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1 Introduction
The notion of Laver forcing LT was first introduced by Laver [3] in order to

construct a generic model in which Borel conjecture holds. Many properties
which Laver forcing satisfies have been known (see [1]). One of fundamental
properties of Laver for.cing is the Laver property: For any increasing $h:\omegaarrow$

$\omega$ , it holds that
$| \vdash_{\mathrm{L}\mathrm{T}}\forall f\in\prod_{n<\mathrm{t}\nu}h(n)\exists S\in(\prod_{n<\mathrm{c}U}[h(n)]^{\leq}n)\mathrm{V}\forall\infty_{n<}\omega(f(n)\in S(n))$

.

In this paper, we first discuss this property more closely by introducing the
notion of simple conditions. After that, we give two applications of it. One
is that Laver forcing satisfies the skip splitting property (for the definition,
see section 3). Another one is a direct proof of the following known result.
Theorem $(\mathrm{C}\mathrm{H})$ Let $P$ be the $\omega_{2}$-stage countable support iteration by Laver
forcing. Then, it holds that

$\mathrm{V}^{P}\models$ ”the splitting number of $[\omega]^{\omega}=\omega_{1}$”.
In the next section, we introduce the notion of simple conditions and show

that, under some assumption, the set of simple conditions is $\leq_{0}*$-dense in
Laver forcing. The first application will be given in section 3 and the next
in section 4.

2 Laver forcing
For each $s\in\omega^{<\omega},$ $[s]$ denotes the set $\{t\in\omega^{<\omega}|s\subset t\}$ . Let $q\subset\omega^{<\omega}$ be

a tree. For each $s\in q,$ $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{C}_{q}(s)$ denote the set $\{s^{\wedge}\langle i\rangle\in q|\dot{\iota}<\omega\}$ . $s\in q$

is called a splitting node, if $|\mathrm{s}\mathrm{u}\mathrm{C}\mathrm{C}_{q}(s)|>1$ . The first spliiting node of $q$ is
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denoted by stem$(q)$ . $q$ is called a Laver tree, if it holds that
$\forall t\in q\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]$ ( $\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}q(t)$ is infinite).

Laver forcing LT is the forcing notion which is defined by
$\mathrm{L}\mathrm{T}=$ { $q\subset\omega^{<\omega}|q$ is a Laver tree}, and
$q’\leq q$ if and only if $q’\subset q$ , for any $q,$ $q’\in \mathrm{L}\mathrm{T}$ .

Let $q\in \mathrm{L}\mathrm{T}$ . For each $s\in q,$ $q[s]$ denotes the condition { $t\in q|s\subset t$ or $t\subset$

$s\}$ . For each $S\subset q,$ $\mathrm{S}\mathfrak{U}\mathrm{c}\mathrm{C}_{q}(S)$ denotes the set
$s\in S\cup \mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}(s)q$

.

2.1 sinlple conditions
Define the relation $\leq_{0}*$ on LT by

$q’\leq_{0}*q$ if and only if $q’\leq q$ and $\mathrm{s}\mathrm{t}\mathrm{e}\ln(q)=\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q’)$ .
The following fact is well-known (see e.g. [1]).

Fact 1 Let $m<\omega_{f}\dot{a}$ be a $\mathrm{L}\mathrm{T}$ -name, and $q\subset\Gamma \mathrm{L}\mathrm{T}$ . If $q|\vdash\dot{a}<m$ , then
there exist $q’\leq_{0}*q$ and $i<m$ such that $q’|\vdash\dot{a}=i$ .

Le.t $h\in\omega^{\omega}$ . We denote by $\mathcal{F}_{h}$ the s.et $\{x\in\omega^{\omega}|\forall j<\omega(x(j)\leq h(j))\}$ .
Let $f$ be a $\mathrm{L}\mathrm{T}$-name such that $|\vdash_{\mathrm{L}\mathrm{T}}f\in \mathcal{F}_{h}$ .
For each $q\in \mathrm{L}\mathrm{T}$ , define $H(q)=H_{f}(q)$ by

$H(q)=\{\delta\in\omega^{<}\omega|\exists q’\leq_{0}*q(q/|\vdash\delta\subset\tilde{f})\}$ .
For each $f,$ $g\in\omega^{\leq\omega}$ , we denote by $\triangle(.f\cdot,g)$ the least $n\in \mathrm{d}\mathrm{o}\mathrm{m}(.f\cdot)\cap \mathrm{d}\mathrm{o}\mathrm{m}(g)$

such that.$f\cdot(n)\neq g(n)$ if such $n$ exists, otherwise undefined. For each tree
$H\subset\omega^{<\omega}$ , we denote by $\mathrm{L}\mathrm{i}\mathrm{m}(H)$ the set $\{a\cdot\in\omega^{\omega}|\forall j<\omega(x[j\in H)\}$ .

The next fact can be easily verfied by using Fact 1. We left a proof to the
reader.

Fact 2 For any $q\in \mathrm{L}\mathrm{T}_{j}$ it holds that
(1) $\delta\in H(q)$ if and only if $\exists^{\infty}s\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q}(\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q))(\delta\in H(q[s] )$ , for any
$\delta\in\omega^{<\omega}$ .
(2) $\langle\rangle\in H(q)$ , and $H(q)$ is a tree, and $H(q)$ does not have a maximal node.
(3) $\mathrm{L}\mathrm{i}111(H(q))\neq\phi$ and $\mathrm{L}\mathrm{i}\ln(H(q))\subset \mathcal{F}_{h}$ .
(4) If $q’\in \mathrm{L}\mathrm{T}$ and $q’\leq_{0}*q$ then $H(q’)\subset H(q)$ .

We say that a condition $q\mathrm{i}\mathrm{s}.\dot{f}$-simple, if $|\mathrm{L}\mathrm{i}\mathrm{m}(H(q[S]))|=1,\cdot$ for all $s\in$

$q\cap[_{\mathrm{S}}\mathrm{t}\mathrm{e}\mathrm{m}(q)]$ .

Lemma 2.1 $Fo\uparrow$ . any $q\in \mathrm{L}\mathrm{T},$ $ther\epsilon$ exists $q’\leq_{0}*q$ such $that|\mathrm{L}\mathrm{i}\mathrm{m}(H(q’))|=$

$1$ .

Proof Let $q\in \mathrm{L}\mathrm{T}$ .
Case 1 $\mathrm{L}\mathrm{i}\ln(H(q))$ is finite.
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Take $g\in \mathrm{L}\mathrm{i}\mathrm{m}(H(q))$ . Choose $n<\omega$ such that
$g\mathrm{r}n\neq g’(n$ , for any $g’\in \mathrm{L}\mathrm{i}\mathrm{m}(H. (q))\backslash \{g\}$ .

Take $q’\leq_{0}*q$ such that $q’|\vdash g\mathrm{r}n\subset.f$ . Since $H(q’)\subset H(q)$ , we have that
$\mathrm{L}\mathrm{i}\mathrm{m}(H(q’))=\{g\}$ .
Case 2 $\mathrm{L}\mathrm{i}\mathrm{m}(H(q))$ is infinite.

Take $g\in \mathcal{F}_{h}$ such that
$\sup\{\triangle(g, g’)|g’\in \mathrm{L}\mathrm{i}\mathrm{m}(H(q))\backslash \{g\}\}=\omega$ .

Take $g_{i}\in \mathrm{L}\mathrm{i}\mathrm{m}(H(q))$ (for $i<\omega$ ) such that
$\triangle(g, g_{i})<\triangle(g, g_{i+1})$ , for all $i<\omega$ .

For each $i<\omega$ , take $s_{i}\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q}(\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{m}(q))$ and $q_{i}\leq_{0}*q[_{\mathrm{c}}\mathrm{q}_{i}]$ suc.h that
$s_{\mathrm{i}}\neq s_{j}$ , for all $j<i$ and $q_{i}|\vdash g_{i}\mathrm{r}(\triangle(g, g_{i})+1)\subset.f$ .

Set $q’= \bigcup_{i<\omega}q_{i}$
. Then, it holds that $q’\leq_{0}*q$ and $\mathrm{L}\mathrm{i}\mathrm{m}(H(q)/)=\{g\}$ . $\square$

Corollary 2.2 For any $q\in \mathrm{L}\mathrm{T}$ , there exists $q’\leq_{0}*q$ such that $q’$ is’.$\dot{f\cdot}$

-

simple. $\square$

For each.$\dot{f}_{-\mathrm{S}}\mathrm{i}\mathrm{m}$

. ple condition $q$ , let $\dot{f}[q]\in \mathcal{F}_{h}$ denote the function such that
$\mathrm{L}\mathrm{i}\mathrm{m}(H(q))=\{f[q]\}$ .

Lemma 2.3 Let $q$ be an $.\dot{f}$-simple condition. Then. for any $s\in q\cap$

$[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]$ , the $following.(\mathrm{a})\underline{or}(\mathrm{b})$ hold.
(a) $\exists^{\infty}t\in \mathrm{S}\mathrm{u}\mathrm{C}\mathrm{c}_{q}(s)(. f[q[_{S}]]=.\dot{f}[q[t]])$ .
(b) $\sup\{\triangle(\dot{f}[q[_{S}]], f[q[t]])|t\in \mathrm{S}\mathfrak{U}\mathrm{C}\mathrm{C}_{q}(S)\}=\omega$ .

Proof Easy. $\square$

$\mathrm{c}_{\mathrm{o}\mathrm{r}\mathrm{o}}11,\mathrm{a}\mathrm{r}.\mathrm{y}2.4$
For any $q\in \mathrm{L}\mathrm{T},$ $the\Gamma 6$ exists $q’\leq_{0}*q$ such that

(1) $q\iota s.\dot{f}$ -simple, and,
(2) for any $s\in q’\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}. (q’)],$ the.following $(‘ 2.\mathrm{a})$ or (2.b) hold.

(2.a) $\forall t\in \mathrm{s}\mathrm{u}\mathrm{C}\mathrm{C}\prime q(_{S)}(.f[q’[s]]=f[q’[t]])$ .
(2.b) For any $t,$ $t’\in \mathrm{S}\mathrm{u}\mathrm{C}\mathrm{C}_{q}’(s)i$

if $t(|s|)<t’(|S|)$ then $\triangle(.\dot{f\cdot}[q’[s]],\dot{f}[q[\prime t]])<\triangle(\dot{f}[q’[s]], \mathrm{i}[q[\prime t’]])$ .

(3) For any $s\in q’\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q’)].$ . any $t\in q’.\cap[s]_{i}$ and any $u\in q’\cap[t]_{i}$

if $\dot{f}[q’[s]]\neq.i[q’[t]]$ and $f[q’[t]]\neq f[q’[u]]$ then $\triangle$ (
$.$

f\dot [q’ $[S]],$ $.f\dot[q’[t]]$ ) $<$

$\triangle(\dot{f}[q’[t]], f[q/[u]])$ . $\square$

A condition $q’$ which satisfies (1) $\sim(3)$ in corollary 2.4 is said to be strongly
$\dot{f}$-simple.

2.2 Generaters of a condition

Definition 2.1 Let $q\in$ LT and $S\subset q\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]$ . We say that $S$ gener-
ates $q_{f}$ if $\{q[s]|s\in S\}$ is a maximal antichain below $q$ in $\mathrm{L}\mathrm{T}$ .
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Let $S$ and $S’$ generate $q$ . $S’$ is called a refinement of $S$ , if it satisfies that,

for any $s\in S_{i}’$ there exists $t\in S$ such that $t\subset s$ .
For each $S\subset\omega^{<\omega}$ , define $\mathrm{I}\mathrm{n}\mathrm{f}_{\alpha}(S)$ (for $\alpha\underline{<}\omega_{1}$ ) such that

$\mathrm{I}\mathrm{n}\mathrm{f}_{0}(S)=\{_{S}\in s|\forall i<|s|(s\mathrm{r}i\not\in s)\}_{\rangle}$

$\mathrm{I}\mathrm{n}\mathrm{f}_{\alpha+1}(s)=\mathrm{I}\mathrm{n}\mathrm{f}_{\alpha}(S)\cup\{s\in\omega^{<\omega}|\exists^{\infty}i<\omega(s^{\wedge}\langle i\rangle\in \mathrm{I}\mathrm{n}\mathrm{f}_{\alpha}(S))\}_{\rangle}$

$\mathrm{I}\mathrm{n}\mathrm{f}_{\alpha}(S)=\bigcup_{\xi<\alpha}\mathrm{I}\mathrm{n}\mathrm{f}\xi(s)$
, if $\alpha$ is a limit ordinal.

Set $\mathrm{c}1(S)=\mathrm{I}\mathrm{n}\mathrm{f}\omega_{1}(S)$ .
Note that

If $S\subset q\in \mathrm{L}\mathrm{T}$ then $\mathrm{c}1(S)\subset q$ , .

$\forall s\in q\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]\backslash \mathrm{c}1(s)\exists^{\infty_{t\mathrm{c}}}\in \mathrm{S}\mathrm{u}\mathrm{C}_{q}(s)(t\not\in \mathrm{C}1(s))_{\rangle}$

If $S$ generates $q\in \mathrm{L}\mathrm{T}$ then stem$(q)\in \mathrm{c}\mathrm{l}(S)$ .

Lemma 2.5 Let $h\in\omega^{\omega_{J}}$ and $\dot{f}$ an $\mathrm{L}\mathrm{T}$ -name such that $|\vdash\dot{f}\in \mathcal{F}_{h}.$ Then,

for any $q\in \mathrm{L}\mathrm{T}$ , there exists $q’\leq_{0}*q$ such that
(1) $q’$ is strongly $\dot{f}- simple_{i}$ and
(2) th6 $f_{ollow}.ing$. $(\mathrm{a})$ or (b) holds.

(a) $q’|\vdash f=f[q’]$ .
(b) { $s\in q’\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q’)]|\dot{f}[q’[s]]=\dot{f}[q’]$ and $\dot{f}[q’[S]\neq\dot{f}[q’[\theta]]$ , for $Some/allt\in$

$\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q^{l}}(S)\}$ generates $q’$ .

Proof Without loss of generality, we may assume that $q$ is strongly $\dot{f}-$

simple. Put
$k=|\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)|$ , and
$S=\{s\in q’\cap[\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{m}(q’)]|\dot{f}[q’[s]]=\dot{f}[q]\prime \mathrm{a}\mathrm{n}\mathrm{d}.i[q’[S]\neq\dot{f}[q’[t]]$ , for $\mathrm{S}\mathrm{o}\mathrm{m}\mathrm{e}/\mathrm{a}\mathrm{l}\mathrm{l}t\in$

$\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q}’(s)\}$ .
Case 1. stem$(q)\in \mathrm{c}1(S)$ .

Put $S’= \mathrm{c}1(S)\bigcup_{s\in}s(q\cap[s])$ . By induction on $n<\omega$ , define $U_{n}\subset q\cap\omega^{kn}+$

by
$U_{0=}\{_{\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{m}}(q)\}$ ,
$U_{n+1}=$ { $S^{\wedge}\langle j\rangle\in q\cap\omega^{k+n}|s\in U_{n}$ and $s^{\wedge}\langle j\rangle\in S’$ }.

Then, $q’=\mathrm{t}\mathrm{h}\mathrm{e}$ condition generated by $\bigcup_{n<\omega}U_{n}$ satisfies $(\mathrm{b}.).\cdot$

Case 2. stem$(q)\not\in \mathrm{c}1(S)$ .
Note that

$\forall s\in q\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]$ (if $s\not\in \mathrm{c}1(S)$ then $\exists^{\infty}j<\omega(S^{\wedge}\langle j\rangle\in q\backslash \mathrm{c}1(S))$ ).
By induction on $n<\omega$ , define $U_{n}\subset q\cap\omega^{k+n}$ by

$U_{0}=\{\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{m}(q)\}$ ,
$U_{n+1}=\{s^{\wedge}\langle j\rangle\in q\backslash \mathrm{c}1(S)|s\in Un\}$.

Then, $q’=\mathrm{t}\mathrm{h}\mathrm{e}$ condition generated by $\bigcup_{n<\omega}U_{n}$ satisfies (a). $\square$

Definition 2.2 Let $S\subset\omega^{<\omega}$ . Define the relation $\leq s$ on LT $by$

$q\leq sq’$ if and only if $q\leq_{0}*q’$ and $S\subset q\cap q’\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]$ .
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Definition 2.3 Let $q\in \mathrm{L}\mathrm{T}$ . A sequence $\langle(q_{i}, \mathrm{b}_{i}^{\gamma})|i<\omega\rangle$ is called a
fusion sequence below $q_{f}$ if it $sati\mathit{8}fies$ that, $fo_{1}r$ all $i<\omega_{i}$

(1) $q_{\mathrm{i}}\in \mathrm{L}\mathrm{T}$ and Si generates $q_{i}$ .
(2) $q_{0}\leq_{0}*q$ and $q_{i+1}\leq s_{i}q_{i}$ .
(3) $S_{i+1}$ is a refinement of $\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}q_{t}+1(S_{i})$ .

Lemma 2.6 Let $\langle$ ( $q_{i}$ , Si) $|\dot{\iota}<\omega\}$ be a fusion sequence. Put
$\overline{q}=\bigcap_{i<\omega}q_{i}$

.

Then, it holds that
$q\sim\in \mathrm{L}\mathrm{T}$ and $\overline{q}\leq s_{\dot{t}}q_{i_{J}}$ for all $i<\omega$ . $\square$

Lemma 2.7 Let $q\in$ LT and $\dot{x}$ a $\mathrm{L}\mathrm{T}$ -name such that $q$
$|\vdash$ $\dot{x}\in[\omega]^{\omega}$ .

Then, there exist $q’.\leq_{0}*q,$ $S\subset q’\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q’)]$ , and $m_{s}<\omega(fo7^{\cdot}S\in S)$ such
that
(1) $S$ generates $q’$ and $\forall s\in S(|\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)’|<|s|)_{i}$

(2) $q’[s]|\vdash m_{s}\in\dot{x}_{i}$ for all $s\in‘- g$ ,
(3) $m_{s}\neq m_{t_{i}}$ for all distinct $s,$ $t\in S$ .

Proof Let.$\dot{f}$ be the $\mathrm{L}\mathrm{T}$-name such that $|\vdash.\dot{f}$ is the characteristic function
of $\dot{x}$ . Without loss of generality, we may assume that $q$ is strongly $.\dot{f}$-simple.
Set $y=\{j<\omega|\dot{f}[q](j)=1\}$ .
Case 1. $y$ is infinite.

By induction on $k<\omega$ , take $n_{k}\in y,$ $s_{k}\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}\mathrm{q}(\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q))$ such that
$n_{k}<n_{k+1}$ and $\forall l<k(s_{k}\neq s_{l})$ and $f[q[S_{k}]]|(n_{k}+1)=.f^{:}[q]\lceil$

$(.n_{k}+1)$ .
For each $k<\omega$ , take $r_{k}\leq_{0}*q[S_{k}]$ such that

$r_{k}|\vdash\dot{f}[q[S_{k}]]\mathrm{r}(n_{k}+1)\subset\dot{f}$ .
Let $q’= \bigcup_{k<\omega}.r_{k}$ and $S=\{s_{k}|k<\omega\}$ , and $m_{s_{k}}=n_{k}$ , for $k<\omega$ . Then,
these are as required.
Case 2. $y$ is finite

Let $T=\{s\in q\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]|\dot{f}[q[s]]=\dot{f}[q]$ and $f\dot{\cdot}[q[S]]\neq.f[q[t]]\mathrm{t}$. for
$\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{e}/\mathrm{a}\mathrm{n}\mathrm{y}t\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{C}_{q}(s)\}$ .
Since $|\vdash\dot{x}\in[\omega]^{\omega},$ $T$ generates $q$ . For each $t\in T$ , let

$a_{t}=\{j<\omega|\exists s\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q}(t)(\dot{f}[q[S]](j)=1)\}$ .

Claim 1 $a_{t}$ is $infinite_{f}$ for all $t\in T$ .

Proof This is directl.y followed from the fact that
$\sup\{\triangle(\dot{f}[q[s]], f[q[t]])|s\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q}(t)\}=\omega$ . QED of Claim 1

By using this claim, we can take $r_{t}\leq_{0}*q[t]$ (for $t\in T$ ). and $m_{s}<\omega$ (for
$s \in\bigcup_{t\in T}\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{C}_{\Gamma}(r\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{m}(r_{t})))$

such that
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$r_{t}[s]|\vdash m_{6}\in\dot{x}$ , for all $s\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{C}_{r_{t}}(\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{m}(r_{t}))$ , for all $t\in T$ , and,
$m_{s}\neq m_{s’}$ , for all distinct $s,$ $s’\in\cup \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{r}(\iota \mathrm{m}\mathrm{s}\mathrm{t}\mathrm{e}(r_{t}))$.

$t\in T$ .

So, $q’= \bigcup_{t\in T}r_{t},$
$S= \bigcup_{t\in\tau^{\mathrm{s}\mathrm{u}\mathrm{c}}}\mathrm{C}_{r_{t}}\backslash (\mathrm{S}\mathrm{t}\mathrm{e}\mathrm{m}(r_{t})),$ and $m_{S}(\mathrm{f}\mathrm{o}\mathrm{r} s\in S)$ are as

required. $\square$

3 The skip splitting property
In this section, we give a first application of the previous section. We

begin with the definition of the skip splitting property. A tree $H\subset 2^{<\omega}$ is
called a skip splitting tree, if it holds that

$\forall f\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{H(s)}$ ( $t$ is not a splitting node), for any splitting node $s$ of
$H$ . ..

A forcing notion $P$ has the skip splitting property, if it holds that
$|\vdash_{P}\forall.f\cdot\in 2^{\omega}\exists H\in \mathrm{V}$ ( $H$ is a skip splitting tree and $f\in \mathrm{L}\mathrm{i}\mathrm{m}(H)$ ).

Theorem 3.1 LT has the skip splitting property.

To show this theorem, we use the following fact which is easily checked.

Fact 3 For any $\{x, |j<\omega\}\subset[\omega]^{\omega},$ $th\epsilon re$ exist $\{y_{j}|j<\omega\}$ such that
(1) $1.j\in[x_{j}]^{\omega_{i}}$ for all $j<\omega$ .
(2) $y_{j}\cdot\cap y_{k}=\phi$ . for all distinct $j,$ $k<\omega$ .
(.3)

$\forall m\in\bigcup_{j<\omega}yj(m+1\not\in\bigcup_{j<\omega}yj)$

Proof of Theorem 3.1 Let.$\dot{f}$ be a $\mathrm{L}\mathrm{T}$-nalne such that $|\vdash.f\dot\in 2^{\omega}$ and
$q\in \mathrm{L}\mathrm{T}$ . We show that there exist $q^{*}.\leq_{0}*q$ and a skip splitting tree $H\subset 2^{<\omega}$

which satisfy
$(^{*})$ $q^{*}|\vdash.f\cdot\in \mathrm{L}\mathrm{i}\ln(H)$ .

Replace $q$ by a certain strong condition, if necessary, we may. assume
that $q$ is strongly $\dot{f}$-simple. Put $S=\{s\in q\cap[\mathrm{s}\mathrm{t}\mathrm{e}111(q)]|f[q[S]]\neq$

.$f^{:}[q[t]]$ , for $\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{e}/\mathrm{a}\mathrm{n}\mathrm{y}t\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{C}_{q}(s)\}$ . For each $s\in S,\sim$ put
$x_{s}=\{\triangle(.\dot{f\cdot}[q[S]], .\dot{f}[q[s\wedge\langle j\rangle]])|S^{-}\langle j\rangle\in q\}$ .

By the above fact, we can take $y_{s}\in[x_{S}]^{\omega}$ (for $s\in S$ ) such that
$y_{s}\cap y_{t}=\phi$ , for all distinct $s,$ $t\in S$ and

$\forall m\in\bigcup_{s\in S}y_{s}(m+1\not\in\bigcup_{s\in S}y_{s})$
.

Put $k=|\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)|$ . Define $U_{n}\subset q\cap\omega^{k+n}$ (for $n<\omega$ ) by
$l^{f_{\mathrm{U}}}=\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)$ ,

$s^{\wedge}\langle j\rangle\in U_{n+1}$ if and only if $s\in l,I_{n}$ and if $s\in S$ then $\triangle(.\dot{f}[q[S]],\dot{f}[q[s^{\sim}\langle j\rangle]])\in y_{S}$ .
Let $q^{*}$ be the tree generated by $\bigcup_{n<\omega}U_{n}$ and $H$ the tree generated by
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{f\dot [q[s]] $|s\in q^{*}$ }. Since $y_{S}$ is infinite for all $s\in S$ , it holds that $q^{*}\in \mathrm{L}\mathrm{T}$ and
$q^{*}\leq_{0}*q$ . So, it holds that $q^{*}|\vdash.\dot{f\cdot}\in \mathrm{L}\mathrm{i}\ln(H)$ . Since it holds that

$|\delta|\in\cup y_{s}$ , for every splitting node $\delta\in H$ ,
$s\in S$

$H$ is a skip splitting tree. $\square$

The skip splitting property is concerned with the cardinal invariant $\theta_{2}$

which is associated with pr,edictors. We call a function fronl $\omega^{<\omega}$ to $\omega$ a
predictor. A predictor $\pi$ constantly predicts.$f\in\omega^{\omega}$ , if there exists an $n<\omega$

such that
$\forall j<\omega\exists k\in \mathrm{b}n,$ $(j+1)n)$ $(.f\cdot(k)=\pi(.f\cdot \mathrm{r}k))$ .

Let $\theta_{2}$ denote the smallest cardinality of a set of predictors $\Pi$ such that every
$f\in 2^{\omega}$ is predicted constantly by sollle $\pi\in\Pi$ . It is easy to check that if a
forcing notion $P$ has the skip splitting property, then it holds that, in $\mathrm{V}^{P}$

).

every function $f\in 2^{\omega}$ is predicted constantly by solne predictor in the ground
model V. So, if the skip splitting property was preserved by countable sup-
port iterations, we could get a generic lnodel of $\theta_{2}=\omega_{1}<\mathrm{b}=\omega_{2}$ by using
Laver forcing. Unfortunately, countable support iterations do not preserve
this property, in general. In fact, it holds that, in a generic nlodel which
is obtained from the $\omega$-stage countable support iteration by Laver forcing,
there exists $g\in 2^{\omega}$ which is not predicted constantly by any predictor in the
ground model [2].
Question Is $\theta_{2}<\mathrm{b}$ consistent with ZFC?

4 The intersection property
In this section, we introduce the intersection property, and show that the

countable support iterations of Laver forcing satisfies this property. As a
corollary, we show the following $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{n}$ .

Theorem 4.1 Assume that V $\vdash-\mathrm{C}\mathrm{H}$ . Let $P$ be the $\omega_{2}$ -stage countable
support iteration by Laver forcing. Then, it holds that

$\mathrm{V}^{P}\models the$ splitting number $\mathrm{s}$ of $[\omega]^{\omega}=\omega_{1}$ .

This corollary is a known result. Professor Kada at Kitami Institute of
Technology informed lne that this followed from the fact $\mathrm{s}\leq \mathrm{n}\mathrm{o}\mathrm{n}(N)$ and a
result of Shelah $\mathrm{V}^{P}\models \mathrm{n}\mathrm{o}\mathrm{n}(\Lambda^{r})=\omega_{1}$ .

Throughtout this section, we use the standard $\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}_{0}11\mathrm{s}$ and notion of
proper forcing (see e.g., [1]). Let $\lambda$ denote an arbitrary but fixed sufficiently
large regular cardinal. We denote by $H(\lambda)$ the set of all sets with hereditary
cardinality $<\lambda$ .

We begin with the definition of the intersection property.
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Definition 4.1 A forcing notion $P$ has the intersection $prop.erby$, if the
$f_{ollow}ing$ holds.

For any coutable elementary substructure $N$ of $H(\lambda)\dot{\text{ノ}}$ and any $\{a_{j}|j<$

$\omega\}\subset[\omega]^{\omega_{i}}$ if
$P\in N$ and $\forall x\in N\cap[\omega]^{\omega}$ $(x\cap a_{j}\in[\omega]^{\omega} )$ , for all $j<\omega_{i}$

$then_{j}$ for any $p\in \mathit{1}\mathrm{V}\cap P_{i}$ there exists $p’\leq p$ such that.
$p’$ is $(N, P)$ -generic and $p’|\vdash\forall x\in l\mathrm{V}[\dot{\mathcal{G}}_{P}]\cap[\omega]^{\omega}(x\cap a_{j}\in[\omega]^{\omega})$ , for

all $j<\omega$ .

The next lemma can be proved by a standard argment. We give a proof
for a convenience to the reader.

Lemma 4.2 Countable support iterations preserve the intersection prop-
erty. I. $e_{)}$. for any countable support iteration $\langle P_{\alpha}|\alpha\leq\beta\rangle,$

$\langle\dot{Q}_{\alpha}|\alpha<\beta\rangle$ ,

if
$|\vdash_{\alpha}\dot{Q}_{\alpha}$ has the intersection property, for all $\alpha<\beta\dot{\text{ノ}}$

then $P_{\beta}$ has th $e$ intersection property.

Proof By induction on $\beta\in$ On. The case that $\beta$ is a successor ordinal is
easily proved. We only treat with the case that $\beta$ is a limit ordinal. So, let
$\beta$ be a limit ordinal, $N$ a countable elementary substructure of $H(\lambda)$ , and
$\{a_{j}|j<\omega\}\subset[\omega]^{\omega}$ satisfy

$\langle P_{\alpha}|\alpha\leq\beta\rangle\in N$ and $\forall x\in N\cap[\omega]^{\omega}(x\cap a_{j}\in[\omega]^{\omega})$ , for all $j<\omega$ .
Take an illcreasing sequence $\langle\beta_{n}|n<\omega\rangle$ of ordinals in $N$ such that

$\sup_{n<\omega}\beta n=\sup(\beta\cap N)$
. Take a surjection $\pi\in N$ from $\omega$ to $\omega\cup\omega^{2}$ such that

$\forall j,$ $k<\omega\exists^{\infty}n<\omega(\pi(n)=(j, k))$ . .. $\cdot$

Let $\langle\dot{\xi}_{j}|j<\omega\rangle$ and $\langle\dot{x}_{k}|k<\omega\rangle$ be enumerations of { $\dot{\xi}\in N|\dot{\xi}$ is $P_{\beta}$-name and $|\vdash$

$\dot{\xi}\in$ On} and { $\dot{x}\in N|\dot{x}$ is $P_{\beta}$-name and $|\vdash\dot{x}\in[\omega]^{\omega}$ }, respectively. To
prove this lenlma, let $p\in P_{\beta}\cap N$ .

Claim 2 There exist $p_{n}\in P_{\beta_{n}}$ and a $P_{\beta_{n}}$ -name $\dot{r}_{n}$ (for $n<\omega$ ) such that
(1) $p_{n}\leq p\mathrm{r}\beta_{n}$ and $p_{n}$ is $(N, P_{\beta_{n}})$ -generic.
(2) $|\vdash\dot{r}_{n}\in N[\dot{\mathcal{G}}_{P_{\beta n}}]\cap P_{\beta}/P_{\beta_{n}}$ and $\dot{r}_{n}\leq p\mathrm{r}[\beta_{n}, \beta)$ .
(3) $p_{n+1}|\beta_{n}=p_{n}$ and $p_{n+1}|\vdash\dot{r}_{n+1}\leq\dot{r}_{n}[[\beta_{n}, \beta)$ .
(4) $p_{n}|\vdash p_{n+1}[[\beta_{n}.’\beta_{n+}1)\leq\dot{r}_{n}|[\beta_{n}, \beta_{n}+1)$ .
(5) $p_{n}|\vdash\forall x\in N[\mathcal{G}_{P_{\beta_{n}}}]\cap[\omega]^{\omega}(x\cap a_{j}\in[\omega]^{\omega} )$, for all $j<\omega$ .
(6.a) If $\tau(n)=j_{j}$ then

$p_{n+1}|\vdash\dot{r}_{n+1}$ decides the value of $\dot{\xi}_{j}$ .
(6.b) If $\tau(n)=(j, k)$ , then

$p_{n+1}|\vdash\exists u\in[a_{j}]^{n}(\dot{r}_{n+1}|\vdash u\subset\dot{x}_{k})$ .

Proof of Claim 2 By induction on $n<\omega$ .
Case 1. $n=0$ .
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Since $p\mathrm{r}\beta_{0}\in N\cap P_{\beta_{0}}$ , by induction hypothesis, take $p_{0}\leq p|\beta_{0}$ which is
$(N, P_{\beta_{0}})$-generic and satisfies (5). Put $\dot{r}_{0}=p[[\beta_{0}, \beta)$ .
Case 2. $n=m+1$ .
Case 2.1. $\tau(m)=j$ .

Work in $\mathrm{V}^{P_{\beta m}}$ below $p_{m}$ . Since $\dot{r}_{m}\in P_{\beta}/P_{\beta_{m}}\cap N[\dot{\mathcal{G}}_{P}]\beta m$

.
and $\dot{\xi}_{j}\in l\mathrm{V}[\dot{\mathcal{G}}_{P_{\overline{l}\mathit{3}m}}]$ ,

we can take $\dot{r}\in N[\dot{\mathcal{G}}_{P_{\beta_{m}}}]\cap P_{\beta}/P_{\beta_{m}}$ such that
$\dot{r}\leq\dot{r}_{m}$ and $\dot{r}$ decides the value of $\dot{\xi}_{j}$ .

Put $\dot{r}_{n}=\dot{r}\mathrm{r}[\beta_{n}.’\beta$ ). Take $\dot{u}\in P_{\beta_{n}}/P_{\beta_{m}}$ such that
(7). $\dot{u}$ is $(N[\mathcal{G}_{P_{\beta m}}], P_{\beta_{n}}/P_{\beta_{m}})$-generic and $\dot{u}\leq\dot{r}\mathrm{r}[\beta_{m}, \beta_{n})$ .

(8) $\dot{u}|\vdash\forall x\in N[\dot{\mathcal{G}}p_{\beta_{m}}][\dot{\mathcal{G}}p_{\beta n}/P\beta m]\cap[\omega]^{\omega}(x\cap a_{k}\in[\omega]^{\omega})$ , for all $k<\omega$ .

(9) support $(\dot{u})\subset N[\dot{\mathcal{G}}_{P_{\beta m}}]$ .
By (9), we can take $p_{n}\in P_{\beta_{n}}$ such that
(10) $p_{n}\mathrm{r}\beta_{m}=p_{m}$ and $p_{m}|\vdash\dot{u}=p_{n}[[\beta_{m}, \beta_{n})$ .
Then, $p_{n}$ and $\dot{r}_{n}$ satisfy (1) $\sim(6)$ .
Case 2.2. $\tau(m)=(j, k)$ .

In $N[\dot{\mathcal{G}}_{P_{\circ m}}]$ , take an interpretation $\dot{y}$ of $\dot{x}_{k}\dot{\mathrm{b}}$elow $\dot{r}_{m}$ such that $j\tau$ is infinite.
By induction hypothesis (5), $\dot{y}\cap a_{j}$ is infinite. So, take $\dot{u}\in[\iota j\cap a_{j}]^{n}$ . Since
$\dot{u}\in N[\dot{\mathcal{G}}_{P_{\mathrm{o}}}]m$

’ there exists $\dot{r}’\leq\dot{r}_{m}$ such that $\dot{r}’\in N[\dot{\mathcal{G}}_{P_{\mathrm{o}_{m}}}]$ and $\dot{r}’|\vdash\dot{u}\subset\dot{x}_{k}$ .
Let $\dot{r}_{n}=\dot{r}’|[\beta_{m}, \beta_{n})$ . By using a similar argment of the case 2.1, take $p_{n}$

which satisfy (1) and (4). Then, $p_{n}$ and $\dot{r}_{n}$ are as required. QED of Claim 2
Put $p’=\cup p_{n}$ . By (1) and (6.1), $p’$ is $(N, P_{\beta})$ -generic. We complete the

$n<\omega$

proof by showing that
$p’|\vdash\dot{x}_{k}\cap a_{j}\in[\omega]^{\omega}$ , for all $k,$ $j<\omega$ .

So, let $k,$ $j<\omega$ . It suffices to show that
$p’|\vdash|\dot{x}_{k}\cap a_{j}|\geq m$ , for all $m<\omega$ .

So, let $m<\omega$ . Take $n<\omega$ such that $m<n$ and $\pi(n)=(j, k)$ . Then, $\mathrm{b}_{\mu}.\mathrm{v}$

(6.2), it holds that
$p_{n\dotplus 1}|\vdash\dot{r}_{n+1}|\vdash|\dot{x}_{k}\cap a_{j}|\geq n$ .

By this, since $p’\mathrm{r}\beta_{n+1}|\vdash p’([\beta_{n+1}, \beta)\leq\dot{r}_{n+1}$ , we have that
$p’|\vdash|_{\dot{X}_{k}}\cap a_{j}|\geq m$ . $\square$

In order to give a proof of that LT has the intersection property, we need
the following two lemlnas.

Lemma 4.3 Let $q\in$ LT and $\dot{x}\mathrm{L}\mathrm{T}$ -name such that $|\vdash\dot{x}\in \mathrm{V}$ . $Then_{i}$ there
exist $q^{*}\leq_{0}*q$ and $S\subset q^{*}$ such that
(1) $S$ generates $q^{*}$ .
(2) $q^{*}[s]$ decides the value of $\dot{x}_{j}$ for all $s\in S$ .

Proof Let
$S_{0}=$ { $s\in q\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q)]|$ there is an $r\leq_{0}*q[S]$ such that $r$ decides $\dot{x}$ }.
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$S_{1}=$ { $s\in S_{0}|s\mathrm{r}j\not\in S_{0}$ , for all $j<|s|$ }. ’

It is not difficult to check stem$(q)\in \mathrm{c}1(S_{1})$ . So, we can take $q’\leq_{0}*q$ such that
(3) $q’\cap S_{1}$ generates $q’$ .
(4) $q’[s]=q[s]$ , for all $s\in S_{1}\cap q’$ .
For each $s\in S_{1}\cap q’$

) take $r_{s}\leq_{0}*q[S]$ such that $r_{s}$ decides $\dot{x}$ . Then,
$S=S_{1}\cap q’\square$

and $q^{*}= \bigcup_{s\in S}rS$ are as required.

Lemma 4.4 $Suppo\mathit{8}e$ that $N$ is a countable elementary substructure of
$H(\lambda)$ , and $a\in[\omega]^{\omega}$ satisfies

$\forall x\in \mathit{1}\mathrm{V}\cap[\omega]^{\omega}(_{X}\mathrm{n}a\in[\omega]^{\omega})$ .
Let $\dot{x}\in N$ be a $\mathrm{L}\mathrm{T}$ -name such that $|\vdash\dot{x}\in[\omega]^{\omega}$ . Then, for any $m<\omega$ and
any $q\in N\cap \mathrm{L}\mathrm{T}$ , the $re$ exist $q’\leq_{0}*q$ and $S\subset q’\cap[\mathrm{s}\mathrm{t}\mathrm{e}\ln(q)’]$ such that

.
(1) $S$ generates $q’$ .
(2) $q’[s]\in l\mathrm{V}$ and $\exists u\in[a]^{m}(q’[s]|\vdash u\subset\dot{x} )$ , for any $s\in S$ .

Proof We first deal with the case $m=1.\acute{\mathrm{W}}$ork in N. Let.f be the $\dot{\mathrm{n}}$ ame
of the characteristic function of $\dot{x}$ . By Lenuna $\dot{2}.5$ , take $q’\leq_{0}*q$ such that $q$

is $\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{g}\mathrm{l}\mathrm{y}f^{:}- \mathrm{s}\mathrm{i}:\mathrm{m}\mathrm{p}1.\mathrm{e}$ , and the following (a) or (b) holds.
(a) $q’|\vdash.f[q’]=.f$ .
(b) $S_{0}=\{s\in q’\cap[\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(qJ)]|.\dot{f}[q’[S]]=.f^{:}[q’]$ and $\dot{f}[q’[S]]\neq\dot{f}[q^{J}[t]]$ , for $\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{e}/\mathrm{a}\mathrm{n}\mathrm{y}t\in$

$\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}_{q}’(S)\}$. generates $q’$ .
Let $g=.f[q]$ and $y=g^{-1}\{1\}$ .
Case 1. (a) holds.

Returne to V. Since $y$ is infinite and belongs to 1V, there exists $k\in a\cap y$ .
Note that $q’|\vdash k\in\dot{x}$ . So, $q’$ and {stem $(q’)$ } are as required.
Case 2. (b) holds.
Case 2.1. $y$ is infinite.

Returne to V. Take $k\in a\cap y$ . In $N$ , take $q^{J/}\leq_{0}*q’$ such that
$r$ ,

$q^{\prime/}|\vdash g\lceil(k+1)\subset.\dot{f}$ .
Then, it holds that $q”|\vdash k\in\dot{x}$ . So, $qi’$ and {stem$(q”)$ } are as required.
Case 2.2. $y$ is finite.

Take $n<\omega$ such that $y\subset n$ . Put $T=\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}_{q’}(s_{0})$ . For each $t\in T$ , set
$k_{t}= \min$ { $k<\omega|n\leq k$ and.$\dot{f\cdot}[q[\prime t.]](k)=1$ },

and for each $s\in \mathrm{b}_{0}^{\gamma}$ , set
$x_{s}=\{k_{t}|t\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q’}(s)\}$ .

Return to V. For each $s\in$ So, since $x_{S}\in l\mathrm{V}\cap[\omega]^{\omega}$ , by the assumption, it
holds that $\exists^{\infty}t\in \mathrm{s}\mathrm{u}\mathrm{c}\mathrm{c}_{q^{l}}(S)(k_{t}\in a)$ . For each $s\in S_{0}$ , set

$b_{s}=\{t\in \mathrm{S}\mathrm{u}\mathrm{C}\mathrm{c}_{q’}(S)|k_{t}\in a\}$ .
For each $s\in S_{0}$ and $t\in b_{s}$ , take $r_{t}\leq_{0}*q[/t]$ such that $r_{t}\in \mathit{1}\mathrm{V}$ and $r_{t}|\vdash k_{t}\in\dot{x}$ .

Set $q”=\cup\cup r_{t}$ and $S=\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{C}(q’’S_{0})$ . Then, $q”$ and $S$ are as required.
$s\in S\mathrm{o}i\in b\vee\backslash$

Now, we deal the case $m=n+1$ . By induction hypothesis, take $q’\leq_{0}*q$
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and $S\subset q’$ which satisfy (1) and (2). Let $s\in S.$ $\mathrm{T}\mathrm{a}1_{\mathrm{Y}}\prime \mathrm{e}u_{s}\in[a]^{n}$ such that
$q’[s]|\vdash u_{s}\subset\dot{x}$ . By using the result of $m=1$ , take $\uparrow’ S\leq_{0}*q[/]s$ and $T_{s}\subset r_{s}$

such that
(1) $T_{s}$ generates $r_{s}$ .
(2) $r_{s}[t]\in N$ and $\exists k\in a(r_{S}[t]|\vdash k\in\dot{x}\backslash u_{s})$ , for any $t\in T_{s}$ .

Then,
$q”= \bigcup_{s\in S}r_{t}$

and $S’= \bigcup_{s\in S}T_{s}$
are as required. $\square$

Lemma 4.5 Laver forcing LT has the intersection property.

Proof Let $N$ be a countable elementary substructure of $H(\lambda)$ and $\{a_{j}|$

$j<\omega\}\subset[\omega]^{\omega}$ such that
$\forall x\in N\cap[\omega]^{\omega}(. x\cap a_{j}\in[\omega]^{\omega})$ , for all $j<\omega$ .

Take enumerations $\langle\xi_{j}|.j<\omega\rangle$ and $\langle\dot{x}_{k}|k<\omega\rangle$ of the sets $\{\dot{\xi}\in N|$

$\dot{\xi}$ is a $\mathrm{L}\mathrm{T}$-nalne and $|\vdash\xi\in \mathrm{O}\mathrm{n}$ } and { $\dot{s}\in N|\dot{x}$ is a $\mathrm{L}\mathrm{T}$-name and $|\vdash\dot{x}\in$

$[\omega]^{\omega}\},\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{y}$ . Take a surjection $\pi^{:}.\omegaarrow\omega\cup\omega^{2}$ such that
$\forall k,$ $j<\omega\exists^{\infty}n<\omega(\pi(n)=(j, k))$ .

To show this lelnma, let $q\in \mathrm{L}\mathrm{T}\cap l\mathrm{V}$ . We first show that, by induction on
$n<\omega$ , we can construct a fusin sequence { $(q_{n}, S_{n})|n<\omega\rangle$ below $q$ which
satisfies that, for all $s\in S_{n}$ ,
(1) $q_{n}[s]\in N$ ,
(2) if $\pi(n)=j$ , then $\forall t\in S_{n+1}$ ( $q_{n+1}[t]$ decides $\dot{\xi}_{j}$ ),
(3) if $\pi(n)=(j, k)$ , then $\forall t\in S_{n+1}\exists u\in[a_{j}]^{n}(q_{n+1}[t]|\vdash u\subset\dot{x}_{k})$ .
Case 1. $n=0$ .

The pair $q_{0}=q$ and $S_{0}--\{\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{m}(q\mathrm{o})\}$ satisfy the requirelnent.
Case 2. $n=m+1$ .

Let $S’=\mathrm{S}\mathrm{u}\mathrm{c}\mathrm{c}q_{m}(S_{m})$ .
Cade 2.1. $\pi(m)=j$ .

For each $s\in S’$ , by using Lemma 4.3, take $\uparrow S\leq_{0}*q_{\gamma\}_{b}^{-}}[s]$ and $T_{s}\subset r_{s}$ such
that
(4) $T_{s}$ generates $r_{S}$

(5) $r_{s}[t]\in N$ and $r_{s}[t]$ decides the value of $\dot{\xi}_{j}$ , for all $t\in T_{s}$ .

Then,
$q_{n}= \bigcup_{s\in s’ t\in}\bigcup_{\tau\underline{\backslash }}r_{S}$

and
$S_{n}= \bigcup_{s\in 3^{\urcorner}},$

$\tau_{s}$ are as required.

Case 2.2. $\pi(m)=(j, k)$ .
For each $s\in S’$ , by using Lemma 4.4, take $r_{s}\leq_{0}*q_{7?1}[S]$ and $T_{s}\subset r_{s}$ such

that
(6) $T_{s}$ generates $r_{s}$

(7) $r_{s}[t]\in N$ and $\exists u\in[a_{j}]^{n}(r_{s}[t]|\vdash u\subset\dot{x}_{k})$ , for all $t\in T_{s}$ .

Then,
$q_{n}= \bigcup_{s\in^{s’ t}}\bigcup_{\in^{\tau}\underline{\mathrm{s}}}rS$

and
$S_{n}= \bigcup_{s\in S},$

$T_{S}$ are as required.
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Let
$q^{*}= \bigcap_{n<\omega}q_{n}\in \mathrm{L}\mathrm{T}$

. By (1) $\sim(3),$ $q^{*}$ is as required. 口

Corollary 4.6 Ever countable support iteration by Laver forcing has the
intersection property. $\square$

Corollary 4.7 $(\mathrm{C}\mathrm{H})$ Let $P$ be a countable support iteration by Laver forc-
ing. Then, it holds that

$\mathrm{V}^{P}\models the$ splitting number of $[\omega]^{\omega}=\omega_{1}$ . $\square$
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