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ON THE QUASI-HADAMARD PRODUCT OF CERTAIN UNIVALENT FUNCTIONS

-3
S, OWA_, J, PATEL AND M, ACHARYA

Abstract. We improve some recent results due to Kumar
(J. Math. Anal. Appl. 126 (i1987), 70-77) concerning the gquasi-

Hadamard product of certain starlike and convex univalent

functions.
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1. Introduction. Let A denote the family of functions f

which are analytic in the unit disk E= z: |z| <1} and
normalised by £(0) = £ (0) - 1 = 0. Let S denote the subfamily
of A consisting of functions that are univalent inv E. A function
fes is in s‘xia), the class of starlike functions of order

a(0 < @ < 1) if and only if Re {zf (2)/f(2)} > «, z€E. Further,
f€s is in €(a), the class of convex functions of order a if and

only if zf'(z) € S*(a).

Let T denote the subclass of S éonsisting of functions
whose non-zero coefficients, from the seccond on, are negati\?e;
that is, an analytic and univalent function f€ T, if and only if
it can be expressed in the form

© -
(101) f(Z) =2 - I akz ) ak 2 0.
k=2 :

Further, we denote STz(a)_ and Cz(a), 0 < a < i, the classes
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obtained by taking intersections, respectively, of the classes
*
S(a) and C(a) with T. These classes were introduced and studied

by Silverman [9] .
g k

For a function f(z) = T a,z" analytic in E, we define the
k=0

differential operator Dn, ne NQ ={0, 1, 2,...} by

(1) p°t(z) = £(z)
(11)  D'f(z) = zf (z)

(111) D'r(z) = D" '£(2)) -

This operator was introduced by Salagean [8]. We note that if

(e 0]
is analytic in E, then D°f(z) = ¢ k"a 2"

k=0

W
f(z) = T a zk

k=0 k

Let Sfl(a) denote the class of function f €T such that
Dn+1f§22 |
Re{ = }> a, né&Nj
D" f(z)
for 2z€E and 0 < a < 1. Tt is easily seen that Si(a) = STg(a)

and si(a) = Ci(a), 0 < a < 1.

A necessary and sufficient condition for a function f defined
by (1.1) to be in SZ(Q) is that
© ‘ -
(1.2) T kk=a) a, < (1-a).
k=2 k=

A more general form of this result can be found in [7].
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From (i.2), it follows that for any positive integer n

Sp(a)C & (0)C -+ - €55(a)C Cyla) T sTh(a)
and

I %
sp(as)C s (ay), 0 <oy <ay <1,

We also note that for every nérNo; the class Sz(a) is

non-empty as the functions of the form

£(z) = z - go k™ {(1-— a)/ (k- a)} Ak‘zk,

=

@
where 0 < a <1, A >0 and I Ak < 1, satisfy the ineguality
S K Koo =
(1’2).
(2) E a2t (2) T b
let £f(z2) =z - 2 z >0 and glz) =2 - & b .z
ez K7 k2 k=2 X 7

b > 0. The quasi-Hadamard product of the functions £(z) and

g(z) is defined by
(f # g)(z) =2 - 2 ab X,
k

¢imilarly, we can define the quasi-Hadamard product of more
than two functions. We note that Padmanabhan and Manjini [7]
used the phrase ' Modified Hadamard product'' instead of

"' Quasi-Hadamard product' in this definition.

Problems concerning the quasi-Hadamard product of two or
more functions have been considered by many researchers
[1,2,3,4,6,7]. Recently, Kumar [2]~has established the following

theorems for the quasi-Hadamard product.

Theorem A. For each i = 1,2,..+,m, let the functions fi

belong to the classes 'STg(ai) (0 < a; < 1), respectively.
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Then, the quasi-Hadamard product (fy # f, % +-- % f ) belongs

#

- 3N R
m_ﬁl(a ), where a” = max{a1,a2,..., am}.

to the class S

Theorem B. For each 1 = i,2,...,m, let the functions fi
belong to the classes Cz(ai) (0 < a; < 1), respectively. Then,
the quasi-Hadamard product (f1 g f, % 0 % fm) belongs to the

i -3 #

Theorem C. For each i = 1,2,.+., m, let the functions fi
belong to the classes STg(ai), respectively; and for each
J =1,2,¢e4¢, q, let the functions gj belong to the classes
Cz(Pj) (0 < pj < 1), respectively. Then, the quasi-Hadamard

product (f1 3% f? % ses fm)ﬁ(g1 g, ® 00 ® gq) belongs to

3#

the class Sm+2q

~1(7), vhere 7 = max Laqgs agyeees ap, p1,p2,...,pq}

Theorem D. For each i = 1,2,..., m, let the functions fi
belong to the class Cz(a), and let 0 < a < r_, where r, is a
root of the equation 2%(1- mr)-(1- r)™ = 0 in the interval

”~

(0, %). Then, the quasi-Hadamard product fy % f, & <+« % I}

belongs to the class 52_1(ma).

The object of the present paper is to improve Theorems A,B,C
and D by using a different technigue. The classes, to which the
quasi-Hadamard product belongs, determined by us are smaller than -
those given by Kumar [2]. Evidently, our results are more
inclusive as well as applicable, and thus improve theoreius

A, B, C and D.

Unless otherwise mentioned, we assume throughout this paper

that the functions of the form
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— - k
fi(z) =z kzz A 4 2 3y 4 2 0
and
a k
. = - X >0
gJ(Z) z KD bk,,j Z bk,j Z Y

are analytic in the unit disc E. We, further, assume that

O_<_a1<1,0_<_ﬁj<1 and niéNo={0,1,2,.-. }o

2. Main Results

First, we prove

Theorem 9. Let the functions fi be in s: (ai) for each
e i 4

i=1,2, respectively. Then, the quasi-Hadamard product f1 # f2

belongs to S;(V), where p =n, +n, +1 and

~ 2(a1+a2) - Ja;a,

,) = :

(2.1) vy = ¥(a1, a
2 - a1a2

The result is best possible.

Proof: In view of (1.2), it is sufficient to prove that

o) n1+n2+1
kzz k (k"",) ak,1tak,2 _<_ (1’ 7)0

Since f; € Sni(ai) for i = 1,2, we have

® ny
§ k “(k- ai)ak,i < (1~ ai).

Therefore, by virtue of Cauchy-Schwarz ineguality,

1/2

[e") (k=a.. ) (k=a,)

(2.2) zz{kn1+n2 ‘ 2 } Vo 1o 5 <1
k= ’ ’

(i . ) (i "(I.2)
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Thus, we need to find the largest 7 such that

1/2
o n, +n,+1 : o' +n mﬁlﬂkﬁ)
Pt (k) nq+n, 2 .} frm———
z k - ak’1.ak 2 = kz k ak,1.dk’2

k=2 (1) 2 (1-24) (1)

or, equivalently, that

M2 (30 (k-ay) }1/2 (17)

\/ .3k 2 i (1_(1 )(1—0(. ) kn,j+n2+1

In view of (2.2), it is enough to find the largest Y euch that

, k > 2.

(k=7)

{ (1o)(1-ay) 172 <{»k“1+ ? (k=g )(k-a?)} (1-7) -
2 . , k>2.

K12 (k) (k) To O () O

"That is,

sy g ) ) K2 (1-a) (1-0,)

(k—a1)(k-a2)— k(1—a1)(1—a2)

) k(a1+a2) - (k+1)a1a2
k - a,a,
We denote the right haﬁd side of (2.3) by ¢(k) and show that
5 (k) is an increasing function of k > 2. This will be true if

for k > 2

(k+1)(a1+a2)-(k+2)a1a2 _ k(a1+a2)°(k+1)a1a2 ;

(2.4)  o(k+i)-#(k) =
(k + 1 - a1a2) (k - a1a2)

On simplifying (2.4), we get

(1- a1)(1- a2)
(k+1 - a1a2)(k - a1a2)

¢ (k+1) - #(k) =

which is certainly positive for k > 2 and O < ay, ay <.
Thus, (24) holds true. Putting k = 2 in (2.3), we deduce (2.7).
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The result is best possible for the functions of the form

| (i-a,)
fi(Z) =2 -5 i 22, i=",2.

2 1(2- q))

The above theoremvcan be extended for more than two functions

which ig as follows.

Theorem 2. Let the functions f; be in Si (ai) for each
i
i =1,2,.+4, m, respectively. Then the quasi-Hadamard proauct

(f1 # L, % o0 fm) belongs to S (Y ), where p = nq+hoteeet N+ =T

and Ym is given by

: TT(Z-a)-Zm]T(1-a)
(2.5) A =Y (ag00p0eees o) =22 ,

m
'ﬁ' - o™ ﬁ (1- ay)
= i=1 i

The result is best possible.

Proof: We prove by induction on m. From Theorem 1, it
follows that the result is true for m = 2. Let us assume that
(2.5) is true for m = s-1. Then, we chall prove it for m = s.
By assumption, (fy % f, # °°* & fs_1).belongs to the class

%
o(YS_1), where P, = Ny + Ny + eee D g * (s-2) and 18_1 is

given by

s=1 s=1

T (2-a.) - 2577 T (4=,)
g, =i = =i C
s~ s=1 s=1

T 2=y - 252 T (1=

i=1 1 i=1

Since fs € SZ (as), by using Theorem 1, we deduce that the
s
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quasi-Hadamard product (f1 X L, % coo % fs-i) % fs belongs toc the

3 ' o
class Sp1(Ys), where p; = p, + n_ + 1 and 7_ is given by

2(Y_ _, +a ) =37 __..a
(2.6) Y = sl s s s

s
2 - "S‘”1. a

-

which on simplification yields

S ' S
@y =25 TT (1-ay)

v = i - i=1

s L]
] s S ’
T Q=) -2 ' (- «ay)
131 i=1

This completes the proof of Theorem 2.

It is easy to see that the result is best possible for the

functions of the form

Ligm

Remark. From (2.7), we note that 7 > @, and 7 > a,. Similarly,

from (2.5), it follows that for i = 1,2,..., m

‘Y _>_CI. j=1'2,000, io

i i
from which, we have
7; 2 max {{a;, ap,eee, a;} = A, (say).
Thus,
s¥(v,)  si(A)
n''i’ %= "n*'1
for each i = 1,2,¢++, m and n € No. we, further, note that the

containment is proper if m 2> 2.
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Putting ng = O for each i = i1,2,¢+¢,m in Theorem 2, we have

p . . . %
Corollary i. Let the functions f; be in STo(ai) for each
i="1,2ye4.,m, respectively. Then the guasi-Hadamard product

% % .
(£, = f, % *++ & £ ) belongs to S _ (v )C s;_4(A), where 7  is

defined as in (2.5) and A = max(aj,az,...,am).
The result is best possible.
Letting n; = i for each i =71,2,++.,m in Theorem 2, we have

Corollary 2. Let the functions f; be in Cg(ai) for each
i=19,240..,m, respectively. Then the gquasi-Hadamard product
% 2
(£, =f,% z f ) belongs to S2m_1(1m)g; sZm_1(A), where ¥m is

defined as in (2.5) and A = max(a1,a2,..., am).

The result is best possible.

Corollary 3. For each i = 1,2,...,m, let the functions fi
be in STg(ai), respectively) and for each J = 1,2,...,q, let the

functions g. be in cz(pj), respectively. Then, the quasi-Hadamard

J
; . % #
product f #f,z #f wg. #g,% 2 gy belongs to sp(fm’q)g; SP(A),

where p = m+2q-i, A = max(a1,a2,...,am,ﬁ7 3 Boreses pq) and 7m,q

is given by

"lm,q = ym,q(a‘i LPYRRRTL T PR PYRRERT Y

m q m q
;ﬂ;(z—ai) 3171 (2-83) - 2™a ;)I (i=a;) 0 (1-By)

. R
[ g=1

[

=

. o meq-i omo q st
(=) T Gy -2 M G Ty

The result is best possible.

(o
ft
-
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The proof of Corollary 3 follows from Corollaries i and 2
followed by Theorem 1.

Remark.  In view of the remark following Theorem 2, we
obeserve that the Corollaries 1,2 and 3 provide better estimate
‘when compared with Theorems A, B and C.

Theorem 3. For each i = 1,2,...,m, let the functions f; be
in C:(a), 0 < a < 1. Then the quasi-Hadamard product (f #f,s:e-=f )

belongs to the class 82_1(7), where

2 {(2-a)™ - (1-a)"}
2(2=0)® - (1-)®

(2.7) Y £ Y(m,a) =

The result is best possible.

Proof: Since fié-cg(a) for each i = 1,2,+++,m, we have

©
kiz k(k-—an)ak’i < (1=a).
Therefore,
m
00 . .om
(2.8) s K E T o . < 1.
k=2 i-a 5o k,yi

We have to find the largest ¥ = Y(m,a) such that

© ’ y m }
m-1 k-
kzz . G=) TrE a1 87

In view of (2.8), the above inequality is satisfied if

m
%{:z < k(k-a) , k> 2
(1-a)™

that iS, if
k[ (k=)™ - (4-a)"]

2.9 % , k> 2.
2 T ) - (- :
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We shall prove that the right hand side of (2.9) is an increasing
function of k > 2. This will be true if the function
(2.10) ¢ (k) = (K°-1) (kwi- @) - K2 (k- a)® + (i- a)®
is non-negative for each k > 2 and m > 1. Now,
(2.11) 3, (k) = k(k-1) > 0.
Also, from the recursive formula
8 .1(k) = (k=a)2 (k) + (k-1) (k+1) (k+1-a)P-(1=a)® , m=0,1,2,e00,
we have
(2.12) ¢m+1(k) > (k- a)@m(k), k > 2.

Thus, by using (2.11) and (2.12), we deduce that @m(k) is
non-negative for k 2 2 and m > i. Now, by putting k = 2 in the
right hand side of (2.9), we get the required result. This

proves Theorem 3.
The result is best possible for the functions of the form

(2.13) fi(Z) = 2Z """1::-&"‘— 22, i = 'i,2,..., Me
2(2-a)

Taking m = 1 in Theorem 3, we get the following comparable

result due to Silverman [9].

Corollary 4. For O < a <1, we have

% %, 2
Co(a)C STO(-B-—_;-).

The result is best possible.
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Theorem 4. For each i = i,2,+.+, m, let the functions f;
belong to the class 'C:(a), and let 0 < a < r_, where r  is the
root of the equation 2%(1-mr)-(1-r)™ = 0 in (0, %). Then, the

quasi-Hadamard product (fq#f,# *°- % ) belongs to the class
_s;_1(7)g; 52_1(am), where 7 is defined as in (2.%).
The result is best possible.

Proof : The first half of the theorem, that is; the guasi-
Hadamard product (f1§f2§ oo ﬁfm) belongs to the class S;_1(7)

follows from Theorem 3. It remains to show that
# &
Sn-1 (7) & Sy (ma),

where m > 1, mx < 1 and 7 is defined as in (2.%). This will be

true if
2§ (2-)" = (1-0)"} > m{2(2-)™ - (1-)"},
or, equivalently, if

2(1-ma) (2-a)® - (2-ma)(1-a)™® > 0.

Since

(2-a)™® > 2m-1(2-ma) (m>1, m <1, 0<ac<1),
we have
2(1-ma) (20)® = (2-mx) (1-0)"

_ (2-a)®(4 — )0
2m-1

éﬁ%"ﬁ {2‘“(1—m) - (1"} 20

2(1-m)(2-a)™®
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for 0 <a X rys where T, is the root of the equation

2m(1-mr) - (1-r)" = 0.

This proves'Theorém 4.

The result is best possible for the functions f, defined

by (2.13).

i

Remark. We observe that Theorem 4 improves Theorem D of

Kumar [2}.
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