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On close-to- ¥ -concave functions.

By

Mamoru Nunokawa ( Univ. of Gunma )
1. Introduction.
Let A be the class of fumctions of the form
® ~m
£@ = 2 + 2 0,2
n=2

which are analytic in the unit disk U = {z : z)< 1} and univalent in U,
A function jﬁZ)G A is said to be an §-concave function, if for
arbitrary two points Z, and Z;, ( % and Z, € U), there exists a
circular arc (: which connects the points glii)and J(Z;) » contained

3(U) » and whose central angle is not large than TT , or

there exists a point ¥ for which

|y g ) | = o

2

and the line segments )f(z,)f(i?) and f(Z)-)QZz) are contained in f(U) .
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Definition. A function -f-(z)e A is said to be close-to--concave, if
there exists an ¥ -concave function j(z) for which ~}4(;_') satisfies

the condition

where 050(<1 .

2. Main theorem.

Theorem. 1If -f(z) is a close-to- X —concave function, then -f(Z) is
univalent in U.

Proof. Let Z, and Z, are arbitrary two points in U.

Then, from the assumption, either 3(2,) and 2(22) can be connected
by a circular arc ( whose central angle is not larger than AT and

C ¢ -f(U) or there exists a point 2 ¢ U such that

v £@ - ()
‘ ® } £(2) ~ £(&) ,

<—lT-o<’
2

)



(1) The first case, 3{2,) and 3(21) can be connected by circular
arc { whose central angle is not larger than 7 , then 3(2)
is univalent in U and so, there exists the inverse function
-1
z=1 @,
Let Z; and Z; are arbitrary two points of U and

o= Y=y, (=1, 2

Then we have

fz) - $@0 = £ Go) - £ G0)
< (4 qqn .
¢ di ;

0, M@ .
\ 6+ 6
= g IE: ea( 1+ )Ae

A '§
-6, TI%-
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Where C is a circular arc with center P and radius f such that

and

Then we have

- (5+ f6'1(641-6)

——723-0( <8, <0< 0, Ly
14

_ R 1(61-6,)

;1- f +§€ ,

(61 + 6,

;2={; +€€ ! 6)

'g(gd(gz) ) "f(ﬁ{.)) g 6 fézy

Now then, we have

and therefore,

18
R = e A
Ageae: » 3(2)
!
@) 16
l‘"} 3’(2» e’ |
E av} 3(2) , 61
il T T
< 7 (1-o) + -2—0( = =

we have

£z = f)
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(2) The second case, then there exists a point Z;eU such that

! 1@ - ) l T

3(2,) ~jzs) 2 X

and the line segments }(21‘; 2(2?,) and 3(2;)}(22) are contained

in }(U) and then it follows that

£z -~ f@y = ($e-Se@p ) + (§z) - $&0) )

4% }"’(;n HJ )
B LI

where 91 is the line segment from ;1 to fzzgxz,) and fz is also the
line segment from (3= }ﬁh) to (, .

Then we have

' Ae L
L) e G f e

and so, it follows that

1 [ | 1 {
f(zz) -~ 5(21 ) g @) flz) §2-8s
53 N §1 = 0‘* + o 3}‘2) §3 "St >0’t

Then, from the assumption, we have



}(23)

{ a (3(21)
= M} g'm + ‘ av} (23}
< —JZL (1-o) + -:E-o( = _;L .

This shows that

and so

{z) + {)

This completes the proof.

Remark. It is trivial that if -f(;s)e A satisfies

f

2V (2 o .
- in U

1 + ‘Pe fI(Z) pd 2

where 0< o(<1{ ., then -§(Z} is an {( -concave function.

\21)

)|
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