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Abstract. In this survey article, we shall present a general framework and ap-
plications of our recent results among reproducing kernels, linear transforms and
analytic extension formulas.

1. Mystery of analytic extension

The most fundamental function e® is extensible analytically onto the whole complex
z = z + 4y plane and we have the mysteriously beautiful identity

€™ = —1, (1.1)

which states a relation among the basic numbers —1, 7, e, and i. Note that 0 and
1 may be arbitrarily fixed as two points on the real line and, 7 and e are irrational
numbers. The author stated in [39] that the best result in mathematics is the
Leonhard Euler formula (1.1) based on the idea that :

Mathematics is relations and the research in mathematics is to look for some
relations. Good relations that we call theorems will mean that the relations are
fundamental in mathematics, are beautiful and give good impacts to human beings.

In the Riemann {—function

=1
C(Z) = Z —7?7,
n=1
we have, by its analytic extension
1
(-1 = -3 (1:2)
(=2 142434+ ).

In general, an analytic function is determined locally and we have the idea of
the Riemann surface as its natural existence domain. An analytic function looks
like having a life.



2. Reproducing kernel Hilbert spaces and deci-
sive representation formulas

Since an analytic function is determined locally, we are intuitively interested in
its analytic extensibility and representations. For these fundamental problems we
firstly would like to refer that the theory of reproducing kernels will give a decisive
method in some sense and in some general situation.

We consider any positive matrix K(p,q) on E; that is, for an abstract set E
and for a complex—valued function K(p,q) on E x E, it satisfies that for any finite
points {p;} of E and for any complex numbers {C}},

> Z CjC’—JTK(pj"pj)’ 2 0.

J 7

Then, by the fundamental theorem by Moore-Aronszajn, we have:
Proposition 2.1. For any positive matriz K(p,q) on E, there exists a uniquely de-
termined functional Hilbert space Hyx comprising functions {f} on E and admitting
the reproducing kernel K(p,q) (RKHS Hy) satisfying and characterized by

K(-,q) € Hkx forany q€ E (2.1)
and, for any q € E and for any f € Hg
fl@)=(f(), K(, ) Hk- | (2:2)

For some general properties for reproducing kernel Hilbert spaces and for vari-
ous constructions of the RKHS Hy from a positive matrix K (p,q), see the recent
book([38] and its Chapter 2, Section 5, respectively.

We shall assume that Hy is separable. Then, the functions {K(-,q);q € E}
generate Hy and there exists a countable set S of E such that {K(-,q;);q; € S}
is a family of linearly independent functions forming a basis for Hx. We set S, =
{q1,92, -+, qn} C S and ||T'j;:n|l1<j,j7<n is the inverse of || K(g;, ;) |l1<j,j<n- Then,
we obtain _

Proposition 2.2 ([20] and see Chapter 2, Section 5 in [38]). For any f € Hg,
the sequence of functions f, defined by

@)= Y f(g))TsmK(p,q5) (2.3)

53'=

converges to f as n — oo in both the senses in norm of Hx and everywhere on E.
Furthermore, for any function f defined on E satisfying

dim Y f(g))Tiynflay) < oo, g; €S, (2.4)

5,3'=1

the sequence of functions f, defined by (2.3) is a Cauchy sequence in Hyg whose
limit coincides with f on E. Conversely, any member f of Hy is obtained in this

way in terms of {f(g;)}.



We see in Proposition 2.2 that extensibility and representation of f in terms of
f(g;), g; € S are established by means of the reproducing kernel K(p, q).

On the millennium occasion, the author wonders Proposition 2.2 will become a
powerful method connecting analytic functions and discrete sets in the next millen-
nium. :

3. Connection with linear transforms

We shall connect linear transforms in the framework of Hilbert spaces with repro-
ducing kernels.

For an abstract set £ and for any Hilbert (possibly finite-dimensional) space
H, we shall consider an H-valued function h on E

h: F—H (3.1)
and the linear transform for H

f(p)=(f,h(p))r for fe€H (3.2)

into a linear space comprising functions {f(p)} on E. For this linear transform
(3.2), we form the positive matrix K(p, q) on E defined by

K(p,q) = (h(q),h(p))n on EXE. (3.3)

Then, we have the following fundamental results:

(I) For the RKHS Hg admitting the reproducing kernel K (p, q) defined by (3.3), the
images {f(p)} by (3.2) for H are characterized as the members of the RKHS Hp.
(I) In general, we have the inequality in (3.2)

[l < 11 F e (3.4)
however, for any f € Hg there exists a uniquely determined f* € H satisfying

f(p)=(f"h(p))n on E (3.5).
and

Il = I1F M5 ’ (3.6)

In (3.4), the isometry holds if and only if {h(p);p € E} is complete in H.
(III) We can obtain the inversion formula for (3.2) in the form

f— (3.7)

by using the RKHS Hg. However, this inversion formula will depend on, case by
case, the realizations of the RKHS Hg.

(IV) Conversely, if we have an isometrical mapping L from a RKHS Hg admitting
a reproducing kernel K(p,q) on E onto a Hilbert space H, then the Hilbert space
H-valued function h satisfying (3.1) and (3.2) is given by

h(p) = LK(-,p) on E (3.8)



and, then {h(p);p € E} is complete in H. The isometrical inversion L1 is given
by the transform (3.2).

When (3.2) is isometrical, sometimes we can use the isometrical mapping for a
realization of the RKHS Hg, conversely—that is, if the inverse L~! of the linear
transform (3.2) is known, then we have | f||g, = ||L7} f| -

We shall state some general applications of the results (I)~(IV) to several wide
subjects and their basic references:

(1) Linear transforms ([23],[35]).

(2) Integral tansforms among smooth functions ([42]).
(3) Nonharmonic integral transforms ([27]).

(4) Various norm inequalities ([27],[36]).

(5) Nonlinear transforms ([36],(39]).

(6) Linear integral equations ([43]).

(7) Linear differential equations with variable coefficients ([43]).
(8) Approximation theory ([10]).

(9) Representations of inverse functions ([37]).

(10) Various operators among Hilbert spaces ([40]).
(11) Sampling theorems ([38], Capter 4, Section 2).

(12) Interpolation problems of Pick-Nevanlinna type ([27],[28]).

In this survey article, we shall present

(13) Analytic extension formulas and their applications ([38]).

4. Typical examples for analytic extension formu-
las

We shall consider the Weierstrass transform

u(zx,t) = ﬁ /R F(&)exp {—(—:F;Tg)q dg (4.1)

for functions F € Ly(R, d¢). Then, by using (I) and (II) we obtained in [24] simply
and naturally the isometrical identity

[ir@ras = [ [ ute o exp [ 4] sy 42)



for the analytic extension u(z,t) of u(z,t) to the entire complex z = z + 4y plane.
Of course, the image u(z,t) of (4.1) is the solution of the heat equation

Uzz(T,t) = we(z,t) on R x {t >0} (4.3)
satisfying the initial condition
Jim [[u(z,2) = @)l Roge) = 0.

On the other hand, by using the propertles of the solution u(z,t) of (4.3), N.
Hayashi derived the identity

2de = 52 [ aiue 0P |
[ IFe@ =35 [ 0tuta. 0P e

The two identities (4.2) and (4.4) were a starting point for obtaining our various
analytic extension formulas and their applications.
As to the equality of (4.2) and (4.4), we obtained directly

Theorem 4.1 ([15]). For any analytic function f(z) on the stmp Sy = {|Imz| < r}
with a finite integral ‘

/] 15(2) Py < oo

we have the identity

2] 1
] [, sty - Zg}: Jpleras. @)

Conversely, for a smooth function f(x) with a convergence sum (4.5) on R, there
erists an analytic extension f(z) onto S, satisfying (4.5).

Theorem 4.2 ([15]). For any a > 0 and for an entire function f(z) with a finite
integral

/ / , 1 f(2)]* exp [-?‘—’;— dzdy < oo,

we have the identity

[ 2 o ‘ :
ﬁ// () exp _yg} dxdy:Z%/RW%f(iE)lzdm. (4.6)
i pia

Conversely, for a smooth function f(x) with a convergence sum (4.6) on R, there
exists an analytic extension f(z) on C satisfying the identity (4.6).




Our typical results of another type were obtained from the integral transform

vat) = [ t F(&)w;jf({t‘“_t ‘i’ e (47)

in connection with the heat equation (4.3) for > 0 satisfying the conditions, for
u(z,t) = tv(z,t)

u(0,t) =tF(t) for t=20

and
u(z,0)=0 on z20.
Then, we obtained

Theorem 4.3 (/1] and [30]). Let A(%) denote the sector {|arg z| < §}. Then, for
any analytic function f(z) on A (%) with a finite integral

// |f(2)|?dzdy < oo,

we have the zdentzty

o ] © it 1ag ,
[ L 'f(z)l2dxdy:§m/0 24 0L (@) da. (48)

Conversely, for any smooth function f(x) on {x > 0} with a convergence sum in
(4.8), there exists an analytic extension f(z) onto A (%) satisfying (4.8).

Let A{a) be the sector {|argz| < a}. Then, by using the conformal mapping
e?, H. Aikawa examined the relation between Theorem 4.1 and Theorem 4.3. Then,
he used the Mellin transform and some expansion of Gauss’ hypergeometric series
F(a, 8;7; z) and we obtained a general version of Theorem 4.3 and a version for the
Szego space:

Theorem 4.4 ([2]). Let0 < o < §. Then, for any analytic function f(z) on A(a)
with a finite integral

[, 1sedsy < oo

we have the identity

/ / |f(z)Pdedy = sm(2a)z(231na)2’
& (2j + 1)!

- / 250 f () 2dz. (4.9)
0

Conversely, for a smooth function f(x) with a convergence sum on x >0 in (4.9),
there exists an analytic extension f(z) onto A(a) satisfying the identity (4.9).



Theorem 4.5 ([2]). Let0 < a < %. Then, for any analytic function f(z) on A(c)
satisfying

/ |f(rei9)|2dr < 00,
|8}<a

we have the identity

; (2sina)¥ 22915 24
/GA(a)l (2)*|d [—2cosaz @) /0 |02 f(z)|*dz. (4.10)

where f(z) mean Fatou’s nontangentially boundary values of f on 0A().
Conversely, for a smooth function f(z) on x > 0 with a convergence sum in
(4.10), there exists an analytic extension f(z) onto A(a) satisfying the identity

(4.10).

As a general form of the right hand side of (4.9), we consider the infinite order
Sobolev space W (Cj; RT) on the positive real line R* defined by

W(C;RY) =4 f ; Zc/ 221180 £(2)|2dz < 00

for a sequence {C;} of nonnegative numbers C;. Then, Aikawa [4] proved that if
a > %, then for any {C;} with W(Cj; RY) # {0}, there is f € W(C;; R*) that
fails to have an analytic continuation to the “concave” sector A(a). He also showed
that 7 is sharp.

5. Various analytic extension formulas and appli-
cations

We obtained various analytic extension formulas in the above line in [1, 2, 3, 4, 7,
8,11, 12, 13, 14, 15, 16, 21, 22, 24, 25, 26, 29, 30, 31, 32, 33, 34] containing multi-
dimensional spaces. As applications to nonlinear partial differential equations, the
author expects Professor N. Hayashi to publish a survey article in this Koukyuroku,
so the author would like to refer to applications to the Laplace transform and recent
related results in the sequel.

6. Real inversion formulas of the Laplace trans-
form

The inversion formula of the Laplace transform is, in general, given by complex
forms. The observation in many cases however gives us real data only and so, it is
important to establish the real inversion formula of the Laplace transform, because
we have to extend the real data analytically onto a half complex plane. The analytic
extension formula is, in general, very involved and makes the stability unclear. In



particular, in the Reznitskaya transform combining the solutions of hyperbolic and
parabolic partial differential equations, we need the real inversion formula, because
the observation data of the solutions of hyperbolic partial differential equations are
real-valued. See [41].

Since the image of the Laplace transform is, in general, analytic on a half-plane
on the complex plane, in order to obtain the real inversion formula, we need a
half plane version A (%) of Theorem 4.4 and Theorem 4.5, which is a crucial case
a = % in those theorems. By using the famous Gauss summation formula and
transformation properties in the Mellin transform we obtained, in a very general
version containing the Bergman and the Szegé spaces:

Theorem 6.1 (/32]). For any q > 0, let Hg, (R*) denote the Bergman-Selberg
space admitting the reproducing kernel
_ I'(2q)
Ko(2,8) = ——;
(z + @)

on the right half plane RT = {z;Rez > 0}. Then, we have the identity

”f”2HKq(R+) = (-1:‘—@21--1_—ﬁ;/‘/R+ |f(z)’2(2x)2q—2d3:dy , ¢ > %)

s 1

- Z n!l'(n +2q + 1)

n=0

10z s @) Pt (6.1)

Conversely, any smooth function f(z) on {x > 0} with a convergence summation in
(6.1) can be extended analytically onto R and the analytic extension f(z) satisfying
lim; .o f(z) = 0 belongs to Hi, (R*) and the identity (6.1) is valid.

For the Laplace transform

f(z) = / F(t)e*dt, | | (6.2)
0
we have, immediately, the isometrical identity, for any ¢ > 0
P LT
(= [FlZ2) , (6.3)

from (I) and (II). By using (6.3) and (6.1), we obtain

Theorem 6.2 (/8]). For the Laplace transform (6.2), we have the inversion for-
mula v :

F(t) =s~ lim /Om,f(x)e_thN’q(xt)dI (t>0) (6.4)



where the limit is taken in the space Lg and the polynomials Py 4 are given by

Prg(e) = Z (=1)**11(2n + 2¢) gntv+2a-1

0<v<n<N vi(n — v)IT(n+2¢ + 1)I'(n + v + 29)

2(n+q) ., 2(n +q)
'{n+u+2q§ a(n+y+2q+3n+2q)£
+(n+v+29)}. (6.5)

The truncation error is estimated by the inequality

2

”F(t) - /0 ” f(z)e™* Py 4(xt)dz

L3
< ) : / T 1o @) ot s, (6.6)
T S nl'(n+2¢+1) J, 7

In order to obtain an inversion formula which converges pointwisely in (6.4),
we considered an inversion formula of the Laplace transform for the Sobolev space
satisfying ‘

/ T (F@P + 1P @)P) dt < oo,

in [5]. In some subspaces of Hk, (R*) and L2, we established an error estimate for
the inversion formula (6.4) in [6]. Some characteristics of the strong singularity of
the polynomials Py 4(£) and some effective algorithms for the real inversion formula
(6.4) are examined by J. Kajiwara and M. Tsuji [18,19]. Furthermore, they gave
numerical experiments by using computers. '

7. Representations and harmonic extension for-
mulas on half spaces

Let Ri“ = {(y,x);y > 0,z € R™} be the half space, where z = (z1,2"), 2" =

(2, -, x,). We consider the Poisson integral
Uw.) = [ FOP@- &t (7.1
for '
P(z,y) = 1 / e~ Yltlg—iz-t gy
’ 2m)"™ Jpn
(%) y

n41
2

ntl -
2 (y?+zf?)

and for functions F € L? (R",d¢). For these harmonic functions U(y,z) we ob-
tained in [22] :



(A) F and so, U(y, ) are determined and simply represented by the functions

U (y, z1,2") 82U(y,:c1,x’)

d
0x1 an ox?

(7.2)

z1=0 z1=0

fory > 0 and forx’' € R™ Y, by using Fourier’s integral and real inversion formulas
for the Laplace transform,

and

(B) characterization of the two functions in (7.2) on the hyperplane x, = 0 which
are obtained from U(y,z) in (7.1), by means of Fourier’s transform and Laplace’s
transform; this will give a harmonic extension formula to U(y, ) in (7.1) from the
hyperplane x; = 0.

8. Representations of initial heat distributions by
means of their heat distributions as functions
of time

In the Weierstrass transform (4.1), we obtained the isometrical identity, for any
fixed x € R,

/_ " PP

oo
- 27ri — /Oo 8] [t9uu(a t)]‘2t2j‘%dt
=T (G +3) Jo

1 o0
jz;_:‘)jlf(]-l—g) 0

From this identity, we can obtain the inversion formula

u(z,t) — F(€) for any fixed z. (8.2)

. 2 - 1
o] [td: 0 u(x, t)]‘ t2+ads. (8.1)

We, in general, in multi-dimensional Weierstrass transform, established an exact
and analytical representation formula of the initial heat distribution F' by means of
the observations

O(xy1,x',t
u(z1,z’,t) and %—) (8.3)
for ' = (z2,%3, -+, Zn) € R" ! and t > 0, at any fixed point x,, in [21].
We set
oF = {sup |z|, € suppF} (8.4)

and suppF denotes the smallest closed set outside which F' vanishes almost every-
where. By using the isometrical identities (4.2), (4.4) and (8.1), we can solve the
‘inverse source problem of determining the size o of the initial heat distribution F'
from the heat flow u(x,t) observed either at any fixed time ¢ or at any fixed position
z. See [44].

10
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9. Representations of the solutions of partial dif-
ferential equations of parabolic and hyperbolic
types by means of time observations

In the problem (8.1), we can obtain a general result, in a very general situation.
Let D be a finitely-connected smoothy bounded domain in R™. We consider a
partial differential equation of parabolic type
ou
Bt

subject to the boundary condition

=Au=Au—q(z)u (t >0,z € D) (9.1)

a(fu+ {1 —a(é)} (—;% =0 (¢t>0, on D), (9.2)

where 0/0v denotes the outer normal derivative on dD with respect to D. We
assume that g(z) is Hélder continuous on D = DU AD, o € C?(dD) and 0 <
a(§) £1on dD.

Let U(t,z,y) be a fundamental solution for the equations (9.1) and (9.2). Then,
in particular, recall that for any fixed y € D, U(t,z,y) € C*((0,00) x D), U(t, z,y)
satisfies (9.1) and (9.2).

Under the above situations, there exist eigenvalues {);}%2, and eigenfunctions

{vi}32, satisfying

—OO<A0§/\1§§/\J§, llm)\JZOO (93)
j—o0

{pj}520 forms a complete orthonormal system in Ly(D), (9.4)

[ Utaes )y = e Np,@) on D, (95)

Apj(r) = =Ajpj(z) on D, (9.6)
and

©;(j =0,1,---) satisfies the boundary condition (9.2). (9.7)
Then,

U(t,z,y) = Z e %0, (z)p; () (9.8)

converges uniformly on [,00) x D x D for any fixed § > 0. For any f € Ly(D) and
- for

f(x) =) Cipi(x), | (9.9)
=0



(Usf)(@) =Y Cie ' (x) (9.10)
o | |

converges uniformly on [6,00) x D for any § > 0. Of course, (9.10) represents a

“general” solution of (9.1) satisfying the boundary condition (9.2) and the initial -

condition
Jim |(Vef)(@) = (@) ra(pde) = 0.

For these properties, see, for example, [17]. By using the fact that (9.10) con-
verges uniformly on [§,00) x D for any fixed 6 > 0, we can give .

Theorem 9.1 ([45]). {C;}2 and so, f and (U;f)(z) on {t > 0} x D can be
determined and represented by the observation

(Ue)(@) (t>7, z€E) (9.11)

for any fized large positive constant T and for a very small set E around any fired
point x* € D.

Furthermore, a general corresponding result for the solutions of hyperbolic type
is derived by using the Reznitskaya transform. These results may be called the
” principle of telethoscope”. :
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