0oooo0O0oooo .
11010 1999 0 83-95 : | 83

CLASSIFICATION WITH A PREASSIGNED ERROR RATE
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1. INTRODUCTION

Suppose that there are three populations =;, ¢ = 0,1,2, where it is known that

o = T; for- exactly one of 7 = 1,2, but we do not know for which i. The problem is to
- find for which ¢ this is true. In the investigation it is assumed that m;’s are indepen-
dently distributed as p-variate normal distributions N,(g;, X), i = 0,1,2, where all
the parameters are unknown and X > O. The problem is, thus, reduced to finding the
population with p; = po. For this problem we consider a discrimination rule which |

satisfies the requirement that
max(ejz, e2) < a whenever &6 > d° (L)

exactiy for specified constants d (> 0) and a (0 < a < 1/2), where § = p; — u,, and
eij (1,7 = 1,2, ¢ # j) dendtes the probability of misclassifying mo from =; into 7;. It
should be noted that the requirement (1.1) needs th‘e samples drawn from m, and 7
to have the same sample size. Although it can be extended to the unequal sample size
case by requiring that e;; < a and ey < (a # ), we consider only the equal sample
size case in this paper. »

Since ¥ is unknown, there does not exist a discrimination rule with fixed-sample

size which controls the two probabilities of misclassification at a specified level. Sri-

vastava (1973) considered to extend Chow and Robbins’s (1965) purely sequential
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procedure to a classification problem‘. Aoshima, Dudewicz and Siotani (1991) dealt
with the heteroscedastic case of this problem when p = 1. However, unfortunatelly,
these discrimination rules in the literatures do not assure to satisfy the requirement
" (1.1) except the case when d — 0. In this papér we shall develop a discrimination rule
: satiszing the requirement (1.1) exactly for finite sample by extending Heé.ly’s (1956)
two-stage procedure.

In Section 2, we first consider a,b discrimination rule with fixed-sample size if X' were
known. The samples are, however, chosen to minimize the total sample sizé, while the-
discrimination rule satisfies the requirement (1.1) exactly. In Section 3, a two-stage

' procedure is proposed to estimate the discrimination rule including unknown X¥'. Then,
the design constant in the two-stage procedure is determined so as to satisfy the re-
quirement (1.1) exactly for all (¥,d,a). In Section 4, the property of the proposed
discrimination rule is discussed and its efficiency is compared with another discrimina-

tion rule based on Srivastava’s (1973) procedure by the Monte Carlo simulation study.

2. FIXED-SAMPLE SIZE

If X were known, g, 7 = 0,1,2, are estimated by the sample mean vectors &;,, =
Y ®ii/ni, © = 0,1,2, of fixed size n;, where the random samples @y, ..., Tin, are
taken from 7, 1 = 0,1,2. Then, it should be noted that (1.1) requires us to take
n, = n, (= n) and it yields the maximum likelihood rule as follows: The population

7r§ is classified into my if
(Tono - F1n)' Z 7 (Zono — Fin) < (Ton, — Tan)' £ (Ton, — Tan); (2.1)

and into m; otherwise (cf. Anderson (1984)). Let y, = X2 (Egn;) — T1n) and
y, = XY (Fy,, —Fan), where ¢ = (1/no+1/n)~"/2. Then y, -y, and y; +y; are inde-
pendently distributed as N, (—c8*,2(1 — p)I,) and N, (c6*,2(1 + p)I,) when mo = m;
and are independently distributed as N, (—c8*,2(1 — p)I,) and N, (—c6*,2(1 + p)I,)
when 7 = 74, where p = ¢?/ny and §* = 2’1/26. Let u = I'(y; — y2)/\/2(T:7)_5 and

v= I‘('y‘1 + y,)/+/2(1 + p), where

o ( a*glA ) o v(2.12)‘
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is an orthogonal matrix and A = V§ X716, Then u = (u;,u}) and v = (v1,v}) are
independently distributed as -

( —cA/\2(1 = p), 0, I) and N, ((CA/,/2(1+p )

~when 7y = 7, and are independently dlstrlbuted as

N, ((-CA/,/z(l_p),o')','I',,) and N, ( —cA/\2(1 ¥ p), ). 1)

when 79 = m;. When 7y = my, we have

er2=P (y19, — y3y, > 0)
=P (u'v > 0)

=P (w"v A s o) ,
V2(1 - p)

, :
where w = (u1 + cA/+/2(1 — p), u’z) is distributed as N, (o, I,) being independent of
v. For the case that p = 1, it is easy to see that ‘

612(= e21) .
-1 -1 : -1 -1
=q>( cbo )@(— céo )‘+q)(_ cbo )@( cbo )’
V2(1+ p) V2(1—p) 2(1+p) 2(1 - p)
where ®(-) denotes the N(0,1) distribution function. Then, we have from (1.1) that
612(? 621) (23)
-1 ' ~1 -1 ~1
S‘I)( cdo )@(— cdo )+¢(_ cdo ) ( cdo )
V2(1 +p) 2(1 - p) V20+p))  \V2(1-p)

For the case that p > 2, we have

e1a(= e2l)=l——E{<I> (—————C—A———-—~— L )}
| \/2(?—1)(1*/)) Vi+2/(p—1)

where ¢ denotes a noncentral ¢ random ‘varia,ble with nencentrality parameter v =
\/czAz/{Z(l + p)} and with p—1 degrees of freedom (d.f.). From Das Gupta (1974) (see
also Srivastava and Khatri (1979)), it is known that the probability of misclassification
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is a monotone decreasing function of A. Thus, when we let A be the maximum latent

root of X, it holds from A > d/ VX that

d i |
612(; 621) S 1-— E {@ ( - ¢ """——'—':"—'_) } , (24)
C Ve -DM1-p) 1+ B/e-1)) )
where { denotes a noncentral ¢ random variable with noncentrality parameter 5 =
-\/c2d2/{2)\(1 + p)} and with p—1 d.f.

" There are several choices of (ng,n) for the discrimination rule (2.1) satisfying (1.1).

 Let 2d?*/ ) = g,*(a), where g,(a) is independent of (ng,n) and it is determined later.
When we write ng = {n for some fixed and known ¢ (i.e., ng = c*(1 +¢)), let us choose

¢ such that the total sample size

Ag2(e)
d2

is minimized. This gives ¢ = v/2, and hence ng = [n§] + 1 and n = [n*] + 1 with [a]

no+2n==

(1+6)(1+27)

denoting the smallest integer less than a, where
)\ 2 . -
ng = (1 + \/5) ——g—’iﬁ(gl and n* =¢ng. (2.5)

We shall determine g,(a) = ¢g* such that

(le)
| 2(1+p) 2(1-p)

() o() -
20+p)) 20—
when p = 1, and such that r

E{® g ¥ )}=1—a .
{ (\/Q(P—l)(l—p)\/1+{2/(p_1) | (2.7)

when p > 2, where f has a noncentral ¢ distribution with 5 = \/ g*2/{2(1 + p)} and

with p—1 d.f. Then, the discrimination rule (2.1) based on the samples of sizes (no,n)
satisfies the requirement (1.1) exactly. Note that the fixed—sample sizes (ng,n) defined
above meet an asymptotically optimal choice given by Bechhofer and Turnbull (1971)

for the one-sided comparisons probleni with a control. (Cf. Hochberg and Tamhane

(1987), p.202.) Table 1 gives values of g,(a) for p = 1(1)5 and & = .01 and .05. These
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values were computed by solving the equations (2.6) for p = 1 and (2.7) for p > 2
via the bisection method. The expectation in (2.7) was computed by the Monte Carlo
method with 10,000 independent trials.

TABLE 1. Values of g,(a)

ap| 12 3 4 5
01 [3.92 418 427 439 4.50
05 | 2.83 3.08 3.22 335 3.45

3. TWO-STAGE PROCEDURE

Since X' is unknown, that is A is unknown, the sample sizes (no,n) given by (2.5)
need to be estimated in the discrimination rule (2.1). Let us consider the following
two—stage procedure. '

We first take the initial samples @qy, ..., Zom, from my and @y, ..., &y from m;, i =
1,2, where mg = [{m] 4+ 1, m is a given integer such that mg — 1 4+ 2(m — 1) > p and
¢ = /2. Compute Top, = YT ®oj /Mo, Eim =7 z;;/m,1=1,2, and ‘

Z(a’()] Tom, ) (Toj — wOmo +ZZ($11 @i — Fim)', (3.1)

j=1 i=1j5=1

where v = mg — 14 2(m —1). Let £,, be the maximum latent root of S,,. The sample

sizes of two-stage procedure are defined by
Ny=max {mo, [(1 +v2) ’"g"’m(a)] + 1} (3.2)

for 7y, and by
N = [671NG) + 1 - (3.3)

for m;, ¢ = 1,2. The constant g,,,(a) = g is determined such that

(1 '\/i+1
F, (—2—\/—5'9) F, _(— _{ﬁ_g) o (34)
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when p = 1, where F,(-) denotes the ¢ distribution function with v d.f., and such that

V2+1 g U/ /W12 | |
EX® e =1l—-« 3.5
{ ( 2v2 \/’7\/(5/101,2)2 + E'W2—22’~‘) } o)

. when p > 2, where h=t- (3/wy.9)wyg, tis a Np_y(0,I,1) random vector, ¥ is a
N (g\/l/(2\/§)\/w1.2/u - wi,W3jt, 1) random variable, wy.y = wy — wi, W, wsa,

and
Wz) ( Wiy w'u ) .
wi; Wy

“denotes a Wy(v, I,) matrix. Here, ¢ and W are independent. At the second stage,

we take the additional samples ®gmo41, .-+ Lon, from mg and ®ipmi1, ..., ;v from m;,
i = 1,2. Compute &gy, = Ef’__‘fl xo; /Ny and T,y = ):;-V:l x;;/N, ¢+ = 1,2. Then, the

following discrimination rule is proposed: The population 7o is classified into my if

(Fon, — EIN),S;LI(—‘EONO —Tn) < (Ton, — ?EzN)'S;zl (Zon, — Tan ), (3.6)

and into 7, otherwise.

For the discrimination rule (3.6) we have

THEOREM 1 The discrimination rule (3.6) satisfies the requirement (1.1) exactly.

In the proof of this theorem the following lemma, is useful.
LEMMA 1 Let W be a p x p symmetric nonsingular‘matrix and
w1 Wi )
W = ,
( wy; Wo
where wyy is a scalar, wyy is a (p—1) x 1 vector, and Wy, is a (p—1) x (p—1) matriz.

Let Wi = Wy — w’IZW;ZIwIZ' Then
0 o ‘ 1 .
-1 - -1 ’ ~1
W™ = ( o Wjl ) + Wy, ( —Wilwy, ) ( 1, —wpWy )
PROOF See Srivastava and Khatri (1979, Corollary 1.4.2, p.8). n

PROOF OF THEOREM 1 Let §* = X5, y = & X" /*(2&on, — Tun — Tan)
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~and z = & XV (@Eyn —Fyw), where & = (4/No + 2/N)"V? and & = (2/N)™/. Then,
for given S,,, ¥ is distributed as N (¢16™,1,) when 7y = 7r1 and as N, (—¢,6%,I,) when
To = Ty, and z is distributed as N, (—¢;6*,I,). Let W = v X~Y/28, -2 Then W
is distributed as W,(v,I,). Note that we have e;; = P(y'W"lz. > 0) when mp = m
and ey; = P ((—y)’W‘lz >‘0) when mp = Ty, 1.€. €13 = €g;.
For the case that p = 1, we have from (2.3) that

sl o
(\/'\/N—Tla) (“‘/—“)}

Moreover, from (3.2)—(3.3) with g, .(a) = g, we obtain

1 |f+1 S2,
e1z(= eZl)SE{q)( 2 ( 2\/‘ —07)
1 53, V2+1 [S2
. (vmg - “’(Jz—ﬁ‘g@)}
1v2Z+1 A
»(155Y)

A
e

2
+F, -—1——-9) F,
v (—2\/5
in view of the definition of g in (3.4). For the case that p > 2, we let § = I'y =
(t,93), 2 =Tz = (71,%;)" and W = I'WTI', where I is the same as in (2.2).

Then, for given S,., ¥ and Z are independently distributed as N, ((CIA,O) I ,,) and
N, ((-—EzA, o), I p), respectively. We also have ’

' -1
~ —_—
=1 Wiy Wyy-
w :—:(~ e L
wy;; Wy

(6*' 15 /A2 W ‘B/A> (3.7)

B'W§/A BWB

Let Wy, = Wy — Eizwzz Wiy, U= G — w12W22 Y, and h = ¥, — (u/W1.2)Wy2. Then
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wé have from Lemma 1 that
YW lz=§'W 'z

U _ e
=—2x + h W22 Z9.
Wy.2

Since y'W ™z is distributed as N (—(a/ﬁl.z)szA, (@) @10) + h’W;;h) for given §
and W, we obtain that

612(2 621) =1—E {@ ( (u/'wl-Z,)C2%v’2 ) } )
V(@/@12) + KW, b
Now, i is distributed as N(&A — W,,W 5 i, 1) for given §;, and W. Noting that

e12(= eg) is a decreasing function of A and that A > \/1:01.2 / 1/\/d2 /L. in view of (3.7)

and Lemma. 1, we have

= o) <1—E {(]_5 ( 1 (01/Vr2) Ey/d/bm )}

V(5 @10)? + By W gy by

where Rl = '§2 - (61/’(51.2)7!512 and ”(71 has N (61\/1711.2/V\/d2/£m — G'IZW;;§2, 1)
Since e13(= ez1) is a decreasing function of (¢,¢;) and it holds from (3.2)—(3.3) with
gpm(a) = g that
~ 1 \Y fm . '\/-2- + 1 ‘V em
> —=— d ¢ 2 )
(] g and C; 2 2\/5 d g

_2\/§d‘

we conclude that

| Vitlg /B
cenn(=en) <1 - Eq® N ’
(= en) { ( 2V2 VY \[(5,)05)? + EQW§2252) }

~ - » - ~ - — —_ ——1_ .
where hy = Y, — (U2/W;.2)W12 and ¥, has N (g\/l/(Z\/?_)\/wl.g/V — W, Wy ¥, 1).
The proof is complete in view of the definition of g in (3.5). ' |

Table 2 gives values of gpm(a) for p = 1(1)5 and m = 5(5)20(10)50,1OO when
a = .01 and .05. These values were computed by solving the equations (3.4) for p=1
and (3.5) for p > 2 via the bisection method. The expectation in (3.5) was computed
by the Monte Carlo method with 10,000 independent trials. Note that gy m () — gp(e)

as m — 0OQ.
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TABLE 2. Values of g, (a)

o =_.01

m| 5 10 15 20 30 40 50 100
456 4.18 4.09 4.04 4.00 3.98 .3.97 3.94
0.18 4.53 4.38 4.27 4.23 4.19 4.20 4.18
0.94 493 4.63 4.55 4.40 4.40 4.35 4.30 |
7.03 5.16 4.82 4.73 4.58 4.55 4.51 4.48
8.00 5.51 5.12 4.99 4.82 4.65 4.69 4.60

I3 BTG UR ey

m| 5. 10 15 20 30 40 50 100
3.13 2.96 291 2.89 287 2.86 2.86 285
3.64 3.27 3.20 3.6 3.2 3.08 3.13 3.08
4.20 3.58 343 3.39 3.31 3.28 3.27 3.24
491 3.82 3.66 3.53 3.46 3.44 3.44 3.39
5.63 4.12 3.87 3.73 3.64 3.58 3.57 3.53

G W N =

4. EFFICIENCY

In this section, let us discuss the efficiency of the proposed discrimination rule in

Section 3. Under the assumption that m = m(d):
m(d) — oo, d*m(d) — 0 as d — 0, (4.1)
we have

THEOREM 2 The two-stage procedure based on (3.2)-(3.3) is asymptotically effi-

cient, i.e. '
E(Ny 4+ 2N)

= 1.
d—0  ng+ 2n*

PROOF From (3.2)—(3.3) we have

(@)

(1+V2)(1 + 2" l)gp"‘ E(zm) < E(Np + 2N) : (4.2)

g,,,()

A <(2+£)m+(1+\/—)(1+26 HZpm/ E(E ).
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Since n + 2n* = (1 +V2)(1 + 2§‘l)gp2(a)k/d2 from (2.5), it holds that

gg,m(c‘\Y) E(em) < E(NO + 2N) < fmdz gg,m(a) E(ern)
CgXa) A T mp+2nt T (14v2)g,2(a)d  gHa) A
Since E({,) — X as m — oo and gpm(a@) — gp(@) as m — oo, we obtain the result
"under (4.1). | | ' ' |

REMARK 1 From the left hand side of (4.2), it appear that
E(No +2N) 2 ng+ 2n”,

" since E(lfm) > X and gpm(a@) 2 g,(a) from Tables 1-2. It has not been possible to
show theoretically that g, m.(a) > gp(e). '

To compare with another discrimination rule proposed by Srivastava (1973), we
consider the following two-stage procedure: After computing the maximum latent
root £y, of S,, with £ =1 in (3.1), the sample size of two—stage procedure is defined by

—_ 652, (c ‘ .
N = max {m, {—gp—’cp(—lfm] + 1} E (4.3)

for 7_r,-,'z' =0,1,2. The constant §, () = § is given as a solution to the equation

oo (3f5)] -1«

where A, is the minimum latent root of a W,(v, I,,) matrix and v = 3(m —1). At the .
second stage, the additional samples ®;m41,..., %5 are taken from =;, ¢ = 0,1,2, and
Z w1 i/ N is computed for each ;. Then the population 7 is classified into

) 1f ' '
(@oy ~ Fo7)' S5 Boi — Tait) < (o — Bo)' S0 (Fofy — Fo) (4.4)

and into 7, otherwise. The discrimination rule (4.4) was originally given by Srivastava
(1973) along the line of sequential multistage methodology and it was simplified in
the present way of two-stage methodology by Aoshima and Aoki (1997) while main-

taining the same efficiency asymptotically. The discrimination rule (4.4) satisfies the

requirement (1.1) asymptotlcally when d — 0. |
We evaluate the efficiencies of two discrimination rules (2.1) and (4. 4) in terms of

the sample size and the associated classification probability (i.e. 1 — max(en, es1)) by
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computing the average numbers of k = 10,000 independent trials via the Monte Carlo
simulation. Forp = 3, the simulation was carried out with 7;, 7 = 0,1, 2, generated by
three independent sequences of pseudo normal random numbers which have the mean
vectors p; = (d+.01,0,0)", u, = (0,0,0)’ and g, = g1, or p,, and the covariance matrix

‘ 2 = diag(3,1,1). Let n** = n} + 2n*. We set & = .05 and d = 1.346‘, .952,.777. Then,
the pairs (nj,n*) of the fixed-sample sizes are (41.4, 29.3), (82.8, 58.6) and (124.3,
87.9), sb that n** = 100, 200 and 300, respectively, since. gp(a) = 3.22 from Table 1
with (p, @) = (3,.05). The initial sample sizes of the two-stage procedures were set as
m = 10, 15,20, 30. Then, with (p, ) = (3,.05), Gpm(a) = 2.14, 2.01, 1.94 and 1.87 from
Table 1 in Aoshima and Aoki (1997) and g, m(c) = 3.58, 3.43, 3.39 and 3.31 from Table
2, for m = 10, 15, 20 and 30. For values of n** and m, suppose that the sample size from _
each m; is estimated by the observed values n;;, i = 0, 1,2, in the j** replication, and
let p;=1o0r0 according as the discrimination rule classifies my correctly or not in the
j* replication, j = 1,..., k. Let m = k=1 Tk, nyj, S3(m:) = (k2 — k)~ Tk, (nij — )7,
1=0,1,2, CP = k7' Tk_ p; and S*(CP) = CP(1 — CP)/k.



TABLE 3. Comparison of the proposed discrimination rule (2.1)

with the discrimination rule (4.4)

Proposed rule (2.1) (i = 1,2)
m | n* | (B, S()) (W, S(m)) ¥iom: | (CP, S(CP))
100 | (54.0,.374) (38.3,.314) 130.6 | (.980, .00139)
10 | 200 | (106.9, .524)  (75.7, .440) . 258.3 | (.980, .00139)
300 | (161.2, .647) (114.1,.544) 389.5 | (.981,.00137)
100 | (48.4,.322) (34.4,.271) 1172 | (.975, .00156)
15200 | (97.2, 459) (68.9,.386)  234.9 | (.975, .00158)
300 | (145.6, .552) (103.1,.464) 351.9 | (.979, .00142)
100 | (47.2,.292) (33.6,.246) 114.3 | (.972, .00164)
20 | 200 | (94.3, .417) (66.8,.351)  228.0 | (.975, .00155)
300 | (141.9, .509) (100.5, .428) 342.9 | (.973,.00163)
100 | (44.9, .257) (33.0,.187) 110.8 | (.974, .00161)
30 | 200 | (89.3,.366) (63.3,.308) 215.9 | (.965,.00184)
300 | (133.6, .446) (94.7,.375)  323.0 | (.970, .00172)
Rule (4.4) (i = 0,1,2)

m | n™ | (W, S(m)) Yi,7 |(CP, S(CP))

100 | (48.0,.352) 144.0 | (.969, .00173)

10 | 200 | (94.9, .494) 284.8 | (.964, .00187)

300 | (143.2, .610) 429.7 | (.968, .00177)

100 | (414, 297) 124.2 | (.964, .00187)

151200 | (83.0,.424) 249.0 | (.961,.00194)

300 | (124.3, .510) 373.0 | (.955, .00206)

~ |100] (38.5,.264) 1156 | (.952,.00213)

20 | 200 | (76.9,.377) 230.6 | (.952,.00213)

300 | (115.6, .459)  346.9 | (.950, .00218)

100 | (36.1,.219) 108.2 | (.947, .00225)

30 [ 200 | (71.0,.326) 212.9 | (.947,.00225)

300 | (106.1,.397) 318.3 | (.954, .00209)

94

We observe from Table 3 that the proposed discrimination rule (2.1) works well as

~ expected. | Also, it seems to classify mo more correctly than the rule (4.4) even though

it requires smaller total sample size. Therefore, we recommend to make use of the

discrimination rule proposed in this paper for the present purpose positively.
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