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On Meromorphic Starlike and Convex Functions

M.Nunokawa and O.P.Ahuja

ABSTRACT. In this paper we show that the meromorphic convex univalent
functions and meromorphic starlike univalent functions do not hold the same
relationships as that of between the convex univalent functions and starlike
univalent functions.

1. Introduction
Let 3 denote the class of functions F of the form

F(z) =—+Zanz

n=0
which are analytic and univalent in the punctured disk D = {z:0<| 2 |<1}. A
function F € ) is called meromorphic starlike of order a(a < 1) if F(z) # 0in
D and
zF'(2)
F(2)
where E = {z:| z|< 1} .We denote by M S*(a) the class of meromorphic starlike

functions of order a. Similarly, a function F € ¥ is called meromorphic convex of
order a(a < 1) if F(2) # 0 in D and

<1+R zF())>a, 2€E.

—Re >a,z € E,

F'(2)

We denote by M C(a) the class of meromorphic convex functions of order .
A function F € }_ is said to be y—meromorphic convex of order § if F'(z) # 0

in D and
——Re{(l-—*y)%?——*— (1+ zf,,lé()))} >fB, ze E,

where v > 0 and 8 < 0 are fixed arbitrary real numbers. Denote by Z B) the
family of y—meromorphic convex functions of order 8. Note that v = 0 gives
precisely the meromorphic starlike functions of order 3 and v = 1 yields the family
of meromorphic convex functions of order 3.
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On the other hand, we let S be the class of functions f of the form

f2)=2z+ Zanz"

n=2

which are analytic and univalent in E. A function f € S is called starlike of order
a0 <a<l)if

zf'(2) )
)
We denote by S*(c) the class of starlike functions of order a. Furthermore, a
function f € S is called convex of order a (0 < @ < 1) if

zf"(z)
f’( )
We denote by C(c) the class of convex functions of order .

1t is well known that Marx [3] and Strohhécker [6] showed that if f € C(0),
then f € S*(3); that is C(0) C S*(3).The function f(z) = z,/(1 — z) is convex
function of order 0 and starlike function of order 2 5. Therefore, Marx-Strohhécker’s
result is sharp.

In Jack [1] proved the following result.
Theorem A. If f € C(a) (0<a<1), then f € S*(B(a)) where

a—-1+\/9—-4a+4a2

Re >a, z€E.

1+ Re >a, z€ E.

Bla) > 2

In fact, Jack [1] posed the more general problem: What is the largest real
number 8 = f(a) so that C(a) C S*(B(c))? Subsequently, MacGregor [2] and
Wilken and Feng [7] proved the following.

Theorem B. If f € C(a) (0 < a< 1), then f € S*(B(a)) where .

Bla) = { iz o # ) }

2log2

and this result is sharp.
Analogus to the family 37 () is the well- known class, M, (B), of the functions

f(2) = z+ S oo, anz", analytic in E which satisfy the conditions ( = f = ) # 0

and
Re{(l "'Y)Z]{;S) + (1+5}c—~((§>} > B

for all z€ E. It is well known that M, (0) C $*(0) for all real v and M,(0) C C(0)
for v > 1 In [5], Miller, Mocanu and Reade proved
Theorem C. M, (0) C 5*(8(v)) for v > 1 where

v+ +é
5(y) = =2 47 v

1t is the purpose of the present paper to show that the meromorphic convex
functions and meromorphic starlike functions do not hold the same relationships as
the above between the convex functions and starlike functions.

52



53

ON MEROMORPHIC STARLIKE AND CONVEX FUNCTIONS
2. Main Results
LEMMA 1. Let a function p be analytic in E, p(0) = 1 and suppose that

Re (o(z) - 250y > 5822

where a < 0. Then we have Re p(z) > a in E.

€ E

PrROOF. Let
(2.1) )= (1) T

where w is analytic in E and w(0) = 0.It suffices to show that lw(z)] < 1 for all
ze E.

If there exists a point z, € E such that |w(z)| < 1 for |z| < |2,] and |w(zp)| = 1,
then from Jack’s lemma [1,p.470], we have z,w'(z,) = kw(z,), k > 1. Setting
w(z,) = e®, it follows from (2.1) that

, 2(1—a)zow'(2,)
zop'(z0)  _ (=w(z))
p(20) (1-o)f 1wzl 4 o

—"LUZ

2(l—-a)k
2(1—cos 0)

S 1) ta
—(1-a)k
a(l —cosf) +i(1 — a)sinf
—(1 — a)k{a(l —cosf) —i(1 - o:) sin 0}
a?(1 —cos0)? + (1 — )2sin? 6

Thus, we obtain

zop'(25) —afl — a)(1 —cos )k
(22) Re p(z0)  a2(1—cosb)? + (1 —a)?sin?6’

Letting 1 - cos8 =t, 0 <t < 2 and writing
. .
t) =
9) = Zm T 1= a)2(2t — t2)’

(2.2) may be written as

Re 22 (ZO) —a(l — a)k g(t).

“p(z0)

But, a simple calculation shows that g(t) takes its minimum value at ¢ = 0, and
i ) = 1
e AN 2(1 — a)?’

Therefore, we have

20D’ (20) —
Re= Gy Z30—a)
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Hence
. B 200" (20) o
Re(pe - 2E) < v
a(3 — 2a)
21 -a)

This contradicts the assumption and therefore we have| w(z) |< 1in E. This shows
that Rep(z) > ain E. I

Applying Lemma 1, we have the following result .

THEOREM 1. Let F € MC (%(:}1—?2551), then F € M S*(a), where o < 0.

PROOF. Let p(z) = —zF'(z)/F(z), p(0) = 1. Then we have

-28-—( £)

In view of Lemma 1, the result follows.
Putting 8 = a(3 — 2a),/2(1 — ) in Theorem 1, we have
COROLLARY 1. Let F € )", F(z) #0.in D, and suppose

ZF"(")) >8, 2€ E

- (1+reZd

where § < 0. Then

—Re%>%(2ﬁ+3—\/4ﬁ2—4ﬁ+9, z€E.

Letting 3 — 0 in Corollory 1, we obtain
COROLLARY 2. If F € MC(0),then F € MS*(0).
REMARK 1. Setting F(2) = (1 — 2)%/z, we find that F(z) #0 in D,

_ZF'(z) 1+z
F(z2) 1-z
and
zF"(2)\ 1422
‘(“” F'(z))‘l—z2'

This shows that the result in Corollory 2 is sharp. Note that the extremal function
is the reciprocal of the Koebe function
z

O =a=p

REMARK 2. From Corollory 2, we can say that if F' is a meromorphic convez
function of order 0, then F is a meromorphic starlike function of order at least 0.

THEOREM 2. Let F € 377 (iwﬁ;?iﬁ_—zﬁ;’;iﬁl),then F € MS*(B) where B <0 and
v > 0 are fized real numbers.
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PROOF. We define the function w in E by
_zF '(2) 1+ w(z)
1- ,8 — 4+ G, w(z) #1.
Since the value of —zF’ (z /F(z) at z = 0 is 1,we notice that w is analytic in E
and w(0) = 0. Taking the logarithmic differentiation of both sides of (2.3), we have
zF"(2) 1+ w(2) + 2(1 - B)zw'(2)

1 =-(1- - :
*F 1-8)3— w(2) (1 - w(2))? [(1 - B) s + ,3}.

(2.3)

Therefore, we have

(1- 7)%%) + (1 + 5?%) (2.4)
= —a-pta) 2y(1 - fzw'(z)

B .
bmwla) - w@)? |- )1 + 4]
It sufficies to show that |w(z)] < 1 for all z € E. Let, if possible, there exists a
point zg € E such that |w(z)] < 1 for |2| < |20| and |w(20)| = 1 (w(2,) = €®). Then
it follows from Jack’s Lemma [1, p470] that zow'(20) = kw(2p), k > 1. Therefore,
(2.4) yields

_ 20F'(z0) 20F" (z0)
0=+ (1 5y

isiné G- ¥(1 - B)k

- B(1—cos8) +i(1—pB)sinf’

Re [(1—7)%2)—02+7(1+2_0P%?_)>}

BA(1 — B)k(L  cos6)
B*(1 — cos6)2 + (1 — B)2sin? 6’
Proceeding as in the proof of Lemma 1, we obtain

—Re [(1_7)i'£(_@l+7(1+2_01ji@))]

= -(-01r

-~ cos @
Hence

= —-f-

F(zp) F'(zp)
W8 28—28 4P
T ) STy

which contradicts the hypothesis. Therefore, |{w(z)] < 1 for z € E and hence
FeMS*(5). 1

Putting 8 — 0 in Theorem 2, we have

COROLLARY 3. 377(0) C MS*(0).
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