

Then $Z_{0}\in SH_{N}(G)$ for some $N\in \mathrm{N}$ .

Notation: For any family $\{.q_{\lambda}\}_{\lambda\in\Lambda}$ of $\mathrm{r}\mathrm{a}\mathrm{t},\mathrm{i}_{\mathrm{o}\mathrm{n}}\mathrm{a}1$ functions, we denot, $\mathrm{e}$ by
$F(\{g_{\lambda}\})\mathrm{t},\mathrm{h}\mathrm{e}$ set of all $\mathrm{p}_{\mathrm{o}\mathrm{i}\mathrm{n}}\mathrm{f}_{\mathrm{S}},Z\in\overline{\mathbb{C}}$ sllch t,hat, $z$ has a neighborhood where
t,he family $\{.q_{\lambda}\}$ is normal. We set $J(\{g_{\lambda}\})=\overline{\mathbb{C}}\backslash F(\{g_{\lambda}\})$ . $F(\{g_{\lambda}\})$ is called
t,he Fatou set, and $J(\{g_{\lambda}\})$ is called t,he $\mathrm{J}_{\mathrm{l}1}1\mathrm{i}\mathrm{a}$ set, for t,he family.

Corollary 5.2. Let $G=\langle f_{1}, f_{2}, \ldots , f_{m}\rangle l)e$ a $fin\dot{i}tel\mathrm{s}/g_{CnCr}at,ed$ rational
$sem\dot{i}gro?\iota l)$ . Let $z_{0}\in J(G)l)e$ a point. Assume all of the following conditions:

1. $tl_{l(^{\supset}},r(^{\supset}$

, exists a neighborhood $U_{1}$ of $z_{0}\dot{i}n\overline{\mathbb{C}}.9?\iota ch$ that, for any sequence
$(.q_{n})\subset GconS\dot{i}\mathit{8}t\dot{i}n.(/of$ mutually distinct elements and any domain
$V$ in $F((g_{7}\downarrow))$ , there exists a point $x\in V$ such that, the $seq\tau\iota CncC$

$\overline{\bigcup_{?l}\{g_{r\iota}(T\text{ノ})\}}\mathrm{n}\overline{\mathbb{C}}\backslash U_{1}\neq\emptyset$ .

2. there exists a neighborhood $U_{2}$ of $z_{0}$ in $\overline{\mathbb{C}}$ and a positive real number $\tilde{\epsilon,}$

such that if we set

$T=\{C\in\overline{\mathbb{C}}|\exists j, f_{j}^{;}(c)=0, (G\cup\{\dot{i}d\})(fj(C))\cap U2\neq\emptyset\}$

then for each $c\in T\cap C(f_{j})$ , we have $d(c, (G\cup\{\dot{i}d\})(fj(c)))>\tilde{\epsilon}$ .

3. $F(G)\neq\emptyset$ .

Then $z_{0}\in SH_{N}(G)$ for some $N\in \mathrm{N}$ and there exi.sts a $nei.qhborh_{\mathit{0}}\mathit{0}dW$ of
$z_{0}\dot{i}n\overline{\mathbb{C}}$ such that for any sequence $(g_{n})\subset G$ consisting of mutually distinct
elements, we have

$\mathrm{S}11\mathrm{p}\{d_{i}amS|S\in c(W,.q_{7\mathfrak{l}})\}arrow 0,$ $a.s??_{\text{ノ}}arrow\infty$ .

We will consider $\mathrm{t}_{\mathit{9}}\mathrm{h}\mathrm{e}$ proof of Theorem 5.1. We may assllmc $U_{1}=U_{2}=U$

for some small disc $U$ By condit,ion 1 and 3, we may assumc $\infty\in F(G)$

and $g^{-1}(U)\subset \mathbb{C}$ for each.q $\in G$ . Now we will show t,he above $\mathrm{t}_{r}\mathrm{h}\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$ by
developing a lemma in [Ma4] and using the met,hods in [KS]. The stories
are $\mathrm{a}\mathrm{l}\mathrm{m}\mathrm{o}\mathrm{s}\mathrm{t}\mathrm{t}$ same as those in [KS], cxceptl some $\mathrm{m}o$ dificat,ions.
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First we need some new notations. An “
$\mathrm{s}\mathrm{q}_{\mathrm{l}1}\mathrm{a}\mathrm{r}e$

” is a set, $S$ of the form

$S=\{z\in \mathbb{C}||\Re(_{Z}-p)|<\delta, |\propto s(z-p)|<\delta\}$ .

The point, $p$ is called $\mathrm{t},\mathrm{h}\mathrm{e}$ center of $S$ and $\delta$ its radills. For each $k>0$ , given
a square $S$ wit,h center $p$ and radius $\delta$, we denote by $S^{k}$ the square with the
center $p$ and radius $k\delta$ . Take a a $>0$ sllch $\mathrm{t}_{)}\mathrm{h}\mathrm{a}\mathrm{t}$ .U contains a closed square
$Q’$ with t,he $\mathrm{c}\mathrm{e}\mathrm{n}\mathrm{t}_{z}\mathrm{e}\mathrm{r}$ a point, in $U$ and its $\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{i}\tau \mathrm{l}\mathrm{S}2\sigma$ . Let $Q”=(Q’)^{1/2}$ . $Q”$ is
called “admissable square at, level 1.” We will define asmissable squares at
level $n$ for each $??,$ $\in$ N. Let, $Q$ be an admissable $\mathrm{s}\mathrm{q}_{\mathrm{l}\mathrm{l}\mathrm{a}}\mathrm{r}\mathrm{e}$

at, level $n$ wit,h the
radius $a$ . Then $Q$ is covered by 16 $\mathrm{s}\mathrm{q}_{11\mathrm{a}}\mathrm{r}e\mathrm{s}$ with the radius $a/8$ . We have
20 $\mathrm{s}\mathrm{q}_{\mathrm{l}\mathrm{l}\mathrm{a}}\mathrm{r}\mathrm{e}\mathrm{S}$ with the radius $a/8$ adjacent to $Q$ . We call all these 36 squares
admissable at, lcvel $n+1$ . These $\mathrm{s}\mathrm{q}_{11\mathrm{a}\mathrm{r}\mathrm{c}}\mathrm{s}$ are denoted by $\{Q_{\mu,n+1}\}$ . The union
of these 36 squares is denoted by $\tilde{Q}$ , which is called the “square attached to
Q.” Each admissablc and each attached square is a relative compact subset
$\mathrm{o}\mathrm{f}U$ .

Notation: For any open set $V_{1}$ and for any rat,ional map $g$ , if $V_{2}\in$

$c(V_{1}, g)$ then we set $\triangle(V_{1}, g)=\#\{x\in V_{1}|g’(x)=0\}$ , $\mathrm{c}\mathrm{o}\tau \mathrm{m}\mathrm{t}\mathrm{i}\mathrm{n}g$ the
$\mathrm{m}111\mathrm{t}\mathrm{i}_{\mathrm{P}^{1}\mathrm{y}}\mathrm{i}\mathrm{c}\mathrm{i}\iota$.

We necd some lemmas t,o show Theorem 5.1.

Lemma 5.3. For given $\epsilon,$ $>0$ and $N\in \mathrm{N}$ , there exists some $n_{0}\in \mathrm{N}$ such
that the following holds: If $Q$ is an admis.sable $.sq?4ar(^{\supset}$, $at$ some level $n\geq n_{0}$ ,

$\tilde{Q}$ the corresponding attached square, $V$ an element of $c(\tilde{Q}, f)$ for some
$f\in G$ , and $\triangle(V, f)\leq N$ , then diam $(K)\leq\epsilon$, for each element $K\in c(Q, f)$

contained in $V$.

Now, let $t=\# T,$ $N=(_{j1,\ldots,r} \max_{=n}\deg(f_{j}))t$ and $\epsilon,$ $< \frac{\overline{\epsilon}}{36N}$ . We can assllme

that $\epsilon_{\wedge}\sim$ is sllfficiently small and diam $U\leq$ G. Let $n_{0}\in \mathrm{N}$ be an integer in
Lemma 5.3 for t,hese $\epsilon$

, and $N$.

Lemma 5.4. Let $G$ be an element of the form $f=f_{w_{1}}\circ\cdots\circ fw_{k}$ . Let $B$

be a simply connected subdomain of $U,$ $B’\in c(B, f)$ an element such that
$\triangle(B’, f)>N$ . Then there exists some $\nu\in\{0, \ldots , k-1\}$ such that if we set
$B_{\nu}=f_{w_{k-\nu}}\circ\cdots \mathrm{O}fu)k(B’)$ , then $B_{\nu}$ is simply connected, diam $(B_{\nu})\geq\tilde{\epsilon}$ ,
and

$\mathrm{d}\mathrm{c}\mathrm{g}(f_{\gamma}\mathit{1})10\cdots f_{w_{k}}-\nu-1|B\nu$ : $B_{\nu}arrow B$ ) $\leq N$ .

Now we will show the Theorem 5.1.

Proof. Take $\tilde{\epsilon},$ $\epsilon_{\vee}$ and $N$ as before. Take $n_{0}$ in Lemma 5.3 for $\epsilon$

, and $N$ .
Lct, $k$ be t.he smallesf, $\mathrm{i}\mathrm{n}\mathrm{t}\prime \mathrm{e}\mathrm{g}\mathrm{e}\mathrm{r}$ sllch that t,here $\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t}\prime \mathrm{s}$ some admissable square
$Q=Q_{\mu,r\iota}$ at, level $??,$ $\geq n_{0}$ with diam $(K)>\epsilon$ for some element $K$ of
$c(Q, f_{\mathrm{t}l})\mathrm{l}\mathrm{o}\cdots\circ f_{u}.)k)$ where $(\mathrm{o}r)1,$

$\ldots$ , $w_{k}$ ) is some word of length $k$ . We have
$k\geq 1$ . Let $\overline{Q}\mathrm{b}\mathrm{c}$ t,hc $s\mathrm{q}_{11}\mathrm{a}\mathrm{r}\mathrm{e}$ attached to $Q$ . By lemma 5.3, there exists an
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element $S\in c(\tilde{Q}, f_{rv_{1}}\circ\cdots\circ fw_{k})$ such that, $\triangle(S, f_{w_{1}}\circ\cdot*\cdot\circ fu)k)>N$ . Take
a integer $\nu$ with $1\leq l\text{ノ}<k$ in Lemma 5.4. Then we $\mathrm{h},\mathrm{a}\mathrm{v}e$

diam $(fw_{k-\nu}\mathrm{o}\cdots \mathrm{o}fu)k(S))>\tilde{\epsilon}$.

If we set $\tilde{S}=f_{w_{k-\nu}}\circ\cdots\circ f_{u},\mathrm{Z}k(S)$ then

$\deg(f_{?}1)10\cdots \mathrm{o}f_{w}k-\nu-1|\overline{s})\leq N$

and

$\tilde{S}\subset\bigcup_{l^{\mathit{1}}}(f_{w}10\cdots \mathrm{o}f_{\tau \mathrm{t})}k-\nu-1)-1(Q_{\mu,n}+1)$
.

By the minimalit,$\mathrm{y}$ of $k$ , we have that the diamet,er of each element of
$c(Q_{\mu}, n+1, f_{\eta)}1^{\circ}\ldots\circ f_{u})k-y-1)$ is less than $\epsilon$ . Since $\mathrm{d}e\mathrm{g}(f_{uJ_{1^{\circ}}}\cdots \mathrm{o}f_{w_{k}}-\nu-1|_{\overline{S}})\leq$

$N$, we have that
$\tilde{\epsilon}<$ diam $\tilde{S}\leq 36N\epsilon$ .

This cont,radicts to $\epsilon<\frac{(\sim}{36N}$ . Hence we have proved that, for each admissable
$\mathrm{s}\mathrm{q}_{11\mathrm{a}\mathrm{r}}\mathrm{e}Q_{x,n},\mathrm{w}\mathrm{i}\mathrm{t}_{c}\mathrm{h}_{?}x\geq n_{0}$ and each $.q\in G$ , each element, $K\in c(Q_{\mu,n}, g)$ sat,-
isfies t,hat diam $(K)<\epsilon$ . Since $\epsilon$ is $\mathrm{s}1\iota \mathrm{f}\mathrm{f}\mathrm{i}\mathrm{C}\mathrm{i}_{\mathrm{G}}\mathrm{n}\mathrm{t},1\mathrm{y}$ small, $K$ is simply connected.
By Lemma 5.4, we have th,at

$\deg(f|_{I}\mathrm{i}^{\prime:K}arrow Q_{\mu,n})\leq N+1$ .

Hence $z0\in SH_{N+1}$ . $\square$

By Theorem 4.14 and Theorem 5.1, we get the following reslllt.

Theorem 5.5 (criterion to be semi-hyperbolic). Let $G=\langle f_{1}, f_{2}, \ldots f_{n}\rangle$

be a $finif,ely.qenerated$ rational, semigroup. Assume that there exists an ele-
ment of $G$ with the degree at least two, that each element of $Aut\overline{\mathbb{C}}\cap G$ (if this
is not empf, $\mathrm{t}/$) is loxodromic and that $F(G)\neq\emptyset$ . Then $G$ is $sem\dot{i}-h\uparrow Jperbol_{\dot{i}c}$

if and only if all of the following conditions are $sat,i_{S}fied$ .

1. for each $z\in J(G)$ there exists a neighborhood $U$ of $z\dot{i}n\overline{\mathbb{C}}$ such that for
any sequence $(g_{n})\subset G$ , any domain $V$ in $\overline{\mathbb{C}}$ and any point $(\in U, u)e$

have that the sequence $(g_{n})$ does NOT converge to (locally uniformly
on $V$

2. for each $j=1,$ $\ldots,$ $m$ each $c\in C(f_{j})\cap J(G)$ satisfies
$d(c, (G\cup\{_{\dot{i}}d\})(fj(C)))>0$

Theorem 5.6 (expandingness of sub-hyperbolicity). Let $G=\langle f_{1}, f_{2}, \ldots, f_{rn}\rangle$

be a $fin\dot{i}tJCl.l/$ generated $s\tau\iota b-h?Jp_{C}rbol\dot{i}C$ rational semi.qroup. Assume that there
exists an element of $G$ with the $dc$.qree at, least two, that each element of
$Aut\overline{\mathbb{C}}\cap G$ (if this is not empty) is loxodromic and that there is no $s\tau\iota per$
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attractin.q $fi,x\prime^{\supset d},$, point of any element of $G$ in $J(G)$ . Then there exists a $R\dot{i}e-$

mannian metric $\rho$ on a neighborhood $V$ of $J(G)\backslash P(G)$ such that for each
$z_{0}\in J(G)\backslash G^{-1}(P(G)\cap J(G))$ , if there exists a word $w=(w_{1}, w_{2}.’\ldots , )$ $\in$

$\{1, \ldots , m\}^{\mathrm{N}}sat\dot{i}.Sf?/\dot{i}n.q(f_{u)}n\ldots f_{w_{1}})(z_{0})\in J(G)$ for each $n$ , then

$||(f_{w_{n}}\cdots fu)1)’(z\mathrm{o})||arrow\infty$ , as $narrow\infty$ ,

where $||\cdot||$ is the norm of the derivative measured from $\rho$ on $V$ to it.

Now we will give an applicat,ion of Theorem 5.5.

Theorem 5.7. Let $G=\langle f_{1}, f_{2}, \ldots, f_{m}\rangle$ be a $fi_{w}n\dot{i}t(’\supset l_{l}J$ generated sub-hyperbolic
rational semigroup. Assume that there exists an element of $G\uparrow v\dot{i}th$ the de-
.qree at least $t,wo$ , that each element of $Aut\overline{\mathbb{C}}\cap G$ (if this is not empty) is
loxodromic and that, there is no super $attract\dot{i}n.q$ fixed point of any element
of $G$ in $J(G)$ . Then $G$ is $SCm\dot{i}- h_{J}?perbol\dot{i}C$ .

Proof. We will appeal $\mathrm{t},0$ Theorem 5.5. Since t,here is no super attracting
fixed point of any element, of $G$ in $J(G)$ , t,he condition 2. in Theorem 5.5 is
satisfied. By Theorem 3.12, t,here $e\mathrm{x}\mathrm{i}\mathrm{s}\mathrm{t},\mathrm{S}$ an attract,or $K$ in $F(G)$ for $G$ . Let
$z_{0}$ be any point, and $U$ a neighborhood of $z_{0}$ such $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}\overline{U}\cap K=\emptyset$ . Suppose
t,hat there exist, $\mathrm{s}$ a $\mathrm{s}\mathrm{e}\mathrm{q}_{11(\mathrm{n}\mathrm{c}\mathrm{e}}\backslash \text{ノ}(g_{7\downarrow})\subset G$ , a domain $V$ in $\overline{\mathbb{C}}$ and a point $(\in U$

sllch $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{t}g_{n}arrow(\mathrm{a}\mathrm{s}narrow\infty$ locally uniformly on $V$. We will deduce a
contradiction. We can assllme $\mathrm{t}_{5}\mathrm{h}\mathrm{a}\mathrm{t}$ there cxist, $\mathrm{s}$ a word $w\in\{1,$ . . . , $m\}^{\mathrm{N}}$

sllch tehat, for each $?\lambda$ ,
$g_{n}--\alpha_{\eta}f_{w_{n}}\mathrm{o}\cdots \mathrm{o}fw_{1}$

’

where $\alpha_{n}\in G$ is an $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{m}e\mathrm{n}\mathrm{t}_{)}$ . Then from Theorem 3.12 and that $\overline{U}\cap K=\emptyset$ ,
we have that

$f_{\eta)}n\mathrm{o}\cdots\circ f_{u})1(V)\subset J(G)$ , (2)

for each $n$ . Hence $(f_{\tau\ell f}nf\circ\cdots\circ \mathrm{t}l)1)_{n}$ is normal in $V$. Let, $z_{1}\in V\cap G^{-1}(P(G)\cap$

$J(G))$ be a point,. By t,he backward self-similarit,
$\mathrm{y}$ of $J(G)$ and Lemma 3.11,

there exists a seqllencc $(?\iota_{j})$ of positive integers and a neighborhood $W$ of
$\Gamma(G)\cap J(G)$ in $\overline{\mathbb{C}}$ such t,hat\ddagger for each $j$ ,

$f_{\gamma p})\mathfrak{n}_{j}0\cdots \mathrm{o}f_{u}y1(Z_{1})\in\overline{\mathbb{C}}\backslash W$.

By Theorem 5.6, we have that

$||(f_{\tau\downarrow)}nj\mathrm{o}\cdots \mathrm{o}f_{?\mathit{1}y}1)’(Z1)||arrow\infty$ , as $jarrow\infty$ , (3)

where $||\cdot||\mathrm{d}_{\mathrm{C}}\mathrm{n}\mathrm{o}\mathrm{t},\mathrm{e}\mathrm{s}$ t,he norm of t,he $\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{t},\mathrm{i}_{\mathrm{V}\mathrm{C}}$ with respect t,o the spherical
met, $\mathrm{r}\mathrm{i}\mathrm{c}$ . Since $(f_{\mathrm{t}l)}n\circ\cdots\circ f_{?l)}1)_{\mathit{7}}$ , is normal in $V$, t,his is a cont,radict,ion. Hencc
the condit,ion 1 in Theorem 5.5 is satisfied. By Theorem 5.5, we get $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{\mathrm{J}}c$

is semi-hyperbolic. $\square$
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6 $\delta$-subconformal measures and Hausdorff dimen-
sion of the Julia sets

Definition 6.1. Let, $G$ be a rational semigrollp and $\delta$ a non-negative num-
ber. We say t,hat a Borel probability measure $’\iota$ on $\overline{\mathbb{C}}$ is $\delta$-subconformal if
for each $g\in G$ and for each Borel measurable set $A$

$\mu(.q(A))\leq\int_{\Lambda}||g’(Z)||\delta d\mu$ ,

where we denot, $\mathrm{c}^{1}$, by $||\cdot||\mathrm{t},\mathrm{h}\mathrm{e}$ norm of t,he derivative wit, $\mathrm{h}$ respect to t,he

spherical metric. For each $x\in\overline{\mathbb{C}}$ and each real $\mathrm{n}\tau 1\mathrm{m}\mathrm{b}_{\mathrm{C}\mathrm{r}S}$. we set, .

$S(s, x)= \sum_{\in g\mathrm{G}^{\mathrm{v}}(\tau/}\sum_{g)=x}||g(’)y||^{-}S$

$\mathrm{c}\mathrm{o}\iota \mathrm{m}\mathrm{f},\mathrm{i}\mathrm{n}\mathrm{g}$ mlllt,iplicit,ics and

$S(x,)= \inf\{S|S(s, x)<\infty\}$ .

If $\mathrm{t},\mathrm{h}e\mathrm{r}\mathrm{c}$ is not, .$S$ sllch t,hat, $S(s, x)<\infty$ , t,hen we set, $S(x)=\infty.\mathrm{A}\mathrm{l}\mathrm{s}\mathrm{o}$ we set

$.s_{0}(G)= \inf\{g(x)\},$ $.s(G)= \inf\{\delta|$ $\exists_{l^{l:\delta}}$ sllbconformal measllrc

Theorem 6.2 (S2). Let $G$ be a rational semi.qroup ufhich has at most count-
ably $man\tau/elementS$ . If there $ex_{\text{ノ}}\dot{i}.St,.9$ a point $x\in\overline{\mathbb{C}}$ such that $S(x\text{ノ})<\infty$ then
there is a $S(x)$ -subconformal measure. In particular, we have $s(G)\leq s_{0}(G)$ .

Definition 6.3. Let $G=\langle f_{1}, f_{2}, \ldots, f_{\tau r\iota}\rangle$ be a finit,ely generat,ed rational
semigrollp. We say t,hat: $G$ sat,isfies $\mathrm{t},\mathrm{h}\mathrm{e}$ open set condition wit, $\mathrm{h}$ respect to
the $g_{\mathrm{C}\mathrm{n}\mathrm{C}\mathrm{r}}\mathrm{a}\mathrm{t},o\mathrm{r}\mathrm{S}f1,$ $f_{2},$

$\ldots$ , $f_{rr\iota}$ if $\mathrm{t}_{l}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{C}$ exists an open $\mathrm{s}\mathrm{e}\mathrm{f}_{r}o$ sllch t,hat for each
$j=1,$ . , . , $\mathit{7}\eta,$ $f_{j}^{-\mathrm{l}},(O)\subset O$ and $\{f_{j}^{-1}(O)\}j=1,\ldots,rr\iota$ are mllt,llally disjoint.

Proposition 6.4. Let $G=\langle f_{1}, f_{2}, \ldots, f_{7’\iota}\rangle$ be a finitely $.qenerat_{C}\prime d$ rational
semigroup. Assume that $G$ satisfies the open set condition with respect to
the generators $f_{1},$ $f_{2},$

$\ldots$ , $f_{rr\iota}$ and $O\backslash J(G)\neq\emptyset\uparrow vhercO$ is an open set in
the definition of the open set condition. If there exists an attractor in $F(G)$

for $G$ , then

$s_{0}(G)\leq 2$ .

Lemma 6.5. Let $G$ be a rational semigroup. Assume that $\infty\in F(G)$ ,
$\# J(G)\geq 3$ and for each $x,$ $\in E(G)$ there $ex,\dot{i}.St_{S}$. an $el_{Cme}nt,$ $.q\in G$ such that
$.q(x)=x$ and $|.q’(x,)|<1$ . We also assume that, there $exi_{St}.$, a countable set
$E$ in $\overline{\mathbb{C}}$ , positive numbers $a_{1}$ and $a_{2}$ and a constant $c$ with $0<c<1$ such
that for each $x\in J(G)\backslash E$ , there exist two.sequences $(r_{n})$ and $(R_{n})$ of
positive real $numl$)$ers$ and a sequence $(g_{?\}})$ of elements of $G$ satisfying all of
the following conditions:
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1. $r_{n}arrow 0$ and for each $?l,$ $0< \frac{r}{R}\mathrm{L}n<c$ and $g_{n}(x)\in J(G)$ .

2. for each $n,$ $g_{n}(D(X, Rn))\subset D(g_{n}(x), a_{1})$ .

3. for each $ng_{n}(D(X, rn))\supset D(g_{n}(x), a_{2})$ .

Let $\delta$ be a real number $wit,h\delta\geq s(G)$ and $\mu$ a $\delta$ -subconformal measure. Then
$\delta$ -Hausdorff measure on $J(G)$ is absolutely continuous with respect to $\mu$ such
that the $Rad_{on}-\dot{N}$ikodim $rler\dot{i}vat’\dot{i}ve$ is bounded from above. In particular, $we$

have

$d\dot{i}m_{H}(J(G))\leq s(G)$ .

By Theorem 4.14 and Lemma 6.5, we get the following result.

Theorem 6.6. Let $G$ be a $rat,\dot{i}onal$ semigroup generated $l$) $y$ a generator $sy_{S-}$

$t,em\{f_{\lambda}\}_{\lambda\in\Lambda}$ such that $\bigcup_{\lambda\in\Lambda}\{f_{\lambda}\}$ is a compact subset of End$(\overline{\mathbb{C}})$ . Let $\tilde{f}$ be
a rational skew product constructed by the generator system. Assume $\tilde{f}$ is
$sem\dot{i}-h?JperboliC$ along fibers and satisfies the condition $CluJ\dot{i}th$ a family of
discs $\{D_{x}\}_{x\in X}$ such that $D_{x}=D,$ $\forall x\in Xw\dot{i}th$ some D. Then we have

$\dim_{H}(J(G))\leq.9(G)$ .

Theorem 6.7. Let $G=\langle f_{1}, f_{2}, \ldots , f_{7’\iota}\rangle$ be a $fi,n\dot{i}t(_{d}^{\supset}l_{J}q$ generated rational
semigroup $?l$)$hiCh\dot{i}\mathit{8}.\mathrm{s}em\dot{i}-h_{J}lperb_{\mathit{0}}liC$ . Assume tha$tG$ contains an element
with the degree at least two, each element of $Aut\overline{\mathbb{C}}\cap G$ ($\dot{i}f$ this is not $empt\mathrm{s}/$)
is loxodromic and $F(G)\neq\emptyset$ . Then $u$) $e$ have

$\dim_{H}(J(G))\leq s(G)\leq s_{0}(G)$ .

Proof. By Theorem 6.6 and Theorem 6.2. $\square$

Remark 6. Let $G=\langle f_{1}, f_{2}, \ldots , f_{rn}\rangle$ be a finit,ely generated hyperbolic ra-
t,ional semigrollp which satisfies $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}_{l}\{f_{j}^{-1}(J(G))\}j=1,\ldots m$ are mutually dis-
joint. We assllme that the degree of $f_{1}$ is at least two. By the results in
Theorem 3.2 and t,he proof, Theorem 3.4 and Corollary 3.5 in [S2], we have

$0<\dim_{H}J(c)=.9(c)=S0(c)=\delta(c)<2$ ,

where we denote by $\delta(G)$ the infimllm of $\delta$ which allows us the $\delta$-conformal
measure on $J(G)$ .

Example 6.8. Let $n$ be a positive integer sllch t,hat $n\geq 4$ . We set $G=$

$\langle z^{n}, n(z-4)+4\rangle$ . Then $G$ is a finitely generated hyperbolic rational semi-
group. By Theorem 6.7 and some $\arg_{1\iota \mathrm{m}}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{S}$ , we get,

$1 \leq\dim_{H}J(G)\leq\frac{\log(?\mathrm{z}+1)}{\log(n)}$ .
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Example 6.9. Let $G=\langle f\downarrow, f_{2}\rangle$ where $f_{1}(z)=z^{2}+2,$ $f_{2}(z)=z^{2}$ -

2. Since $p(G)\cap J(G)=\{2, -2\}$ and $P(G)\cap F(G)$ is compact,, we have
$G$ is sllb-hyperbolic. By Theorem 5.7, $G$ is also semi-hyperbolic. Since
$f_{j}^{-1}(D(\mathrm{O}, 2))\subset D(\mathrm{O}, 2)$ for.j $=1,2$ and$f_{1}^{-1}(D(\mathrm{O}, 2))\cap f_{2}^{-1}(D(0,2))=\emptyset,$ $G$

satisfies t,he open set, condit,ion. Also $J(G)$ is included in $B= \bigcup_{j=1}^{2}f_{j}^{-1}(\overline{D(0,2)})$ .
Since $B\cap\partial D(\mathrm{O}, 2)=\{2, -2,2i, -2\dot{i}\}$ , we get, $\#(J(G)\cap\partial D(0,2))<\infty.$ By
Theorem 1.15 in [S6], we have $?n_{2}(J(G))=0$ , where we denote by $m_{2}$ t,he

2-dimensional Lebes $g_{11}\mathrm{e}$ measllrc. By Theorem 6.7 and Proposition 6.4, we
have also

$d_{\dot{i}}m_{H}(J(G))\leq s(G)\leq s_{0}(c)\leq 2$ .

7 backward self-similar measure
In the following sections we assume the following sitllation. Let $m$ be a
positive integer and $\Sigma_{\gamma n}=\{1, \ldots, m\}^{\mathrm{N}}$ . We denote by a : $\Sigma_{m}arrow\Sigma_{m}$ the
shift, map, that is , $(w_{1}, \ldots)\text{ト}arrow(kl)2,$ $\ldots)$ . $\mathrm{L}_{\mathrm{C}\mathrm{t}_{J}}G=\langle fi, f_{2}, \ldots f_{m}\rangle$ be a finitely
generated rational semigroup. Let $\tilde{f}:\Sigma_{m}\cross\overline{\mathbb{C}}arrow\Sigma_{n\iota}\cross\overline{\mathbb{C}}$ be the rational skew
product, constrllct,ed by $\mathrm{t},\mathrm{h}e$ generat,or system $\{f_{1}, \ldots , f_{m}\}$ . Hence for each
$(w, x,)\in\Sigma_{rn}\cross\overline{\mathbb{C}},\tilde{f}((\tau n, \mathcal{T}_{\vee})l)=(\sigma w, f_{\mathrm{t}\ell_{1}},x)$. We now consider about invariant
measures and self-similar mcasllrcs on Julia sets. In t,he cases of it,erations of
rat,ional filnctions, Brolin’s and Lyubich’s st,lldies are well known $([\mathrm{B}\mathrm{r}], [\mathrm{L}])$ .
Recently, D.Boyd invest,igat,ed “invariant, measllrc” (that is, the measure
$(\pi_{2})_{*j^{\sim}}\iota$ in the not, $\mathrm{a}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{n}$ in Theorem 7.1) in the case $\mathrm{t},\mathrm{h}\mathrm{a}\mathrm{f}$, each $f_{j}$ is of degree
at least two and have shown the lmiquencss in [Bo].

Let $G=\langle f_{1}, f_{2}, . . . f_{\gamma r\iota}\rangle$ be a finitely generated rat,ional scmigrollp. We
set, $d_{j},$ $=\mathrm{d}\mathrm{c}\mathrm{g}(f_{j})$ for each.j $=1,$ $\ldots$ , $m$ and $d= \sum_{j=1}^{m}d_{j}$ . For each compact
set, $K$ of $\overline{\mathbb{C}}$ we denote by $C(K)$ all cont,inuous complex $\mathrm{v}\mathrm{a}1_{1}1\mathrm{C}\mathrm{d}$ funct,ions

on $K$ . It is a Banach space wit, $\mathrm{h}_{\mathrm{S}1\iota \mathrm{p}\mathrm{m}1}\mathrm{r}\mathrm{C}\iota \mathrm{m}$ norm on K. $\mathrm{A}_{\mathrm{S}\mathrm{S}11}\mathrm{m}\mathrm{c}$ that $K$ is
backward invariant umder $G$ . For cach $j$ and for each elemcnt $\varphi$ we set

$(A_{j\varphi})(z)= \frac{1}{d_{j}}$

$\sum_{1,\zeta\in f_{j}^{-}(z)}\varphi(()$

,

where $z$ is any point, of $K$ . Then $A_{j\varphi}$ is an element, of $C(K)$ and $A_{j}$ is a
boumded operator on $C(K)$ . We set,

$\mathcal{W}=\{(a_{1}, \ldots, a_{n})\in \mathbb{R}^{n}|\sum_{j}a_{j}=1, a_{j}\geq 0\}$
.

And for each $a\in \mathcal{W}$ we set,

$(B_{a} \varphi)(_{Z})=\sum_{j=1}^{n}a_{j(A_{j})(}\varphi Z)$ .
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Then $B_{a}$ is a $\mathrm{b}_{01\mathrm{m}}\mathrm{d}\mathrm{e}\mathrm{d}$ operat,or on $C(K)$ .
Similarly, let, $\tilde{K}$ be a compact sllbset of $\Sigma_{7’ l}\cross\overline{\mathbb{C}}$ which is backward

invariant, under $\overline{f}$ . We define an operator $\tilde{B}_{a}$ on $C(\tilde{K})$ as follows. For each
element $\tilde{\varphi}\in C(K)$ we set,

$(\tilde{B}_{a}\tilde{\varphi})(_{Z)\tilde{\varphi}((}=\Sigma\zeta\in_{\overline{f}^{-}(z)}1)\tilde{\psi}a(()$

wherc $\tilde{\psi}_{a}(()=\frac{(x_{w_{1}}}{d_{w_{1}}}$ if $\pi_{1}(()=(w_{1}, w_{2}, \ldots)$ .
$\tilde{B}_{(l}$ is a bolmdcd operat,or on $C(\tilde{K})$ . Furtheremore, if $\pi_{2}(\tilde{K})=K$ , then

we get

$\pi_{2}^{*}B_{a}=\tilde{B}a\pi 2*$

and $\pi_{2}^{*};$ $c(K)arrow C(\tilde{K})$ is an isometry.

Theorem 7.1. Let $G=\langle f_{1}, \ldots, f_{rr\iota}\rangle l)e$ a finitely generated rational semi-
$.qro?\iota p$ . Assume $t,hat,$ $ther(_{z}^{\supset}exi_{\mathit{8}}t_{\mathit{8}}$ an element, $g_{0}\in G$ of $d‘,\supset.qree$ at $least_{\text{ノ}}$ two,
the exceptional set, $E(G)$ for $G$ is $\dot{i}ncl?\iota dt,\supset d$ in $F(G)$ and $F(H)\supset J(G)$ where
$H\dot{i}.S$ a rational semigroup defined by $H=\{h^{-1}|h\in Aut(\overline{\mathbb{C}})\cap G\}$ . (if $H$ is
empty, put $F(H)=\overline{\mathbb{C}}.)$ Then all of the following hold.

1. For each $a\in \mathcal{W}$ with $a\neq 0$ there $ex,\dot{i}St_{S}$ a unique $re$.qular Borel proba-
$b_{\dot{i}}l_{it}y$ measure $l^{\sim}\iota_{c\lambda}$ on $\Sigma_{\gamma},,$

$\cross\overline{\mathbb{C}}$ such that for each compact set $\tilde{K}$ which
is included in $\pi_{2}^{-1}(\overline{\mathbb{C}}\backslash E(G))$ and $backu$) $ar\mathrm{r}l$ invariant under $\tilde{f}$,

$||\tilde{B}_{cl}^{7l}(\tilde{\varphi})-l^{\sim}l_{a}(\varphi)1||T_{1}’-arrow 0$,

as $narrow\infty$ , for each $\tilde{\varphi}\in C(\tilde{K})$ , where we denote by 1 the constant
function taking $it,.s$ value 1. Similarly, there exists a unique rc.qular
Borel probability measure $l^{\iota_{a}}$ on $\overline{\mathbb{C}}$ such that for each compact set $K$

which $\dot{i}S$ included $\dot{i}n\overline{\mathbb{C}}\backslash E(G)$ and backward invariant under $G$ ,

$||B_{a}^{n}(\varphi)-l^{l}a(\varphi)1||_{K}arrow 0$ ,

as $narrow\infty$ , for each $\varphi\in C(K)$ .

Moreover, $(\pi_{2})_{*}(ll_{a})\sim--l^{l}a$ . The support of $l^{l}a\sim$ is equal to $\tilde{J}$ and $t,he$

support $of/\iota_{a}$ is equal to $J(G)$ .

2. For each $a\in \mathcal{W}$ with $a\neq 0$ , we have that $l^{\sim}\iota_{a}$ is $\tilde{f}$-invariant and $(\tilde{f}, l^{\sim}\mathrm{J}_{a})$

$\dot{i}S$ exact,.

3. For each $a\in \mathcal{W}$ with $a\neq 0$ , $\uparrow ve$ have that $(\pi_{1})_{*\}}\sim\iota_{a}$ is the Bernoilli
measure on $\Sigma_{r’\iota}$ correspondin.q to $the\uparrow\{)C\dot{i}ght$, $a$ .
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4. For each $a\in \mathcal{W}\uparrow \mathit{1}$) $\dot{i}t,ha\neq 0$ , we have $t,hat$

$h_{l^{A}a}-(\tilde{f})$ $=$ $H(\epsilon’|(\tilde{f})-1_{\xi_{\vee}})$

$=$ $- \sum_{j=1}^{m}aj1\mathrm{o}gaj+\sum_{i^{=1}}^{r\iota}a_{j}’\log d_{j}\gamma$

$=$ $h_{(\pi_{1})_{*}4} \overline{/}a(\sigma)+\int_{\Sigma_{m}}1\mathrm{o}gd_{w_{1}}(\pi_{1})*l^{\sim}\iota_{a}(dkr))$ ,

$Il)her(^{\supset}$, we denote by $\epsilon$ the partition of $\Sigma_{rn}\cross\overline{\mathbb{C}}$ into one point subsets.

$\mathrm{t}’,$ . Let $\tilde{\mu}=l^{\sim}\iota_{tl}\mathrm{o}$ where $a_{0}=$ $( \frac{d_{1}}{d}$ , . . . , $\frac{d_{m}}{i},)$ . Then $jl\dot{i}S\sim$. the unique maximizing
measure for $\overline{f}$ and we have

$h( \tilde{f})=h_{l^{A}(\tilde{f}}-)=1\mathrm{o}g(\sum_{=i1}^{\gamma r}\iota \mathrm{d}\mathrm{e}g(f_{j}))$ .

Definition 7.2. We call $\mathit{1}^{\sim_{\chi_{a}}}$ or $l^{\iota_{a}}$
t,he self-similar measure with respect to

t,he weight, $a$ .

To prove Theorem 7.1, we introduce some notat,ions and rcslllf,s from [L].
Let, $A$ be a bounded operator in $\mathrm{t},\mathrm{h}e$ complex Banach space $\mathcal{B}$ . The operator
$A$ is callcd almo,9 $t_{\text{ノ}}per?,od,\mathrm{t},c$ if $\mathrm{t}_{\vee}\mathrm{h}\mathrm{c}$ orbit $\{A^{\mathit{7}\mathfrak{l}}’\varphi\}^{\infty}\gamma"=1$ of any vector $\varphi\in B$ is
$\mathrm{s}\mathrm{t}$,rongly condit,ionally compact,. The eigenvalue $\lambda$ and related eigenvect,or
are called unitary if $|\lambda|=1$ . The set of $11\mathrm{n}\mathrm{i}\mathrm{f}_{C\mathrm{L}\mathrm{r}\mathrm{y}}^{r}$, eigenvectors of thc operator
$A$ will be denot,ed by $\mathrm{s}_{\mathrm{P}u}\mathrm{c}\mathrm{c}A$ . We denot, $\mathrm{c}$ by $B_{u}$ t,he closure of t,he linear span
of t,he unit,ary $\mathrm{c}\mathrm{i}\mathrm{g}_{\mathrm{C}\mathrm{n}\mathrm{V}}\mathrm{e}\mathrm{C}\mathrm{t}\prime \mathrm{o}\mathrm{r}\mathrm{S}$ of t,he $\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{f}_{/}\mathrm{o}\mathrm{r}A$ . And we set,

$B_{0}=\{\varphi|A^{rr}l\varphiarrow 0(marrow\infty)\}$ ,

here the convergence is assumed $\mathrm{t},\mathit{0}$ be strong.

Theorem 7.3. $(l^{L}])$ If $A$ : $Barrow B\dot{i}_{\mathrm{e}}S$ an almost periodic operator in the
complex Banach space $\mathcal{B}$ , then $B=B_{u}\oplus B_{0}$ .

Corollary 7.4. $(l^{L}])$ Let $A$ : $Barrow B$ be an almost periodic operator in the
complex Banach space B. Assume that $sp_{\mathrm{C}jC}uA=\{1\}$ and the point $\lambda=1$

is a simple $e\dot{i}.qenval,?\iota e$ . Let $h\neq 0$ be an invariant $\uparrow$ )$ector$ of the operator $A$ .
Then there exists an $A^{*}$ invariant frmctional $jl\in\beta^{*},$ $jl(h)=1,$ $.s\tau\iota Ch$ that

$A^{rr}’\varphiarrow/\iota(\varphi)h$ $\mathit{7}\etaarrow\infty$ .

We need some lemmas t,o prove Theorem 7.1.

Lemma 7.5. Let $G=\langle f_{1}, \ldots, f_{r’\iota}\rangle l)e$ a finitely generated rational semi-
.qroup. Assume that there $ex,iSf,.9$ an $el,ementg_{0}\in G$ of de.qree at least two
and $F(H)\supset J(G)\mathrm{t})her\rho H$ is a rational semigroup defined by $H=\{h^{-1}|$
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$h\in Aut(\overline{\mathbb{C}})\cap G\}$ . ( $\dot{i}fH$ is empty, put $F(H)=\overline{\mathbb{C}}.$) Then there exists a
$\delta>0$ such $th_{\mathit{0}},f$, for each $x\in J(G)$ , if we denote by $\mathcal{F}_{x,\delta}$ the family of maps
$sat_{i}.9f\uparrow/\dot{i}n.q$ that each element of it $i.s$ a well-definerl inverse branch of some
element of $G$ on $B(x, \delta)rl)hercB(x,, \delta)$ is a ball about $x$ with the radius $\delta$

$\iota\dot{m}th$ respect to the spherical metric, then $\mathcal{F}_{x,\delta}$ is a normal family on $B(x, \delta)$ .

Proof. (olltline) This lemma is shown by using $\mathrm{a}\cdot \mathrm{t},\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}e\mathrm{m}$ in [HM3] and the
assumption $F(H)\supset J(G)$ .

$\square$

Lemma 7.6. Under $t_{\text{ノ}}he$ same assumption as Theorem 7.1, let $\tilde{K}$ be a com-
pact subset, of $\pi_{2}^{-1}(\overline{\mathbb{C}}\backslash E(G))u)llich$ is backward invariant under $\tilde{f}$. If $\tilde{B}_{a}\varphi=$

$\lambda\varphi,$ $|\lambda|=1,$ $tl_{l}en\lambda=1$ and $\varphi$ is constant. That is, $(C(\tilde{K}))u\mathbb{C}=\cdot 1$ .

Lemma 7.7. Under the same assumption as Theorem 7.1, if $K$ is a com-
pact $sul$)$set$ of $\pi_{2}^{-1}(\overline{\mathbb{C}}\backslash E(G))?l)h\dot{i}Ch$ is backward invariant under $\tilde{f}$, then $\tilde{B}_{a}$

is an almost, periodic operator on $C(K)$ .

Proof. (outline) We will develop t,he met,hods of key lemma about equicon-
tinllit,y of $\{B_{a_{(}}’’\phi)\}_{\mathit{7}l}$ where $a_{0}=( \frac{d_{1}}{l},, . . . , \mathrm{r}_{l^{\mathrm{L}}}d,),$ $\phi\in C(K)$ in [Bo]. Let $a\in \mathcal{W}$

with $a\neq 0$ . Let $\varphi\in C(K)$ be any element. We have $||\tilde{B}_{a}\varphi|n|Ic\leq||\varphi||\kappa$

for each positive integer $n$ . By t,he Ascoli-Arz$e1\mathrm{a}$ Theorem, we have only to
show that the family $\{\tilde{B}_{a}\varphi 7l\}_{n}$ is $\mathrm{c}\mathrm{q}11\mathrm{i}_{\mathrm{C}}o\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}11\mathrm{O}11\mathrm{S}$ on $\tilde{K}$ .

For each $t=(t_{1},$ $\ldots$ , $t_{\mathit{7}Y\downarrow)}\in \mathrm{N}^{m}$ , we set,

$a_{r_{)}t}= \frac{t_{r}d_{r}}{\sum_{k=1}^{n}tkdk},$ $r=1,$ $\ldots,$ $m$ ,

and $a(t)=(a_{1,t}, \ldots , a_{rn,\ell})\in \mathcal{W}$ . Then there exists a sequence $(t^{l})_{l}$ of ele-
ments of $\mathrm{N}^{7\prime l}$ sllch that $a(t^{l})arrow a$ , as $larrow\infty$ . For each $i=1,$ $\ldots$ , $m$ and
$l\in \mathrm{N}$ , we set $g_{i,j}^{l}=f_{i},$ $j=1,$ $\ldots$ , $t_{i}^{l}$ . For each $l\in \mathrm{N}$ we consider $\{g_{i,j}^{l}\}_{i,j}$ as

a generator system and let $\tilde{f}_{l}$ : $\Sigma_{m(l)}\cross\overline{\mathbb{C}}arrow\Sigma_{m(l)}\cross\overline{\mathbb{C}}$ be the skew product
map $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{u}\mathrm{C}\mathrm{t}_{l}\mathrm{e}\mathrm{d}$ by that $\mathrm{g}\mathrm{c}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}_{\mathrm{o}\mathrm{r}}$, system in the same way as the begin-
ning of this section where $?n(l)= \sum_{i=1}^{rn}t_{i}^{l}$ . For each $n$ , we investigat$e$ the
cardinality of “good” inverse branches of $\tilde{f}_{l}^{n}$ devided by the cardinality of
all inverse branches of $\tilde{f}_{l}^{7t}$ . It $\mathrm{t}_{11\mathrm{r}\mathrm{n}},\mathrm{S}$ ollt that, it is sufficiently small. By using
Lemma 7.5, we see that $\{\tilde{B}_{a(t^{l})}^{n}\emptyset\}_{n},l$ is equicontinuous on $K$ . Letting $larrow\infty$ ,

we get that $\{\tilde{B}_{a}^{n}\phi\}_{n}$ is equicontinuous.
We have to consider some long arguments and we will omit the detail of

the proof. $\square$

Proof. of $\mathrm{t}_{l}\mathrm{h}\mathrm{e}$ statements 1, 2 and 3 of Theorem 7.1. By Corollary 7.4,
Lemma 7.6 and Lemma 7.7 we can show the statement $\mathrm{a}\mathrm{b}\mathrm{o}\mathrm{l}\iota \mathrm{t}$ convergence
of the operat,or and t,hat the support of $l^{\sim}\iota_{a}$ is included in $\tilde{J}$ in the same way

as t,hat, in [L]. Since $\mathit{1}^{\sim}\iota_{a}$ is $\tilde{B}_{a}^{*}$ -invariant and $\inf_{z\in\overline{J}}\tilde{\psi}_{a}(z)>0$ , by Proposi-

tion 4.6.6, we can show that the $\mathrm{s}\mathrm{l}\mathrm{l}\mathrm{P}\mathrm{P}^{\mathrm{O}}\mathrm{r}\mathrm{t}$ of $l^{\sim}\iota_{C\iota}$ is $\mathrm{e}\mathrm{q}_{\mathrm{l}1}\mathrm{a}1$ to $\tilde{J}$ immediately.
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It implies that the support $\mathrm{o}\mathrm{f}/x_{a}$ is $\mathrm{e}\mathrm{q}_{1}\iota \mathrm{a}1$ to $J(G)$ . Hence the statement 1
holds. Rom the statement 1, the statements 2 and 3 follow.

$\square$

To show t,he statements 4 and 5 in Theorem 7.1, we need some lemmas.

Lemma 7.8. Under the same assumption as Theorem 7.1, for any $a\in \mathcal{W}$

$ul\dot{i}tha\neq 0$ , we have $l^{l}a$ is non-atomic.

Lemma 7.9 (Ruelle’s inequality). Let $G=\langle f_{1}, \ldots, f_{m}\rangle$ be a finitely
generated rational $sem\dot{i}.qroup$ and $\tilde{f}:\Sigma_{m}\cross\overline{\mathbb{C}}arrow\Sigma_{rn}\cross\overline{\mathbb{C}}$ the skew product map
constructed by the generator system $\{f_{1}, \ldots , f_{m}.\}$ Let $\rho$ be an $\tilde{f}$-invariant
probability measurc on $\Sigma_{m}\cross\overline{\mathbb{C}}$. Then we have

$h_{\rho}( \tilde{f})\leq 2\max\{0, \int_{\Sigma_{m}\cross\overline{\mathbb{C}}}narrow\infty)\mathrm{o}\mathrm{g}(\tilde{f}n)’(Z)||d\rho(Z)\}+h_{(\pi}*1\rho\lim\frac{1}{n}\mathrm{l}||(\sigma)$.

Let,
$\rho$ be an $\tilde{f}$-invariant, probability measure on $\Sigma_{m}\cross\overline{\mathbb{C}}$ . As in p108 in

[Par], t,herc exists a $\rho$-integrable fimct,ion $J_{/J}$ : $\Sigma_{m}\cross\overline{\mathbb{C}}arrow[1, \infty)$ such that

$\rho(\tilde{f}(A))=\int_{A}J_{/)}(Z)d\rho(Z)$ ,

for any Borel set $A$ in $\Sigma_{rr\iota}\cross\overline{\mathbb{C}}$ such t,hat, $\tilde{f_{|\Lambda}}$ is in.$|\mathrm{c}\mathrm{c}\mathrm{t},\mathrm{i}\mathrm{V}\mathrm{e}$ . Now we will general-
ize some $\mathrm{M}\mathrm{a}\tilde{\mathrm{n}}\mathrm{c}’,\backslash ’ \mathrm{s}$ rcslllts([Mal]), llsing the $\mathrm{m}\mathrm{e}\mathrm{t},\mathrm{h}_{0}\mathrm{d}\mathrm{s}$ in [Mal] and Lemma 7.9.

Lemma 7.10. Let $\rho l)^{\supset},$‘ an $\tilde{f}$-invariant ergodic probability measure on $\Sigma_{rn}\cross$

$\overline{\mathbb{C}}$ with $h_{\rho}(\tilde{f})>h_{(\pi_{1})_{*}}/)(\sigma)$ . Then there exists a measurable partition $P$

of $\Sigma_{rr\iota}\cross\overline{\mathbb{C}}$ such that $h_{\rho}(\tilde{f}, \mathcal{P})<\infty$ and $P$ is a generator for $(\tilde{f}, \rho)\dot{i}.e$ .
$\bigvee_{i=1}^{\infty}\tilde{f}^{-n}(P)=\epsilon$

, (mod $0$ ) where $\epsilon$

, denotes the partition of $\Sigma_{m}\cross\overline{\mathbb{C}}$ into one
point subsets.

Lemma 7.11. Let $\rho$ be an $\tilde{f}$-invariant ergodic probability measure on $\Sigma_{m}\cross$

$\overline{\mathbb{C}}$ with $h_{/)}(\tilde{f})>h_{(\pi_{1})_{*}\rho}(\sigma)$ . Then

$h_{/J}( \tilde{f})=\int_{\Sigma_{m}\cross\overline{\mathbb{C}}}\log J_{\rho}(_{\mathcal{Z}})d\rho(Z)=\int_{\Sigma_{n}\cross\overline{\mathbb{C}}},I(\epsilon|\tilde{f}-1(\epsilon))(_{Z})d\rho(Z)$.

Proof. By Lemma 7.10, t,here exist, $s$ a gcnerator $P$ wit,h $h_{\rho}(\tilde{f}, P)<\infty$ . By
Remark 8.10 and Lemma 10.5 in [Par], we get

$h_{\rho}( \tilde{f})=\int_{\Sigma_{m}\cross\overline{\mathbb{C}}}\log JJ(/\mathcal{Z})d\rho(Z)$
.

Theorem 7.12. Let $G=\langle f_{1},$
$\ldots$ , $f_{rn}$ ) be a rational semi.qroup and $\tilde{f}:\Sigma_{m}\cross$

$\overline{\mathbb{C}}arrow\Sigma_{rn}\cross\overline{\mathbb{C}}$ the skew product map constructed by the generator system
$\{f_{1}, \ldots , f_{\gamma\}\iota}\}$ . Then the toplogical entropy $h(\tilde{f})$ on $\Sigma_{rr\iota}\cross\overline{\mathbb{C}}$ satifies that

$h( \tilde{f})\leq\log(\sum_{j=1}^{\prime n}\deg f_{j})$ .
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Proof. of Theorem 7.12 $\mathrm{S}\mathrm{l}\iota \mathrm{p}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{e}h(\tilde{f})\leq 1o\mathrm{g}m$ . Then we have nothing to do.
Suppose $h(\tilde{f})>\log m$ . Let $\rho$ be any $\tilde{f}$-invariant, ergodic probability measure
on $\Sigma_{rr\iota}\cross\overline{\mathbb{C}}$ wit,h $h_{/J}(\tilde{f})>1\mathrm{o}gm$ . Then since $h(\sigma)=\log m$ , by variational prin-
ciple we get, $h_{\rho}(\tilde{f})>h_{(\pi_{1})_{*}\rho}(\sigma)$ . By Lemma 10.5 in [Par] and Lemma 7.11, we

have $I(\epsilon|\tilde{f}-1)\epsilon(z)=\log J_{/}J(Z)$ and $h_{p}( \tilde{f})=\int_{\Sigma_{n}\overline{\mathbb{C}}}\cross \mathrm{g}J\mathcal{Z}d\rho 1\mathrm{l}\mathrm{o}\rho()(z)$ . Since $\tilde{f}$ is a
$d:1$ map where $d= \sum_{j=1}rr\iota \mathrm{d}\mathrm{C}\mathrm{g}(f_{j})$ , we have $I( \epsilon|\tilde{f}-1\xi_{\vee})(z)\leq\log(\sum_{j}^{m}=1\mathrm{g}(\mathrm{d}\mathrm{e}f_{j}))$ .

Hence we get, $h_{p}( \tilde{f})\leq\log(\sum_{j=}^{\gamma}’\iota_{1}\mathrm{d}_{\mathrm{C}}\mathrm{g}(f_{j}))$ . By the variational principle, we

get, $h( \tilde{f})\leq\log(\sum_{j=}^{r}n\mathrm{d}\mathrm{e}1\mathrm{g}(f_{j}))$ .
$\cdot$

$\square$

Proof. of statement,$\mathrm{s}4$ and 5 in Theorem 7.1. By Lemma 7.8 and the
statement 1 of Theorem 7.1, we get $H( \epsilon,|(\tilde{f})-1\epsilon)=-\sum^{m}j=1aj\log aj+$

$\sum^{m}j=1aj\log dj$ . Since $H( \xi,|(\tilde{f})^{-1}\epsilon,)=\int_{\Sigma_{n\iota \mathrm{X}\overline{\mathbb{C}}}}I(\epsilon,|\tilde{f}-1(\epsilon))(z)d\rho(Z)$ , by Lemma 7.11
we get $\mathrm{t},\mathrm{h}\mathrm{e}$ statement, 4 of Theorem 7.1.

Now we will show the $\mathrm{s}\mathrm{t}$,at,ement, 5 in Theorem 7.1. By the previolls
paragraph and Theorem 7.12, we gct $h( \tilde{f})=h_{\overline{l^{4}}}(\tilde{f})=1o\mathrm{g}(\sum_{j}^{\gamma r}L=1\deg(f_{j}))$.

Now assume t,here exists an $\tilde{f}$-invariant, probability measure $\rho$ on $\Sigma_{rn}\cross\overline{\mathbb{C}}$

wit,$\mathrm{h}l^{\sim}\iota\neq\rho$ and $h_{/J}(\tilde{f})=1\mathrm{o}gd$ where $d= \sum_{j1}^{n\iota}=\mathrm{e}\mathrm{d}g(f_{j})$ . We will show it
callses a cont,radict,ion. We can assume $\rho$ is ergodic. Since there cxists an
element. $g\in G$ wit,h the degree at least two, we have $\dot{1}o\mathrm{g}d>1\mathrm{o}gm$ . Hence
$h_{\rho}(\tilde{f})>h_{(\pi_{1})_{*}}\rho(\sigma)$ . By Lemma 7.11, we have

$h_{p}( \tilde{f})=\int_{\Sigma_{m}\cross\overline{\mathbb{C}}}\log J_{\rho}(_{Z})d\rho(Z)$ .

By Lemma 10.5 in [Par], we have $I(\epsilon|\tilde{f}-1\epsilon)(Z)=1o\mathrm{g}J(\rho z)$ . Since $\tilde{f}$ is a $d:1$

map, we have $\log J_{/)}(\mathcal{Z})\leq\log d$ for $\rho$ almost all $z\in\Sigma_{m}\cross\overline{\mathbb{C}}$ . Hence we get
$\log J_{r)}(Z)=\log d$ for $\rho$

almost, all $z\in\Sigma_{r’\downarrow}\cross\overline{\mathbb{C}}$ . By Proposition 2.2 in [DU],
we get that, $\tilde{B}^{*}‘’(\rho)=\rho$ where $a=( \frac{(l_{1}}{cl}, \ldots , \frac{(l_{n}}{\iota l},)$ and $\tilde{B}_{a}$ denotes $\mathrm{t},\mathrm{h}\mathrm{c}$ op $e\mathrm{r}\mathrm{a}\mathrm{t},\mathrm{o}\mathrm{r}$

on $C(\Sigma_{\mathit{7}’ l}\cross\overline{\mathbb{C}})$ defined in Section 7. If $E(G)=\emptyset,$ $\mathrm{t},\mathrm{h}e\mathrm{n}$ by t,he statement 1 in
Theorem 7.1, we get, $\rho=l^{\sim}\iota$ and this is a contradiction. Assume $E(G)\neq\emptyset$ .
Let, $V$ be t,he $1\iota \mathrm{n}\mathrm{i}\mathrm{o}\mathrm{n}$ of $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{c}\mathrm{t}_{J}\mathrm{e}\mathrm{d}$ components of $F(G)$ having non-empty
intersect,ion $\mathrm{w}\mathrm{i}\mathrm{t},\mathrm{h}E(G)$ . Let, $\varphi\in C(\Sigma_{rr\iota}\cross\overline{\mathbb{C}})$ be any element with $\varphi(z)\geq 0$

for all $z\in\Sigma_{7n}\cross\overline{\mathbb{C}}$ . Let, $\epsilon,$ $>0$ be any number. Let $A_{\epsilon}$ be $\mathrm{t},\mathrm{h}e\epsilon$,-open
hyperbolic neighborhood in $V$. Then $K_{\epsilon}=\pi_{2}^{-1}(\overline{\mathbb{C}}\backslash A_{\mathrm{f}})$ is compact and
backward invariant under $\tilde{f}$ . Then by the $\mathrm{s}\mathrm{t}$,atement, 1 in Theorem 7.1,

$\int_{\Sigma_{m^{\mathrm{X}}}\overline{\mathbb{C}}}\varphi(Z)d\rho(z)$ $=$ $\int_{\Sigma_{m}\mathrm{x}\overline{\mathbb{C}}}(\tilde{B}^{7l}\varphi a)(Z)d\rho(Z)$

$\geq$ $\int_{\Gamma \mathrm{e}’}\epsilon)(\tilde{B}_{a}^{n}\varphi)(\mathcal{Z}d\rho(\mathcal{Z})$

$arrow$ $\rho(K_{C})\cdot\int_{I_{1_{\mathrm{f}}}’}\varphi(Z)d_{l^{\sim}}\iota(z)$ ,
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as $narrow\infty$ . Hence we have for each $\epsilon>0$ ,

$\int_{\Sigma_{m}\cross}\overline{\mathbb{C}}\varphi(z)d\rho(Z)\geq\rho(K_{\epsilon})\cdot\int_{\Gamma \mathrm{i}^{r_{\mathrm{f}}}}\varphi(z)dl^{l}(\sim z)$.

Since $h_{\rho}(\tilde{f})>h_{(\pi_{1})*/}()\sigma)$ and $\rho$ is ergodic, we have $\rho(\pi_{2}^{-1}(E(G)))=0$ . Let,-

ting $\epsilonarrow 0$ , we get

$\int_{\underline{\nabla}_{n1^{\cross\overline{\mathbb{C}}}}}\varphi(z)d\rho(z)\geq\int_{\Sigma_{n1}}\cross\overline{\mathbb{C}}\varphi(z)d^{\sim}\prime^{\iota}(z)$.

It implies t,hat $\rho\geq/\iota\sim$ . Since $\rho$ and $jl\sim$ arc probability $\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{s}\iota \mathrm{l}\mathrm{r}\mathrm{C}\mathrm{s}$ , it follows that
$\rho=jl\sim$ but it is a contradiction. $\square$

The following $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{l}\iota \mathrm{l}\mathrm{t}$ is shown by Theorem 7.1 and llsing $\mathrm{M}\mathrm{a}\tilde{\mathrm{n}}$ \’e ’s methods $([\mathrm{M}\mathrm{a}3])$ .

Theorem 7.13. Let $G=\langle f_{1}, f_{2}, \ldots frn\rangle$ be a $fi,n\dot{i}tel\uparrow J$ generated rational
$sem\dot{i}.qro?\iota p$ . Assume that $F(H)\supset J(G)\uparrow$where $H=\{h^{-\mathrm{l}}|h\in Aut(\overline{\mathbb{C}})\mathrm{n}c\}(\dot{i}f$

$H=\emptyset$ , put $F(H)=\overline{\mathbb{C}}.)$ Al.so assume that $t,he$ set.s $\{f_{i}^{-1}(J(G))\}j=1,\ldots,m$ are
mutually disjoin $t_{\text{ノ}}$ . Then

$\dim_{H}(J(G))\geq\frac{\log(\sum^{\gamma r}j=1\iota\deg(f_{j}))}{\int_{J(G)}\mathrm{v}\log(||f\prime||)d_{jl}}$

where $l^{l}=(\pi_{2})_{*la}\sim\iota,$ $a=( \frac{\mathrm{r}\mathit{4}_{1}}{(t} , . . . , \lrcorner dd^{1\mathrm{L}})$ and $f(x)=f_{i}(x)$ if $x\in f_{i}^{-1}(J(G))$ .
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