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On an Extension of Green’s Relation
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Abstracf

This paper contains an attempt to discuss some properties of relations induced by transla-
tions, including distribution of idempotents. We will begin with start two equivalence relations,
give some results to be used frequently and show a distribution of idempotents. In fact it will
be shown in ”1.Introduction and Preliminaries” that the two relations are relations including
Green’s relations. Using the relations, we will discuss idempotents which behave as left or right
identities in equivalence classes induced by the relations. In the last section, as an application
of the properties of idempotent and a semigroup extended by translations shown here, some
special class of semigroups, abundand semigroups, will be discussed, which is closely related

with the distribution of idempotents.

1 Introduction and Preliminaries

Throughout this paper, 1,(S) will denote the semigroup of all left translations of a semi-
group S, and Wg(S) will denote the semigroup of all right translations of S.

If S is any semigroup and a,b € S, we say that ¢ <z y if and only if for any ¥,¢ €
UL(S),¥(z) = ¢(z) implies ¥(y) = ¢(y), and = <g y if and only if for any u,y € ¥g(S), u(z) =
v(z) implies u(y) = v(y). Let us also define two equivalence relations Iz, and Ilg as follows:
zIzy if and only if z <1 y and y <, =, and 2Ilgry if and only if z <gp y and y <gr z.

We define Il as the intersection of Iz, and Iy, and IIp as the union of IIy, and Ilg.

Now S = UgesL(a), S = Upes IR (D), and S = U, pes H(a, b) stand for the partitions
induced by the equivalence relations Iz, IIg and Iy, and IIg(a), HR(b) and Mg(a,b) will
be called IIz, — class including a, IIg — class including b and Iy — class including @ and b,
respectively.

Now we can define two semigroups, Tgr = S U ¥g(S) and Tr,= S U ¥L(S) with S as right
and left ideals, respectively. '
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(1) Let z,y be any elements of S and 1, ¢ be any elements of ¥g(S), and the operation ® on
Tr will be defined as follows: zQy =2z -y,z209% = ¥(z),YvOz = Yors, PO ¢ = o, where -
is the operation on the semigroup S, ¥ o ¢ is defined by o ¢(z) #(¥(2)) and r; is the right
translation on S defined by r;(2) = z-z for all z € S.
(2) Let z,y be any elements of S and p,v be any elements of ¥ L(S)’ and the operation ® on
Ty, will be defined as follows: zQy=z-y,z20p=lLoppOz = pe),y®y= mu o7y, where
- is the operation on the semigroup S p oy is defined by p o y(z) = p(y(2)) and I, is the left
translation on S defined by l;(2) = z-zforall z € S.

To show that Tr and T7, are éemigroups, it is necessary that the following eight equations
hold for all z,y € S and f,g € ¥r(S) and ¥y(S), respectively.

(1) 20y 0z=20 (Yo7 ) (fOg)Oh=FfO(gOh)
(2 0 Hog=z0(fog) 6) (fo)0y=fo (oY)
B)(z0fl)oy=20(foy) (M (fegoz=fo(g0)
(4) 20y Og=20(yoyg) (8) (fO2)0g=10(=0)

It will be shown that equations (1) to (8) hold on T as follows:
Letf ibe\IlRa,ndg ¢ € Vg
(1) and (5):Since S and WR(S) are semigroups, 11; is obv1ous that (20y)©2z=20 (y®z2) and
(fOog9)0h=f0(90h).
(2:z09)0d=1(z) O¢=d(¥(z)) =vpodz) =20 (¢® ¢)
B): 20¥)Oy=19()0y=19(z) yand 20 ($Oy) =z (Pory) = ry(¥(z)) = ¥(z) - y.
4):(c0y)O¢=¢(z-y)=2z-¢(y) and 20 (YO ¢) = 2 © $(y) = z - $(v).
(6):(¥02)Oy = (Yor:) Oy = (Yors)-y=yorzoryand YO (zOy) = YO (z-y) = Porey.
Since roy(2) = z- (z - y) = (2-2) -y = ry(rz(2)) = (rz o ry)(2), ¥ OTgy =0Tz 0Ty,
(M:Y 0 Oz = (o) @z =yopok,=9o(por;) =90 ($02) =90 ($Oz).
8):(0z)Od=(Wory) ®¢ = (ory)o¢and YOO =90 o(z) = ¥ 0 kg(s). Since
for any z € 5, (1 o rz) 0 )(2) = ¢((¥ 0 1) (2)) = P(rz(¥(2))) = $((2) - z) = ¥(2) - $(x) and
(Yo r¢(x))(z) = Tg(z) (1(2)) = Y(2) - #(z), we have (Yorz)op=1o Té(z)-
It is also shown that equations (1) to (8) hold on T7, similarily.

In fact, from the definition of the operation on T, c@y=2z-y€ Sand 2O = Y(z) € S
for any z,y € S and 9 € ¥g(S) imply that S is a right ideal of Tg. Y ©® z =Y or; € ¥R and
YO¢=1o¢€ VYgforany z €S and ¢, ¢ € Yg imply that Wy is a right ideal of Tg.

It is shgwn that S is a left ideal of 77, and ¥y, is a left ideal of T7..
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We begin with a brief list of some basic results without proof, which will be used throughout

the paper.
Lemma 1.

(1) If z € lIg(y), then x ©t € gy © ¢ for all ¢ € Tg;
(2) fz € IL(y), then t®©z €t @y for all t € TT.

Lemma 2.

(1) z <L zu for all z,u € S;
(2) # <gp vz for all z,v € S.

It is also easily shown that R C I, € R*, L CIIg C L* and H C Il € H* for the Green’s
relations R, £ and #, and the relations R*, L* and H* defined by J. Fountain and others. They
called that a semigroup in which each R* — class and each L* — class contains an idempotent

is an abundant semigroup. In particular, if a semigroup is regular, then R = I = R*,
L=Tg=L*and H=Tyg=H*.

2 Idempotent As a Local Identity

Let S be an semigroup, then we have the following lemmas which show that idempotent

behaves as left or right identity elements in II;, — class or IIg — class, respectively.
Lemma 3. Let e be any element of S, then

(1) e is an idempotent if and only if e -t =t for all t € TIy(e) ;
(2) e is an idempotent if and only if s- e = s for all s € IIg(e).

Proof. (1) Itis trivial that e-e = e, since e € II1(e). Conversely, assume that e is an idempotent,
that is, e - € = e, then from the definition of the inner left translation, e - e = fe(e) = e = I(e)
implies that e -t = fe(t) = I(t) = ¢ for all t € II(e), where I is the identity mapping and fe is
the inner left translation.

(2) is shown similarly. Q.E.D.

Lemma 4. Let e be any idempotent of S , then

(1) For any element ¢ € Ty, and any element s € II,(e), there exist an element u € Il (¢t © s))
suchthat t@s=u-s;
(2) For any element t € Tr and any element s € IIg(e), there exists an element v € IIr(s © t)
such that s©@t=s-t.
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Proof. (1) It is sufficient to show that for any v € ¥1(S) on S and any s € Il (e), ¥(s) = u-s
for some u € IIL(¢(s)). It follows from the fact that 9)(s) = 9(es) = %(e) - s for any element
s € I (e) (from Lemma 3) and u = 9(e) € IL(¥(s)) (from Lemma 2).

(2) is shown similarly. Q.E.D.

Lemma 5. Let e and f be any idempotents of S.

(1) If e € IIL(f) then e is an inverse of f;
(2) If e € IIR(f) then e is an inverse of f.

Proof. (1) Wehavee-f-e=e-(f-e)=e-e .= e from Lemma 3 and that f is an idempotent
in I1z,(e)(= IIL(f)). Similarly it is shown that f-e-f=f-(e-f)=f-f=f. Q.E.D.

From above lemmas, it is shown that each Il — class contains a unique idempotent if it

has.

Theorem 1. For any elements a,b € S, the Iy — class, I11(a) N IIg(b), cannot have more

than one idempotent.

Proof. Assume that e and f be idempotents in a Ilg — class, IIL(a) N IIg(b), that is, e, f €
Or(f) NIg(f) = ln(e) NNg(e). Then f = f-e-f=f-(e-f) =e- f = e from Lemma
3. Q.E.D.

Lemma 6. For any elements a,b € S, if IIg(a) N I (b) contains an idempotent then ab €
IIr(a) NIR(D).

Proof. Assume that e is an idempotent in a Il — class such that e € IIg(a) N1 (b), that is,
a € TIg(e) and b € IL(e). Then from Lemma 2 and Lemma 3, we have that rp(a) € IIg(rp(e))
for the inner right translation rp such that ry(a) = @ - b and rp(e) = e- b = b, since e € Iy, (b).

Thus a - b € TIr(b). Similarly, we have that l4(b) € II;(l(e)) for the inner left translation I,
such that I,(b) = a-b and l,(e) = a - e = q, since e € lIg(a). Thus a-b € [y (a). Q.E.D.

Lemma 7. For any element a € S, the following conditions are equivalent:

(1) IIr(a) contains an idempotent;
(2) For elemnt t € TR, there exist an element v € IIg(a ©®t) such that e @t = a - u.

Proof. (1) — (2): Let e be an idempotent in Hg(a), then from Lemma 4, we have that for any
element ¢t € TR, there exists an element u € [Ig(a ® t) such that a @t =a - t.

(2) = (1): Let I be the identity translation (which is also in Tg), then there exists an element
u € HMp(I(a)) = HR(a) such that I(a) = a-u. From the fact that u € Mg(a),a-u = ry(a) = I(a)
implies that u « u = ry(u) = I(u) = u. Thus u is an idempotent in [Ig(a). Q.E.D.
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Similarly, we alse have
Lemma 8. For any element b € S, the following conditions are equivalent:

(1) ML (b) contains an idempotent;
(2) For any element t € Ty, there exist an element v € IIL(t ® b)) such that t® b=u - b.

3 Strictly Abundant Semigroup

From Lemma 4, it will be easily shown that a semigroup is abundant if and only if each
IIg — class and each Iz, — class contains an idempotent. We will call a semigroup strictly
abundant if each Iz — class contains an idempotent. The following theorem is also a direct
result from above lemmas, which shows that strictly abundant semigroup is a disjoint union of

semigroups.
Lemma 9. Let [y(e) and Hy(f) are any Iz — classes which contain idempotents e and f.

(1) If the Iy — classes, Mg (e) and Mg (f) are included in a same [Ig — class, then there exists
a homomorphism from IIg(e) onto Mg (f);
(2) If the Iy — classes, Ix(e) and Ig(f) are included in a same IT7, — class, then there exists
a homomorphism from IIg(e) onto g (f).

Proof. (1)The mapping p : lg(e) — Nu(f) is defined by p(s) = f-s- f, for s € Tx(e).
Assume that s,t € Hg(e), then p(s) - p(t) = (f-s-f)-(f-t-fy=Ff-s-f-f-t-f=
f-s-ft-f=f-5-1-f=p(s-t),since s € IIg(f). Thus the mappingp : [Ig(e) = Ig(f) isa
homomorphism. Let t be any element in IIg(f), that is, ¢ € II7(b). Since e € IIg(e) NTIL(t),
we have e-t-e=-¢e-t € lIg(t)NIL(e) = IIr(e) NIIL(e) € Np(e) from Lemma 3 and Lemma
6. And p(e-t-e)=f-e-t-e-f=(f-e)-t-(e-f)y=ft-e=f-(t-e)y=f-t=t.

(2) is similarly shown. A Q.E.D.

Corollary 1. For any elements a,b € S, I[Ig(a) NII5(b) contains an idempotent if and only if
Hg(a) NTIL(b) is a monoid.

Theorem 2. Let S be any strictly abundant semigroup, the S is a disjoint union of monoids.

Corollary 2. Let IIg(e) and Iy (f) are any Iy — classes which have idempotents, e and f,

respectively.

(1) If two Iy — classes, [ (e) and IIg(f) are included in a same Il — class,
then Mg (e)lIz(f) C Hale);
(2) If two g — classes, Iy (e) and Ig(f) are included in a same Iz, — class,
then My (e)Ig(f) C Ma(f).
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