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\S 1. Introduction.

This is an expository paper which explains our recent work on Yang-Mills theory,
Weyl $g\infty metry$ , and affine differential geometry, based on [U1], [U2], [U3], [U4],
[IFU], [DIU].

Yang-Milk theory and the other variational theory as Seiberg-Witten theory
have baen developed greatly and influenced to topolo$y$ and physics, especially in
the case of 4-dimensional manifolds. The aim of this paper is to see relationships
between Yang-Mills theory and differential geometry, and to give a new insight
on Yang-Mills theory, and apply it to the theory of Weyl geometry and affine
differential geometry.

\S 2. Yang-Mills theory in differential geometry.

2.1. Yang-Mills theory appeared in differential geometry as Riemannian mani-
folds with harmonic curvature (cf. [Bo], [Be, p. 443]). This means that Riemannian
manifolds $(M,g)$ of which curvature tensor $R$ of the Levi-Civita connection $\nabla$ satis-
fiae $\delta R=0$ , i.e., $\nabla$ is a Yang-Mills connection, taking $E=TM$ , the tangent bundle
of $Af$ , and $h=g$ as in \S 4. For recent works, see [Del], [De2], [O], [KN], [Um].

2.2. In this subsection, we sae the ralationship between Ynag-Mills theory
and K\"ahler $g\infty metry$ . In 1985, Donaldson showed a stable holomorphic vector
bundle over a projective surface admits a unique hermitian Yang-Mills connection
(cf. [Do]). Kobayashi formulated this theorem for a holomorphic vector bundle $E$

over a compact K\"ahler manifold $(M,g)$ with a hermitian metric $h$ as follows (cf.
[Ko] $)$ . A connection $D$ of $(E, h)$ is hermitian if it satisfics $t1_{1}at$

(i) $D_{\overline{X}}s=\overline{\partial}_{\overline{X}}s$ , $\overline{X}\in\Gamma(T^{0,1}M),$ $s\in\Gamma(E)$ ,

数理解析研究所講究録
1150巻 2000年 82-92 82



(ii) $Xh(s, t)–h(D\chi s, t)+h(s, D_{\overline{X}}t)$ , $X\in\Gamma(T^{C}M),$ $s,$ $t\in\Gamma(E)$ ,
where $\overline{\partial}$ is the holomorphic structure of $E,$ $T^{C}M$ is the complexification of $TM$

which decomposed into $T^{C}M=T^{1,0}M\oplus T^{0,1}M,$ $\overline{X}$ is the complex conjugate of
$X\in T^{C}M$ , and $\Gamma(E)$ is the space of smooth sections of $E$ . Then the curvature
tensor $R^{D}$ belongs to the space $A^{1,1}(End(E))$ of 2 forms on $M$ with values in
End$(E)$ of type $(1,1)$ . We can define the $trace\Lambda R^{D}$ of $R^{D}$ naturally by

$\sqrt{-1}\Lambda R^{D}=\sum_{i=1}^{f*}R^{D}(e_{i},\overline{e_{i}})$,

where $\{e:\}_{i=1}^{n}$ is a basis of $T^{1,0}M$ satisfying $g(e_{i}, \overline{e_{j}})=\delta_{ij}$ . Kobayashi defined for
a hermitian connection $D$ , to be Einstein-Hermitian connection by

(2.1) $\sqrt{-1}\Lambda R^{D}=c$ Id,

for some constant $c$ , where Id is the identity operator of End$(E)$ , and showed
that $D$ is a Yang-Mills connection of $(E, h)$ if $D$ is Einstein-Hermitian (cf. [Ko]).
Furthermore, it holds (cf. [Ko], [UY], and see $a1\infty$ [Su]) that

Theorem 2.2. Let $E$ be a holomorphic vector bundle with a hermitian metric
$h$ over a compact $Kd\iota ler$ manifold $(M,g)$ . Then there enists a unique Einstein-
Hermitian connection $D$ if and only if $E$ is stable in the sense of al.qebraic.qeometry.

2.3. In the case of odd dimensional manifolds, one can also formulate a similar
$th\infty ry$. Let $M$ be a smooth manifold of dimension $2n+1$ . $M$ is called to be a $CR$

manifold if there exists an $n$-dimensional subbundle $S$ of $T^{C}Msatis\mathfrak{h}^{r}ing$ that

(i) $S\cap\overline{S}=\{0\}$ , and (ii) [X, $Y$] $\in\Gamma(S)$ for all $X,$ $Y\in\Gamma(S)$ .

Then there exist a subbundle $P$ of $TM$ and a bundle map $I$ of $PSatiS\mathfrak{h}ring$ that
$P^{C}=S\oplus\overline{S},$ $I^{2}=$ -Id and $S=\{X-\sqrt{-1}IX;X\in P\}$ . We assume a contact
1-form $\theta$ on $M$ whose anihilater in $T_{x}M$ coincides with $P_{x}$ for all $x\in M$ , and
$\omega=-d\theta$ is non-degenerate everywhere on $M$ . There exists a unique vector field $\xi$

on $Msatis6^{r}$ing $\theta(\xi)=1,$ $\omega(\xi$ , $\bullet$ $)$ $=0$ , and $[\xi,X]\in\Gamma(P)$ for all $X\in\Gamma(P)$ . Then
$T_{x}M=B\xi\oplus P_{x},$ $x\in M$ . A contact $CR$ manifold $(M, \theta)$ is stron.$qly$ pseudownvex
if the Levi $fomL$ defined by $L(X, Y)=\omega(IX, Y),$ $X,$ $Y\in P_{x},$ $x\in M$ , is positive
definite everywhere on $M$ . Putting $L(\xi, \bullet)=0$ , we can define a Riemannian metric
$g$ by

$g(X, Y)=L(X, Y)+\theta(X)\theta(Y),$ $X,$ $Y\in T_{x}M,$ $x\in M$.
In 1975, Tanaka (cf. [T]) introduced the notion of holomorphic vector bundle

over this strongly pseudoconver $CR$ manifold $(M,g)$ . A complex vector bundle $E$

over $\Lambda f$ is holomorphic if there exists a differential operator $\overline{\partial}$ of $Esatis\mathfrak{h}^{r}ing$ that

(i) $\overline{X}(fs)=\overline{X}fs+f\overline{X}s$ , $f\in C^{\infty}(M),$ $\overline{X}\in\Gamma(\overline{S})$ ,

(ii) $[\overline{X},\overline{Y}]s=\overline{X}(\overline{Y}s)-\overline{Y}(\overline{X}s)$, $\overline{X},$ $\overline{Y}\in\Gamma(\overline{S})$ .

Then one can define by the same way, the notion of hefmitian connection as the
case of K\"ahler manifolds. Furthermore, Tanaka (cf. [T]) showed
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Theorem 2.3. There enists a unique hermitian connection (called Tan&a’s con-
nection) $D$ on a holomorphic vector bundle $E$ with a hecnitian meWic $h$ over a
wmpact stron.$qly$ pseudoconvex $CR$ manifold $(M,g)$ satisfyin.q that

$\sqrt{-1}\Lambda R^{D}=\sum_{i=1}^{n}R^{D}(e_{i},\overline{e_{i}})=0$ ,

where $\{e_{i}\}_{i=1}^{n}$ is a basis of $S_{x}$ satisfyin.q $g(e_{i},\overline{e_{j}})=\delta_{ij}(x\in M)$ .

Then we obtain (cf. [U1])

Theorem 2.4. Assume that $(E, h)$ is as in Theorem 2.3 and $D$ is a hermitian
wnnection whose curvature $R^{D}$ is of $(1,1)$ type, $i.e.,$ $R^{D}\in\Gamma(S^{*}\otimes\overline{S}^{*}\otimes End(E))$ .
Then $D$ is a Yan.q-Mills connection if and only if $D$ is Tanaka’s connection.

The moduli space $th\infty ry$ of Yang-Milk connections over compact strongly pseu-
doconvex $CR$ manifolds $(M,g)$ can be obtained as in the case of K\"ahler manifolds
(cf. [Ko], [U1]).

\S 3 Affine differential geometry and Weyl geometry.

Weyl $g\infty metry$ was formulated by H.Weyl to initiate the gauge theory, and
affine differential geometry was initiated by W.Blaschke, and recently they have
been developed extensively (cf. [NS]). Due to Rao and Amari (cf. [R], [A]), it turns
out that the affine differential geometry is closely related t\’O statistics.

Following [NS], we first explain affine differential geometry. Let $f$ : $M^{n}arrow R^{n+1}$

be an immersion, and take a transversal vector field $\xi$ on $M$ , i.e.,

$T_{f(x)}R^{n+1}=f_{*}T_{x}M+R\xi_{x}$ , $x\in M$.

We denote by $D_{0}$ the standard affine connection on $R^{n+1}$ . Then we have

$(D_{0})_{X}f_{*}Y=f_{*}(D_{X}Y)+h(X, Y)\xi$, $X,$ $Y\in\Gamma(TM)$ ,

where $D$ is a torsion bee affine connection on $M$ and $h$ is a symmetric bilinear
form on $M$ , called the affine second fundamental form. We always assume that
$h$ is non-degenerate. An immersion $f$ : $Marrow R^{n+1}$ is called centro-affine if the
transversal vector field $\xi$ is given by $\xi_{x}=f(x),$ $x\in M$ .

Recently, Shima showed (cf. [Sh]) that

Theorem 3.1. Let $M=G/K$ be a homo.qeneous space. Then $M$ admits a G-
$invaf\dot{\tau}antpr\dot{\eta}ectively$ flat affine connection $D$ if and only if there exists an equi-
$va7iant$ centro-affine immersion $f$ : $M^{n}arrow R^{n+1}$ .

Here $D$ is called to be projectively flat if in a neighborhood of each point of
$M,$ $D$ is projectively equivalent to an affine connection whose curvature tensor
vanishae. Then we $cla,\infty ified$ all Riemannian symmetric spaces admitting invariant
projectively flat affine connections (cf. [U4]):
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Theorem 3.2. Let $M=G/K$ be a Riemannian symmetric space. Then $M$ ad-
mits an invariant $pro_{J^{\acute{e}ctive\iota_{y}}}$ flat affine connection if and only if $M$ is one of the
followin.$q$ :

(1) $S^{n}=SO(n+1)/SO(n),$ $n\geqq 2$ ,
(2) $H^{n}=SO_{0}(n, 1)/SO(n),$ $n\geqq 2$ ,
(3) $SL(n, R)/SO(n),$ $n\geqq 3$ ,
(4) $SL(n, C)/SU(n),$ $n\geqq 2$ ,
(5) $SL(n, H)/Sp(n)=SU^{*}(2n)/Sp(n),$ $n\geqq 3_{f}$

(6) $E_{6}/F_{4}$ (noncompact type of $EIV$ ).

We also obtained (cf. [U4])

Theorem 3.3. Let $G$ be a real simple Lie.qroup. Then $G$ admits a lefl invariant
$\acute{p}$rojectively flat affine connection if and only if the Lie al.qebra $\mathfrak{g}$ is one of the
followin.$q$ :

(a) 0(3),
(b) $\epsilon 1(n+1, R),$ $n\geqq 1$ ,
(c) $\epsilon u^{*}(2n),$ $n\geqq 2$ ,
(d) zu$(r, s)(r+s: even\geqq 4)_{i}0(3,4),$ $0(1,9),$ $0(5,5),$ $0(3,11),$ $0(7,7)$ .

Remark 3.4. In the cises $(a)\sim(c),$ $G$ admits a left invariant projectively flat affine
connection. We do not know whether $G$ admits the one for the case (d).

Let us recaU for a pair $(D,g)$ of a torsion&ee affine connection $D$ and a Rie-
mannian metric $g$ to be a Weyl stmcture if $D_{X9}=\omega(X)g$ for all $X\in\Gamma(TM)$ , for
some 1-form $\omega$ on $M$ . A Weyl structure $(D,g)$ is called to be Einstein-Weyl if the
symmetrization of Ricci tensor of $D$ coincides with $g$ up to a multiple by a $C^{\infty}$

function on $M$ . It is known that

Theorem 3.5. (cf. [PPS]) Let $M$ be a 4 dimensiond dosed manifold, and
$(D,g)$ be a Weyl structure with $Dg=\omega\otimes g$ for scme 1-form $\omega$ on M. Then the
$fol\ell ou\dot{n}n.q$ two conditions are equivdent:

(1) The connection $D$ attains the minimum, $4\pi^{2}|p_{1}(TM)|$ , of the functiond
$(D,g) rightarrow\frac{1}{2}\int_{M}||R^{D}||^{2}v_{g}$ amon.q the set of Weyl structures.

(2) $(D,g)$ is Einstein-Weyl and $d\omega=0$ .

\S 4. Yang-Mills theory.

4.1. Let us recaU the $fi:amework$ of Yang-Milk theory which has been intro-
duoed by physicists. Let $E$ be a vector bundle with an $i\iota mer$ product $h$ over a
Riemannian manifold $(M,g)$ . Let $C_{E}^{0}$ be the set of all connections $D$ of $Esatis\mathfrak{h}^{\gamma}$ ing
the metfic condition, that is,

(4.1) $Xh(s,t)=h(D_{X^{S}}, t)+h(s, D_{X}t)$ , $s,$ $t\in\Gamma(E),$ $X\in\Gamma(TM)$ .

We consider the $Yan.q- Mi\ell ls$ hnctional $\mathcal{Y}At$ on $C_{E}^{0}$ , which is given as usually (cf.
[BL] $)$ by

(4.2) $\mathcal{Y}\mathcal{M}(D)=\frac{1}{2}\int_{M}||R^{D}||^{2}v_{g}$ ,

85



where $R^{D}$ is the curvature of $D$ . Then a connection $D\in C_{E}^{0}$ is a Yang-Mills
connection, if for all smooth deformation $D_{t}$ of $D$ in $C_{E}^{0}$ with $D_{0}=D$ ,

(4.3) $\frac{d}{dt}|_{t=0}\mathcal{Y}M(D_{t})=0$ .

It is well known (cf. [BL]) that the left hand side of (4.3) is calculated as

$\frac{d}{dt}|_{t=0}\mathcal{Y}M(D_{t})=\int_{M}<d^{D}\beta,$ $R^{D}>v_{g}= \int_{M}<\beta,$ $\delta^{D}R^{D}>v_{g}$ ,

$where\beta=\frac{d}{dt,e}|_{t0}D_{t}\in A^{l}(End(E))Therefor,\overline{\overline{D}}isaYang- Mi1kconnection$

if and only if

(4.4) $\delta^{D}R^{D}=0$ .
Here, $A^{p}(End(E))$ is the space of $p$ forms on $M$ with valued in the vector bundle
End$(E)$ of endomorphisms of $E,$ $d^{D}$ is the exterior differentiation which is given by

(4.5) $(d^{D} \psi)(X_{1)}\ldots, X_{p+1})=\sum_{k=1}^{P+1}(-1)^{k}(D_{X_{k}}\psi)(X_{1}, \ldots,X_{k}, \ldots,X_{p+1})$ ,

and $\delta^{D}$ is the formal adjoint of $d^{D}$ , i.e., for $\psi\in A^{p}(End(E))$ and $\varphi\in A^{p+1}(End(E))$ ,
$(\delta^{D}\varphi, \psi)=(\varphi, d^{D}\psi)$ .

It holds that

$( \delta^{D}\varphi)(X_{1)}\ldots, X_{p})=-\sum_{j=1}^{n}(D_{e_{j}}\varphi)(e_{j},X_{1}, \ldots, X_{p})$ ,

$\delta^{D}\varphi=(-1)^{p+1_{*}-1}d^{D}*\varphi=-(-1)^{np}*d^{D}*\varphi$.
In particular,

$\delta^{D}R^{D}(X)=*-1dD*R^{D}(X)=-\sum_{j=1}^{n}(D_{e_{j}}R^{D})(e_{j}, X)$, $X\in\Gamma(TM)$ .

Notice here that these calculations are valid only for connections $D\in C_{E}^{0}$ .

The following due to Atiyah, Hitchin and Singer is well known:

Theorem 4.6. Let $(M,g)$ be a four dimensional closed Riemannian manifold, and
$\nabla$ , the Levei-Civita connection on $E=TM$ . Then the followin.$q$ three conditions
are equivalent:

(1) $\nabla$ is a minimizer of the functional $\mathcal{Y}\mathcal{M},$ $i.e.,$ $\mathcal{Y}\mathcal{M}(\nabla)=4\pi^{2}|p_{1}(TM)|$,
where $p_{1}(TM)$ is the first Pontrya.$qin$ number of the $tan$.qent bundle $TM$ .

(2) The Riemannian metric $g$ is Einstein.
(3) The Leni-Civita connection $\nabla$ of $g$ is $(anti-)self$-dual, $i.e_{f}.*R^{\nabla}=\pm R^{\nabla}$ .

4.2. Comparing $Th\infty rem_{\vee}\sigma 3.5$ and 4.6, the condition (3) in Theorem 4.6 is
missing in Theorem 3.5. In order to full this lack and apply Yang-Mills theory
to affine geometry, we have to relax the metric condition in the fiiame work of
Yang-Mills theory. To overcome the above difficulty, we consider the conjugate
connection.
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Definition 4.7. Let $F$ be a vector bundk over a Riemannian manifold $(M,g)$

admitting the inner product $h$ and $D$ , a connection of $F$ . The conju.qate connection
(or the dual connection) $\overline{D}$ for $D$ is the unique connection $SatiS\mathfrak{h}r$ing the condition
(cf. [A] or [DNV]):

(4.8) $Xh(s,t)=h(Dxs,t)+h(s,\overline{D}_{X}t),$ $s,$ $t\in\Gamma(F),$ $X\in\Gamma(TM)$ .

The connection $D$ on $F$ together with the Levi-Civita connection $\nabla$ of $g$ in
$\wedge^{p}T^{*}M$ induces a tensor product connection $in\wedge T^{p}M\otimes F$ which we denote by $D$ .
Using this connection, we define the exterior differentiation $d^{D}$ : $A^{p}(F)arrow A^{p+1}(F)$

as usual on the space $A^{p}(F)=\Gamma(\wedge^{p}T^{*}M\otimes F)$ of differential rforms on $M$ with
valuae in $F$ by the same way as (4.5).

We ddine an inner product $<,$ $>in\wedge^{p}T_{x}^{*}M\otimes F_{x}$ by

$<\psi,$
$\varphi>=\sum_{i_{1}<\cdots<i_{p}}h(\psi(e_{i_{1}}, \cdots, e:_{p}), \varphi(e_{\dot{2}1}, \cdots, e:_{p}))$

,

where $\{e_{1}, \ldots , e_{n}\}$ is an orthonormal basis of $T_{x}M$ with respect to $g_{x}$ . Integrating
this pointwise $iImer$ product over $M$ with respect to the volume element $v_{g}$ of $g$

givae a global inner product $(, )$ on $A^{p}(F)$ . Then we can again define the operator
$\delta^{D};A^{p+1}(F)arrow A^{p}(F)$ to be the formal adjoint of the operator $d^{D}$ . Then we have

Proposition 4.9. For $\varphi\in A^{p+1}(F)$ and $X_{i}\in\Gamma(TM),$ $i=1,$ $\ldots,p$,

(4.10) $( \delta^{D}\varphi)(X_{1}, \ldots , X_{p})=-\sum_{j=1}^{f*}(\overline{D}_{e_{j}}\varphi)(e_{j}, X_{1}, \ldots , X_{p})$ ,

(4.11) $\delta^{D}\varphi=(-1)^{P+1_{*}-1}d^{\overline{D}}*\varphi=-(-1)^{np}*d^{\overline{D}}*\varphi$ ,

where $\overline{D}$ is the conju.qate connection of $D$ and $*;A^{q}(F)arrow A^{n-q}(F)$ is the star
operator with respect to $g$ .

Proof. Let $\{\theta^{i}\}_{i=1}^{n}$ be the dual basis to an orthonormal local ffame field $\{e_{i}\}_{=1}^{n}.\cdot$

on $M$ with respect to $g$ . Then each $\xi\in A^{p}(F)$ can be written as $\xi=\sum_{I}\theta^{I}\otimes u_{I}$ ,
where $\theta^{I}=\theta^{i_{1}}\wedge\cdots\wedge\theta^{p}$ with $u_{I}=u_{i_{1}\ldots i_{p}}\in\Gamma(F)$ and also $\eta\in A^{p+1}(F)$ can
be written as $\eta=\sum_{J}\theta^{J}\otimes v_{J}$ , where $\theta^{J}=\theta^{j_{1}}\wedge\cdots\wedge\theta^{j_{p+1}}$ with $v_{J}\in\Gamma(F)$ . Let
us define $< \xi\wedge*\eta>=\sum_{I,J}h(u_{I}, v_{J})\theta^{I}\wedge*\theta^{J}\in A^{n-1}(M)$ , where $h(u_{I}, v_{J})$ is a
function defined locally on $M$. Then we have, by the definition $of\overline{D}$,

$d(h(u_{I}, v_{J}))=h(Du_{I}, v_{J})+h(u_{I},\overline{D}v_{J})$ .

Therefore, we have

$d<\xi\wedge*\eta>=<d^{D-1}\xi\wedge*\eta>+(-1)^{p}<\xi\wedge*(*d^{\overline{D}}(*\eta))>$ .

Integrating this over $M$ and $\delta^{D}$ being (4.11), we have

$0= \int_{M}d<\xi\wedge*\eta>v_{9}=(d^{D}\xi, \eta)-(\xi, \delta^{D}\eta)$.
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Calculating (4.11), we have (4.10). $\square$

Let $F=End(E)$ be the $endomorpl\dot{u}sm$ bundle of a given vector bundk $E$ with
the inner product $h$ . The conncetion $D$ of $E$ induces a natural connection on
End$(E)$ by

$(\nabla\chi\varphi)(\sigma)=\nabla_{X}(\varphi(\sigma))-\varphi(\nabla x\sigma))$

for $X\in\Gamma(TM),$ $\varphi\in\Gamma(End(E))$ and $\sigma\in\Gamma(E)$ . Furthermore, the $iImer$ product
$h$ on $E$ can be extended to End$(E)$ by $h( \psi, \varphi)=\sum_{i=1}^{r}h(\psi(\sigma_{\mathfrak{i}}), \varphi(\sigma:))$ , for two
sections $\psi$ and $\varphi$ of End$(E)$ and an orthonormal basis $\{\sigma:\}_{\mathfrak{i}=1}^{r}$ of $E_{x}$ with respect
to $h_{x},$ $x\in M$ , where $r$ is rank of $E$ .

We define the connections $D$ and $\overline{D}$ for $\psi\in\Gamma(End(E))$ , by

$(D_{X}\psi)(Y)=D_{X}(\psi(Y))-\psi(D_{X}Y)$ , $(\overline{D}_{X}\psi)(Y)=\overline{D}_{X}(\psi(Y))-\psi(\overline{D}_{X}Y)$ .

Then the connection $\overline{D}$ is conjugate to $D$ , i.e.,

$Xh(\psi, \varphi)=h(D_{X}\psi, \varphi)+h(\psi,\overline{D}x\varphi)$ , $\psi,$ $\varphi\in\Gamma(End(E)))X\in\Gamma(TM)$ .

4.3 Now we define the Yang-MilIs funcbonal on the space $C_{E}$ of all connections
of $E$ by

(4.12) $\mathcal{Y}\mathcal{M}(D)=\frac{1}{2}\int_{M}||R^{D}||^{2}v_{g}$ ,

where $||||$ is the pointwise norm induced bom the above pointwise inner product
$<,$ $>$ of the bundle $\wedge^{2}TM\otimes End(E)$ over $M$ , and $R^{D}\in A^{2}(End(E))$ is the
curvature tensor of $D$ . For a fixed $D\in C_{E}$ and a smooth one-parameter family of
connections $D^{t},$ $-\epsilon<t<\epsilon$ , such that $D^{0}=D$ , we write $D^{t}=D+A^{t}$ , where
$A^{t}\in A^{2}(End(E))$ for $|t|<\epsilon$ and $A^{0}=0$ . Then the curvature $R^{D^{t}}$ is given by

(4.13) $R^{D^{\ell}}(X, Y)=R^{D}(X, Y)+d^{D}A^{t}(X, Y)+\frac{1}{2}[A^{t}\wedge A^{t}](X, Y)$ ,

where $[\psi\wedge\varphi](X, Y):=[\psi(X), \varphi(Y)]-[\psi(Y), \varphi(X)]$ .

Theorem 4.14. The first variation of the Yan.q-Mills hnctiond is.qiven by

$\frac{d}{dt}|_{t=0}\mathcal{Y}\mathcal{M}(D^{t})=\int_{M}<d^{D}\beta,$ $R^{D}>v_{g}= \int_{M}<\beta,$ $\delta^{D}R^{D}>v_{g}$ ,

where $\beta=\frac{d}{dt}|_{t=0}D^{t}=\frac{d}{dt}|_{t=0}A^{t}\in A^{1}(End(E))$ .

Consequently, $D$ is a Yang-Mills connection if and only if

(4.15) $\delta^{D}R^{D}=0$ .
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In the case of a non compact or semi-Riemannian manifold $(M,g)$ , we take any
relatively compact open domain $U$ in $M$ , and consider the functional

$\mathcal{Y}\mathcal{M}_{U}(D)=\frac{1}{2}\int_{U}||R^{D}||^{2}v_{g}$ .

For a fixed $D\in C_{E}$ and smooth one-parameter family of connections $D^{t},$ $-\epsilon<t<\epsilon$ ,
such that $D^{0}=D$ , and $D^{t}=D+A^{t}$ , where $A^{t}\in A^{1}(End(E))$ have all their support
in $U$ for $|t|<\epsilon$ and $A^{0}=0$ ,

$\frac{d}{dt}|_{t=0}\mathcal{Y}\mathcal{M}_{U}(D^{t})=\int_{U}<d^{D}\beta,$ $R^{D}>v_{g}= \int_{M}<\beta,$ $\delta^{D}R^{D}>v_{g)}$

where $\beta=\frac{d}{dt}|_{t=0}A^{t}\in A^{1}(End(E))$ with support in $U$ . Therefore, $D$ is a Yang-Mills
connection if and only if $\delta^{D}R^{D}=0$ everywhere on $M$ .

Since the second Bianchi identity for $D,$ $d^{D}R^{D}=0,$ $(4.15)$ is equivalent to
(4.16) $\Delta^{D}R^{D}=0$ ,

where the Laplacian $\Delta^{D}$ on $A^{2}(End(E))$ is given by $\Delta^{D}=d^{D}\delta^{D}+\delta^{D}d^{D}$ .

\S 5. Four dimensional manifolds.

For four dimensional cloaed Riemannian manifold $(M,g)$ , we define for a con-
nection $D$ of $E$ to be $(anti-)self$-dual $if*R^{D}=\pm R^{\overline{D}}$, where $*is$ the Hodge star
operator and $R^{\overline{D}}$ is the curvature of the conjugate connection $\overline{D}$.

Note that the (anti-)self-dual connection $D$ is a Yang-Milk connection, becauae
$\delta^{D}R^{D-1}=*d^{\overline{D}}*D=\pm*-1d\overline{D}R\overline{D}=0$,

since the second Bianchi identity for $\overline{D},$
$d^{\overline{D}}R^{\overline{D}}=0$.

For a torsion free affine connection $D$ , we consider the affine connection $\hat{D}$ defined
by $\hat{D}=\frac{1}{2}(D+\overline{D})$ . Then we have (cf. [DIU])

Proposition 5.1. Assume that $\dim M=4$ . Let $(D,g)$ be a Weyl structure with
$Dg=\omega\otimes g$ for some 1-form $\omega$ . Then the following are equivalent:

(1) $*R^{D}=\pm R^{\overline{D}}$ ,

(2) $*R^{D}=\pm R^{D}$ and $*4v\pm h=0$ ,

(3) $*R^{D}=\pm R^{\hat{D}}$ and $d\omega=0$ ,
where the si.$qn\pm cot\tau esponds$ to each $other_{f}$ respectively.

We obtain (cf. [DIU])

Theorem 5.2. Let $M$ be a 4 dimensional closed manifold, and $(D,g)$ be a Weyl
$stn\iota cture$ with $Dg=\omega\otimes g$ for some 1-form $\omega$ on M. Then the folIowin.$q$ four
conditions are equivalent:

(1) $\mathcal{Y}\mathcal{M}(D)=4\pi^{2}|p_{1}(TM)|$ ,
(2) $\mathcal{Y}\mathcal{M}(\hat{D})=4\pi^{2}|p_{1}(TM)|$ and $d\omega=0$ ,
(3) $*R^{D}=\pm R^{\overline{D}}$,
(4) $\hat{D}$ is $(anti-)self$-dual and $4v=0$ .
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\S 6. Yang-Mills theory in affine differential geometry.

Furthermore, our Yang-Mills theory can be applied to affine differential geometry.
It is known (cf. [NS]) that

Theorem 6.1. Let $f$ : $Marrow R^{n+1}$ be a nonde.qenerate affine hypersurface $(n\geqq 2)$ .
Then we can choose a transversal vector field $\xi$ on $M$ for $D,$ $h$ and $S$ satishin.q the
following seven conditions:

(1) (Gauss) $R^{D}(X, Y)Z=h(Y, Z)SX-h(X, Z)SY$ ,
(2) (Codazzi for $h$) $(D_{X}h)(Y_{)}Z)=(D_{Y}h)(X, Z)$ ,
(3) (Codazzi for S) $(D_{X}S)(Y)=(D_{Y}S)(X)$ ,
(4) (Ricci) $h(SX, Y)=h(X, SY)$ ,
(5) (equiaffine condition) $D\theta=0,$ $i.e.,$ $\tau=0$ ,
(6) (volume condiiton) $\theta=\omega_{h}$ , and
(7) (apolarity condition) $D\omega_{h}=0$ .

Heoe $\theta$ is the induced volume fomb on $M$ by the immersion $f,$ $\xi$ and the standard
volume form on $R^{n+\iota}$ , and $\omega_{h}$ is the volume $fo7m$ on $M$ correspondin.q to $h$ .

Proposition 6.2. $([NS])$ The apolarity condition (7) in Theorem 6.1 is equivalent
to the followin.$q$ condition $(7’)$ :

$(7^{})$ For $dlX\in T_{x}M$ , the trace $Tr_{h}(D_{X}h)$ vanishes.

Heoe $Tr_{h}(D_{X}h)$ is defined by

$Tr_{h}(D_{X}h):=Race\{(Y, Z)\mapsto(D_{X}h)(Y, Z)\}=\sum_{j=1}^{n}\epsilon_{j}(D_{X}h)(e_{j}, e_{j})$,

where $g(e_{\mathfrak{i}}, e_{j})=\epsilon:\delta_{j_{f}}.\cdot$ and $\epsilon_{ij}=\pm 1$ .

Now our $th\infty rem$ is (cf. [DIU])

Theorem 6.3. Let $f$ : $Marrow R^{n+1}$ be a non-de.qenerate affine immersion, $D$ , the

induced connection on $M$ from the standard connection of $R^{n+1}$ via $f$ , and $S$ , the

affine shape operator. Assume that a transversal vector field $\xi$ is chosen such as
for $D,$ $h$ and $S$ satisfy all the conditions in Theorem 6.1. Then $D$ is a $Yan$.q-Mills

connection with respect to $h$ if and only $if\overline{D}_{X}(SY)=S(D_{X}Y)$ for $X,$ $Y\in\Gamma(TM)$

He$re\overline{D}$ is the conju.qate connection of $D$ with respcet to $h$ .

As an application, we have (cf. [DIU])

Corollary 6.4. Let $f$ : $Marrow R^{n+1}$ be a non-de.qenerate affine immersion and $\xi$

satisfy as in Theorem 6.1. Furthermooe, assume that $S=\lambda$ Id for some non-zefo

constant $\lambda$ . Then $D$ is a Yan.q-Mills connection with respect to $h$ if and only if
$f(Af)$ is a quadratic hypersurface of $R^{n+1}$ .
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