
Perturbations of maximal monotone operators
applied to the nonlinear Schr\"odinger and

complex Ginzburg-Landau equations

Noboru Okazawar and Tomomi Yokota**

(岡沢登, 横田智巳)

Science University of Tokyo

1. htroduction

Let $\Omega$ be a bounded or unboumded domain in $\mathbb{R}^{N}$ with compact $C^{2}$-boundary $\mathfrak{W}$. In

$L^{2}(\Omega)$ we consider the nonlinear $\mathrm{S}\mathrm{c}\mathrm{h}\mathrm{r}^{\sim}\mathrm{d}$ inger equation

(1.1)

where $i=\sqrt{-1}$ , the exponent $p\geq 1$ is a constant and $u$ is a $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{X}^{\infty}\mathrm{v}\mathrm{a}\mathrm{l}\mathrm{u}\mathrm{d}$ unknown

fimction (cf. Lions [11]). The global existence of unique strong solutions to (1.1) was first

proved by Pecher and von $\mathrm{W}\mathrm{a}\mathrm{M}[16]$ under the folowing condition: $1\leq p<\infty(N=1,2)$

and

(1.2) $1 \leq p\leq\frac{N+2}{N-2}$ $(3\leq N\leq 8)$ .

They also conjecture that if $N\geq 3$ then $(N+2)/(N-2)$ is the largest possible exponent

for the global existence of strong solutions (see [16, Remark I.3]). Applying her char-

acterization theorem for maximal monotonicity, Shigeta [17] removal the restriction of

$N\leq 8$ in con&tion (1.2).

The first purpose of this paper is to prove the global existence for all aecponents

$p\geq 1$ contrary to the conjecture. The previous arguments ([16, 17]) depending on

the Gagliardo-Nirenberg inequality do not work in the case where $p>(N+2)/(N-2)$ .
So we have established a new inequality (see (1.3) below) similar to the sectorial estimate
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$\mathrm{o}\mathrm{f}-\Delta$ in $L^{\mathrm{p}}$ (cf. [15]). Our approach here is much simpler than theirs and daenibd as
follows. We use a new type perturbation theorem for $\mathrm{m}\ovalbox{\tt\small REJECT}$ monotone operators in a
“complex” Hilbert space. In $L^{2}(\Omega)$ we introduce two operators as follows:

$S\mathrm{u}:=-\Delta u$ for $u\in D(S):=H^{2}(\Omega)\cap H_{0^{1}}(\Omega)$ ,

$B\mathrm{u}:=|u|^{\mathrm{P}^{-1}}u$ for $u\in D(B)$ $:=L^{2}(\Omega)\cap L^{2_{\mathrm{P}}}(\Omega)$ ,

where $H^{2}(\Omega)$ and $H_{0}^{1}(\Omega)$ are the usual Sobolev spaces of $L^{2}$-type. Let $\epsilon>0.$ Denotin$\mathrm{g}$

by $B_{\epsilon}$ the Yosida approximation of $B$, we can show that for every $u\in D(S)$ and $p\geq 1$ ,

(1.3) $|{\rm Im}(s_{u}, B \epsilon u)_{I\prime}|\leq\frac{p-1}{2\sqrt{p}}{\rm Re}(s\mathrm{u},Bu\xi)_{L}2$ .

This inequality enables us to assert that $iS+B$ is maJrimal monotone in $L^{2}(\Omega)$ .
${\rm Re}$ second purpose is to discuss another applicabihty of the inequality (1.3). Actually,

we can improve the result of Unai and Okazawa [21] $\infty \mathrm{n}\mathrm{o}\mathrm{e}\dot{\mathrm{m}}\mathrm{n}\mathrm{g}$ the global existence for
the complex Ginzburg-Landau equation

(1.4) $\{_{u(_{X,\mathrm{o}}}^{\frac{\partial u}{\partial t}-}u=0\mathrm{o}\mathrm{n},\mathbb{R}+)(\lambda+i\alpha_{\partial\Omega \mathrm{x}}=u_{0}(X))\Delta u+(x\in’\Omega\kappa+, i\beta)|u|\mathrm{p}-1-\gamma u\mathrm{u}=0$

in $\Omega\cross \mathbb{R}_{+}$ ,

where $\lambda>0,$ $\kappa>0,$ $p\geq 1$ and $\alpha,$ $\beta,$ $\gamma\in \mathbb{R}$ are constants. This equation has been
widely studied by many authors using different methods (cf. Bu [3], Doeing, Gibbon
and Levermore [5], $\mathrm{G}\ddot{\mathrm{m}}\mathrm{b}\mathrm{r}\mathrm{e}$ and Velo $[6, 7]$ , Temam [19] and Yang [22] $)$ . Recently blow-
up results for (1.4) with $\alpha=\gamma=0$ and $\kappa<0$ was given by Zaag [23]. Equation (1.4) is
obviously reduced to a usual nonlinear Schr\"odinger equation when $\lambda=\kappa=\gamma=0$ and to
a nonlinear heat equation when $\alpha=\beta=\gamma=0$.

The third $\mathrm{P}^{\mathrm{u}\mathrm{I}}\mathrm{p}\mathrm{o}\mathrm{e}\mathrm{e}$ is to consider a parabolic $\mathrm{r}\mathrm{e}\mathrm{g}\iota 4\mathrm{a}r\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ to (1.1). Namely, we tum
our attention to the $\mathrm{f}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{W}\mathrm{i}\mathrm{n}\mathrm{g}$ equation

(1.5) $\{_{u_{n}(_{X^{-(\frac{\mathrm{l}}{n}}}}^{\frac{\partial u_{n}}{\partial t}}u=,\mathrm{o}n\mathrm{o}\mathrm{n}\partial\Omega \mathrm{x}_{X\in}+0)=u1(_{X}+i)\Delta un_{\mathbb{R}}+|,*\nabla 10),\Omega,*=$

in $\Omega \mathrm{x}\mathbb{R}_{+}$ ,

where $n\in$ N. This is a special case of (1.4) and regarded as an approximate problem to
(1.1).
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Before stating our $\iota \mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{s}$ we give some notations and definitions used in this paper.
We shffi use those spaces of complex-valued functions over $\Omega$ (or its cloeure $\overline{\Omega}$) such as
$L^{r}(\Omega)(r>1),$ $C_{0}(\Omega),$ $C_{0}^{\infty}(\Omega),$ $C^{1}(\overline{\Omega}),$ $\sigma,\alpha(\overline{\Omega}),$ $C1,a(\overline{\Omega})(0<\alpha\leq 1)$ , etc. The norms
of $L^{r}(\Omega)$ and $H^{1}(\Omega)$ are denoted by $||\cdot||_{L^{r}}$ and $||\cdot||_{H^{1}}$ , respectively. Next we define two

kinds of strong solution. One is bounded globally and the other may grow exponentialy.

Defimition 1. The global strong solution to (1.1) (or (1.5)) is defined as an $L^{2}(\Omega)$-valued
function $u(t):=u(x,t)$ with the folowing properties:

(a) $u(t)\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega)\cap L^{2_{\mathrm{P}}}(\Omega)$ for all $t\geq 0$ .
(b) $u(\cdot)$ is Lipschitz $\infty \mathrm{n}\mathrm{t}\dot{\mathrm{m}}$uous on $[0, \infty):u(\cdot)\in\sigma^{1},([0, \infty);L^{2}(\Omega))$ .
(c) The strong denivative $u’(t)$ exists for almost all $t\geq 0$ and is bounded in $L^{2}(\Omega)$ :

$u(\cdot)\in W^{1,\infty}(0, \infty;L2(\Omega))$ .
(d) $u(\cdot)$ satisfies (1.1) (or (1.5)) almost everywhere on $[0, \infty)$ .

Definition 2. ${\rm Re}$ global stmng solution to (1.4) is defined as an $L^{2}(\Omega)$-valuai function
$\mathrm{u}(t):=u(x,t)$ with the following properties:

(a) $u(t)\in H^{2}(\Omega)\cap H_{0^{1}}(\Omega)\mathrm{n}L^{2}p(\Omega)$ for all $t\geq 0$ .
(b) $u(\cdot)\in\sigma,1([0,\tau];L^{2}(\Omega))\forall T>0$ .
(c) $\mathrm{u}(\cdot)\in W^{1,\infty}(0,T;L2(\Omega))\forall T>0$ .
(d) $u(\cdot)$ satisfies (1.4) $\mathrm{a}.\mathrm{e}$ . on $[0, \infty)$ .

We now state our main results in this paper.

Theorem 1.1. Let $p\geq 1$ . Then for any $v_{0}\in H^{2}(\Omega)\cap H_{0}^{1}(\Omega)\cap L^{2\mathrm{p}}(\Omega)$ ffiere exists a
unique global strong solution $u(t):=u(x,t)$ to (1.1) in $L^{2}(\Omega)$ such ffiat

(1.6) $u(\cdot)\in L^{\infty}(0, \infty;H2(\Omega)\cap L^{2\mathrm{p}}(\Omega))$,

(1.7) $u(\cdot)\in\sigma^{1/},2([0,\infty);H(0^{1}\Omega))\cap C^{0}’ 1/\mathrm{c}_{\mathrm{P}}+1)([\mathrm{o}, \infty);L^{\mathrm{P}+1}(\Omega))$ ,

(1.8) $||u(t)||_{H^{1}}\leq||u_{0}||_{H}1$ ,

(1.9) $||u(t)-v(t)||L2\leq||u_{0}-v0||_{L}2$ ,

(1.10) $||\nabla u(t)-\nabla v(t)||_{\iota}^{2}2\leq c_{1}||u_{0}-v\mathrm{o}||_{L}2$ ,

(1.11) $||u(t)-v(t)||_{L}^{\mathrm{p}}+1\mathrm{P}+1\leq 2^{\mathrm{p}-1_{C_{1}}}||u_{0}-m||_{L^{2}}$ ,

where $v(t)$ is a solution to (1.1) with initial value $v_{0}\in H^{2}(\Omega)\cap H_{0^{1}}(\Omega)\cap L^{2_{\mathrm{P}}}(\Omega)$ and

$c_{1}:=\sqrt{p}(||\Delta u\mathrm{o}||_{L}2+||m||_{L}^{p}2\mathrm{p}+||\Delta v\mathrm{o}||_{L^{2}}+||v\mathrm{o}||^{p}L^{2\mathrm{p}})$ .
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The next theorem improves the main result in [21]. In fact, we have $\mathrm{e}\mathrm{h}\dot{\mathrm{m}}\mathrm{n}\mathrm{a}\mathrm{t}\alpha 1$ the
condition $\lambda\kappa+\alpha\beta>0$ assumed there.

Theorem 1.2. Iaet $\lambda>0,$ $\kappa>0$ and $p\geq 1$ . If $| \beta|\leq\frac{2\sqrt{p}}{p-1}\kappa$, ffien for any t4 $\in$

$H^{2}(\Omega)\cap H01(\Omega)\cap L^{2\mathrm{p}}(\Omega)$ ffiere ni& $a$ unique global strong solution $u(t):=u(x,t)$ to (1.4)
in $L^{2}(\Omega)$ such ffiat

(1.12) $u(\cdot)\in L^{\infty}(0,T;H^{2}(\Omega)\cap L2p(\Omega))$ ,
(1.13) $u(\cdot)\in\sigma^{1/1/(1},2([0,T];H_{0(}^{1}\Omega))\mathrm{n}\sigma,p+)([0,\eta;L^{\mathrm{p}}+1(\Omega))$ ,
(1.14) $||\mathrm{u}(t)||_{H^{1}}\leq e^{\gamma t}||u_{0}||_{H}1$ ,
(1.15) $||u(t)-v(t)||_{L}2\leq e\mathrm{I}r\iota|u_{0^{-v_{0}||_{\iota}}}2$ ,
(1.16) $||\nabla u(t)-\nabla v(t)||^{2}L^{2}\leq\alpha e|27^{t}|\mathrm{u}0-\mathrm{W}||_{L^{2}}$ ,
(1.17) $||u(t)-v(t)||p+1-1_{\mathrm{C}}\gamma l-v\mathrm{o}||\iota \mathrm{P}+1\leq 2pbe^{2}||\mathrm{u}_{0}L^{2}$ ,

where $v(t)$ is a solution to (1.4) with initial value $v_{0}\in H^{2}(\Omega)\cap H_{0()}^{1}\Omega\cap L^{2p}(\Omega)$. Setting
$\gamma+:=\max\{0,\gamma\},$ $\mathrm{q}$ and $c_{3}$ are given by

$c\mathrm{g}:=\lambda-1[||(\lambda+i\alpha)\Delta u_{0}-(\kappa+i\beta)|u_{0}|\mathrm{p}-1+m\gamma u0|1L2+\gamma_{+}||u0||_{L^{2}]}$

$+\lambda^{-1}[||(\lambda+i\alpha)\Delta v_{0}-(\kappa+i\beta)|v0|^{\mathrm{p}-1}v0+\gamma \mathrm{z}_{\mathrm{b}}||L2+\gamma_{+}||v0||_{L^{2]}}$ ,
$c_{3}:=\kappa-1(\lambda+\sqrt{\lambda^{2}+\alpha^{2}})\Phi$ .

Theorem 1.3. Let $u(t):=u(x,t)$ and $u_{n}(t):=u_{n}(x,t)$ be unique global strong solutions
to (1.1) and (1.5), vespectively. Then for all $t\geq 0$,

(1.18) $||u(t)-\%(t)||_{L}2\leq(t/2n)^{\frac{1}{2}}||\nabla u\mathrm{o}||L2$ , $n\in \mathrm{N}$,
(1.19) $||\nabla u(t)-\nabla u(nt)||_{L^{2}}2\leq(t/2n)^{\frac{1}{2}}c4(u_{0})$, $n\in \mathrm{N}$ ,
(1.20) $||u(t)-u_{n}(t)||_{L\mathrm{r}+1}^{\mathrm{P}+}1\leq 2\mathrm{P}^{-}1(t/2n)^{\frac{1}{2}}c_{4}(u_{0})$ , $n\in \mathrm{N}$ ,

where $c_{4}(\mathrm{u}_{0}):=\sqrt{p}||\nabla u_{0}||_{\iota}2(3||\Delta u0||_{L}2+2||u\mathrm{o}||^{\mathrm{p}}L2\mathrm{p})$.

Remark 1. 1) Our method can be applied also to (1.1) (or (1.4)) with generahzed non-
linear term $f(|u|^{2})u$. Here we assume that $f\in C([0, \infty);\mathbb{R})\cap C^{1}((0, \infty);\mathbb{R})$ with $f’\geq 0$

and $sf’(s)\leq cf(s)$ for $\epsilon \mathrm{o}\mathrm{m}\mathrm{e}$ constant $c>0$ . The details will be published elsewhere.
2) In the case where $N\leq 3$ the solution to (1.1) (or (1.4)) is of class $C^{1}$ ; this can be

shown by regarding (1.1) (or (1.4)) as a semilinear evolution equation (cf. [16, 20, 22]).
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Ihis, paper is orgamized as folows. In Section 2 we prove a new type perturbation

theorem for mnimal monotone operators in a Hilbert space, assumin$\mathrm{g}$ that an abstract

version of the key inqudity is satisfied. Section 3 is devoted to the key inequality. Once

the key inequality is established, Theorems 1.1–1.3 are immediate consequences of the

abstract results in Section 2.

2. Perturbation theorems

First we give defimitions of nonhnear $\mathrm{m}\mathrm{a}s\dot{\mathrm{o}}\mathrm{m}\mathrm{a}\mathrm{l}$ monotone operators and semigroups of

type $\omega$ in a complex ffilbert space $X$ with inner product $(\cdot, \cdot)$ and norm $||\cdot||$ .
An operator $A$ with domain $D(A)$ and range $R(A)$ in $X$ is said to be monotone if

$\mathrm{R}e(Au_{1^{-Auu_{1}-u_{2}}}2,)\geq 0$ for every $u_{1},$ $u_{2}\in D(A)$ . If, in addition, $R(A+\zeta)=X$ for

some (and hence for every) $\zeta\in \mathbb{C}$ with &\mbox{\boldmath $\zeta$}>0, we say that $A$ is masximd monotonoe in
$x$.

A semigroup of type $\omega \mathrm{o}\mathrm{n}\overline{D(A)}$ (the closure of $D(A)$ in $X$) is defined as a one.parameter

family $\{U(t);t\geq 0\}$ with the following properties:

(i) $U(\mathrm{O})=1,$ $U(t+s)=U(t)U(s),$ $t,s\geq 0$ .
(\"u) $U(t)varrow v(t\downarrow \mathrm{O}),$ $v\in\overline{D(A)}$.

(i\"u) $||U(t)v_{1}-U(t)v2||\leq e^{\omega t}||v1-\{b||,$ $v_{1},v_{2}\in\overline{D(A)},$ $t\geq 0$ .
In particular, a semigroup of type $0$ is a contraction semigroup.

The next lemma may be already known (at least when $\omega=0$), but we can give it a
simple proof.

Lemma 2.1. Let $A$ be a nonlinear operator in $X$ and $\omega\in$ R. Assume that $A+\omega$ is

maximd monotone in X. Iaet $\{U(t);t\geq 0\}$ be ffie semigroup of tmpe $\omega on\overline{D(A)}$ generuted

by-A. Then for $eve\eta\tau\iota\in D(A)$ and $t\geq 0$ ,

$||AU(t)u||\leq e^{\omega t}||Au||$ .

Proof. Let $0<\epsilon<|\omega|^{-1}$ and $u\in D(A)$ . Then we see $\mathrm{h}\mathrm{o}\mathrm{m}$ the manimal monotonicity of
$A+\omega$ that $(1+\epsilon A)^{-1}$ is Lipschitz continuous on $X$ with Lipschitz constant $(1-\epsilon\omega)-1$ .
Hence we obtain

$||A(1+\epsilon A)^{-1}u||=\epsilon^{-1}||(1+\epsilon A)^{-1}(1+\epsilon A)u-(1+\epsilon A)^{-1}u||$

$\leq(1-\epsilon\omega)^{-1}||Au||$ .
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This implies that for every $t\geq 0$ and $n\in \mathrm{N}$ with $n\geq\omega t$,

(2.1) $|[A[1+(t/n)A]^{-\mathfrak{n}}u||\leq[1-(\omega t/n)1-n||Au||$ .

Let $\{U(t);t\geq 0\}$ be the semigroup of type $\omega$ on $\overline{D(A)}$ generated by $-A$. Then it is
well-known that for every $v\in\overline{D(A)}$,

(2.2) $[1+(t/n)A]^{-}nvarrow U(t)v$ in $X$ $(narrow\infty).$,

where the convergence is unifom with respect to $t$ on every finite subinterval of $[0, \infty)$

(see $\mathrm{c}_{\mathrm{r}\mathrm{m}}\mathrm{d}\mathrm{a}\mathrm{N}$ and $\mathrm{L}\mathrm{i}\ovalbox{\tt\small REJECT} \mathrm{e}\mathrm{t}\mathrm{t}[4]$ or Miyadera [13]). In view of (2.1) and (2.2) we see from
the demi-closedness of $A$ (see Kato [9, Lemma 2.5]) that $U(t)u\in D(A)$ and

$A[1+(t/n)A]^{-n}uarrow AU(t)u$ $\mathrm{w}\mathrm{e}\mathrm{a}\mathrm{E}\mathrm{y}$ in $X$.

So we obtain

$||AU(t)u||\leq 1\dot{\min n}arrow\infty \mathrm{f}||A[1+(t/n)A]^{-}nu||\leq e^{\omega}\iota||Au||$ .
This completes the proof of the desired inequality. $\square$

For the next lemma see e.g. [13, pp. 145-148].

Lemma 2.2. Iaet $A,$ $\omega$ and $\{U(t);t\geq 0\}$ be ffie same as in Lemma 2.1. If $u_{0}\in D(A)$ ,
then $u(t):=U(t)_{\mathfrak{U}}\}$ is a unique strong solution to the initid value problem

(IVP) $u’(t)+Au(t)=0$, $u(0)=u_{0}$ ,

in ffie $f_{oll_{o\mathrm{u}}\dot{n}}ng$ sense:

(a) $u(t)\in D(A)$ for all $t\geq 0$ .
(b) $||u(t)-u(s)||\leq e^{\omega}+\mathrm{t}t+s)||Au_{0}||\cdot|t-\mathit{8}|,$ $t,s^{5}\geq 0,$ $\omega_{+}:=\max\{0,\omega\}$ .
(c) $u’(t)$ exists a. $e$. on $[0, \infty),$ $wi\hslash||u’(t)||\leq\theta||A\tau_{b}||(a.e.)$ .
(d) $u(\cdot)$ satisfies (IVP) $a.e$. on $[0,\infty)$ .

Here we note that the Lipschitz constant in (b) is determined by the estimate of $u’(t)$ in
(c).

Now we state our first perturbation $\mathrm{t}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ for $\mathrm{m}\mathrm{a}\dot{\mathrm{m}}$nnal monotone operators which
will be applied to (1.1).
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Theorem 2.3. IaetS be a nonnegative selfadjoint $\mathit{0}\mu mW\gamma$ in $X$ and $B$ a nonlinear mni-
$md$ monotone operator in $X$, with $D(S)\cap D(B)\neq\phi$. $As\mathit{8}ume$ that $\theta oeoee\dot{n}st_{S}$ a constant
$\theta_{1}$ wiffi $0<\theta_{1}<\pi/2$ such ffiat for every $u\in D(S)$ and $\epsilon>0$,

(2.3) $|{\rm Im}(su,B\xi u)|\leq(\tan\theta_{1})\mathrm{R}e(Su,B_{e}u)$,

uhere $B_{\epsilon}$ is ffie Yosida appmrimation of $B:B_{e}:=\epsilon^{-1}[1-(1+\epsilon B)^{-1}]$ . Then

(a) $iS+B$ is mmimal monotone in $X$ .
(b) For every $v\in D(s^{1/2})$ and $\zeta\in \mathbb{C}$ wiffi $\mathrm{R}\epsilon\zeta>0$,

(2.4) $||S^{1/2}(iS+B+\zeta)^{-1}v||\leq(\mathrm{R}\epsilon\zeta)-1||s^{1}/2v||$ ,

where $S^{1/2}$ is the square root of $S$ .
(c) For $eve\eta u_{0}\in D(S)\cap D(B)$ and $t\geq 0$ ,

(2.5) $||SU(t)u_{0}||^{2}+||BU(t)u_{0}||^{2} \leq\frac{1+\sin\theta_{1}}{1-\sin\theta_{1}}||(iS+B)u_{0}||2$ ,

where $\{U(t)\}$ is ffie contrnction semigroup $on\overline{D(S)\cap D(B)}$ genemted $by-(iS+B)$ .

Proof. Let $u\in D(S)$ and $\epsilon>0$ . First we shall show that

(2.6) $||Su||^{2}+||B_{\epsilon}u||^{2} \leq\frac{1+\sin\theta_{1}}{1-\sin\theta_{1}}||(iS+B_{\epsilon})u||^{2}$ .

In fact, we see from (2.3) that

$||Su||^{2}+||B_{\epsilon}u||^{2}=||(iS+B_{\epsilon})u||^{2}-2\mathrm{R}_{B(Bu)}iSu,\epsilon$

$\leq||(iS+B_{\epsilon})u||^{2}+2|{\rm Im}(Su, Bu)\epsilon|$

$\leq||(iS+B_{\epsilon})u||^{2}+2(\mathrm{t}\mathrm{m}\theta_{1})\mathrm{R}e(Su,B_{\epsilon}u)$

$=||(iS+B_{\Xi})u||^{2}+2(\mathrm{t}\mathrm{m}\theta_{1})\mathrm{R}e(su, (iS+B_{\epsilon})u)$

$\leq||(iS+B_{6})u||^{2}+2(\mathrm{t}\mathrm{m}\theta_{1})||su||\cdot||(iS+B_{\epsilon})u||$ .

This implies that

$||Su|| \leq(\tan\theta_{1}+\sqrt{1+\mathrm{t}\mathrm{m}^{2}\theta_{1}})||(is+B_{\epsilon})u||=\frac{\cos\theta_{1}}{1-\sin\theta_{1}}||(iS+B_{\epsilon})u||$.

Therefore we obtain (2.6).

Now we shall $\mathrm{p}_{\mathrm{I}}\kappa$)$\mathrm{v}\mathrm{e}$ that $iS+B$ is marimal monotone in $X$ based on the argument in

Kato [10, Section 10]. Since $B_{\epsilon}$ is monotone and Lipschitz continuous on $X$ , it folows
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that $iS+B_{\epsilon}$ is also $\mathrm{m}\dot{\mathrm{m}}\iota \mathrm{n}\mathrm{a}\mathrm{l}$ monotone in $X$ . For $f\in X$ and $\epsilon>0$ let $u_{\epsilon}\in D(S)$ be a
unique solution of the equation

(2.7) $(iS+B\epsilon)u\epsilon+u_{\mathcal{E}}=f$.

Since we have assumed that $D(S)\cap D(B)\neq\phi$ , it is easy to show that $\{||u_{\epsilon}||\}$ is bounded
as $\epsilon\downarrow 0$ . Hence we see from (2.6) and (2.7) that $\{[|B_{\epsilon}u\epsilon||\}$ is bounded. Therefore it
folows from Brezis, Crandall and Pazy [2, $\mathrm{T}\mathrm{h}\infty \mathrm{o}\mathrm{e}\mathrm{m}2.11$ (see [18, Proposition IV.2.1])
that $iS+B$ is maximal monotone in $X$ .

Next we prove (2.4). Since $B_{\epsilon}uarrow Bu(\epsilon\downarrow 0)$ in $X$ for every $u\in D(B)$ , we see hon
(2.3) that for every $u\in D(S)\cap D(B)$ ,

(2.8) $|{\rm Im}(Su,Bu)|\leq(\tan\theta 1)\mathrm{R}e(su, Bu)$ .

Let $v\in D(s^{1/2})$ and $\zeta\in \mathbb{C}$ with $\mathrm{R}e\zeta>0$. According to the $\mathrm{m}\ovalbox{\tt\small REJECT} \mathrm{t}\mathrm{y}$ of $iS+B$ there
nists a unique solution $u_{\zeta}\in D(S)\cap D(B)$ of the equation $(iS+B)u\zeta+\zeta u_{\zeta}=v$. It then
follows that

$\ (su_{\zeta\zeta},Bu)+(\mathrm{R}e\zeta)||s1/_{u|}2|^{2}=\mathrm{R}e(s1/2\zeta u_{\zeta},s1/2v)$ .

In view of (2.8) we see that $||S^{1/2}u_{\zeta}||\leq(\ \zeta)^{-1}||s^{1}/2v||$ . $\mathfrak{M}\mathrm{i}\mathrm{s}$ is nothing but (2.4).
Finaly we prove (2.5). Letting $\epsilon\downarrow 0$ in (2.6) with $u=U(t)u_{0}(u_{0}\in D(S)\cap D(B)$ ,

$t\geq 0)$ , we have

$||SU(t)u0||^{2}+||BU(t)u_{0}||^{2} \leq\frac{1+\sin\theta_{1}}{1-\sin\theta_{1}}||(is+B)U(t)u_{0}||2$ .

Applying Lemma 2.1 to the right-hand side, we obtain (2.5). $\square$

$RerMrk2$. For the maximal monotonicity of $S+B$ in term of $\mathrm{R}\epsilon(Su, B\epsilon u)$ see e.g. [14,
Lemma 6.2].

Corollary 2.4. In $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.3$ assume $fi\iota r\mathrm{f}\mathrm{f}\mathrm{i}e\Gamma$ ffiat $D(S)\cap D(B)$ is dense in X. Then
$U(t)$ leaves $D(s^{1/2})$ invariant $ard$ for every $v\in D(s^{1/2})$ and $t\geq 0$,

(2.9) $||s^{1/2}U(t)v||\leq||s1/2v||$ .

In particular, if $\mathrm{O}\in D(B)$ and $B\mathrm{O}=0$, ffie$\mathrm{n}$ for every $v\in X$ and $t\geq 0$,

(2.10) $||U(t)v||\leq||v||$ .
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Proof. We see from (2.4) that for every $v\in D(S^{1/2}),$ $t\geq 0$ and $n\in \mathrm{N}$,

$[|S^{1}/2[1+(t/n)(iS+B)]^{-\mathrm{n}}v||\leq||S^{1/2}v||$ .

Since $D(s^{1/2})\subset\overline{D(S)\cap D(B)},$ $(2.9)$ follows $\mathrm{h}\mathrm{o}\mathrm{m}(2.2)$ with $A=iS+B$ and the weak-

closedness of $S^{1/2}$ .
$\mathfrak{M}\mathrm{e}$ next is our second perturbation $\mathrm{t}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ for mnimd monotone operators which

will be applied to (1.4).

Theorem 2.5. In $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.3$ assume $fi_{lr\mathrm{f}\mathrm{f}\mathrm{i}e}r$ ffiat ffiere nists a constant $\theta_{2}\tau\dot{m}\mathrm{f}\mathrm{f}\mathrm{i}0<$

$\theta_{2}<\pi/2$ such that for $eve\eta u_{1},u2\in D(B)$ ,

(2.11) $|{\rm Im}(Bu_{1}-Bu2,u1-u_{2})|\leq(\tan\theta_{2})\mathrm{R}e(Bu1^{-}Bu_{2},u1-u_{2})$ .

For $\lambda>0,$ $\kappa>0$ and $\alpha,$
$\beta,$ $\gamma\in \mathbb{R}$ let

$A:=(\lambda+i\alpha)S+(\kappa+i\beta)B-\gamma$ , $D(A):=D(S)\cap D(B)$ .

Then

(a) $A+\gamma$ is maximd monotone in $X,$ pmnided that $|\beta|\leq(\tan\theta 0)^{-1}\kappa$, where $\theta_{0}$ $:=$

$\max\{\theta_{1},\theta_{2}\}$ .
(b) For everg $v\in D(s^{1/2})$ and $\zeta\in \mathbb{C}$ wiffi ${\rm Re}\zeta>\gamma$,

(2.12) $||S^{\mathrm{I}/1}2(A+\zeta)-v||\leq(\mathrm{R}e\zeta-\gamma)^{-1}||S1/2v||$ .

(c) For every $u_{0}\in D(A)$ and $t\geq 0$ ,

(2.13) $||SU(t)u0||\leq\lambda^{-1}(e^{\prime \mathrm{v}}|\mathrm{P}|Au_{0||}+\gamma_{+}||U(t)u\mathrm{o}||)$ ,

where $\{U(t)\}$ is the semigroup of type $\gamma$ on $\overline{D(A)}$ generated by-A.

Pmof. Let $\lambda>0,$ $\kappa>0$ and $\alpha,$ $\beta\in \mathbb{R}$ . Suppose that

$|\beta|.\leq(\mathrm{t}\mathrm{m}\theta_{0})-1\leq(\kappa \mathrm{t}\mathrm{m}\theta_{j})-1\kappa$ $(j=1,2)$ .

Then it follows $\mathrm{h}\mathrm{o}\mathrm{m}(2.3)$ that

(2.14) $\mathrm{R}e(Su, (\kappa+i\beta)B_{\epsilon}u)\geq[(\tan\theta 1)-1\kappa-|\beta|]|{\rm Im}(Su, B_{\mathcal{E}}u)|\geq 0$.

Thuis implies that for every $u\in D(S)$ ,

(2.15) $\lambda||Su||\leq||(\lambda+i\alpha)Su+(\kappa+i\beta)B_{\epsilon}u||$ .
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In fact, we see from (2.14) that

(2.16) $\lambda||Su||^{2}\leq \mathrm{R}\epsilon(Su, (\lambda+i\alpha)s_{u+}(\kappa+i\beta)B_{e}u)$.
On the other hand, it follows from (2.11) that $(\kappa+i\beta)B$ is also monotone in $X$ :

$\mathrm{R}e((\kappa+i\beta)(Bu_{1}-Bu2),u_{1^{-u)}}2$

$\geq[(\mathrm{t}\mathrm{m}\theta_{2})-1\kappa-|\beta|]|{\rm Im}(Bu_{1}-Bu_{2},u1^{-}u_{2})|\geq 0$.
$\mathrm{I}l\dot{\mathrm{u}}\mathrm{s}$ implies further that $(\kappa+i\beta)B_{\epsilon}$ is monotone in $X$ :

$\mathrm{R}\epsilon((\kappa+i\beta)(B_{\epsilon}v1-B\epsilon\tau_{b),\rangle\geq}v1-\mathrm{t}b\epsilon\kappa||B\epsilon v1-B_{e}v2||^{2}\geq 0$.
Hence we see that $(\lambda+i\alpha)S+(\kappa+i\beta)B_{\epsilon}$ is $\mathrm{a}\mathrm{J}s\mathrm{o}$ maximal monotone in $X$. Iherefore for
every $f\in X$ and $\epsilon>0$ there exists a unique solution $u_{\epsilon}\in D(S)$ of the equation

$(\lambda+i\alpha)su+\epsilon(\kappa+i\beta)B\epsilon u+\epsilon u=f\epsilon$ .
Since (2.15) plays the role of (2.6) in $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.3$ , we can conclude that

$A+\gamma=(\lambda+i\alpha)s+(\kappa+i\beta)B$

is maximal monotone in $X$.
To prove (2.12) let $v\in D(s^{1/2})$ and $\zeta\in \mathbb{C}$ with $\mathrm{R}\epsilon\zeta>\gamma$ . According to the maximality

of $A+\gamma$ there exists a unique solution $u_{\zeta}\in D(A)$ of the equation $Au_{\zeta}+\zeta u_{\zeta}=v$ , i.e.,

$(\lambda+i\alpha)Su_{\zeta}+(\kappa+i\beta)Bu\zeta-\gamma u\zeta+\zeta u\zeta=v$ .

Making the imer product of this equation with $Su_{\zeta}$ , we have

${\rm Re}(su\zeta, (\kappa+i\beta)Bu_{\zeta})+({\rm Re}\zeta-\gamma)||S^{1}/_{u_{\zeta}||^{2}\mathrm{R}\epsilon}2(S^{1}/2\leq u\zeta,S^{1}/2v)$ .

Letting $\epsilon$ tend to zero in (2.14) with $u\in D(S)\cap D(B)$ , we see that $\mathrm{R}e(Su, (\kappa+i\beta)Bu)\geq 0$.
Therefore we obtain (2.12).

Finaly we prove (2.13). Letting $\epsilon\downarrow 0$ in (2.16) with $u\in D(A)$ , we have

$\lambda||Su||^{2}\leq\ (s_{u}, (A+\gamma)u)$

$\leq||Su|[(||Au||+\gamma+||u||)$ .

This inplies that for every $u_{0}\in D(A)$ and $t\geq 0$ ,

$\lambda||SU(t)u\mathrm{o}||\leq||AU(t)u_{0}||+\gamma+||U(t)u0||$ .

Applying Lemma 2.1 to the first term on the right-hand side, we obtain (2.13). $\square$
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As a $\infty \mathrm{n}\mathrm{s}\Re \mathrm{u}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$ of (2.12), we have

$\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{U}\mathrm{a}\mathrm{r}\mathrm{y}2.6$. In $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.5$ assume further ffiat $D(A)$ is dense in X. Then $U(t)$

leaves $D(S^{1/2})$ invariant and for $eve\eta v\in D(S^{1/2})$ and $t\geq 0$,

(2.17) $||S^{1/2}U(t)v||\leq e^{\gamma t}||S1/2v||$ .

In particular, if $\mathrm{O}\in D(B)$ and $B\mathrm{O}=0,$ $\theta oen$ for every $v\in X$ and $t\geq 0$ ,

(2.18) $||U(t)v||\leq e^{\gamma t}||v||$ .

Conoeming approximation to the resolvent and semigroup we have

Theorem 2.7. Let $A$ and $S$ be the same as in $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.3$ . Then for $eve\eta n\in \mathrm{N},$ $v\in$

$D(s^{1/2})$ and $\zeta\in \mathbb{C}$ wiffi $\mathrm{R}e\zeta>0$ ,

(2.19) $||(iS+B+\zeta)^{-1}v-[(n^{-1}+i)S+B+\zeta]^{-1}v||\leq c_{n}||s1/2v||$,

where $c_{n}:=(\mathrm{R}e\zeta)-3/2(2\sqrt n\gamma-1$ . Let $\{U_{\mathfrak{n}}(t);t\geq 0\}$ be $\theta\iota e$ contruction $\mathit{8}emigmup$ on
$\overline{D(S)\cap D(B)}$ genoerated $by-[(n^{-1}+i)S+B]$ . Then for $eve\eta n\in \mathrm{N},$ $u_{0}\in D(S)\cap D(B)$

and $t\geq 0$,

(2.20) $||SU_{\mathrm{n}}(t)_{\mathfrak{U}}||^{2}+||BU_{n}(t)u_{0}||^{2} \leq\frac{1+\sin\theta_{1}}{1-\sin\theta_{1}}||[(n^{-1}+i)S+B]u_{\mathit{0}}||^{2}$ .

Assume further ffiat $D(S)\cap D(B)$ oe dense in $D(S^{1/2})[i.e_{f}.D(S)\cap D(B)$ is a core for
$S^{1/2}]$ . Then for $eve\eta n\in \mathrm{N},$ $v\in D(S^{1/2})$ and $t\geq 0$ ,

(2.21) $||U(t)v-Un(t)v||\leq(t/2n)^{1/2}||s^{1}/_{v}2||$ ,

where $\{U(t)\}$ is ffie contraction semigroup on $X$ generated $by-(iS+B)$ .

Proof. First Theorem 2.5 applies to conclude that $(n^{-1}+i)S+B$ is maximal monotone

in $X$ . Now let $v\in D(S^{1/2})$ and $\zeta\in \mathbb{C}$ with $\mathrm{R}e\zeta>0$ . Then there exist umique solutions
$u_{\mathfrak{n}},u\in D(S)\cap D(B)$ of the respective equations

$[(n^{-1}+i)S+B]u_{n}+\zeta u_{n}=v$, $(iS+B)u+\zeta u=v$ .

Hence (2.19) follows from the monotonicity of $iS+B$ and (2.4):

$(\mathrm{R}e\zeta)||u-u\hslash||^{2}\leq{\rm Re}(n^{-1}su\mathfrak{n}’ u-\tau 4*)$

$\leq n^{-1}||s^{1/_{u|}.s|}2n|||1/2u|-n^{-}1||S^{1}/2u_{n}||^{2}$

$\leq(1/4n)||S1/2u||2$

$\leq(1/4n)\cdot({\rm Re}\zeta)^{-}2||S^{1}/2v||2$ .
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Naect let $u\in D(S)$ . Noting that

$||(iS+B_{\epsilon})u||\leq||[(n^{-1}+i)S+B\epsilon]u||$ ,

we see from (2.6) that for eveIy $u\in D(S)\cap D(B)$ ,

$||Su||2+||B_{\epsilon}u||2 \leq\frac{1+\sin\theta_{1}}{1-\sin\theta_{1}}||[(n^{-1}+i)s+B_{\epsilon}]u||2$

Thus the proof of (2.20) is parallel to that of (2.5).
$\mathrm{F}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{n}_{\mathrm{y}}$ we shall prove (2.21). Since $D(S)\cap D(B)$ is dense in $D(s^{1/2})$ , it suffices to prove

(2.21) for the elements in $D(S)\cap D(B)$ . Let $u_{0}\in D(S)\cap D(B)$ . Then $u_{n}(t):=Un(t)u_{0}$

and $u(t):=U(t)u_{0}$ are unique strong solutions to the respective initial value problems:

$u_{\mathfrak{n}}’(t)+[(n^{-1}+i)s+B]u_{\mathfrak{n}}(t)=0$ , a.a. $t\geq 0$ , $u_{\mathfrak{n}}(0)=u_{0}$ ,

$u’(t)+(is+B)u(t)=0$, $\mathrm{a}.\mathrm{a}$. $t\geq 0$, $u(0)=u_{0}$ .
So we see from the monotonicity of $iS+B$ that for $\mathrm{a}.\mathrm{a}$. $s\geq 0$,

$(d/dS)||u(s)-u_{n}(S)||2=2\ (u’(S)-u(_{S)}\prime n’ u(s)-u_{\mathrm{n}}(s))$

$\leq 2{\rm Re}(n^{-1}su_{n}(s),u(s)-u_{n}(s))$

$\leq(1/2n)||S^{1}/2u(t)||^{2}$ .
Therefore, (2.21) follows $\mathrm{h}\mathrm{o}\mathrm{m}(2.9)$ . $\square$

2. Proofs of Theorems 1.1-1.3

For the abstract setting of initial value problems (1.1), (1.4) and (1.5) we introduce two
operators in the complex Hilbert space $X:=L^{2}(\Omega)$ with . ner product (., $\cdot$ ) $=(\cdot, \cdot)_{L^{2}}$ and
norm $||\cdot||=||\cdot||_{L^{2}}$ . Namely, we define the operators $S,$ $B$ as stated in Section 1:

$Su:=-\Delta u$ for $u\in D(S):=H^{2}(\Omega)\cap H_{0^{1}}(\Omega)$ ,
$Bu:=|u|^{\mathrm{P}^{-1}}u$ for $u\in D(B)$ $:=L^{2}(\Omega)\cap L^{2_{\mathrm{P}}}(\Omega)$ .

Then (1.1), (1.4) and (1.5) are $\mathrm{r}\dot{\mathrm{e}}$garded as the respective initial value problems for abstract
evolution equations:

(3.1) $u’(t)+(iS+B)u(t)=0$, $u(0)=u_{0}$ ,
(3.2) $u’(t)+[(\lambda+i\alpha)S+(\kappa+i\beta)B-\gamma]u(t)=0$ , $u(0)=w1$ ,

(3.3) $u_{n}’(t)+[(n^{-1}+i)S+B]u_{n}(t)=0$, $u_{n}(0)=u_{0}$ .
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To apply the results in Section 2, we shall show that the operators $S$ and $B\mathrm{s}\mathrm{a}\mathrm{t}\Phi$ the

inequalities (2.3) and (2.11) with the same constant and that $D(S)\cap D(B)$ is a core for
$S^{1/2}$ .

It is $\mathrm{w}\mathrm{e}\mathrm{l}$-known that $S$ is a nonnegative selfadjoint operator in $X$. On the other hand,

we have

Lemma 3.1. $B\dot{\mathrm{w}}$ a sectorial operator in $X,$ $i.e.$ , for every $u_{1},u_{2}\in D(B)$ ,

(3.4) $|{\rm Im}(Bu_{1^{-}}Bu2,u_{1}-u2)| \leq\frac{p-1}{2\sqrt{p}}{\rm Re}(Bu_{1}-Bu_{2},u1-u_{2})$ .

Proof. The constant factor in (3.4) has been determined by Liskevich and Perelmuter

[12]. Apart from the $\infty \mathrm{n}\mathrm{s}\mathrm{t}\mathrm{m}\mathrm{t}$ factor it is not so difficult to prove (3.4).

It $\mathrm{r}\alpha \mathrm{I}\mathrm{l}\mathrm{a}\dot{\mathrm{m}}\mathrm{S}$ to show that $B$ is maximal in $X$ . Let $f\in X$ and $\epsilon>0$ . Then for almost all
$x\in\Omega$ the equation

(3.5) $z+\epsilon|z|^{p-}1Z=f(x)$

in $\mathbb{C}$ has a unique solution $z=u_{\epsilon}(x)$ such that $|u_{\epsilon}(X)|\leq|f(X)|$ and

(3.6) $|u_{\epsilon}(X)-\tilde{u}_{\epsilon}(x)|\leq|f(x)-\tilde{f}(X)|$ ,

where $\tilde{u}_{\epsilon}(x)$ is a unique solution of (3.5) with $f$ replaced with $\tilde{f}$. Using approximation

by simple functions, we see from (3.6) that $u_{\epsilon}$ is measurable on $\Omega$ . (The measurability of
$u_{\epsilon}(x)$ was not mentioned in [21].) Therefore $u_{\epsilon}\in D(B)$ and we obtain $R(1+\epsilon B)=x$ . $\square$

Lemma 3.2. $H_{0}^{1}(\Omega)\cap C^{1}(\overline{\Omega})$ is invariant under $(1+\epsilon B)^{-1}$ for every $\epsilon>0$ . More

precisely, put $u_{\epsilon}(x):=(1+\epsilon B)^{-1}f(X)$ for $f\in H_{0}^{1}(\Omega)\cap C^{1}(\overline{\Omega})$ and $\epsilon>0$ . Then $u_{\epsilon}\in$

$H_{0}^{1}(\Omega)\cap c^{1}(\overline{\Omega})$ and

$\nabla u_{\epsilon}=\frac{1}{\mathrm{J}\mathrm{a}c}\{(1+\epsilon p|u_{\epsilon}|^{p}-1)\nabla f-\epsilon \mathrm{t}_{\mathrm{P}}-1)|u\epsilon|\mathrm{p}-3u_{\epsilon}\ ( \overline{u\epsilon}\nabla f)\}$

(3.7) $=(1+ \epsilon|u_{\epsilon}|^{\mathrm{p}-1})-1\nabla f-\frac{1}{\mathrm{J}\mathrm{a}c}\epsilon(p-1)|u_{\epsilon}|\mathrm{P}^{-}3(u_{\epsilon}\mathrm{R}e\overline{u_{\mathrm{g}}}\nabla f)$,

where Jac $=(1+\epsilon|u_{\Xi}|p-1)(1+\epsilon p|u_{\epsilon}|^{\mathrm{p}-}1)$ .

Pmof. For $\xi={}^{t}(\xi_{1},\xi_{2})\in \mathbb{R}^{2}$ we set

(3.8) $b(\xi):={}^{t}(|\xi|^{p-1}\xi 1, |\xi|^{\mathrm{p}-1}\xi_{2})$ .
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Then we see that $b$ is monotone in $\mathbb{R}^{2}$ :

$(b( \xi)-b(\eta))\cdot(\xi-\eta)=\mathrm{R}e(|z|^{\mathrm{p}1}-z-|w|\mathrm{p}-1w)\frac{z-w}{}\geq 0$ ,

where $z:=\xi_{1}+i6$ and $w:=\eta_{1}+ir_{h}$ . This leads us to define

(3.9) $\Phi(\xi)={}^{t}(\Phi_{1}(\xi),\Phi_{2}(\xi)):=\xi+\epsilon b(\xi)$ , $\epsilon>0$ .

It then follows from the monotonicity of $b$ that $\Phi:\mathbb{R}^{2}arrow \mathbb{R}^{2}$ is a bijection. $\mathrm{M}\mathrm{o}\mathrm{I}\mathrm{E}\mathrm{o}\mathrm{v}\propto$ we
can show that $\Phi$ is a $C^{1}$-bijection. In fact, it is easy to see that $\Phi$ is of class $C^{1}$ and for
eveIy $\xi\in \mathbb{R}^{2}$ ,

$\mathrm{J}\mathrm{a}\mathrm{c}(\xi):=|_{\partial\Phi}^{\mathfrak{X}_{1}/\partial}-2/\partial\xi 1\xi_{1}$
$\partial\Phi_{2}/\partial\epsilon\partial\Phi_{1}/\partial 6$ (Jacobian deteminant)

$=(1+\epsilon|\xi|p-1)(1+\xi p|\xi|^{p-}1)\geq 1$ .

Therefore we can conclude by the inverse function theorem that $\Phi^{-1}$ is ako of class $C^{1}$ .
Now let $u_{\epsilon}(x)=v_{\epsilon}(x)+iw_{\epsilon}(x):=(1+\epsilon B)^{-1}f(X)$ for $f=g+ih\in H_{0}^{1}(\Omega)\mathrm{n}o^{1}(\overline{\Omega})$ .

Then we have

(3.10) $u_{\epsilon}(x)+\epsilon|u_{\epsilon}(x)|\mathrm{P}^{-}1u_{\mathcal{E}}(x)=f(X)$ .
To show that $u_{\epsilon}\in H_{0}^{1}(\Omega)\mathrm{n}c^{1}(\overline{\Omega})$ put

$U_{\epsilon}(x):={}^{t}(v_{\epsilon}(x),w_{\epsilon}(x))$ , $F(x):={}^{t}(g(X), h(X))$ .
Then we see from (3.8) and (3.9) that (3.10) is equivalent to

$\Phi(U_{\epsilon}(x))=F(x)$ .

Since $F:\overline{\Omega}arrow \mathbb{R}^{2}$ is of class $C^{1}$ , it follows $\mathrm{h}\mathrm{o}\mathrm{m}$ the chain rule that $U_{\epsilon}=\Phi^{-1}\circ F:\overline{\Omega}arrow \mathbb{R}^{2}$

is also of class $C^{1}$ . In fact, we have

$\nabla v_{\epsilon}=\frac{1}{\mathrm{J}\mathrm{a}\mathrm{c}}[\{1+\epsilon|u_{\epsilon}|^{p-1}+\epsilon(p-1)|u_{\xi}|\mathrm{P}^{-}3w_{\xi}\}\backslash 2\mathrm{v}g-\epsilon(p-1)|u\epsilon|\mathrm{P}-3\nabla hv\epsilon w\mathcal{E}]$

$= \frac{1}{\mathrm{J}\mathrm{a}\mathrm{c}}\{(1+\epsilon p|u\epsilon|^{\mathrm{p}-1})\nabla g-\epsilon(p-1)|ue|^{p-}3\mathrm{R}e(v\overline{u_{\epsilon}}\nabla f\epsilon)\}$ ,

$\nabla w_{\mathcal{E}}=\frac{1}{\mathrm{J}\mathrm{a}\mathrm{c}}\{(1+\epsilon p|u|^{\mathrm{P}^{-}}\epsilon)\nabla h1-\epsilon(p-1)|u\epsilon|^{\mathrm{p}3}-w_{\epsilon}\mathrm{R}e(\overline{u\epsilon}\nabla f)\}$ ,

where Jac $=\mathrm{J}\mathrm{a}c(U_{\epsilon}(x))=(1+\epsilon|u_{\epsilon}|^{\mathrm{p}-}1)(1+\epsilon p|u_{\epsilon}|^{\mathrm{p}-}1)$ . Therefore $u_{\epsilon}\in C^{1}(\overline{\Omega})$ and
$\nabla u_{\epsilon}=\nabla v_{\epsilon}+i\nabla w_{\epsilon}$ is given by (3.7). On the other hand, we see from (3.7) and (3.10)
that $|u_{\epsilon}(x)|\leq|f(X)|$ and $|\nabla u_{\epsilon}(X)|\leq 2|\nabla f(x)|$ . This proves that $u_{\epsilon}\in H_{0}^{1}(\Omega)$ . $\square$
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The above-mentioned $\infty \mathrm{r}\mathrm{a}\mathrm{e}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S}$ for $\nabla v_{\epsilon}$ and $\nabla w_{\epsilon}$ are well-ordered compaxing with

those given in [21]. The consequent simplicity of $\nabla u_{\epsilon}$ in (3.7) leads us to the key inequality

the proof of which is now given by

Lemma 3.3. Iaet $B_{\epsilon}$ be the Yosida $app_{To\mathrm{f}\dot{\mathrm{f}\mathrm{l}}ma}ti_{\mathit{0}}nofB$ . $\mathfrak{M}\epsilon n$ for every $u\in D(S)$ ,

(3.11) $|{\rm Im}(su,B \epsilon u)|\leq\frac{p-1}{2\sqrt{p}}\mathrm{R}e(s_{u},B_{\epsilon}u)$.

$Con\theta equendy$, for every $u\in D(S)\cap D(B)$ ,

$|{\rm Im}(Su,Bu)| \leq\frac{p-1}{2\sqrt{p}}\mathrm{R}\epsilon(su,B\mathrm{u})$ .

Proof. Put $D_{0}:=H^{2}(\Omega)\cap H_{0^{1}}(\Omega)\cap c^{1}(\overline{\Omega})$ . Then it follows from the raeulnity $\mathrm{t}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$

and Morrey’s $\mathrm{t}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}$ that

$C_{0}(\Omega)\subset(1+S)(H^{2}(\Omega)\cap H_{0^{1}}(\Omega)\mathrm{n}c^{1,a}(\overline{\Omega}))$ $(0<\alpha<1)$

$\subset(1+S)D_{0}$

(see e.g. Brezis [1, p. $198^{\tau}1$). This implies that $(1+S)D_{0}$ is dense in $X$ and hence $D_{0}$ is

a core for $S$ (see Kato [8, Problem III.5.19]). Therefore it suffices to prove (3.11) for the

elements in $D_{0}$ . Let $f\in D_{0}$ . Setting $u_{\epsilon}:=(1+\epsilon B)^{-1}f$, we see ffom Lemma 3.2 that
$u_{\epsilon}\in H_{0}^{1}(\Omega)\cap c^{1}(\overline{\Omega})$ and

$\frac{1}{\epsilon}(\nabla f-\nabla u_{\epsilon})=\frac{|u_{\epsilon}|^{\mathrm{p}-1}}{1+\epsilon|u_{\epsilon}|\mathrm{P}^{-}1}\nabla f+\frac{1}{\mathrm{J}\mathrm{a}c}(p-1)|u_{\epsilon}|^{\mathrm{P}}-3u_{\epsilon}\mathrm{R}\epsilon(\overline{u_{\epsilon}}\nabla f)$.

Since $B_{\epsilon}f=\epsilon^{-\mathrm{I}}(f-u_{\epsilon})$ , we have

: $(Sf,B_{\epsilon}f)=\epsilon^{-1}(\nabla f,\nabla f-\nabla u_{\epsilon})$

$=I_{1}(f)+(p-1)I_{2}(f)$ ,

where

$I_{1}(f):= \int_{\Omega}\frac{|u_{\epsilon}|\mathrm{P}-1}{1+\epsilon|u_{\epsilon}|p-1}|\nabla f|^{2}$ &

and

$I_{2}(f):= \int_{\Omega}\frac{1}{\mathrm{J}\mathrm{a}\mathrm{c}}|u_{\Xi}|^{\mathrm{p}}-3(\overline{u_{\epsilon}}\nabla f)\cdot \mathrm{R}\epsilon(\overline{u\xi}\nabla f)d_{X}$.

Hence we obtain

(3.12) $\mathrm{R}\epsilon(sf,B\mathcal{E}f)=I_{1}(f)+(p-1){\rm Re} I_{2}(f)$ ,

(3.13) ${\rm Im}(Sf, B_{\epsilon}f)=(p-1){\rm Im} I_{2}(f)$ .
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Noting that

$I_{1}(f) \geq\int_{\Omega}\frac{1}{\mathrm{J}\mathrm{a}c}|u_{\xi}|^{\mathrm{p}-1}|\nabla f|^{2}$ &,

${\rm Re} I_{2}(f)= \int_{\Omega}\frac{1}{\mathrm{J}\mathrm{a}\mathrm{c}}|u_{\epsilon}|^{\mathrm{P}^{-}}3|\mathrm{R}e(\overline{u_{\mathrm{g}}}\nabla f)|^{2}$ &,

we see by the Cauchy-Schwarz inequality that

$|I_{2}(f)|2 \leq\int_{\Omega}\frac{1}{\mathrm{J}\mathrm{a}c}|u_{\epsilon}|\mathrm{P}^{-1}|\nabla f|2\ \int\Omega)\frac{1}{\mathrm{J}\mathrm{a}c}|u_{\xi}|^{\mathrm{p}-3}|\mathrm{R}e(\overline{u_{\epsilon}}\nabla f|^{2}h$

(3.14) $\leq I_{1}(f)\mathrm{R}eI_{2}(f)$ .

Now we can estimate ${\rm Im}(Sf,B\epsilon f)$ in the same way $\mathrm{a}\epsilon$ in [15]. If $p=1$ , then by (3.13)
${\rm Im}(Sf,B_{\xi}f)=0$ . Therefore we may assume that $p>1$ . It follows $\mathrm{f}\mathrm{f}\mathrm{i}$)$\mathrm{m}(3.12)-(3.14)$

that

$(p-1)^{-}2|{\rm Im}(s_{f,B_{\epsilon}}f)|^{2}=|I_{2}(f)|^{2}-|{\rm Re} I2(f)|2$

$\leq I_{1}(f)\mathrm{R}eI_{2}(f)-|{\rm Re} I2(f)|2$

$={\rm Re}(Sf,B\epsilon f){\rm Re} I_{\mathrm{Z}}(f)-p|\mathrm{B}\mathrm{e}I_{2}(f)|^{2}$

$\leq\frac{1}{4p}|\mathrm{R}\epsilon(Sf,Bef)|^{\mathrm{z}}$ .

Noting that ${\rm Re}(Sf, B\epsilon f)\geq 0$ , we obtain (3.11).

We see from Lemmas 3.1 and 3.3 that the $\mathrm{i}\mathrm{n}\alpha_{1}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\infty(2.3)$ and (2.11) hold with

$\tan\theta_{1}=\tan\theta_{2}=\frac{p-1}{2\sqrt{p}}$ .

Noting that $C_{0}^{\infty}(\Omega)\subset D(S)\cap D(B)$ is a core for $S^{1/2}$ , we can conclude that $S$ and $B$

$\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathfrak{h}r$ an the assumptions stated in Section 2.
We are now in a position to prove $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\mathrm{S}$ 1.1–1.3.

Proof of Theorem 1.1. As stated at the $\mathrm{b}\mathrm{e}\ovalbox{\tt\small REJECT}$ of this section, (1.1) is wnitten in the
form of (3.1). We see $\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{T}\mathrm{h}\infty\Gamma \mathrm{e}\mathrm{m}2.3$ and Lemma 3.3 that $iS+B$ in (3.1) is a
mninal monotone operator with domain $D(S)\cap D(B)$ dense in $X$ . Now let $\{U(t)\}$ be the
contraction semigroup on $X$ generated $\mathrm{b}\mathrm{y}-(iS+B)$ . Then for every $u_{0}\in D(S)\cap D(B)$ ,
$u(t):=U(t)u0$ is a unique solution to (3.1) in the sense of Lemma 2.2 (with $A=iS+B$
and $\omega=0$). This implies that (1.1) admits a unique global strong solution $u(x,t)$ in the
sense of Definition 1.
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It remain$\mathrm{s}$ to prove $(1.6)-(1.11)$ . Since $B\mathrm{O}=0$ , we obtain (1.8) as a combination of

(2.9) and (2.10). Noting that $(1+\sin\theta_{1})/(1-\sin\theta 1)=p$ , we see from (2.5) that for all

$t\geq 0$,

(3.15) $||\Delta u(t)||2L^{2}+||u(t)||_{L\mathrm{p}}^{2p}2\leq p(||\Delta uo||_{L}\mathrm{a}+||u_{0}||^{\mathrm{p}}\iota^{\mathrm{a}}\mathrm{p})2$ .

(1.6) is a consequence of this inequality and (1.8). (1.9) is a property of the contraction

semigroup $\{U(t)\}$ . Now it folows from the Cauchy-Schwarz inequality that for every
$u,v\in H^{2}(\Omega)\mathrm{n}H1(0\Omega)\cap L2\mathrm{P}(\Omega)$ ,

(3.16) $||\nabla u-\nabla v||^{2}L2\leq||u-v||L^{2}(||\Delta u||_{L^{2}}+||\Delta v||_{L^{2}})$ ,

(3.17) $||u-v||_{L\mathrm{r}}\mathrm{P}+1+1\leq||u-v||L2(||u||_{L^{2}\mathrm{p}}+||v|[_{L^{\mathrm{z}}\mathrm{p}})\mathrm{P}$ .

Consequently, (1.10) and (1.11) follow from (1.9) and (3.15). To prove (1.7) let $t,s\in$

$[0, \infty)$ . Then we see from Lemma 2.2 (b) with $\omega=0$ that

$||u(t)-u(_{S})||L2\leq(||\Delta \mathrm{u}\mathrm{o}||L^{2}+||u_{0}||pL2\mathrm{p})|t-S|$.

$\mathfrak{M}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{e}(1.7)$ folows from (3.15), (3.16) and (3.17) (with $u$ and $v$ replaced with $u(t)$

and $u(s))$ :

$||\nabla u(t)-\nabla u(_{S})||_{L^{2}}^{2}\leq 2\sqrt{p}(||\Delta u_{0}||L^{2}+||u\mathrm{o}||_{L^{2}\mathrm{p}}\mathrm{p})2|t-s|$ ,

$||u(t)-u(s)||^{\mathrm{p}}L^{+1p_{\sqrt{p}(}}\mathrm{p}+1\leq 2||\Delta u_{0}||L2+||u\mathrm{o}||^{\mathrm{p}}L^{2\mathrm{p}})^{2}|t-s|$.
$\mathrm{I}\iota_{1}\mathrm{i}\mathrm{s}$ completes the proof of $\mathrm{T}\mathrm{h}\infty \mathrm{r}e\mathrm{m}1.1$.

Proof of Theorem 1.2. First we note that (1.4) is written in the form of (3.2). We see

from Theorem 2.5, $\mathrm{L}\alpha \mathrm{n}\mathrm{m}\mathrm{a}s3.1$ and 3.3 that

$A+\gamma=(\lambda+i\alpha)s+(\kappa+i\beta)B$

is a mmimal monotone operator with $\mathrm{d}_{\mathrm{o}\mathrm{m}\mathrm{a}\dot{\mathrm{m}}}D(A)$ dense in $X$ . Now let $\{U(t)\}$ be the

semigroup of type $\gamma$ on $X$ generated $\mathrm{b}\mathrm{y}-A$. Then for eveIy $u_{0}\in D(A),$ $u(t):=U(t)u_{0}$

is a unique solution to (3.2) in the sense of Lemma 2.2 (with $\omega=\gamma$). This implies that

(1.4) admits a unique global strong solution $u(x,t)$ in the sense of Definition 2.

It remain$\mathrm{s}$ to prove $(1.12)-(1.17)$ . $\mathrm{c}_{\mathrm{o}\mathrm{m}}\mathrm{b}\dot{\mathrm{m}}$linng (2.17) with (2.18), we obtain (1.14).

(1.15) is a property of the semigroup $\{U(t)\}$ of type $\gamma$ . Next we prove that $\Delta u(\cdot)$ and

$Bu(\cdot)$ are bounded on $[0,T]$ . First, (2.13) together with (2.18) yields that for all $t\geq 0$ ,

(3.18) $||\Delta u(t)||L^{2}\leq\lambda^{-1}(||Au_{\mathit{0}^{||}}L2+\gamma+||uo||_{L^{2}})e^{\gamma C}$ .
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Second, noting that

$\kappa||Bu(t)||_{L^{2}}^{2}=\ ((A-(\lambda+i\alpha)S+\gamma)u(t),Bu(t))_{L^{2}}$ ,

we see that for all $t\geq 0$ ,

$\kappa||Bu(t)||_{L^{2\leq}}||Au(t)||_{L^{2}}+||(\lambda+i\alpha)su(t)||L^{2}+\gamma_{+}||u(t)||_{L}2$ .
Applying Lemma 2.1, (3.18) and (2.18) to the right.hand side, we obtain

(3.19) $||u(t)||\mathrm{P}L^{2\mathrm{p}}\leq\kappa^{-1}(1+\sqrt{1+(\alpha/\lambda)^{2}})(||Au\mathrm{o}||L2+\gamma+||u_{0}||_{L^{2}})e\iota\gamma$ .
Now (1.12) is a consequence of these estimates and (1.14). Furthermore, (3.18) and (3.19)
guarantee that (1.16) and (1.17) follow from (3.16) and (3.17), respectively. Finally, let
$t,s\in[\mathrm{o},\eta$ . Then we see $\mathrm{h}\mathrm{o}\mathrm{m}$ Lemma $2.2(\mathrm{b})$ that

$||u(t)-u(S)||_{L^{2}}\leq e^{2}\gamma+\tau||Au_{0}||L^{21}t-S|$ .
Therefore we can prove (1.13) in the same way as in the proof of Theorem 1.1 (combine
(3.16), (3.17) with (3.18), (3.19), respectively). $\square$

Proof of Theorem 1.3. Let $\{U(t)\}$ be the same as in the proof of $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}1.1$. Let $\{U_{n}(t)\}$

be the contraction semigroup on $X$ generated $\mathrm{b}\mathrm{y}-[(n^{-}+i)s1+B]$ . Then (1.18) is nothin$\mathrm{g}$

but (2.21). Setting $u_{n}(t)=U_{n}(t)u_{0}$ , we see from (2.20) that

$||\Delta*(t)||_{L^{2}}^{2}+||\mathrm{b}(t)||_{L}^{2\mathrm{p}_{2}}\mathrm{p}\leq p(2||\Delta u0||L^{2+||\mathfrak{U}}||^{\mathrm{p}}L^{2\mathrm{p}})2$ ,

This is the estimate corresponding to (3.15). By virtue of these estimates we can derive
(1.19), (1.20) from (3.16), (3.17) and (1.18). $\square$

References

[1] H. Brezis, “Analyse Fonctionndle, $\mathrm{T}\mathrm{h}’\infty$rie et Applications,” Masson, Paris, 1983.
[2] H. Brezis, M. Crandall and A. Pazy, Perturbations of nonlinear marimal monotone sets in Banach

$\mathrm{s}\mathrm{p}\mathrm{a}\kappa\Leftrightarrow$, Comm. Purt Appl $Ma\mathcal{B}_{h}‘ 23$ (1970), 123-144.
[3] C. Bu, On the Cauchy problm for the 1+2 complex Ginzburg-Landau equation. J. AuSbuL $Ma\theta \mathrm{t}$

Soc. Ser. B36 (1994), 313-324.
[4] M. G. Crandall and T. Liggett, Generation of semi-groups of nonlinear $\mathrm{t}\mathrm{r}\mathrm{m}\mathrm{f}\dot{\mathrm{o}}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ in general

Banach spaces, Amer. J. Math. 43 (1971), 265-298.
[5] C. R. Doering, J. D. Gibbon and C. D. Levermore, Weak and strong solutions of the complex

Ginzburg-Landau equation. $Phy_{\dot{\Re}ca}D71$ (1994), 285-318.

119



[6] J. Gimibre and G. Velo, ${\rm Re}$ Cauchy problm in local spaces for the complex Ginzburg-Landau
equation. L Compactness methods. $Phy\dot{\Re}\Phi D9\mathrm{s}$ (1996), 191-228.

[7] J. Ginibre and G. $\mathrm{V}\mathrm{d}\mathrm{o}_{1}\mathfrak{W}\mathrm{e}\mathrm{c}_{\mathrm{r}1}\ \mathrm{y}$ problem in local spaces for the complex Ginzburg-Landau
equation. IL Contraction methods. Commun. $Ma\mathfrak{N}$ Phys. 187 (1997), 45-79.

[8] T. Kato, $u_{\mathrm{P}\mathrm{e}\Gamma \mathrm{t}\mathrm{b}\mathrm{a}}\mathrm{u}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$Theory for Linaer Operators,” Gnmdl&ren math. Wissens&aften, vol. 132,
$\mathrm{s}_{\mathrm{P}^{\dot{\mathrm{m}}\mathrm{g}\mathrm{e}\mathrm{r}}}$-Verlag, Berlin and New $\mathrm{Y}\mathrm{o}\mathrm{r}\mathrm{k}_{*}1\mathfrak{g}66$ ; 2nd ed., 1976.

[9] T. Kato, Nonhneaf semigroups and evolution equations, J. $Ma\# k$ Soc. Japan 19 (1967), 508-520.
[10] T. Kato, Acoeetioe operators and nonhnear evoltion equations in BanaA $s\mathrm{p}_{\mathrm{R}},$ Nonlinear IUnc-

bonal Analysis (Chicago. 1968), 138-161, Proc. Sympos. Pure Math., voL18, part L Amer. Math.
Soc., Providenoe, RJ, 1970.

[11] J. L. Lions, $u\mathrm{Q}\mathrm{u}\mathrm{d}\mathrm{q}\mathrm{u}\propto \mathrm{M}\ \mathrm{h}_{0}\mathrm{d}\mathfrak{B}$ de R&olution des $\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\acute{\mathrm{m}}\mathrm{n}\mathrm{s}\mathrm{s}$ aux Linitae Non $\mathrm{L}\dot{\mathrm{m}}\acute{\mathrm{e}}\dot{u}\mathrm{r}\mathrm{a}\mathrm{e},n$ Dunod,
$\mathrm{P}\pi \mathrm{i}\mathrm{a}$ 1969.

[12] V. A. Liskevich and M. A. Perelmuter, Analyticy of $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{n}\mathrm{l}\pi \mathrm{k}\mathrm{o}\mathrm{v}\mathrm{i}\mathrm{m}$ semigroups, Proc. Amer. Math.

Soc. 123 (1995), 1097-1104.
[13] L Miyadera, $u_{\mathrm{N}\mathrm{o}\mathrm{n}\mathrm{h}\mathrm{n}}\mathrm{a}\mathrm{r}\mathrm{S}\mathrm{e}\mathrm{m}\mathrm{i}\Psi \mathrm{o}\mathrm{u}\mathfrak{B}^{n},\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ of Math. Mono. vol.109, Amer. Math. Soc.,

Providence, RJ.’ 1992.
[14] N. Okazawa, Singular perturbations of $m$-aoeretive operators, J. Math. Soc. Japan 32 (1980), 19-44.
[15] N. Okazawa, Sectorialness of second order dliptic operators in divergence $\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{n}_{\mathrm{b}}p_{m\mathrm{c}}$. Amer. $Ma\theta\iota$

Soc. 113 (1991), 701-706.
[16] H. $\mathrm{P}\alpha \mathrm{h}\mathrm{e}\mathrm{r}$ and W. von Wahl, Time dependent nonhinear Schrrnger equations, Manuscripta $Ma\theta\iota$

27 (1979), 125-157.
[17] T. Shigeta, A characterization of $m$-acrretivity and an application to nonlinm $\mathrm{S}\ \mathrm{r}^{\sim}\mathrm{d}$inger type

$\alpha_{1}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{S},$ Nonlinear $Analy\infty,$ TMA10 (1986), 823-838.
[18] R. E. Showalter, “Monotone Operators in Banach Space and Nonlinear Partial Diffaential $\mathrm{R}\mathrm{u}\mathrm{a}_{r}$

tions,n Math. Surv. Mono. vol.49, Amer. Math. Soc., Providence, Iu, 1997.
[19] R. Tmam, “

$\mathrm{I}\mathrm{n}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\triangleright \mathrm{D}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{n}S\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$ Dynammical Systems in $\mathrm{M}\alpha \mathrm{h}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{o}\mathrm{e}$ and Physics,” Applied Math.
Sci.,voL68, Springer-Verlag, Berlin and New York, 1988; 2nd ed., 1997.

[20] A. Unai, Global $C^{1}$-solutions of timedependent complex Ginzburg-Landau equations, preprint
(1998).

[21] A. Unai and N. Okazawa, Perturbations of nonlinear $m$-sectorial operators and timedependent
Ginzburg-Landau equations, Dynamical Systems and $affeten\mathfrak{w}lBquau_{n}s$ (Spingfield, 1996), 259-
266, Added Volumes to Discrete Continuous Dynmuical Systms, $\mathrm{v}\mathrm{o}\mathrm{l}.\Pi$, Southwest Missouri State
Univ., Spingfidd, 1998.

[22] Y. Yang, On the Ginzburg-Landau wave equation, Bull London Math. Soc. 22 (1990), 167-170.
[23] H. Zaag, $\mathrm{B}\mathrm{l}\mathrm{o}\#\mathrm{u}\mathrm{p}$ results for $\mathrm{v}\alpha:\mathrm{t}_{0}\mathrm{r}-\mathrm{v}\mathrm{a}\mathrm{l}\mathrm{u}\alpha 1$ nonlinear heat equations with no gradient structure, Ann.

Inst Henri Poincar\’e, Analyse non kn\’eain 1S (1998), 581-622.

120


