
Introduction to the viscosity solution theory

of first order PDEs

Shigeaki Koike (小池 茂昭)
Saitama $\mathrm{U}_{\mathrm{l}1}\mathrm{i}_{\mathrm{V}\mathrm{C}\mathrm{r}}\mathrm{S}\mathrm{i}\mathrm{t}\mathrm{y}$ (埼玉大学)

1. Introduction

In this survey note, we consider the Hamilton-Jacobi (HJ in short) equations:

$(\mathrm{H}\mathrm{J})$ $u_{t}+H(t, x, u, Du)=0$ in $\mathrm{R}^{n}\cross(0, T)$ ,

where $n\geq 1$ is an integer and $T\in(0, \infty]$ . Here, $Du$ stands for the (spatial) gradiellt of $v$,

and $u_{t}$ means $\frac{\partial u}{\partial t}$ . We will assume tllat $H$ is (locally Lipschitz) continuous.
We will consider the Cauclly problem of $(\mathrm{H}\mathrm{J})$ under the initial condition:

$(\mathrm{I}\mathrm{C})$ $u(\mathrm{O}, x)=\psi(x)$ for $x\in \mathrm{R}^{n}$ ,

where $q/$) $:\mathrm{R}^{n}arrow \mathrm{R}$ is a given Lipscllitz continuous function.
Since we treat the nonlinear PDEs, we can not expect classical solutions of $(\mathrm{H}\mathrm{J})$ ill gen-

eral. Also, since we mainly treat the nondivergent type PDEs, the notion of (
$‘ \mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\prime \mathrm{r}\mathrm{i}\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

”

weak solutions does not fit our setting. Moreover, “almost everywhere” solutions are not
unique in many cases.

The “correct” notion of weak solutions is that of viscosity solutions which was presented
by Crandall and P.-L. Lions. The original derivation of it is as follows: Approxirnate $(\mathrm{H}\mathrm{J})$

by

$(\mathrm{H}\mathrm{J})_{\epsilon}$ $u_{l^{-}}^{\epsilon}\epsilon\triangle u^{\epsilon}+H(t, x, u, Du^{\epsilon})=0$ , $(\epsilon>0)$ ,

find the solutions $u^{\epsilon}$ of $(\mathrm{H}\mathrm{J})_{\epsilon}$ , suppose the (local) uniform convergellce of $u^{\epsilon}$ to a limit $u$ (as
$\epsilonarrow 0)$ and then, as tlle definition of viscosity solutions of $(\mathrm{H}\mathrm{J}),$ use $\dot{\mathrm{t}}\mathrm{h}\mathrm{e}$ properties whicll
the limit satisfies through the maximurn principle.

Our aim here is to collect several representation formulas of $(\mathrm{H}\mathrm{J})$ with $(\mathrm{I}\mathrm{C})$ arld dyrlalnic
programming (DP in short) type formulas of those for the user’s conveniellce. We will also
give brief ideas of the verification tlleorelns.

Furthermore, we will mentioll about some recent progress.
Upto now, 3 books for the viscosity solution theory for first order PDEs have beell

published; P.-L. Lions [L1], G. Barles [B1], M. Bardi and I. Capuzzo-Dolcctta [BCD].
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2. Prelilninaries

Let lls recall the dcfinit,ions of $\mathrm{t},11\mathrm{C}(,\mathrm{s}\mathrm{f}_{\mathfrak{c}\gamma 1},1(\iota_{\tau \mathrm{r}}\mathrm{f}11)\mathrm{v}\mathrm{i}\mathrm{s}(^{\backslash }o\mathrm{s}\mathrm{i}\uparrow|\mathrm{y}\mathrm{S}\mathrm{o}1\iota\iota\{,\mathrm{i}_{01\mathrm{l}}\mathrm{s}$ ( $\mathrm{o}\mathrm{I}\mathrm{i}\mathrm{g}\mathrm{i}\mathrm{l}\mathrm{l}C\urcorner 1]\mathrm{y}$ by [CL]) and

BJ-viscosity soultiolls (by Barroll-Jcnsen [BJ]). Before tllat, let lls recall tlle notion of
$\mathrm{s}\mathrm{c}\mathrm{l}\mathrm{n}\mathrm{i}_{\mathrm{C}}\mathrm{o}\mathrm{n}\dagger_{J}\mathrm{i}\mathrm{n}\mathrm{U}\mathrm{O}\iota 1\mathrm{S}\mathrm{e}11)\prime \mathrm{e}\mathrm{l}\mathrm{o}1^{)\mathrm{e}},\mathrm{s}$ of $\mathrm{f}\iota \mathrm{l}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{t},\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{s}/\iota$ : $\mathrm{R}^{n}arrow \mathrm{R}$ ;

$l_{l^{*}}(x)= \lim_{\epsilonarrow 0^{\mathrm{S}}}\mathrm{u}1^{y}\{l?(y)||.\prime c-y|<\epsilon\}$ and $l\iota_{*}(x)=1\mathrm{i}11\epsilonarrow 01\mathrm{i}1\iota \mathrm{f}\{[\prime_{\text{ノ}}(y)||,\tau\cdot-y|<\epsilon\}$ ,

wllicll are, respectively, called tlle $11\mathrm{P}1^{)}\mathrm{c}\mathrm{r}\mathrm{s}_{\iota}(^{\mathrm{Y}}.\mathrm{I}\mathrm{n}\mathrm{i}\mathrm{C}\mathrm{o}11\mathrm{t},\mathrm{i}_{1}110\mathfrak{j}\iota \mathrm{S}$ (llsc ill $\backslash \mathrm{s}\mathrm{I}\mathrm{l}\mathrm{o}\mathrm{r}\mathrm{f},$) $\mathrm{a}1\mathrm{l}(1$ lower sellli-

continuous (lsc in short) envelopes of $h$ . Notice that $h^{*}$ alld $l\dagger,*\mathrm{a}\mathrm{r}\mathrm{e}$ , respectively, usc alld

lsc.

Definition: $([\mathrm{C}\mathrm{E}\mathrm{L}])$ A $fu$nction $u$ is a (standa$rd$) viscosity subsoln tion (resp., $s\iota[l$) $C\Gamma so\mathit{1}_{1}\mathrm{I}\mathrm{t}io\iota])$

of $(\mathrm{H}\mathrm{J})$ iff, for $\forall\phi\in C^{1},\forall(x, \dagger,)$ such that $(u^{*}-\phi)(x, t)=\mathrm{I}\mathrm{n}\mathrm{a}\mathrm{X}(u^{*}-\phi)(\mathit{1}^{\cdot}es_{l^{)}}, (u_{*}-\phi)(x, t_{\text{ノ}})$

$= \min(u-\phi))$ , the following 11olds:

$\phi_{t}(x, t)+H(t, x, u(*x, t), D\phi(X, t))\leq 0$

(resp., $\phi_{t}(x,$ $t)+H(t,$ $x,$ $u_{*}(x,$ $t),$ $D\phi(x,$ $t))\geq 0$).

$Equi_{1^{\gamma}\mathrm{a}}lent\iota_{y}$,
$q+H(t, x, u(*t)x,,p)\leq 0$ for all $(p, q)\in D^{+}u(x, t)$

(resp., $q+H(t, x, u*(x, t),p)\geq 0$ for all $(p, q)\in D^{-}u(x, \theta)$).
A function $u$ is a viscosity $sol\mathfrak{U}ti_{ol}$ of $(\mathrm{H}\mathrm{J})$ iffit is both a viscosity $s\mathrm{u}\dagger \mathit{0}-$ and $\sup$ersolution

of $(\mathrm{H}\mathrm{J})$ .
Here, we denote the sets of superdifferentials and subdifferentials, respectively, by

$D^{+}u(x, t):=\{(p, q)|u(y, s)\leq u(_{X,i})+\langle p, y-X\rangle+q(s-t)+o(|x-y|+|t-s|)\}$ ,

and

$D^{-}u(x, t)$ $:=\{(p, q)|u(y, s)\geq u(x, t)+\langle p, y-x\rangle+q(s-t)+o(|x-y|+|t-s|)\}$ .

$Rem$ark. This definition says the followillg: In order to verify that $\tau\iota$ is a viscosity subso-
lution (resp., supersolution),

instead of checking $v$, to sat,isfy the HJ equation (because of tlle lack of differ-
clltiabilif,y), we choose ally smooth “test” function $\phi$ touclling $u$ froln $\mathrm{a}\mathrm{l}$ ) $\mathrm{o}\mathrm{v}\mathrm{C}$

$(*)$
(resp., below) $\mathrm{a}\mathrm{t}_{1}(x, t,)$ alld clleck tllat tllc one-sided inequality llolds $\mathrm{i}11_{\backslash }\mathrm{S}\mathrm{c}\mathrm{f}\mathrm{t}\mathrm{i}1$

the derivatives ( $\phi_{t}$ (X., $t),$ $D\phi(X,$ $t)$ ) $\mathrm{i}_{\mathrm{l}1}\mathrm{t}_{0}$ tlle $1$) $1\mathrm{r}\backslash \mathrm{C}\mathrm{C}(u_{i}, Du)$ .

In $\mathrm{a}\mathrm{p}1^{)}1\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{S}$, we oftell llave to deal witll tlle casc when tlle $(^{1},\mathrm{x}\mathrm{p}_{\mathrm{C}\mathrm{c}}\dagger,\mathrm{e}(1$ solutiolls $c\gamma 1^{\cdot}()$

discolltilluous. However, as $\mathrm{t}_{}1_{1}\mathrm{C}\mathrm{C}\mathrm{O}\mathrm{l}\mathrm{I}11^{)}\mathrm{a}\mathrm{r}\mathrm{i}_{\mathrm{S}}\mathrm{o}\mathrm{I}1$ result for $\mathrm{t}11$ ( $.\mathrm{s}\mathrm{C}$ viscosit,y $\mathrm{s}\mathrm{o}\mathrm{l}\uparrow \mathrm{l}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{S}\mathrm{i}_{\mathrm{l}1\iota}1$) $1\mathrm{i}_{1^{)}\mathrm{S}}|)]\mathrm{l}\mathrm{e}$

$\mathrm{c}\mathrm{o}11\mathrm{t}\mathrm{i}_{\mathrm{I}\mathrm{l}\mathrm{u}}\mathrm{i}\mathrm{t}\mathrm{y}$ of those, we 11c($\mathrm{Y}(1111\mathrm{O}\mathrm{l}\mathrm{e}$ sensitive defillitioll.
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For $\mathrm{t}_{1}11\mathrm{C}\mathrm{c}_{\mathrm{r}}\gamma$ se $\backslash \backslash ’]_{\mathrm{J}\mathrm{C}1}\mathrm{l}l^{y}arrow H(\dagger_{\text{ノ}}, x, \uparrow/,l’)$ is ( $()11\lambda\cdot().\backslash ’$ (or concave), $\mathrm{t}1_{1(}$)
$\mathrm{r}_{\mathrm{t})}]]_{\langle)}\iota\backslash ’ \mathrm{i}_{11}\mathrm{b}^{(}’ 1\mathrm{t}\backslash \mathrm{r}_{1}$ llitioll was

$1)\mathrm{r}\mathrm{o}])\mathrm{o}\mathrm{s}\mathrm{e}(1\}),\mathrm{v}\mathrm{B}c\gamma\iota\cdot \mathrm{I}^{\cdot}\mathrm{O}\mathrm{l}\mathrm{l}-.\mathrm{J}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{s}\mathrm{e}\mathrm{I}\mathrm{l}$ and ] $1_{(}\urcorner,\mathrm{s}1_{)(^{1}\mathrm{C}1}\mathrm{l}\mathrm{s}\iota \mathrm{t}(((\backslash \mathrm{s}\mathrm{s}\mathrm{f}\mathrm{i}_{1}1$. NVc $\mathrm{r}(^{\backslash }111\mathrm{r}‘ 11^{\cdot}$]$\{\}_{}]\mathrm{l}i1\mathrm{t},$ $\mathrm{t}1_{1\mathrm{t}^{\backslash }}\mathrm{i}1^{\cdot}(\iota_{\langle)}\mathrm{f}\mathrm{i}11\mathrm{i}\mathrm{f},\mathrm{i}\mathrm{o}\mathrm{l}1$ is
not lno{t $\mathrm{i}\backslash \prime \mathrm{a}\mathrm{t},(^{\tau 1}(l\cdot\iota\cdot(\mathrm{t}11$ tlle $\mathrm{v}_{\mathrm{f}}\gamma 11\mathrm{i}_{\mathrm{S}}11\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ viscosit,y $111\mathrm{t}^{\backslash }\{11\mathrm{O}$ ( $1\backslash \backslash r$it,ll $(\mathrm{H}.\mathrm{J})_{\epsilon}\mathrm{a}_{\mathrm{A}}\mathrm{s}\mathrm{e}‘ 11$)($\backslash ’ \mathrm{t}2$ . I-Iowcver, $\mathrm{t}_{J}11\mathrm{e}$

$\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}_{0}1\mathrm{l}$ is $11\mathrm{a}\mathrm{t}_{\mathrm{t}\mathrm{I}}\cdot \mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ derived frolll $\mathrm{t}1\mathrm{l}()|_{)_{(\urcorner\langle}}\cdot 1\langle\backslash \backslash ^{r,}\urcorner \mathrm{r}(1$ DP $\arg\iota\iota \mathfrak{s}\mathrm{l}\mathrm{l}(\mathrm{Y}\mathrm{l}\mathrm{l}\uparrow, |)\mathrm{J}^{\cdot}\mathrm{s}_{01\dot{r}1}\backslash ’ \mathrm{i}_{\mathrm{r}1}[\mathrm{S}]$ a.s xvc xvill
see.

Definition: $([\mathrm{B}.\mathrm{J}])$ A $l_{\mathrm{S}}C\mathrm{f}\mathrm{t}l\mathrm{J}lCt,ioJ\mathit{1}$ ? is a BJ-v$\prime i^{\sigma_{i}}|cosi\dagger.1^{I_{\mathrm{I}}}\mathrm{s}11l_{)}Sol_{l}\iota$ tion $(r(^{)},\mathrm{s}]).)sl\ddagger l^{\mathrm{C}\Gamma}’$
(
$\mathrm{s}ol$ Il tion) of

(H.J) $iHi,$ $\forall\phi\in C^{1},$ $\forall(x, t,)sncl\iota tl1$a $t,$ $(v-\phi)(X, t,)=1\mathrm{n}\mathrm{i}_{1}1(u-\phi)$ , tlle follol] $j_{l}\mathit{1}gl\mathit{1}\mathit{0}$ ]$dS$ :

$\phi_{t}(x, t)+H(t, x, u(X, t), D\phi(X, t))\leq 0$ (resp., $\geq 0$ ).

$Eq\mathrm{u}i\iota^{\gamma}a\iota e\mathrm{n}tly$,

$q+H(t, x, u(x, t), p)\leq 0$ (resp., $\geq 0$ ) for all $(p, q)\in D^{-}u(x, t)$ .

A $lscfu$nction $u$ is a $BJ$-viscosi $\mathrm{t}ysol\mathrm{u}$ tion of $(\mathrm{H}\mathrm{J})$ iff it is both a $BJ$-viscosity sub- and
supersol $\mathrm{u}$ tion of $(\mathrm{H}\mathrm{J})$ .

$Rem$ark. Notice that, in tllis definition, we only have test functions touching from below
but the equality holds true by inserting the derivatives of tllose. Compare tllis witll $(*)$ .

However, surprisingly, for continuous functions, this definition is equivalent to the stan-
$d$ ard one. See [BJ].

Under appropriate assumptions, we expect to derive the comparison principle:

$(\mathrm{C}\mathrm{P})$ subsolution $\leq$ supersolution

This implies the uniqueness of (both of tlle standard and BJ-) viscosity $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{U}\mathrm{t}\mathrm{i}_{0}11\mathrm{s}$ and
the continuity of tlle standard ones;

$(\mathrm{C}\mathrm{P})\Rightarrow\{$

Uniqueness &continuity for viscosity solutions

Uniqueness for $\mathrm{B}\mathrm{J}$-viscosity solutions

The reason why these are the correct notions of weak solutions is tllat the $\mathrm{e}\mathrm{x}_{1^{)\mathrm{e}\mathrm{C}}}\mathrm{t}\mathrm{e}\mathrm{d}$

solution (the value function) from the optilnal control tlleory and diffcrclltial galne theory
is the unique viscosity solution of $(\mathrm{H}\mathrm{J})$ .

Here, let us briefly show $1_{1}0\backslash \mathrm{v}$ the comparison $\mathrm{p}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}1^{)}1\mathrm{e}$ is proved.

Idea of the proof of $(\mathrm{C}\mathrm{P})$

For the sake of $\mathrm{s}\mathrm{i}\mathrm{m}_{1}$) $1\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{y}$, we consider the $\mathrm{f}\mathrm{o}\mathrm{l}1_{0}\mathrm{w}\mathrm{i}_{1}$ HJ equation:

$v_{t},+u+H(Du)-f(X)=0$ ,

wllcre given $\mathrm{f}_{1}1\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}_{0}11\mathrm{s}$ are $\mathrm{L}\mathrm{i}_{1)\mathrm{S}}\mathrm{C}11\mathrm{i}\mathrm{t},\mathrm{Z}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{t},\mathrm{i}\mathrm{n}\mathfrak{j}\mathrm{l}\mathrm{O}\iota \mathrm{l}\mathrm{s}$ (alld bounded if 11cc $(^{)}\mathrm{s}\mathrm{s}i1\mathrm{r}\mathrm{y})$ .
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Let $r/$ [ $)\mathrm{C}\dot{\subset}\mathrm{t}(\mathfrak{j})\mathrm{O}1\iota 11(\iota \mathrm{c}(|, 1\mathrm{l}\mathrm{S}(.)\backslash \cdot \mathrm{i}.\mathrm{s}(.(\mathrm{S}\mathrm{i}\mathrm{l}.\backslash ’$ slll $y\mathrm{s}\mathrm{o}\mathrm{l}1\iota \mathrm{f},\mathrm{i}_{\mathrm{o}1}1$ (\urcorner llt\dagger $\iota j$ it ( $\mathrm{I}_{)(\iota \mathrm{t}\mathrm{I}1(}1_{\mathrm{t}’\iota}\mathrm{t}$ . Isc) viscosi $(,.\backslash \iota \mathrm{h}\uparrow\iota 1^{)}()1^{\cdot}-$

$,\mathrm{s}()11\iota \mathfrak{s},\mathrm{i}\mathrm{o}\mathrm{l}1$ of $\mathrm{t},11\mathrm{G}$ above, $\mathrm{s}|\iota \mathrm{c}1_{1}\mathrm{t},11_{t}\gamma\{,$ $\mathrm{t}((.\mathfrak{l}\cdot, 0)\leq\uparrow l(.1,, 0)$ .
$\backslash ,\mathrm{V}\mathrm{e}\mathrm{s}\mathrm{l}\mathrm{t}1^{)}1)\mathrm{o}\mathrm{S}\mathrm{c}\mathrm{t}\iota \mathrm{l}\mathrm{a}\mathrm{t}A:=\mathrm{S}\iota 11^{)}(\mathrm{t}l-v)>0$ is finitc and $\mathrm{t}1_{1(^{1}}1\mathrm{l},$

$\backslash \backslash ’ \mathrm{i}1$ ] get, $\zeta \mathfrak{n}\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\cdot r\gamma(\mathrm{l}\mathrm{i}\mathrm{e}\cdot \mathrm{f}\prime \mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$. $\mathrm{s}_{11}1\gamma]^{)}()\mathrm{s}(^{\backslash }$

$\mathrm{f}\mathrm{o}1^{\cdot}\mathrm{s}\mathrm{i}_{1}111)1\mathrm{i}\mathrm{C}\mathrm{i}\dagger,.\backslash _{J}\Gamma$ tllatl $\mathrm{t}1_{1}\mathrm{e}\mathrm{s}\iota \mathrm{l}\mathrm{p}\Gamma \mathrm{C}\mathrm{l}\mathrm{l}\mathrm{J}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}$ can be at, $\mathrm{t},\mathrm{a}\mathrm{i}11(^{\tau}([_{r}\gamma\uparrow 1$ a ltlli $([\iota\iota(1[)1)i\dagger 1\mathrm{f},$ $(?^{\wedge}" \hat{\dagger})$ . Notice $\hat{f}>0$ .

Talec any $C^{\rceil}$ function $\phi$ ill $\mathrm{R}\mathrm{s}\iota\iota \mathrm{t}\cdot 1_{1}\mathrm{t}1_{1}\mathrm{c}\gamma \mathrm{t}_{?}\mathrm{s}111$) $1$) $(\phi-1)\subset[-],$ $]],$ $\phi’(\uparrow\cdot)>0\mathrm{f}\mathrm{t})\iota\cdot r\in(0, ])$

(i.e. $\exists\phi^{-1}$ in $(0,1)$ ) and $\phi(r)>\phi(0)=0$ for $?’\neq 0$ .
$\mathrm{T}11\mathrm{C}\mathrm{l}1$ , let $(x_{\epsilon}, y_{r’ \mathfrak{c}’\epsilon}f\text{ノ}s)$ be the lnaxilll\iota llll of tlle $111\mathfrak{c}\gamma 1$) $1^{)}\mathrm{i}\mathrm{l}$

$(x, y, t, S) arrow u(x, t)-v(y, S)-\frac{1}{2\epsilon}\phi(|x-y|^{2}+(t-S)^{2})$ .

Note that $(x_{\epsilon}, y_{\epsilon}, t_{\epsilon}, s_{\epsilon})arrow(\hat{x},\hat{x},\hat{t},\hat{t})$ as $\epsilonarrow 0$ because of tlle $\iota\iota$ niqucness of maxilnum

points.
Freezing $(y_{\epsilon}, s_{\epsilon})$ , we see that $(x_{\epsilon}, t_{\epsilon})$ is tlle maximum of the $\mathrm{n}\mathrm{l}\mathrm{a}_{1)}\mathrm{p}\mathrm{i}_{1}(x, t)arrow u(x, t)-$

$v(y \epsilon’ s\epsilon)-\frac{1}{2\epsilon}\phi(|X-y\epsilon|^{2}+(t-s_{\epsilon})^{2})$ . Hellce, the definltion yields

$\frac{t_{\epsilon}-S\mathrm{C}}{\epsilon}\phi’(r_{\epsilon})+u(_{X_{\epsilon}}, t_{\text{ノ}})\epsilon+H(\frac{(x_{\epsilon}-y_{\epsilon})}{\epsilon}\phi’(r\epsilon))-f(x_{\epsilon})\leq 0$,

where $r_{\epsilon}=|x_{\epsilon}-y_{\epsilon}|^{2}+(\dagger_{\text{ノ}}-S\epsilon\epsilon)^{2}$

Similarly,

$0 \leq\frac{t_{\epsilon}-s_{\epsilon}}{\epsilon}\phi’(r_{\epsilon})+v(y\epsilon’ S\epsilon)+H(\frac{(x_{\epsilon}-y\epsilon)}{\epsilon}\phi’(r_{\epsilon}))-f(y_{\epsilon})$.

Therefore, for some constant $C>0$ , we llave

$\underline{A}<u(x_{\epsilon}, t)\epsilon-v(y_{\epsilon}, S_{\epsilon})\leq||Df||_{\infty}|X\epsilon-y_{\epsilon}|\leq C\phi^{-1}(C\sqrt{\epsilon})$ .
2 $-$

This is a contradiction for small $\epsilon>0$ .
As pointed out in the above argument, we have avoided to deal with the following cases:

(1) $A=\infty$ ,
(2) $.\hat{x}=\infty$ or $\hat{t}=T$ ,
(3) $(\hat{x},\hat{t})$ is not a unique maximum point.
To overcome these (also for more general $(\mathrm{H}\mathrm{J})$ ), we refer to [B1] and [BCD].

For a proof of uniqueness of $\mathrm{B}\mathrm{J}$ -viscosity solutions, we refer to [B2].

3. Representation formulas

(i) Value functions
In tllis subsection, we coIlsi($\rfloor_{\mathrm{C}}\mathrm{r}$ tlle H.I equatiolls represented $\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{o}11\mathrm{f}_{|}\Gamma \mathrm{o}\mathrm{l}\mathrm{s}\mathrm{i}_{\mathrm{l}1}$ tlle $\mathrm{f}\mathrm{o}\mathrm{l}1_{0}\backslash \mathrm{V}\mathrm{i}1$

lnanner:

(H.JB) $\uparrow J_{l},+1\mathrm{l}a\in A\mathrm{l}_{r\gamma \mathrm{X}\{\langle.(}-C/\cdot T’,$
$a),$ $Du\rangle-f(x, a)\}=0$
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and

(HJI) $\iota/_{l}+1\wedge b\in \mathrm{n}\mathrm{i}111\mathrm{n}\mathrm{a}\mathrm{X}\{-Ba\in A\langle g(,X, a, b), D?\wedge/,\rangle-f(.?\mathfrak{i}, \mathit{0}, ly)\}=0$ ,

$\backslash \backslash r11\mathrm{i}_{\mathrm{C}}1_{1}$ arc $\mathrm{c}_{\mathrm{r}}\gamma 11_{\mathrm{C}}(1\mathrm{t}]_{1(^{i}}\mathrm{I}3(^{1}1]_{11\mathrm{l}_{\gamma}\urcorner 1}\mathrm{l}C\urcorner 1\mathrm{J}(1\mathrm{I}_{\mathrm{S}_{t}}\gamma_{r}\urcorner(.\mathrm{S}(^{1}(\downarrow^{\iota}1j\mathrm{t}(,\mathrm{i}()1\mathrm{l}\mathrm{s},$
$1^{\cdot}\mathrm{t}’|\mathrm{s}.1)\mathrm{t}^{\tau_{(}}.\dagger \mathrm{i}\backslash \cdot\langle\backslash \iota_{\backslash ,\text{ノ}}.’$ . $\mathrm{H}\mathrm{r}\backslash \mathrm{t}\cdot(^{\mathrm{Y}}$ . $.‘ 1,$ $B\subset \mathrm{R}^{k}(\mathrm{r}()\mathrm{I}^{\cdot}$

$\mathrm{s}\mathrm{o}\mathrm{l}11\mathrm{C}k,)$ are colltrol set, $\mathrm{s}$ . Notice $\mathrm{t}1\mathrm{l}_{\mathrm{r}}\gamma \mathrm{t}$ (HJB) has a $\mathrm{C}\mathrm{O}\mathrm{l}1T^{\cdot}(\backslash \backslash \lrcorner \mathrm{H}_{t\gamma \mathrm{l}\mathrm{l}}1\mathrm{i}\mathrm{l}\mathrm{t}.\mathrm{O}\mathrm{l}1\mathrm{i}(\gamma 11$ .

In tllis note wc only treat the $\mathrm{C}\mathrm{r}\urcorner \mathrm{S}\mathrm{c}$. $\mathrm{w}\mathrm{l}\mathrm{l}\mathrm{f}’ \mathrm{l}\mathrm{l}f\zeta\gamma 1\iota$ ( $]$

$.q$ arc $\mathrm{i}\mathrm{l}\mathrm{l}(\iota(^{\mathrm{Y}}1^{)}\mathrm{C}’ 11$ ( $\mathrm{I}(^{\tau_{1}}1\mathrm{t}$ of $f\mathrm{f}\cdot \mathrm{t})1^{\cdot}\iota \mathrm{s}\mathrm{i}\mathrm{l}\mathrm{I}\mathrm{l}]$ ) $\mathrm{l}\mathrm{i}(:\mathrm{i}\mathrm{f},\mathrm{J}’$ .
We will sllppose tllc $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \mathrm{v}\mathrm{i}\mathrm{I}$ regularity ill (HJB) $\subset 711\mathrm{c}1$ (IIJI), $\mathrm{r}\mathrm{e}\mathrm{s}1)\mathrm{e}\mathrm{c}\mathrm{f},\mathrm{i}_{1^{7}\mathrm{C}}1,$ :

$\{$

tlIe mapping $(x, a)arrow\langle g(x, \mathit{0}),p\rangle+f(x, a)$ is $\mathrm{U}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{U}\mathrm{l}\mathrm{y}_{\mathrm{C}\mathrm{o}}11\mathrm{t}\mathrm{i}11\mathrm{U}\mathrm{o}\iota 1\mathrm{s}$ for $\forall p\in \mathrm{R}^{\prime?}$ ,
$\sup_{a\in A}(||g(\cdot, a)||_{W^{1,\infty+}}||f(\cdot, a)||L^{\infty})<\infty$ ,

and

$\{$

tlle mapping $(x, a, b)arrow\langle g(x, a, b),p\rangle+f(x, a, b)$ is uniforlnlily continuous for $\forall p\in \mathrm{R}^{n}$ ,
$(a,b)\in A\cross B\mathrm{s}\mathrm{u}\mathrm{p}(||g(\cdot, a, b)||_{W}1,\infty+||f(\cdot, a, b)||_{L^{\infty}})<\infty$ .

$\mathrm{L}\mathrm{e}\mathrm{t}_{\mathrm{J}}$ us recall the value functions associated $\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$ (HJB) and (HJI) ullder tlle initial
condition $(\mathrm{I}\mathrm{C})$ . To this end, we need several notations from tlle control and game tlleory:

$A:=$ { $\alpha$ : $[0,$ $\infty)arrow A$ meastlrable} $\cdots$ the set of controls for $A$

$B:=$ { $\beta$ : $[0,$ $\infty)arrow B$ rneasurable} $\cdots$ the set of controls for $B$

$\triangle:=$ { $\delta$ : $Aarrow \mathcal{B}$ non-anticipating starategy} $\cdots$ the set of strategies from $A$ to $B$

The terminology “non-anticipating” means that, for $\forall t>0,$ $\alpha,\hat{\alpha}\in A$ , if $\alpha=\hat{\alpha}\mathrm{a}.\mathrm{e}$ . in
$(0, t),$ $\mathrm{t}1_{1\mathrm{e}\mathrm{n}}\delta[\alpha]=\delta[\hat{\alpha}]\mathrm{a}.\mathrm{e}$ . in $(0, t)$ .

The value functions of (HJB) and (HJI), respectively, witll $(\mathrm{I}\mathrm{C})$ are given by

$u(x, t)= \inf\alpha\in A(\int_{0}^{t}f(x(S;X, \alpha),$ $\alpha(s))dS+\psi(X(\dagger \text{ノ};x, \alpha)))$ ,

and

\^u $(x, t)= \sup\inf_{\alpha\delta\in\Delta\in A}(\int_{0}^{t}f(Y(s;X, \alpha, \delta[\alpha]),$ $\alpha(S),$ $\delta[\alpha](_{S))+\psi}d_{S}(Y(t;X, \alpha, \delta 1\alpha])))$ .

Here, for $\alpha\in A$ and $\delta\in\triangle,$ $X(\cdot;x, \alpha)$ and $1^{\nearrow}(\cdot;x, \alpha_{\text{ノ}}.\delta[\alpha])$ , respectively, are tlle unique
$\mathrm{S}\mathrm{o}\mathrm{l}\mathrm{u}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}.\mathrm{s}}$ of

$\{$

$\frac{d_{Z}\mathrm{X}^{r}}{dt}(t)=(J(x(t))\alpha(t))$ for $t>0$ ,

$X(0)=x$,

and

$\{$

$\frac{d1^{\nearrow}}{(lt}(f\text{ノ})=g(1’(t\mathrm{f}), c\mathrm{y}(t),$
$\delta[\alpha](\dagger’))$ for $f_{\text{ノ}}>0$ ,

$]^{\gamma}(0)=x$ .
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$\mathrm{F}1^{\cdot}\mathrm{O}111$ tllc defillit,iolls, we easily $01_{)}\mathrm{t}_{}i1\mathrm{i}_{11}\mathrm{t},1\mathrm{l}$( so-called DP $]$ ) $1^{\cdot}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{C}\mathrm{i}]^{)}1\mathrm{t})$ . $\backslash 1^{7}11\mathrm{i}\mathrm{c}1_{1}$ is a key t,ool to

verify $\mathrm{t},]_{1}\mathrm{a}\mathrm{t}\dagger_{}1_{1\mathrm{C}\mathrm{S}}\mathrm{e}$ are viscosity solutiolls: for $0<r<t$ ,

$u(x, t)= \inf\alpha\in A(./0^{\cdot}rf(x(S;X, \alpha),$ $\alpha(_{S))\mathit{8}+(X(;x,\alpha}‘ l\uparrow\prime \mathit{1}7’),$ $t,$ $-r))$ ,

$\iota/,(\wedge, t?jJ)=\mathrm{S}\backslash 1\iota 1)\mathrm{i}_{1}1\delta\in\triangle^{\alpha}\in \mathrm{f}A(.\int_{0}^{r}f(]’(s;x,$

$(\gamma\delta[(\}^{\prime]),\cap^{\prime(s)}}, \delta[\cap’](s))rfS+\mathrm{t}/,(\wedge]’(r;.\gamma\cdot, \mathit{0}’, \delta[\mathit{0}’])i’ t-r))$ .

Tlle proof of these DP ]) $\mathrm{r}\mathrm{i}_{1}1\mathrm{c}\mathrm{i}1^{)}1\mathrm{e}\mathrm{C}\mathrm{a}11|$ ) $(^{1}$ done $o111.\backslash 7$ froln tlle $\mathrm{c}1(\tau \mathrm{f}\mathrm{i}11\mathrm{i}\mathrm{f}_{}\mathrm{i}\mathrm{o}11\mathrm{s}$ .

For a proof of the verificatioll $\mathrm{t},]_{1\mathrm{c}\mathrm{o}\mathrm{r}1}\mathrm{I}\mathrm{l}\mathrm{s}$, we refer $\mathrm{t}_{J}\mathrm{o}$ [ES] $1)\mathrm{r}\mathrm{o}\backslash \gamma \mathrm{i}(\iota(\backslash (\iota\dagger_{}[_{1c1}\mathrm{f},$ t,llesc are (selni)

contilluous. However, ill gelleral, we lleed a littlc lllorc careful $0|_{)\mathrm{s}(^{\iota}\mathrm{r}\mathrm{v}\mathrm{a}}\mathrm{t}\mathrm{i}\mathrm{o}11$ since we havc

to consider semicontinuous $\mathrm{e}\mathrm{n}\backslash ’ \mathrm{e}1_{\mathrm{o}\mathrm{I})}\mathrm{e}\mathrm{s}$ . See [BCD] for $\mathrm{e}\mathrm{x}\mathrm{a}\ln_{1)}1_{\mathrm{C}}$.

It is worth lnentioning tlle fact: For a function $\mathrm{c}/:\mathrm{R}^{n}arrow \mathrm{R}$ ,

$u$ is a viscosity solution if and only if the DP principle holds.

This is shown even for second order PDEs (with tlle associated stochastic control) $1_{\mathrm{J}}\mathrm{y}$ Lions
[L2]. Also the same equivalence holds for the $\mathrm{B}\mathrm{J}$ -viscosity solutions. See [AKN] for $\mathrm{t}11\mathrm{i}_{\mathrm{S}}$ .

To show tllat the value functioll for (HJB) is a $\mathrm{B}\mathrm{J}$ -viscosity solutioll, we refer to [S]. If
we allow $\psi$ to be only $\mathrm{l}\mathrm{s}\mathrm{c}$ , tlle value function could be lsc ill general. Still it is possible to

show tllat such a value function is a $\mathrm{B}\mathrm{J}$-viscosity solution.

(ii) Hopf-Lax formulas
On the other hand, in the literature, we know $\mathrm{t}\mathrm{I}\mathrm{l}\mathrm{e}$ Lax or Hopf formula for solutiolls of

the following simplified HJ equations:

(SHJ) $\{$

$u_{t}+H(Du)=0$ in $\mathrm{R}^{n}\cross(0, T)$

$u(\mathrm{O}, x)=\psi(x)$ for $x\in \mathrm{R}^{n}$ ,

in case when $H$ is convex or $g$ is convex, respectively.
Before giving the formulas, we recall the Legendre transformation of convex functions

$h$ : $\mathrm{R}^{n}arrow \mathrm{R}$ :
$h^{\star}(p):=$

$\sup_{n,q\in \mathrm{R}}\{\langle p, q\rangle-h(q)\}$

It is well-known that $(h^{\star})^{\star}=l\iota$ if $f\iota$ is convex and $\mathrm{c}\mathrm{o}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{c}\mathrm{i}\mathrm{V}\mathrm{e}$ ; liln $h_{J}(p)/|p|=\infty.$ Tllus, we
$|p|arrow\infty$

will suppose this coercivity for $H$ wllenever we discuss tlle Lax formula.

(a) Lax formula (the case wllen $H$ is convex.)
$J$

$u(.x, t):= \inf_{y\in \mathrm{R}^{n}}\{tH^{\star}(\frac{x-\uparrow/}{t})+\psi(y)\}$

$(_{y\in \mathrm{R}}=\mathrm{i}11\mathrm{f},\mathrm{s}\iota 11)\{\mathrm{t}z\in \mathrm{R}^{n}\langle Z, X-y\rangle-\dagger_{JH(_{Z)}}+\psi(y)1\mathrm{I}$

Tlle associated DP $\mathrm{t}_{I}.\mathrm{Y}1$) $\mathrm{C}$ equalit,y is as follows: for $0<\uparrow\cdot<t,$ ,
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$\iota/(?i, f)=y\mathrm{i}\in \mathrm{R}^{7}11\mathrm{f}7\{(f_{\text{ノ^{}-}}\uparrow\cdot)I\neq\star(.\cdot\frac{\prime 1-?J}{t,-r})+?\mathit{1}(\mathrm{s}\uparrow/, 7^{\cdot})\}$

$(= \inf_{1?J\in \mathrm{R}z\in \mathrm{R}’},,\mathrm{S}111)\{\langle z, X-y\rangle-(f-7’)H(z)+v(y, r)\}\mathrm{I}$

The npxt, verificat,ion result is in $\mathrm{E}\backslash r_{\subset}\urcorner 11\mathrm{s}^{)}$ toxt, [E1]. To $(.\mathrm{O}\mathrm{I}\mathrm{I}1]^{)_{\tau\gamma}}1^{\cdot}\mathrm{c}\mathrm{t}_{t}1_{1\mathrm{t})}\mathrm{a}1^{\cdot}\mathrm{g}\iota 11\iota’(^{)}1\iota\uparrow,$
$\backslash \backslash ’ \mathrm{i}\mathrm{t}\mathrm{l}\mathrm{l}$

Proposition 2 below, we give tlle $\mathrm{f}\mathrm{i}\iota 1$ ] $- \mathrm{p}_{1}\cdot \mathrm{o}\mathrm{o}\mathrm{f}$ .

Proposition 1: If $u$ is contin llous, $t_{0}l_{1}$ en it $i_{I}\mathrm{s}$ a viscosi $t.vsol\dagger \mathrm{J}$ tion of (SHJ).

Proof. subsolution: For any $\phi\in C^{1},$
$\mathrm{s}\iota 11$) $\mathrm{p}_{0}\mathrm{s}\mathrm{e}(.7j, f_{\text{ノ}})$ is the lnaximllm of $u-\phi$ . Adding t,he

constant $-(u-\phi)(x, t)$ , we lnay $\mathrm{s}\iota\iota \mathrm{p}\mathrm{l}$) $\mathrm{O}\mathrm{S}\mathrm{C}(u-\phi)(x, t,)=0’$ . Tllus, for small $\epsilon>0$ , we llave

$\phi(x, t)=u(X, t)=\mathrm{i}\mathrm{I}1\mathrm{f}_{n}y\in \mathrm{R}(\epsilon H^{\star}(\frac{x-y}{\epsilon})+u(y, t-\epsilon))\leq\inf_{y\in \mathrm{R}^{n}}(\epsilon H^{\star}(\frac{x-\uparrow/}{\epsilon})+\phi(y, t-\epsilon))$ .

For any $p\in \mathrm{R}^{n}$ , taking $y=x-\epsilon p$ in tlle above and then, dividing it by $\epsilon>0$ , we llave

$\frac{\phi(x,t)-\phi(x-\epsilon p,t-\epsilon)}{\epsilon}-H^{\star}(p)\leq 0$ .

Sending $\epsilonarrow 0$ and then, taking the supremurn over all $q\in \mathrm{R}^{n}$ , by the fact tllat, $(H^{\star})^{\star}=H$ ,
we get

$\phi_{t}(x, t)+H(D\phi(X, t))\leq 0$ .

supersolution: This $1^{\mathrm{J}\mathrm{a}\mathrm{r}\mathrm{t}}$ of proof lllust be lnore difficultr tllall tlle otller since we need t,o

show the opposite inequalify and we are $\mathrm{t}‘ \mathrm{a}\mathrm{k}\mathrm{i}\mathrm{I}$ the illfimum.
The proof is by contradiction. Suppose tllat $(x, f_{J})$ is the $\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{U}\ln$ of $?J-\phi$ for a $C^{1}$

function $\phi$ but the following inequality $1_{1}01(1_{\mathrm{S}}$ for some $\theta>0$ :

$-\theta\geq\phi_{t}(x, t)+H(D\phi(x, t))$ .

We may assume that $(u-\phi)(x, t)=0$ as before.
For any $p\in \mathrm{R}^{n}$ , we have

$-\theta\geq\phi_{f}(X, t)+\langle p, D\phi(_{X}., t)\rangle-H\star(p)$ .

Then, by continuity, there is small $s>0$ sucll tllat

$- \frac{\theta}{2}\geq\phi_{t}(x-rp, i-r)+\langle p, D\phi(X-rp, t-r)\rangle-H\star(p)$ for $r\in[0, s]$ .

Hence, integrating tlle above over $[0, s]$ , we llave

$\underline{\theta s}<sH^{\star}(l^{)})+\phi(?j-sp, t-s)-\phi(X, f_{\text{ノ}})\leq SH^{\star}(p)+u(x-s\nu, \dagger, -S)-?/(X:^{t_{\text{ノ}})}$ .2 $-$

$\mathrm{s}_{\mathrm{C}\mathrm{t}}\mathrm{t}\mathrm{i}1y=.\tau i-sp\mathrm{a}11(1\mathrm{t}]_{1(^{\tau}}.11;\mathrm{t}_{}\mathrm{a}\mathrm{k}\mathrm{i}1\mathrm{t}1_{1\mathrm{C}}$ illfi]n\iota \iota l]l $0\backslash r(\tau \mathrm{r}$ all $y\in \mathrm{R}^{7\}},$ $\backslash \backslash ’ \mathrm{e}$ get, tllc $1^{\cdot}\mathrm{i}\mathrm{g}\mathrm{l}\mathrm{l}\mathrm{t},$
$11\partial 11([$

side of $\mathrm{t},$ ]$\mathrm{l}\mathrm{C}$ above $|$ )(’ $\mathrm{i}_{1\mathrm{l}}\mathrm{g}_{7}\lrcorner \mathrm{C}1^{\cdot}0$ . $\mathrm{T}]_{1}\mathrm{i}_{\mathrm{S}}$ is a $\mathrm{c}\langle$) $\mathrm{l}\mathrm{l}\dagger,\mathrm{r},\mathrm{l}\mathrm{d}\mathrm{i}\mathrm{c}\{,\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$. $CjED$
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Next, $\backslash \backslash \cdot \mathrm{e}\mathrm{s}\mathrm{l}_{1(\backslash \mathrm{v}}$ ( $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{t}\iota \mathrm{l}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{l}\mathrm{t},1\mathrm{l}i\iota \mathrm{t},$

$\mathrm{t}1\mathrm{l}$ ( $\mathrm{L}_{i1\backslash }.\iota_{011\mathrm{l}}\mathrm{l}11]\mathrm{a}$ is $\mathrm{l}\mathrm{s}\mathrm{c}$ ) $\{_{r}]_{\mathrm{l}_{r\gamma \mathrm{t}}}$ it, is $\dot{\mathrm{r}}\uparrow 13.1-\backslash r\mathrm{i}\mathrm{S}\mathrm{c}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{f}_{}.\backslash ^{-}\mathrm{s}\mathrm{o}]_{1\mathrm{t}}\{\mathrm{i}\langle$) $1|$

using tlle DP $\mathrm{t}\mathrm{y}$ ]) $\mathrm{e}$ equality ill a $1$ ) $i1([_{\langle\backslash }1^{\cdot}j11^{\cdot}(1\backslash \backslash ^{r}\mathrm{a}\mathrm{y}$ .

Proposition 2: $If\uparrow/$, is $l,\mathrm{s}c$ , tllen it is a $B_{r}l- \mathrm{t}\prime iScos\mathrm{i}t_{1},.rsol\iota 1$tion of (HJB).

Proof. Tlle supcrsolution $1^{)}(\gamma \mathrm{r}\uparrow$, of $(]_{1(^{\backslash }}1)1^{\cdot}$( $o\mathrm{f}$ is done ill tlle $i1|$ ) $\mathit{0}\backslash ^{r}\mathrm{e}$ . $\mathrm{F}()1^{\cdot}\uparrow|11\mathrm{C}\mathrm{o}\{_{}]_{1\mathrm{c}}1^{\cdot}]^{)_{\dot{C}})1}\mathrm{t},,$ $\backslash \backslash ^{\mathrm{v}}\mathrm{t}^{\backslash }$

barrovv $\mathrm{t}_{J}11\mathrm{C}$ backward DP $\uparrow_{J}\mathrm{y}]^{)}\mathrm{C}\arg\iota\iota \mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t},$ .

For any $\phi\in C^{1}$ , let $(x, t)|)0$ tlle millilllum of $u-\phi$ . We $\ln_{C}\gamma \mathrm{y}(\gamma \mathrm{S}\mathrm{s}\uparrow\iota 1\mathrm{l}\mathrm{l}\mathrm{C}(\uparrow l-\phi)(.X,$ $f,$ .

For any $p\in \mathrm{R}^{n}$ and $\epsilon>0$ , we $1\mathrm{l}\mathrm{a}\iota 7\mathrm{e}$

$\phi(x+\epsilon \mathrm{P}, t+\epsilon)\leq u(_{X}+\epsilon\iota?, t+\epsilon)=z\in \mathrm{i}\mathrm{n}\mathrm{f}\mathrm{R}^{\mathfrak{n}}(\epsilon H^{\star}(\frac{x+\epsilon p-z}{\epsilon})+u(Z, t))$

$\leq\epsilon H^{\star}(\mathrm{P})+u(X, t)=\epsilon H^{\star}(p)+\phi(_{X}, t)$ .

Hence,
$\frac{\phi(_{X+\epsilon p,t}+\epsilon)-\phi(X,b)}{\epsilon}-H^{\star}(p)\leq 0$ .

Sending \epsilon -$ $0$ and then, taking the supremum over $p\in \mathrm{R}^{n}$ , we get tlle desired inequality.
$QED$

Let us try to write down tlle solution with the value function to observe tlle relatioll
between the value function and tlie Lax forlnula.

By using $(H^{\star})^{\star}=H$ , (SHJ) can be written in the following way:

$(SHJ’)$ $u_{t}+ \sup_{\mathrm{R}^{n}a\in}\{\langle a, Du\rangle-H^{\star}(a)\}=0$ .

Then, the value function can be givell by

$u(x, \theta)=\inf\{\int_{0}^{t}H^{\star}(x(S;x, \alpha))d_{S}+\psi(\alpha(s))|\alpha$ : $[0, \infty)arrow \mathrm{R}^{n}$ measurable}

$= \inf${ $\int_{0}^{1}H^{\star}(\dot{Z}(s))dt+\psi(y)|z\in C^{1}([0,1];\mathrm{R}^{n})$ such that $z(\mathrm{O})=x$ and $z(1)=y$ }.

Since the uniqueness of viscosity solutiolls llolds, the Lax $\mathrm{f}_{\mathrm{o}\mathrm{r}\mathrm{I}\mathrm{n}\mathrm{u}}1\mathrm{a}$ coincide with the above.
From the second expression, $\mathrm{t}1_{1}\mathrm{i}\mathrm{S}$ means tllat we only need to take tlle $\mathrm{s}\mathrm{t}$,raigllt line $z(\cdot)$

between $x$ and $y$ among $C^{1}$ functiolls.
(b) Hopf formula (the case when $\psi$ is convex.)

$u(x, f_{/}):=\mathrm{S}\iota 1y\in \mathrm{R}^{n}1)\{-\psi\star(y)-tH(y)+\langle y, x\rangle\}$

$(= \sup_{y\in \mathrm{R}^{n}}\inf_{z\in \mathrm{R}^{n}}\{?/J(y)+\langle y, x-z\rangle-tH(y)\})$

Tlle $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{C}\backslash \mathrm{t}\mathrm{l}$ DP $\mathrm{f}_{t\mathrm{y}1}$) $\mathrm{C}$ equality is as foll $\mathit{0}\backslash \mathrm{V}\mathrm{s}$ : for $0<r<t$ ,
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$u(x, t)=.\mathrm{s}1y\in \mathrm{R}11),\{\}-u^{\star}(y, r)-(t-r)If(y)+\langle y).\tau j\rangle\}$

$= \sup_{y\in \mathrm{R}^{n}}\mathrm{i}1z\in \mathrm{R}\mathrm{l}\mathrm{f}_{n}\mathrm{f}\langle y, .X-z\rangle+?/,(_{Zr},\mathrm{I}-(f_{/}-r)H(y)\}$

As 11lelltiollc( $1$ ill tlle talk $|_{\mathrm{J}\backslash ^{r}}$. I-l. Isliii in $\mathrm{t}1_{1}\mathrm{i}_{\mathrm{S}\mathrm{C}o1}\mathrm{l}\mathrm{f}_{\mathrm{t}^{\backslash }1(^{\tau}}11(\mathrm{Q}. \mathfrak{s})\backslash .r$ a ( $1_{\mathrm{t}}\mathrm{y},1’(\backslash ,1^{\cdot}\mathrm{t}]_{1}\mathrm{o}\mathrm{i}(.\mathrm{c}$ of $\mathrm{t}\mathrm{c}^{\backslash }\mathrm{S}\mathrm{t}_{!}\mathrm{f}\mathrm{l}\mathrm{l}\mathrm{l}(:\mathrm{t}|\mathrm{i}(11|\mathrm{s}.$ ,
we can directly sllow tllat tlle $\mathrm{H}_{01)}\mathrm{f}$ forlnlIla is a viscosity solutioll.

4. Recent topics

(i) Modified HJ equations
Recently, a series of works by $\mathrm{B}\mathrm{a}\mathrm{r}\mathrm{r}\mathrm{o}\mathrm{n}- \mathrm{J}\mathrm{e}\mathrm{n}\mathrm{S}\mathrm{e}\mathrm{n}- \mathrm{L}\mathrm{i}\iota \mathrm{J}$ treats tlle following modified HJ equa-

tions $([\mathrm{B}\mathrm{J}\mathrm{L}])$ :

(MHJ) $u_{t}+H(u, Du)=0$ .

Let us recall from [BJL] the reason why, in this case, tllat the “convexity” is not, a
sufficient assumption in view of tlle associated $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{C}\mathrm{t}_{}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{C}$ curves, which is tlle set of
ODEs (assume given functions are $C^{2}$ say).

$\{$

$\dot{\xi}(t)=H_{\mathrm{P}}(\eta(t),p(t))$ , $\xi(0)=x$ ,
$\dot{\eta}(t)=-H(\eta(t),p(t))+\langle p(t), H_{p}(\eta(t),p(t))\rangle$ , $\eta(0)=\psi(x)$ ,
$\dot{p}(t)=-H(u\eta(t),p(i))_{\mathrm{P}(b})$ , $p(\mathrm{O})=D\psi(x)$ .

The reason why the DP type equality for Lax or Hopf formulas are easier to treat tllan
the standard DP Principle for the value functions is tllat we need only to take straight
lines for the DP type equality. To apply this argument to (MHJ), we must first $\mathrm{s}\iota 11^{)}\mathrm{p}_{\mathrm{o}\mathrm{S}\mathrm{e}}$

$H_{p}(\eta(b),p(t))$ is constant since $\dot{\xi}$ is constant. Assuming this, we differentiate $H_{p}\mathrm{w}.\mathrm{r}.\mathrm{t}$ . $t$ to
get

$0=H_{up}\dot{\eta}+\langle H_{pp},\dot{p}\rangle=H_{up}(-H+\langle p, H_{p}\rangle)-H_{u}\langle H_{pp},p\rangle$ .

If $H$ does not depend on $u$ , tllen this holds true but, if not, in order to lnake the above
hold, the homogenuity degree 1 is the correct choice. ( $\mathrm{i}.\mathrm{e}$ . $H(u, \lambda p)=\lambda If(u, p)$ for all
$\lambda>0.)$ Indeed, this implies $\langle p, H_{p}\rangle=H$ and $\langle p, H_{pp}p\rangle=0$ . Since $H_{pp}\geq 0$ from its
convexity, we have $H_{pp}=0$ .

In this direction, we also refer to [ABI].

(ii) Degenerate case
Let us consider the degenerate case:

(DHJ) $h(x)u_{t}+H(Du)=0$

In order to treat the case when $h\geq 0$ might vanish, tllere have appeared several works.
See [IR], [K] and references tllerein.
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$\mathrm{I}_{11}\mathrm{f}\mathrm{a}\mathfrak{c}\mathrm{t}_{i},\mathrm{i}_{11}\mathrm{t},1\mathrm{l}\mathrm{i}\mathrm{s}(_{\subset}.‘ 1\mathrm{s}\iota$
” $\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{l}(\mathrm{l}\mathrm{t}\backslash 1^{\cdot}$ tlle $\mathrm{S}\mathrm{t}l(\urcorner 1\mathrm{l}1\iota i\backslash 1^{\cdot}\mathrm{t}\iota \mathrm{S}\langle^{1(1_{}\mathrm{i}}1\mathrm{l}\mathrm{g},$

$\{,1_{1\mathrm{c}\mathrm{l}\mathrm{t}}1\mathrm{l}\mathrm{i}(1^{1}1(^{1}\mathrm{l}\mathrm{l}\mathrm{t}^{\backslash \epsilon}’.\mathrm{s}1_{i}^{\cdot}1\mathrm{i}1‘ \mathrm{s}^{\backslash }. \mathrm{T}\mathrm{t})()\iota\cdot \mathrm{t}^{1}1\langle.()1\mathrm{l}\mathrm{l}\mathrm{e}1,1_{1}\mathrm{i}_{\mathrm{S}}$

( $1\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{i}\mathrm{C}\mathfrak{j}1]\mathrm{t}_{|\mathrm{y},\backslash \langle 1}\backslash ’\backslash 1(^{\backslash }\langle)(\iota$ to adapt $\mathrm{s}\mathrm{t}\mathit{1}1^{\cdot}\mathrm{O}\mathrm{l}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{r}([\mathrm{C}\mathrm{f}]_{1}1\mathrm{i}\dagger,\mathrm{i}_{0}]\iota \mathrm{S}\uparrow,11\dot{\mathrm{c}}\mathrm{t}11\mathrm{f}_{!}1\mathrm{l}\mathrm{C}\mathrm{s}\mathrm{t},i11\mathrm{l}(|\dot{r}^{11\mathrm{t}}1()\mathrm{l}\mathrm{l}\mathrm{t}^{\tau}\mathrm{S}$.

(iii) Level set approach
To {, $1^{\cdot}\mathrm{e}\mathrm{a}\mathrm{t}$ semicontinuolls viscosit.$\mathrm{v}J$ solllt,ions, Y. Giga $C\urcorner 11(1\mathrm{b}\mathrm{I}$ .-H. $\mathrm{S}$alo $]^{)\mathrm{l}\langle)}]^{)\mathrm{O}\mathrm{S}}\mathrm{t}^{1}\gamma\urcorner$ level set,

approacll for HJ equat,ions. Tllis $\mathrm{f},\mathrm{o}\mathrm{l}$) $\mathrm{i}\mathrm{c}\mathrm{S}$ will be discussed in tlleir $\mathrm{a}\mathfrak{j}_{)\mathrm{S}\{_{}\cdot(j}1\subset\urcorner \mathrm{t}\mathrm{i}_{1}1\mathrm{t}1_{1}\mathrm{i}\mathrm{s}\mathrm{N}()\mathrm{f}(^{\backslash }.$ .
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