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Construction of the fundamental solution
for a degenerate equation and

a local version of Riemann-Roch theorem

IEBR TS AFFESEE T8
( Himeji Institute of Technology,Chisato Iwasaki)

§1. Introduction. Let M be a compact Kaehler manifold whose complex

dimension is n. The following Riemann-Roch theorem holds for M.

S (~1)9 dim H,(M) = /M(zm)-n[Td(T(M))]gn‘,

where

Td(T(M)) = det(

eQ——l)

with a curvature form Q.

Analytical proofs of the above theorem are based on the following formula :

(1.1) i(—l)q dim H, (M) = / S (1) tre (2, 2)do,

q=0 M =0

where e4(t, z,y) denotes the kernel of the fundamental solution E4(t) for the heat equa-
tion for Ay =d 9" + 9 d acting on differental (0, g)-forms A(®9) (M)

= T(AIT*1) (M)). The author have shown the local version of Gauss-Bonnet-Chern

~ theorem for a compact manifold with boundary, by constructing the fundamental so-

lution according to the technique of symbolic calculus of pseudodifferential operators

[10]. In this note, we show that the following formula, which is called a local version of

Riemann-Roch theorem holds.
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local version of Riemann-Roch Theorem

n

(1.2) > (~1)trey(t,z,2)dv = (2mi) M [Td(T(M))]2n + 0()

g=0
We shall give a rough sketch of a proof of the above formula, constructing the fundamen-
tal solution according to the method of symbolic caluculus for a degenerate parabolic
operator as [8] instead of that of a parabolic operator. (See §4). Our point is that
we can prove the above formula by only calculating the main term of the fundamental
solution, introduing a new weight of symbols of pseudodifferential operators.

There are several papers for this problem. T.Kotake[7] proved this formula for
manifolds of dimension 1. Then V.K.Patodi[12] has proved for Kaehler manifolds of any
dimension. P.B.Gilkey[6] also has shown, using invariant theory. E.Getzler[5] treated
this problem by different approach.

§2. The representation of A. Let M be a smooth Kaehler manifold with
a hermitian metric g. Set Z1,2,,-++,Z, be a local orthonormal frame of T*°(M) in a
local patch of chart U. And let w!,w?,- -, w™ be its dual. |

The differential d’ and its dual 9" acting on A%4(M) are given as follow, using the

Levi-Civita connection V.

n n

d = e(@)Vy, O == Z)Vy

Jj=1 j=1
where we use the following notations.
Notations.

Z; = Zj, W= j=1,---,n,
e(ww = w* Aw, (Zo)w(Y1,  +,Yp1) =w(Za, Y1, -+, Ypo1).

Let cz,ﬁ, a,B,v€{1,---,n,1,---,n} be the following functions and let

R(Z«,Zs) be the curvature transformation.

Vz.Zs =Y c) 57,
vy

R(Zaa Zﬂ) = [VZaavZﬁ] - V[Za,Zp]7
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R(Z:i,Z;)Z5 = Y | RY;-Z,.
Y

Remark 1. Owing to that {Z;,Z;};=1,....n is an orthnormal frame, we have
R;k[ = Ri}'k? = g(R(Zk, Z[)Z_j, Z,) = R(Zi, Z_]‘, Zk, Zg)
From the fact that our connection is the Riemannian connection and that M is a

Kaehler manifold we have

Proposition 1. The coefficients c P of connection form satisfy
Tt 1 _ z — 7
Caj a,) 0, Ca,j = ca 7

aE{l,"',n,I,"',ﬁ},i,jE{].,"',T’L,}

R(Z:,Z;) =0, R(Z:,Z;)=0,

k. _ pk _ k__ pk
Rh] sz] 0 Rh] Rfij’

Ruri; = Rein

Za,Zﬂ Z(Caﬂ Cg, a)Z

We have the following .representation for A = &9 + 9'd which is known as
Bocher-Kodaira formula.

Lemma 1.

On A°*(M) = > g=0 AVU(M) we have

1 n
A:_i{;(vzijjJFVZij Z(cfv +c VZ)—ZR(Z,,Z)}

1,7=1

We use the following notations in the rest of this paper.

e(&!) = al,  UZm)=am,

* * % . . .
ar = @iy ai, - ai,,  ay=a; ---a;  for I'={i; <1y <--- <ipl,

wl =@ ADR A AGY for T={i; <iyg<---<ip),
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By the above notations we have

Vz.(p507) = (Zap )’ = Y et pafar(w?)
k,f=1

3

So we have the local representation of A.

1o 5 >
A=—53 {(Z;I-G)(ZiI - G3) +(Z;1 - G5)(2;1 - G;)}

i=1

1 - . . 1 n i
5 2 AAZI -G+ (ZI-G)} =5 Y Rujjaias

i,j=1 ik E=1

on A%*(M). Here

n

_ m %
Ga = E Cor 4@} A

£,m=1

and [ is an identity operator on A*(T™*(M)).

The following proposition is fundamental for q;, aj.
Proposition 2.

a;a; +aja; =0,
* % * %
a;a; +aja; =0,
* ®
a;a; + a;a; = (5”’,

* * * *
[al- ay, aka[] = 5]-kai ayp — 5,‘gaka]'.

§3. Berezin-Patodi formula. Let V be a vector space of dimention n with
inner product and let A?(V') be its anti-symmetric p tensors. Set A*(V) = 37 AP(V).
Let {v,-,vn} be an orthnormal basis for V. Set a} be a linear transformation on

A*(V') defined by afv = v; A v and set a; be an adjoint operator of a} on A*(V). Then
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{a?, a;} satisfy Proposition 2. The following Theorem 1 and Corollary are shown in [3]

under the above assumptions.

Theorem 1(Berezin-Patodi[3]). For any linear operator A on AN*(V), we

can write uniquely in the form A = EI jag, jajay and

D tr[(=1)PA,] = (—1)" 01,2, 1} {1,2,n}»

p=0
where Ay = A|xr(v).
Corollary . (DIf multi index I and J satify §(I) < n or §(J) < n, we have

> tr{(~1)Patas] =0.
p=0
(2)Let m and o be elements of permutation of n. Then

Z tr[(=1)Paz1)80(1)Ar(2)0(2) ** * Cr(n)Qo(n)] = (—1)"sign(m)sign(c).
p=0

§4. Funfamental solution for a degenerate operator. In this paper we use
the pseudo-differential operators of Weyl symbols, that is, a symbol p(z,£) € S7';(R™)

defines an operator as

Pua)=ry " [ [ eI gudyds,  we SR,

Definition 1. We denote the symbol multi-product p;(z, D)p2(z, D)
-« pe(z, D) of pseudo-differential operators p;(z, D) with symbol p;(z,€) by (pro---0
pe)(z,&). We use the notation o(P) to denote a symbol of a pseudo-differential operator
P.

Theorem 2. Let p; € S;T’lg (R™),(j =1,2),6 <1,p > 6. Then for any N € N

we have the expansion

= (20)F
(5.1) propr= ), ~—r—0k(p1,p2) + 4w,
k=0 )
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where
(5.2) w0 = ‘Elj] k(—l)'ﬂ'aff}j—,pﬁéiqﬁfi
al+|8]=
with gy € STt~ IN (R,
Definition 2. (1) Vp means a vector

oy, 0o
Vep Oz, 5:Enp’ 07 ’ axnp
for a linear transformation p(z, ) with parameter (z,§).

(2) J is a transformation on C™ x C" defined by

for u,v € C™. We also use the same nonation J in case u =' (uy,- -+, uy),u; is a linear
tranformation on some vector space.
(3) H, 1s the Hessian matrix of p.
(4)<t,s >= E;.c:l t;s; for a pair of vectors t ="' (¢1,--,tx),s =" (81, -+, k).
We consider the construction of the fundamental solution U(t) for a degenerate

parabolic system

dt

{ LU=(£+P)U(L‘)=O in (0, T) x R™,
U(0)=I onR™,

for the Cauchy problem on R™ (See I-Iwasaki [8]). Here P is a differential operator of a
symbol p(z,€) = pa(z,€) + p1(z,€) + po(z, &), where pj(z, ) are homogeneous of order
j with respect to €.

Condition (A).

d
(4)-@1) Pz(iﬂ,é):ij(w,é)Cj(w»ﬁ) (cj = b)),

where b;(€ 57 ;) are scalar symbols.

(4)- (@) pr+ e (O0) 2 ol
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for some positive constant ¢ on the characteristic set & = {(z,£) € R™ x R™;

bj(z,£) = 0 for any j }, where try M is the sum of all positive eigenvales of M:
M ==*J=.

Here & = (Vey, -+, Veq, Vb, -+, Vby).
Set b =* (by,---,b4), ¢ =! (c1,-++,ca). Then we have
Theorem 3. Let p(z,§) satisfy Condition (A). Then the fundamental solution
U(t) is constructed as a pseudo-differential operator of a symbol u(t) belonging to S

2

N

with parameter t. Moreover u(t) has the following expansion for any N:

N-1
N
u(t) — Z uj(t) belongs to S%é,
J=0

Y

wops NI

ug(t) = expp, u;(t) = fj(t)uo(t) € S;

T (5 ) (2 ) et

F(s)=s"'tanhs.

§5. Sketch of the proof. We shall apply the above discussion for our operator
A. Fix a point Z € M and choose a local chart U of a neighborhood 2. Choose a local

coordinate zq, 23, -, 2, of U such that
2=0, J‘ 32 +E/€Jk Z Z) Kjk|z=0=0.
Io=
We use the following notation in the rest of paper.
] : . N
Zj =25 Gj=Gjli=0, Z;= Z’“ik(z’z)ﬁi
k=1

Then we have

K3k = Kjk, Kig=rp =0 (1<j,k<n).
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Proposition 3. For the derivatives of kqp(z,z) we have
{Za(/{,@"/) - Zﬁ(“a’y)}lzzo = (CZ,“B - cg,a)lzzm Ol,ﬁ,’)’ el.

Y {Za(kp) = Zo(Kay)Hemo Gy = (=V (2., 2,1 + [Za, Z5])] 0.

Set .
W(z,z)= Z(zjé'] + EJ(%) = 2o G
]:]_ QEA
A={1,---,n,1,--- 7}
Lemma 2. We have
(Zoy — Go)e™W =W (Z,—F,), acA
where
. . 1 .. .
(5.1) Fo=Goa—Ga— ) raplGs+ 5 > [Ga,Gslzs + Fa
BEA BEA
with
~ N ~ 1 ~
(5.2) Fo =) 24(Ga~Ga,Gsl = 5 ) [5a,Gs, W]
i BeEA BeEA
—I3(1,Co(Z W W) : W)+ I(1,Co(Go : W) : W),
where ‘o Jimi
t—s)l™
I;(t,B: A =/ X2 em*ABe%Ads
B A= G
and

Ca(B : A) = [[B, A], A].
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Corollary . For the same W we have

A" = VA,

where

(5.3) A= %E(ZI Fi)(Z;I - F5) + (Z;I - F5)(Z;I - F;)}
+ Z{d (Z;I - F5) + ¢l ,(2;1 — F)——R

with

(5.4) —W( Z ng“akag)e

Jrk,£=1

So the symbol of A is given by

o(d) = ”% 2 eI = F)giT = Fy) + (451 = Fy)(psd = Fy)} - %R’

where

:_—Z{Zk D+ Ze(E M+ = Z{c,,q,I Fy)+ ¢ (p;I - Fy)},

k,y=1 1,j=1

F, and R are given by (5.1) and (5.4) respectively. Here
o(Z;)=pil  o(Z;) =gl

By (5.1), (5.2) and Proposition 3 we have
Proposition 4. For the symbols (pxI — Fy),(qxl — F}) ,we have

< JV(pil — Fi),V(p;I — Fj) > |.=0 = i0([Z4, Zj]),

< IV(prI — Fy),V(g;I — F;) > |:=0 = i{R(Zx, Z;) + o([Zk, Z;])},

< IV(qeI — Ft),V(g;I — F) > |.=0 = ic([Zk, Z;]).
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If we apply Theorem 3 to construction of the fundamental solution for —% + A

E S

considering a;a;

as 51270, we obtain, in this case, the fundamental solution with M

_ (Mo 0
u=-(0 )

where (Myg);; = R(Zi, Z;). So the kernel @y(t,z,z) of pseudodifferential operator with

whose main part is given by

symbol ug(t, z,£) is obtained as

tMy

to(t,z,z) = (27t)™" det(exp(t./\/ig) — 1)

Then we have

tMp

str Gg(t,x,x) = (27t)  "str [det(exp(tMo) — 1)]

Applying Theorem 1 , we have
str 9g(t,x,x)dv = (271) 7" [Td(TM)]z2n,

where
Q
e — 1)

Td(T(M)) = det(

with curvature form 2, that is,

Q=(Q), o= i: Ri o0 A&
ij=1
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