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Abstract
Cournot’s economics was deeply rooted in French mathematics in the nineteenth century. The main stream

was Laplace-Lagrange’s physico-mathematics. But in examining what drove Cournot to economics, we must

not dismiss another stream of French mathematics in the nineteenth century, that is the tradition of social

lnathematics.
It was probability theory which supported social mathematics as a principal tool of analysis. However it is

Iemarkable that the mathematical machinery which Cournot used in economics was not probability theory but,

exclusively, mathematical analysis while he succeeded the tradition of social mathematics. The transformation of

Inathematical methodology of economics due to Coumot was made possible by his peculiar grasp of the law of

large numbers.

Cournot understood the twofold meanings of it; one is the regularity as mass phenomena in the probabilistic

sense. and the other is the regularity resulting from smoothing by aggregation. Thanks to the first law of large

nulnbers, Cournot was able to get out of the world of probability. Moreover the second law of large numbers

ellabled him to find a way of applying mathematical analysis to economics. In this way, Cournot succeeded in

paving the way to mathematical economics on the tradition of Laplace-Lagrange’s analytic mechanics.

1 Introduction

In this paper, we would like to shed a new light on Cournot’s economics from the viewpoint of

[natheIltatical $\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{l}\mathrm{o}_{\mathrm{o}}^{\sigma}\mathrm{y}$ taking account of the historical background of French mathematics

in the nineteenth century. Cournot published a pathbreaking work Recherches sur les Principes

$\beta\sqrt[athr_{\vee}’$”$n\mathrm{c}xtique.\mathrm{s}$ de la Th\v{c}orie des Richesses in 1838, the content of which has $\mathrm{e}\mathrm{x}\mathrm{e}\mathrm{I}’ \mathrm{t}\mathrm{e}\mathrm{d}$ a profounrJ

influence on $\mathrm{I}\mathrm{n}\mathrm{o}\mathrm{d}\mathrm{e}\mathrm{l}\cdot \mathrm{n}$ econoInists. In addition to his numerous contributions to econoInic $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{t}\cdot \mathrm{y}$ ,

a special attention Innst [$)\mathrm{e}$ paid to his methodological novelties: (1) systematic applications of

$111i\iota \mathrm{t}1\iota \mathrm{e}\mathrm{I}1$’atical analysis to economics (2) philosophy which justified this $\mathrm{a}\mathrm{p}\mathrm{I}$ ) $[\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ .

$\mathrm{N}\mathrm{a}\mathrm{l}\mathrm{t}\iota$ el.v, in the history of economic theory, he was the first to $\mathrm{a}_{\mathrm{I}^{)}\mathrm{P}^{[\mathrm{y}}}\mathrm{r}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ analysis

$(\mathrm{c}1_{\subset}\gamma.\mathrm{s}\mathrm{s}\mathrm{i}_{\mathrm{C}_{C}’}\iota \mathrm{I}\subset \mathrm{l}\prime \mathrm{I}\mathrm{t}\mathrm{a}\mathrm{l}\backslash .r.\mathrm{s}\mathrm{i}\mathrm{s})$ to $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{t}\mathrm{O}\mathrm{I}\mathrm{l}\tau \mathrm{i}\mathrm{c}\mathrm{s}$ in a non-trivial way. $\mathrm{C}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}1_{\mathrm{Y}\backslash }$ . there $\mathrm{w}\mathrm{e}\mathrm{t}\cdot \mathrm{e}$ soIne $\mathrm{a}\mathrm{u}\mathrm{t}\mathrm{l}\iota 0\iota\cdot \mathrm{s}[)][0\iota$
. to

( $0\iota 11^{\cdot}\mathrm{I}\iota \mathrm{o}\mathrm{t}$ . $\backslash \backslash ’ 11\mathrm{O}\mathrm{l}\mathrm{t}\iota \mathrm{a}\mathrm{e}\mathrm{I}\mathrm{e}$ tlsc of arithltclical $\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{u}\mathrm{s}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{S}$ of $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{t}\mathrm{l}\mathrm{Q}\mathrm{l}\iota\iota \mathrm{i}\mathrm{c}]$ ) $\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{I}\mathrm{l}\mathrm{S}$. However we {$:\mathrm{a}\mathrm{n}$ find

$1\iota().\backslash ^{\backslash }|\mathrm{l}\iota\cdot \mathrm{I}\iota \mathrm{C}\mathrm{C}\mathrm{O}\mathrm{I}\mathrm{t}()\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{i}.\backslash \cdot 1$ as $\mathrm{C}\mathrm{o}\iota$ rnot. who establisbed genuinely iathematical $\iota \mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\iota 1\mathrm{l}\mathrm{S}$ in ecoItolllic

$\mathrm{t}[_{1\mathrm{e}\mathrm{o}1\backslash }.’$ in tbc $.\mathrm{s}’ \mathrm{e}\mathrm{I}\mathrm{t}\mathrm{s}\mathrm{e}\mathrm{t}1\iota \mathrm{a}\mathrm{l}\mathrm{t}|\iota \mathrm{e}\mathrm{y}\mathrm{c}\mathrm{o}\iota\iota|\mathrm{d}$ not be obtai $\iota\iota \mathrm{e}\mathrm{d}$ without $11\mathrm{t}\mathrm{a}\mathrm{t}11\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{s}^{1}$ .

$\overline{1}$To $\iota$) $\circ \mathrm{s}\mathrm{u}\mathrm{r}\mathrm{c}_{1}\mathrm{f}$ [ $\iota \mathrm{e}$ atfellrpts to appl.vlltatl]elt\iota atics to $\mathrm{e}\mathrm{c}\circ 1\mathrm{l}\mathrm{O}\mathrm{I}\mathrm{n}\mathrm{i}\mathrm{c}\mathrm{s}$ can be t,raced back to tbe dates COIlSide[abl.v
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Cournot $\mathrm{s}$ economics reflected the tradition of French economics in the nineteenth century $011$

the one hand 2, and was deeply rooted in French mathematics in this period on the other. His

economics might be regarded as a landmark of the cross of these two intellectual $\mathrm{b}\mathrm{a}\mathrm{c}\mathrm{k}_{\mathrm{o}}\sigma \mathrm{r}\mathrm{o}\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{s}$ .

Of course, the main stream of French mathematics in the nineteenth century was Laplace-

Lagrange’s physico-mathematics. Cournot also started his career as a mathematician with an

industrious study of mathematics in the spirit of $\mathrm{L}\mathrm{a}\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}- \mathrm{L}\mathrm{a}_{\mathrm{o}}^{\sigma}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}$. However Cournot did not

$\iota\cdot \mathrm{e}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{t}$ his research activity to this discipline, and stepped out into the field of economics.

In examining what drove the young able mathematician to economics, we must not dismiss

another stream of French mathematics in the nineteenth century, that is the tradition of social

mathematics (math\’ematique social).

It was Condorcet who founded this discipline of mathematics in the Revolutionary period

In France. He $\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{m}_{1}$ ) $\mathrm{t}\mathrm{e}\mathrm{d}$ to organize a systematic study of social phenomena by following the

standards of natural sciences. Moreover, Condorcet made use of probability theory as the main

tool in analyzing social phenomena.

We have to keep in mind that Cournot succeeded Condorcet’s tradition of social mathematics

as well as Laplace-Lagrange’s tradition.

In France, economics was under the $\mathrm{h}\mathrm{e}_{\mathrm{o}}\sigma \mathrm{e}\mathrm{m}\mathrm{o}\mathrm{n}\mathrm{y}$ of J. B. Say’s school3, which distrusted and

disliked the mathematization in economics. It is therefore hardly surprising that Cournot’s work

was usually neglected and sometimes even attacked. Moreover, most of French mathematicians

did not pay any attention to it at best, and showed hostility to it at worst. These negative
$\iota\cdot \mathrm{e}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ frorn both economists and mathematicians seemed to add soIne $\mathrm{t}\mathrm{r}\mathrm{a}_{\mathrm{o}}^{\sigma}\mathrm{i}\mathrm{c}$ tint to the

$\mathrm{e}_{\dot{\mathrm{e}}}\mathrm{u}\cdot 1\mathrm{i}\mathrm{e}\mathrm{I}^{\cdot}$ tllall Courllot’s $Rechef\cdot cf\iota es$ . The authors during the period prior to 1838 applied mathematical analysis to

et $\iota\tau \mathrm{p}\mathrm{i}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ case-by-case problems and dealt with specific functiollal relations. Among other.$\mathrm{s}$ , we must Inention suct
nalnes $\mathrm{a}\backslash$ Daniel Bernoulli alld Georg von Buquoy. For tllese early attempts, see Robertson (1949), Theochhris
$(19\mathrm{C}1, 199.3)$ and $\mathrm{B}\mathrm{a}\mathrm{u}\mathrm{I}\mathrm{n}\mathrm{o}\mathrm{l}$ &Goldfeld (1968).

$\underline,\mathrm{C}\mathrm{o}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{n}\mathrm{o}\mathrm{t}$ was a cla.ssInate of August Walras at \’Ecole $\mathrm{N}\mathrm{o}\mathrm{r}\mathrm{I}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{e}$. Altllough this episode indicabes that Conrnot
seemed to be falniliar with ecollomic theories $\mathrm{b}\mathrm{a}$.sed on utility, or rare’te’, it did not serve an a $\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{a}\mathrm{I}^{\cdot}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{o}\mathrm{i}_{\mathrm{I}1}\mathrm{t}$ of
$\mathrm{C}^{\cdot}\mathrm{o}\mathrm{t}\mathrm{l}\cdot \mathrm{I}\mathrm{t}\mathrm{o}\mathrm{t}’ \mathrm{s}$ econolllics. Cournot exceptionally refereed to Canard’s $\backslash \mathrm{v}\mathrm{o}\mathrm{r}\mathrm{k}$. $\mathrm{H}\mathrm{o}\mathrm{w}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{r}\backslash$ his evaluation or Canard $\backslash \vee \mathrm{a}\mathrm{s}$

$\mathrm{I}^{\cdot}i1\mathrm{t}1\iota \mathrm{e}\iota\cdot \mathrm{t}\mathrm{t}$ egative as $\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\nwarrow \mathrm{t}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ by tlle followillg quotatioll: $||\ldots$ Les Principes de $l’ Econornie$ Politique, by $Canat\cdot d$ ,

$\mathrm{c}\lambda\backslash \iota \mathrm{I}\iota_{\dot{\mathfrak{c}}}\iota 1\mathrm{I}$ wo $\mathrm{r}[\backslash \prime \mathrm{p}\mathrm{t}\mathrm{I}\mathrm{t}\supset 1_{1}$ slled in tlle $\mathrm{v}\mathrm{e}\mathrm{a}\mathrm{I}^{\cdot}\mathrm{X}$ [or tlle $\mathrm{F}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{c}l_{1}$ Republic, $\mathrm{A}.\mathrm{D}$ . 1801], and $\mathrm{C}\mathrm{I}^{\cdot}\mathrm{o}\mathrm{w}\mathrm{n}\mathrm{e}\mathrm{d}l,.\backslash \cdot \mathrm{t}1_{1}\mathrm{e}$ [nstitut. These
$\mathrm{p}\uparrow \mathrm{c}\mathrm{I}\mathrm{e}n\mathrm{c}\mathrm{I}\mathrm{e}\mathrm{d}\mathrm{p}_{\mathrm{I}}\cdot \mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{s}$are so rad $i$ cally at fault, and $\mathrm{t}1_{1}\mathrm{e}$ application of theltt is so erroneous, that the $\mathrm{a}_{\mathrm{P}\mathrm{P}}\mathrm{I}^{\cdot}\mathrm{o}\mathrm{v}\dot{‘}\iota 1$ or

$\mathrm{c}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{i}\backslash \mathrm{t}\mathrm{i}\mathrm{t}\iota \mathrm{g}\iota \mathrm{l}\mathrm{i}\mathrm{s}\mathrm{l}\iota \mathrm{c}\mathrm{d}$ body or lncll was ullable to $\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{l}\cdot \mathrm{v}\mathrm{e}$ the work frorn oblivioIt. IC is $\mathrm{e}\mathrm{a}$.sy to see wlly $\mathrm{e}\mathrm{s}\mathrm{s}_{\dot{\mathrm{c}}}\iota \mathrm{y}\mathrm{s}$ or tllis
$1\mathrm{t}‘\iota \mathrm{t}\iota\iota\}\mathrm{e}.\mathrm{s}\}\mathrm{l}\mathrm{o}\iota \mathrm{l}\mathrm{d}\mathrm{t}\iota \mathrm{o}\mathrm{t}\mathrm{i}\mathrm{t}\iota \mathrm{c}\mathrm{l}\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{l}\iota$ ecotloIllists av Say and $\mathrm{R}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\cdot \mathrm{d}\mathrm{o}$ to algebra.” See $\mathrm{C}\mathrm{o}\mathrm{u}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{t}$ $(1838, 1)$ . $9\sim$ )

$3\mathrm{J}\mathrm{c}_{\mathrm{c}}\mathrm{t}\mathrm{I}\mathrm{l}13\mathrm{a}_{\mathrm{I}^{)}}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{c}\mathrm{S}_{\dot{\mathrm{c}}}\backslash .\backslash \cdot(1767- 1‘ \mathrm{S}32)$ published ill 1803 llis $7^{\backslash }rai\ell\acute{\mathrm{e}}$ d’\’Econornie $Poli\ell iquc$ . $\backslash \mathrm{v}1\iota \mathrm{i}\mathrm{c}\mathrm{l}\iota 11\iota$acle $1\iota \mathrm{i}$ In $\mathrm{t}1_{1}\mathrm{c}$ ]) $\mathrm{I}^{\cdot}\mathrm{i}\mathrm{I}\mathrm{t}-$

$(\mathrm{i}_{[})‘\iota 1\subset 1$[ $)\mathrm{O}.\backslash ^{\backslash }1\mathrm{I}\mathrm{c}$ or Adit $\mathrm{S}\iota ni\mathrm{t}1\iota$ ill $\mathrm{E}\iota \mathrm{t}\mathrm{o}$ ]$)\mathrm{e}$ . He $\mathrm{I}^{\cdot}\mathrm{e}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{d}$ all attempts to apply $1\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{I}\mathrm{t}‘\iota \mathrm{t}\mathrm{i}\mathrm{c}.\backslash$ ill $\mathrm{c}\mathrm{c}\mathrm{o}[[0]n\mathrm{i}\mathrm{c}\mathrm{s}\mathrm{r}\mathrm{o}\mathrm{I}^{\cdot}$ lltc
$\mathrm{I}\iota\cdot:\iota\backslash ’ 0\mathrm{I}\iota \mathrm{t}\mathrm{I}1‘ \mathrm{t}\mathrm{l}\mathrm{f}|\mathrm{t}\}.\backslash \mathrm{c}\mathrm{l}\mathrm{i}_{\mathrm{b}^{\backslash }}.\mathrm{c}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{i}ne\mathrm{I}\mathrm{t}\mathrm{e}\mathrm{c}\mathrm{e}\mathrm{s}.\mathrm{s}\mathrm{a}\mathrm{t}\cdot \mathrm{i}\mathrm{l}\mathrm{y}\mathrm{i}\mathrm{I}\mathrm{l}\backslash \cdot \mathrm{o}\mathrm{l}\backslash \prime \mathrm{c}\mathrm{d}$ lltIt\iota \iota $\mathrm{a}\mathrm{I}\mathrm{l}$ free-will. His views $\backslash \mathrm{v}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{l}\tau$ ed $\iota \mathrm{p}\mathrm{o}\mathrm{l}1\mathrm{F}\mathrm{r}\mathrm{e}\mathrm{l}\iota \mathrm{c}1\iota \mathrm{e}\mathrm{c}\mathrm{o}\mathrm{t}\iota \mathrm{o}\mathrm{I}\mathrm{t}\mathrm{t}\mathrm{i}\mathrm{s}1..\backslash ^{\backslash }$es ‘1I1

$\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{t}\})\mathrm{c}\iota \mathrm{I}\mathrm{i}|\mathrm{l}\iota \mathrm{e}1\iota \mathrm{t}\mathrm{t}\mathrm{o}\mathrm{a}\mathrm{I}1.\backslash \mathrm{c}\backslash \mathrm{t}\mathrm{t}\mathrm{e}\iota \mathrm{t}\mathrm{t}$[ $)$ { to ltlatl\iota $\mathrm{e}n\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{z}\mathrm{e}$ ecoIloIllics.
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seemingly quiet life of Cournot.

We begin by summarizing the essence of criticisms against the mathematization of economics

by French matheInaticians in section 2. In section 3, we examine Cournot’s position in the
$\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}_{01}\cdot \mathrm{y}$ of mathematics. We then explore the program of social mathematics in section 4. Some

$\mathrm{o}\mathrm{u}\mathrm{t}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$ concrete results obtained in Condorcet’s program are discussed in the Appendix.

We $\mathrm{p}\iota\cdot \mathrm{o}\mathrm{c}\mathrm{e}\mathrm{e}\mathrm{d}$ , in section 5, to the central issue of Cournot’s methodology. Here we give a posi-

tive credit to Cournot’s $\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}1_{0_{\circ}^{\sigma}}\mathrm{y}$ that justifies the application of mathematical analysis to
$\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{n}\iota \mathrm{i}\mathrm{c}\mathrm{s}$ . It is the law of large numbers which played a key role in this context. Being based

$\iota\iota)\mathrm{o}\mathrm{n}$ his pmculiar twofold understanding of this law, Cournot could get out of the probability

world and find out the way to introduce mathematical analysis to economics. Regrettably we

have to confess that there are very few materials which directly support our interpretation of

$\mathrm{C}\mathrm{o}\mathrm{u}\mathrm{I}^{\cdot}\mathrm{n}\mathrm{o}\mathrm{t}’ \mathrm{s}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{l}\mathrm{o}_{\mathrm{o}}^{\sigma}\mathrm{y}$. In this sense, our proposition should be regarded merely as a hypothet-
$i\mathrm{c}\cdot \mathrm{c}xl$ one, by means of which we are trying to rationalize Cournot’s approach. Even though ou $\iota$

.

$\backslash \iota’ \mathrm{a}\mathrm{y}$ of interpretation $\mathrm{m}\mathrm{i}_{\mathrm{o}}\sigma \mathrm{h}\mathrm{t}$ be hypothetical, we expect it to shed a new $1\mathrm{i}_{\mathrm{o}}\sigma \mathrm{h}\mathrm{t}$ on the important

tllsettled questions in the history of economics: (1) how did Cournot get out of the world of

[$)\iota\cdot \mathrm{o}\mathrm{b}\mathrm{a}\mathrm{l})\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$, which had been the traditional and characteristic field of social mathematics? (2)
$1\iota \mathrm{o}\mathrm{w}$ dicl Cournot succeed in introducing classical analysis to economics?

$\mathrm{W}\mathrm{a}\mathrm{l}\iota\cdot \mathrm{a}\mathrm{s}$ inherited the mathematical method in economics from Cournot in his \’El\’ement d’\’Economie
$Poli\ell i\mathrm{r}/u\epsilon$ Pure })

$\mathrm{u}\mathrm{l}$) $\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{e}\mathrm{d}$ in 1874 and 1877. However we can not overlook a gap between the

methodological attitudes of Cournot and Walras. We try to give an interpretation of this gap

in favor of Walras’ side. In section 6, we comment on the preceding arguments in the recent

literatu $\iota\cdot \mathrm{e}$ by contrast ours. Finally, the summary of this paper is provided in the concluding
$1^{\cdot}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{l}\cdot \mathrm{k}\mathrm{s}$ .

2 $\mathrm{C}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{s}\iota \mathrm{n}\mathrm{s}$ against $\mathrm{M}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\iota \mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ Econonuics

$\mathrm{C}\mathrm{o}m\cdot 1\iota \mathrm{o}\mathrm{t}$ -Walras’ $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}l\iota \mathrm{e}\iota \mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ econo $\iota \mathrm{n}\mathrm{i}\mathrm{c}\mathrm{s}$ wae suffered from heavy attacks fronl $\Gamma^{\prec}\mathrm{r}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{h}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{h}-$

$\mathrm{c}||)_{t}\urcorner$ ( $]\mathrm{c}|_{C}\urcorner \mathrm{l}\iota \mathrm{s},$ aItlot\iota $\mathrm{g}\mathrm{w}\mathrm{l}\mathrm{l}\mathrm{O}\mathrm{I}\mathrm{t}\iota$ Bertrand 4 and Painlev\’e 5 seemed to be the $\mathrm{t}\cdot \mathrm{e}_{1}$ ) $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ figures in

$4.]_{()\mathrm{S}(^{\backslash }},1)1\iota$ Lo $\iota\iota$ is $\mathrm{F}1^{\cdot}\mathrm{a}11\mathrm{C}^{\mathrm{o}\mathrm{i}\mathrm{s}}$ Bertralld (1822-1900), French $\mathrm{I}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{a}[] 1$ , wa.s a $\mathrm{g}\mathrm{t}\cdot \mathrm{a}\mathrm{d}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{e}$ and professo] or
$\mathrm{t}\mathrm{l}\mathrm{t}‘ \mathrm{t}\mathrm{l}1\iota \mathrm{c}\iota\iota\iota‘\backslash \mathrm{t}\mathrm{i}\mathrm{c}\backslash$ al the $\ulcorner_{\lrcorner}$’cole Polytecllnique. He $\backslash \mathrm{v}_{\dot{\mathrm{c}}}\iota.\backslash \mathrm{r}\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{t}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{d}\mathrm{f}\mathrm{o}\mathrm{t}$. his lheories of probabili ty and tlleIll\iota $\mathrm{o}\mathrm{d}\mathrm{y}\mathrm{I}\iota \mathrm{a}\mathrm{I}\mathrm{t}\iota \mathrm{i}\mathrm{c}\backslash$ .

$.\backslash \mathrm{t}\mathrm{t}$ cl I $\iota(\backslash \dot{\mathrm{c}}1.\backslash \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}\iota \mathrm{e}\mathrm{I}\iota\iota \mathrm{b}\mathrm{e}\mathrm{l}\cdot$ or $11\iota \mathrm{e}$ Coll\‘ege dc $\Gamma \mathrm{t}\cdot \mathrm{a}\mathrm{I}\mathrm{t}\mathrm{c}\mathrm{e}\mathrm{f}\mathrm{i}on1$ 1862 to 1900.
$\epsilon_{\mathrm{P}\mathrm{a}\iota\iota 1},\mathrm{P}i\iota \mathrm{i}1\iota 1\mathrm{e}\backslash$,vl (1863-1933). $\mathrm{F}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{l}$ tllatllett\iota aticiatl and politician, $\backslash \mathrm{v}\mathrm{a}\mathrm{s}1^{\cdot}\mathrm{e}\iota\iota \mathrm{r}\mathrm{e}\mathrm{I}\mathrm{t}\iota \mathrm{b}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{f}\mathrm{o}\iota\cdot 1_{1}\mathrm{i}\mathrm{s}\backslash \mathrm{v}\mathrm{o}\iota\cdot 1_{\backslash }$ in $\mathrm{t}\mathrm{I}^{\cdot}\dot{\mathrm{c}}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{r}\mathrm{o}\mathrm{I}^{\cdot}-$

$|\mathrm{l}|_{}\iota\downarrow 1\mathrm{O}11.\backslash$ and especially in $\mathrm{d}\mathrm{i}\mathrm{f}t\mathrm{e}\mathrm{r}\mathrm{e}\iota \mathrm{l}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}$ equatioIls and in tbeory of functions; oIie type of function becanle $\mathrm{k}n\mathrm{o}\backslash \vee \mathrm{n}$

$i1.\backslash \mathrm{I}^{\supset}\dot{‘}\iota \mathrm{i}\mathrm{t}\iota 1\mathrm{e}\cdot\backslash ’\acute{\mathrm{e}}’ \mathrm{s}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{s}^{\backslash }\mathrm{c}\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{d}\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{s}$. He took special interest in the science of aviatioIl. He was tlte first $1^{\urcorner}1^{\cdot}\mathrm{e}\iota 1\mathrm{c}\mathrm{l}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}1$ to
$\mathrm{f}1_{\mathrm{C}^{r}}\backslash \backslash \cdot \mathrm{i}\mathrm{t}1_{1}\iota\prime \mathrm{V}\mathrm{i}\mathrm{l}\mathrm{b}\mathrm{t}\mathrm{I}^{\cdot}l\mathrm{V}\iota \mathrm{i}\mathrm{g}\mathrm{l}\iota \mathrm{t}$ in 1908. Atld $\mathrm{P}\mathrm{e}\backslash \mathrm{i}\mathrm{I}1\iota_{\mathrm{e}\backslash }’\acute{\mathrm{c}}\mathrm{c}\iota\cdot \mathrm{e}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{t}\mathrm{l}$ ) $\mathrm{e}$ first course in $\mathrm{a}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{a}\iota$tical Iltecl\iota atlics at $\mathrm{t}1\iota \mathrm{e}\acute{\mathrm{C}}$cole
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the anti-mathematical economics camp. Although Bertrand’s criticisms were fragmentary (see

de Bornier (1992, appendix) $)$ , Painlev\’e (1909) did not hesitate to exhibit a more exhaustive

criticism in the introduction to the French edition of Jevons’ Theory of Political Economy.

Anyway they shared the skeptical views as to the possibility of applying the Laplace-Lagrange

aathematical program to economics. Their criticisms against mathematization of economics

may be summarized as follows.

(1) Bertrand and Painlev\’e do not admit economics as one of the exact sciences like astronomy

and physics because it necessarily involves human free-will. What economics can tackle with

should be restricted only to the mass phenomena. which are endowed with some $\mathrm{r}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{y}$

th $1^{\cdot}\mathrm{O}\mathrm{U}_{\circ}^{\circ}11$ the cancellation of individual irregularities.

(2) Consequently, the only mathematical tool for economists is probability theory.

(3) Even in this restricted area of economics, the only well-defined measurable $\mathrm{m}\mathrm{a}_{\mathrm{o}}^{\sigma}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{u}\mathrm{d}\mathrm{e}\mathrm{s}$

should be admitted as scientific concepts. However, very regrettably, some concepts like utility

devoid of this qualification are used in economics.
$\mathrm{B}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{n}\mathrm{d}$ , in his review article on Cournot’s Recherches and Walras’ Th\’eorie $\mathit{1}\mathrm{t}/Iath\acute{\mathrm{e}}matiqu\epsilon$

$dc$ la Riche$.- \mathrm{s}\mathrm{s}\epsilon.5^{\cdot}ocial$ (188.3). expressed all his hostility towards mathematical economics. He

neither admitted economics as an exact science like physics nor took trouble to understand the

content of economics. His accusation was being based upon his conviction that mathematical

method was not applicable to any inexact science like economics.

Bertrand also rejected Walras’ paper in 1871, as a referee of Revue des deux $\mathit{1}\mathcal{V}Iond\epsilon.\mathrm{s}$ on $\mathrm{c}\mathrm{h}\mathrm{a}\Gamma_{\mathrm{O}}^{\circ}\mathrm{e}\mathrm{s}$

of a non-scientific character of it (see Letter from Bertrand to $\mathrm{W}\mathrm{a}\mathrm{l}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{s}$ dated 20 $\mathrm{J}\mathrm{a}\mathrm{n}\mathrm{u}\mathrm{a}\mathrm{l}\cdot \mathrm{y}$ 1876

in Jaff\’e (196.5. Letter No. $.34\acute{0}$ ) $)$ . Furthermore, $\mathrm{B}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{t}\iota\cdot \mathrm{a}\mathrm{n}\mathrm{d}$, in his $\mathrm{r}\mathrm{e}\mathrm{v}\dot{\mathrm{i}}\mathrm{e}\mathrm{w}$ article on $\Gamma \mathrm{e}\mathrm{c}\mathrm{h}\mathrm{n}\mathrm{e}\mathrm{t}\cdot \mathrm{s}$

$|)\mathrm{s}\mathrm{y}\mathrm{c}\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}$ (1899), criticized Fechner’s program as a whole on the same grounds.

Be $\iota\cdot \mathrm{t}_{1}\cdot \mathrm{a}\mathrm{n}\mathrm{d}’ \mathrm{s}$ C’alcul des Probabilit\’es should be regarded as an extended version of his lect $\iota\iota\iota\cdot \mathrm{e}\mathrm{s}$

given at the Coll\‘ege de France. In the preface of this book, he denounced J. S. Mill’s vie $\backslash \mathrm{v}$

that $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{a}$ [ $)$ [ $)[\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of probability theory to judicial decisions was the scandal of $11\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}m\mathrm{a}\mathrm{t}\dot{\iota}\mathrm{c}.\mathrm{s}^{\mathrm{t}^{\backslash }}$
)

$.\mathrm{b}\iota \mathrm{l}\mathrm{p}\acute{\mathrm{e}}1^{\cdot}\mathrm{i}\mathrm{e}\mathrm{u}\mathrm{I}\mathrm{e}\mathrm{c}\mathrm{l}’ \mathrm{A}\acute{\mathrm{c}}\mathrm{t}\cdot \mathrm{o}\mathrm{r}\mathrm{l}\mathrm{a}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{q}\mathrm{u}\mathrm{e}$ . $\mathrm{P}\mathrm{a}\mathrm{i}\iota \mathrm{t}\mathrm{l}\mathrm{e}\mathrm{v}\acute{\mathrm{e}}\backslash \mathrm{v}\mathrm{a}\mathrm{s}$ a menlber of the French chantber of Deputies. $\mathrm{b}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{t}\iota \mathrm{g}\mathrm{M}\mathrm{i}\mathrm{t}\iota$isteI of
$1^{\supset}\iota \mathrm{t}[_{)}1\mathrm{i}\mathrm{c}\mathrm{I}\mathrm{t}\iota \mathrm{s}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{u}\mathrm{i}\mathrm{o}\mathrm{i}\mathrm{l}$ in 191.5, Minist,er of War $\mathrm{i}\mathrm{I}1$ 1917, $\mathrm{P}\mathrm{r}\mathrm{i}_{\mathrm{I}}\mathrm{n}\mathrm{e}$ Minister $\mathrm{i}\mathrm{I}1$ 1917 and 1925. He taugllt first at the $\mathrm{F}\mathrm{a}\mathrm{c}\iota\iota 1\mathrm{l}\mathrm{y}$

or Scicncc ,$x\iota$ Lille ill 1887-92, and then at $\mathrm{t}1_{1}\mathrm{e}$ \’Ecole $\mathrm{N}\mathrm{o}\mathrm{I}^{\cdot}\iota \mathrm{n}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{S}\mathrm{u}\mathrm{p}\acute{\mathrm{e}}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{e}\mathrm{u}\iota\cdot \mathrm{e}$ of Paris, wlleIe be became $[)\mathrm{t}\cdot \mathrm{o}\mathrm{f}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{t}\cdot \mathrm{i}\mathrm{l}\mathrm{t}$

$1903$ .
6Il $\mathrm{I}\mathrm{l}\iota \mathrm{e}\mathrm{a}\mathrm{I}\mathrm{t}\mathrm{s}\downarrow \mathrm{l}\mathrm{t}\mathrm{e}\mathrm{I}11\mathrm{i}.\backslash \mathrm{a}_{1^{)}\mathrm{P}^{[\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}}}$ of tlle calcnlus of $\mathrm{p}\iota\cdot \mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$ into the $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{t}\iota \mathrm{t}\mathrm{s}\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{l}\iota \mathit{0}\iota \mathrm{t}$ taking $\mathrm{i}\mathrm{I}\mathrm{t}\mathrm{l}\mathrm{o}$ rtlllcI

$\mathrm{c}\mathrm{o}n.\backslash \mathrm{i}\mathrm{d}\mathrm{c}\mathrm{l}\cdot i\iota \mathrm{t}\dot{1}\mathrm{O}\mathrm{I}\mathrm{l}$ tlle $\mathrm{S}|$) $\mathrm{e}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{c}\mathrm{i}\mathrm{t}\cdot \mathrm{c}\mathrm{u}\mathrm{I}\mathrm{t}\iota \mathrm{s}\mathrm{t}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{e}\mathrm{s}$ of tlle case. Mill $\mathrm{s}\mathrm{a}$}’
$\mathrm{S}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}\iota\iota_{\mathrm{S}\mathrm{O}\mathrm{I}n\mathrm{e}1n\mathrm{a}\mathrm{t}1\iota \mathrm{e}m\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}c1\mathrm{I}1\backslash \backslash }1\iota \mathrm{a}\mathrm{v}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{o}\iota 1\mathrm{r}\mathrm{l}\mathrm{o}\mathrm{t}\iota\iota(|_{\mathrm{l}(}\cdot$

$|)\mathrm{l}\mathrm{o}\mathrm{l})0\backslash ^{\backslash }\mathrm{i}\mathrm{t}\dot{1}\mathrm{O}11\mathrm{t}1\iota \mathrm{a}\mathrm{I}1$he $\mathrm{j}\iota\iota \mathrm{d}\mathrm{g}\mathrm{e}\mathrm{l}\mathrm{t}\iota$ ellt of $\mathrm{a}\mathrm{I}1_{\sim}\mathrm{V}$ one jndge $0\iota\cdot \mathrm{j}_{11}\cdot \mathrm{y}\mathrm{l}n\mathrm{e}\mathrm{I}1$ is. at least $\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{s}\mathrm{o}\mathrm{n}\iota \mathrm{e}\mathrm{s}\mathrm{l}n\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{g}\mathrm{t}\cdot \mathrm{e}\mathrm{e},$ IlloIe likely to $|$ ) $‘$ .
$1^{\cdot}\mathrm{i}_{h}^{},\mathrm{I}\iota \mathrm{t}\mathrm{t}1_{1}t\backslash \mathrm{l}\iota\backslash \cdot\iota\cdot \mathrm{o}\mathrm{t}\iota \mathrm{g}$ . $\mathrm{a}\mathrm{t}\iota \mathfrak{c}11\mathrm{l}\dot{\mathrm{e}}1\backslash ’ \mathrm{e}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{l}\iota \mathrm{d}\mathrm{e}\mathrm{d}\mathrm{t}\mathrm{l}\iota \mathrm{a}\mathrm{f}$ tlte $\mathrm{c}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\iota \mathrm{c}\mathrm{e}$ of a $\mathrm{I}m\mathrm{I}\mathrm{n}\mathrm{b}\mathrm{c}\mathrm{l}\cdot$ of $\mathrm{l}$) $\mathrm{e}\iota\cdot.\backslash ^{\backslash }\mathrm{O}11\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{t}(m\cdot 1^{\cdot}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ in a $\mathrm{W}\mathrm{I}^{\cdot}\mathrm{O}1\backslash ’\mathrm{e}\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{i}(:\mathrm{I}\mathrm{i}.\backslash$

clllt $\iota$ it $\iota \mathrm{i}.\cdot\backslash 1_{1(^{1}}\mathrm{d}\iota 1\iota \mathrm{e}$ ltol $\cdot$c Irurnbet$\cdot$ is $\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{C}\mathrm{I}^{-}\mathrm{e}\mathrm{a}_{-\backslash ^{\backslash }}\mathrm{e}\mathrm{d}$: so that if the judges are only $\mathrm{t}\iota \mathrm{t}\mathrm{a}\mathrm{d}\mathrm{e}$ sufflcie\iota ltly $\mathrm{I}\mathrm{l}\mathrm{U}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{t}\cdot \mathrm{o}\mathrm{u}\mathrm{s}$ . the $\mathrm{c}\mathrm{o}1\mathrm{l}\mathrm{c}\mathrm{c}\mathrm{l}\mathrm{I}\iota \mathrm{e}\mathrm{s}_{\sim}\backslash ^{\backslash }$
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(see Bertrand (1899 $\mathrm{p}$ . XLIII)). Here it deserves a special notice that Bertrand admitted the

possibility of applying probability theory to social phenomena, although he did never adlnit the

application of lnathematical analysis to them.

In Painlev\’e’s view, astronomy wae the only candidate for the exact science that could pre-

elict the phenomena in the future precisely, for instance the positions of celestial bodies and its

IlloveIltents. Laplace’s Trait\’e de $J\backslash /[\acute{\mathrm{e}}canique$ C\’eleste (1799) and Lagrange’s M\’ecanique Analy-

tique (1788) were considered to be the exemplary works in this really exact science. Physics and

chemistry did not reach the same standard as that of astronomy. Painlev\’e categorized them as

$\mathrm{t}\mathrm{y}\mathrm{p}\mathrm{i}\mathrm{c}\mathrm{a}$[ samples of quantitative-statistical sciences, the research objects of which were solely mass

phenomena which showed certain $\mathrm{r}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{y}$ resulting from the cancellation of individual $\mathrm{i}\mathrm{r}\mathrm{r}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{u}-$

$\mathrm{l}\mathrm{a}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{t}\backslash \vee r$. How about economics? He claimed that if we were able to comprehend the psychological

situations of all economic $\mathrm{a}_{\mathrm{o}}^{\sigma}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{s}$, economics could compare with astronomy. Actually. however.

$\iota$ his $\mathrm{s}n\mathrm{p}$ [ $)\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ was never realized. Painlev\’e, therefore, brutally rejected the attempt of matbe-

Ioatical economics. Since the research field of economics as a quantitative-statistical science was
$1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{c}\mathrm{l}$ to the regularities in mass phenomena, the only mathematical tool for economics was

[ $)\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ theory. This criticism was shared by almost all the French mathematicians $\mathrm{a}_{\mathrm{o}}^{\sigma}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{t}$

$[]]\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\Pi$ atical economics7 8.
But. as we shall see below, Cournot had a $\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{l}\mathrm{o}_{\mathrm{o}}^{\sigma}\mathrm{y}$ which could be beyond these kinds of

$\mathrm{C}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{c}\downarrow \mathrm{S}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{S}$ .

$\overline{\mathrm{o}\mathrm{r}}$tlle jndgelnerlt may be reduced almost Co certainly.” However, he insists that $[] \mathrm{t}\mathrm{h}\mathrm{e}$ cause of error, whether $\mathrm{a}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}-$

fi OIII tlle $\mathrm{i}\mathrm{n}\mathrm{t}\iota$ icacy of the case or from sonle $\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{I}\mathrm{n}\mathrm{o}\mathrm{n}$ prejudice or mental $\mathrm{i}\mathrm{n}l_{\grave{1}}\mathrm{r}\mathrm{m}\mathrm{i}\mathrm{t}\mathrm{y}$, if it acted upon one jlldge.
$\backslash \backslash ’ 0\iota \mathrm{l}[\mathfrak{c}\mathrm{I}|$ ) $\zeta \mathrm{e}.\backslash \downarrow \mathrm{I}^{\cdot}\mathrm{e}\mathrm{l}\eta$elv likelv to affect all the otheI $\mathrm{S}$ in $\mathrm{t}[]\mathrm{e}$ same lltanne\iota $\cdot$ , $01^{\cdot}$ at least a majority. and thus $1^{\cdot}\mathrm{e}\mathrm{l}\mathrm{t}\mathrm{d}\mathrm{e}\mathrm{r}$ a
$\backslash \backslash \mathrm{I}^{\cdot}\mathrm{O}\mathrm{I}\iota \mathrm{g}$ intlead of a $\mathrm{I}^{\cdot}\mathrm{i}\mathrm{g}\mathrm{t}\mathrm{l}\mathrm{t}$ decision lllOl$\cdot$e $\mathrm{p}_{\mathrm{I}}\cdot \mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ . tlle nlol$\cdot$e the $\mathrm{n}\mathrm{u}\mathrm{I}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}$ wa.s increased.” John Steuart Mill, Systern
$\mathit{0}\int L\mathrm{o}_{J^{lC}}\mathrm{r}.$ . $\mathrm{I}$). $35\triangleleft$

7
$\mathrm{F}m\cdot \mathrm{t}1\iota \mathrm{e}\mathrm{l}$ Inore even in $\mathrm{t}\mathrm{t}\iota$ is $\mathrm{t}\cdot \mathrm{e}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{l}\iota \mathrm{n}$ of ecoIloInics, tlle only well-defined measurable $\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{I}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{u}\mathrm{d}\mathrm{e}\mathrm{s}\backslash \backslash \prime \mathrm{e}\mathrm{l}\cdot \mathrm{e}$

$\mathrm{c}\mathrm{t}\mathrm{c}\mathrm{I}\mathrm{I}n\mathrm{i}\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{c}\mathrm{l}$ as scientific concepts. Painlev\’e also criticized economic theory frorn this viewpoint. He could not adInic

il $\iota\iota \mathrm{o}\mathrm{t}\iota- m\mathrm{e}_{\mathrm{c}}\iota.\backslash \mathrm{u}\mathrm{r}\cdot \mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ magnitllde like utility$\cdot$ . It is $\mathrm{w}\mathrm{e}\mathrm{l}\mathrm{l}- \mathrm{k}\mathrm{n}\mathrm{o}\backslash \mathrm{V}\mathrm{l}\mathrm{l}$ tllat Walras gave a perfect allswer to fhis kittd of
( $1$ it $\mathrm{i}\mathrm{c}\mathrm{i}\backslash \mathrm{t}\mathrm{l}\downarrow$ in $1_{1}$ is $\mathrm{c}\mathrm{o}\mathrm{l}\cdot \mathrm{r}\mathrm{e}\mathrm{s}[$) $\mathrm{O}\Pi\zeta \mathrm{l}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{e}\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{l}\iota$ Poincar\’e (see Jaff\’e (1977) alld $\mathrm{W}\mathrm{a}\mathrm{l}\mathrm{r}_{\dot{\mathrm{c}}}\iota \mathrm{s}$ (1909)).

$\epsilon_{\mathrm{I}\iota\iota 1\mathrm{t}^{\mathrm{Y}}5}.\mathrm{H}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{t}\cdot \mathrm{i}\mathrm{p}_{()}\mathrm{i}\iota \mathrm{l}\mathrm{c}\mathrm{a}\mathrm{l}\cdot\acute{0}$ (1854-1912). $\mathrm{F}\mathrm{t}\cdot \mathrm{e}\mathrm{I}\iota \mathrm{c}11\mathrm{l}\mathrm{t}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}\dot{\mathfrak{c}}111$ and tlleoretical astronolner, macle substat $\iota l\mathrm{t}‘ x1$

(OIII $\mathrm{I}^{\cdot}\mathrm{i}\mathrm{b}\mathrm{u}\mathrm{f}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{S}$ to seve] $\mathrm{a}1|$) $\mathrm{I}^{\cdot}\dot{\mathrm{c}}11\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{s}$ of nlatl\iota en]atics. ] $\mathrm{l}\mathrm{t}$ his $\backslash \iota\prime \mathrm{r}\mathrm{i}\mathrm{t}\mathrm{i}_{1\mathrm{l}}\mathrm{g}011\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ , he anlicipated $l1\iota \mathrm{c}$ concept or
( $.1\mathrm{k}^{\mathrm{O}\iota \mathrm{I}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{t}\backslash }’.\mathrm{t}\mathrm{l}\iota.\iota \mathrm{f}$ is bit.iic to $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\backslash \cdot t\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ mecllanics. In celestial $\iota \mathrm{n}\mathrm{e}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{i}\mathrm{c}.\mathrm{s}$ , Poillcar\’e made $\mathrm{i}\mathrm{l}\mathrm{t}\mathrm{l}[$ ) $\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{a}]1l$ con $l\mathrm{I}^{\cdot}\mathrm{i}\mathrm{b}\iota l\mathrm{i}\mathrm{o}\mathrm{I}1.\backslash$

$\mathfrak{l}\iota)\mathrm{t}1,\mathrm{e}\mathrm{l}\mathrm{I}\mathrm{t}\mathrm{c}^{\mathrm{t}}.01\}$ or $\mathrm{o}\mathrm{t}\cdot$[ $\mathrm{i}\downarrow.\backslash$ . $\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{c}\iota \mathrm{l}\dot{\mathrm{c}}\mathrm{l}\mathrm{I}^{\cdot}\mathrm{V}\vee$ tlte classical $\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{l}\cdot \mathrm{e}\mathrm{e}$ -body $\mathrm{p}\iota\cdot \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{c}\mathrm{I}\mathrm{l}$ . In ltis solulioll, $1\iota \mathrm{e}\mathrm{d}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{o}$ ] $)\mathrm{c}\mathrm{d}$ powerrul $n\mathrm{c}^{X}\backslash \backslash \cdot$

II $\mathrm{t}i\iota \mathrm{t}\mathrm{l}\iota \mathrm{c}\mathrm{I}\mathrm{I}\mathrm{l}‘ \mathrm{t}$ { ical leclllliques. illclllditlg llle theories of asynlptotic expansions and illtegrnl itlval$\cdot$iallts. Always $\mathrm{d}\mathrm{e}\mathrm{e}\mathrm{p}^{[\backslash }\vee$ ’

$\dot{\downarrow}\mathrm{t}\iota$tel esl ed $i\mathrm{l}\iota$ (lte philosoplry of sciellce, $1\iota \mathrm{e}$ wrote La Science $\mathrm{e}\ell l’Jft/po\ell l\iota\dot{\mathrm{e}}se$ (1903), La Valeur de la Science (1905)
$‘ \mathrm{t}11(|S$ ‘ $ll’ 1Ct\cdot\epsilon\cdot t.|[\acute{\mathrm{e}}tl\iota ode$ (1908). all of $\backslash \mathrm{v}1\iota \mathrm{i}\mathrm{c}\mathrm{l}\iota 1^{\cdot}\mathrm{e}\dot{\mathrm{c}}\mathrm{t}\mathrm{c}\mathrm{l}\iota \mathrm{e}\mathrm{d}$ a $\backslash \mathrm{v}\mathrm{i}\mathrm{d}\mathrm{e}$ public.
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3 Cournot’s Position in the History of Mathematics

In this section, we give a brief sketch of Cournot’s life, focusing on his academic activity. His

scientific works can be classified into three categories; mathematics, economics and philosophy.

Although they $\mathrm{a}\iota\cdot \mathrm{e}$ closely interdependent, philosophical works will be laid aside here and we

will be exhaustively concerned with the relationship between mathematics and economics in

$\mathrm{C}^{\cdot}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{s}$ research activity. For a more extensive account of Cournot’s life, the reader is refereed

to the excellent papers by Fisher (1898, 19.38), Moore (1905) and Nichol (19.38).

Cournot was born at Gray (Haute-Sa\^one) in 1801. His early studies took place at Besan $\sigma \mathrm{o}\mathrm{n}$ . In

1821, he was $\mathrm{a}\mathrm{d}$ mitted to the \’Ecole Normale Sup\’erieure in Paris. However it was soon abolished

for political reasons. So he had to transfer to Sorbonne in 1822, from which he was $0^{\Gamma \mathrm{a}\mathrm{d}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}}\sigma$

in 182.3. He spent the happiest life as a student of mathematics during this period at Sorbonne.

$\mathrm{A}\mathrm{I}\mathrm{n}\mathrm{o}\mathrm{I}\tau_{\mathrm{o}}^{\circ}$ his teachers were some of the most outstanding figures of his time, $\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{u}\mathrm{d}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}\mathrm{L}\mathrm{a}_{\mathrm{o}}^{\sigma}\mathrm{r}\mathrm{a}\mathrm{n}_{\mathrm{o}}^{\circ}\mathrm{e}$

$9,$ $\mathrm{L}\mathrm{a}])\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}1$ and Fourier 11. Cournot had read Laplace’s Exposition $du$ Syst\’eme $du\mathit{1}\mathcal{V}Ionde$

(1796). And Cournot kept a close friendship with Dirichlet 12, who was to become the successol$\cdot$

to Ga $\iota$ ss 13 at G\"o $\mathrm{t}\mathrm{t}\dot{\iota}\mathrm{n}_{\mathrm{o}}^{\sigma}\mathrm{e}\mathrm{n}$ . In 1829. Cournot received a doctorate in science. His scientific $\backslash \backslash \cdot 0\iota\cdot \mathrm{k}\mathrm{s}$

$\mathrm{i}11\mathrm{V}\mathrm{o}\mathrm{l}\mathrm{v}\mathrm{i}11_{\circ}^{\circ}$ his thesis on mechanics and astronomy attracted much attention of Poisson 14. He was

$\overline{9.\mathrm{I}\mathrm{o}\mathrm{s}^{\neg}\mathrm{e}\mathrm{p}11\mathrm{L}\mathrm{o}\mathrm{u}\mathrm{i}\mathrm{s}^{\neg}\mathrm{L}\mathrm{a}\mathrm{g}1^{\cdot}\mathrm{a}11\mathrm{g}\mathrm{e}}$(1736-1813), Italian-French mathematician, made great contributions to number

theory and analysis. He also developed mechanics, using the calculus of 4-dimensional space. He publislled

papers on Che $\mathrm{t}l\iota \mathrm{r}\mathrm{e}\mathrm{e}$-body problem, which concerns the evolution of three particles mutually attracted $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}$

to Newton’s law of gravity, differential equations, prime number theory, probability and mechanics.
10 Pie $\iota\cdot \mathrm{r}\mathrm{e}$ Sinlon Laplace (1749-1827), French $\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{n}_{\mathrm{J}}$ astronomer and physicist, was best known for

$_{1_{1}\mathrm{i}\mathrm{s}}$ inve.stigations into the stabiliby of the solar system. His publication of the Me’canique C’\’eleste $\backslash \mathrm{v}\mathrm{a}\mathrm{s}$ regarded
$\dot{\mathrm{e}}\mathrm{L}\backslash \cdot\iota\iota\iota\dot{\mathrm{c}}\mathrm{t}\mathrm{t}\cdot 1_{\backslash }\prime \mathrm{i}_{\mathrm{I}\mathrm{l}}\mathrm{g}$ the cullltllation of Che Newtonian view of gravitation. Laplace was Minister of the Interior under
$\mathrm{N}\mathrm{a}])\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{o}\iota 1$. a great admirer of Inen of science. He $\backslash \mathrm{v}\mathrm{a}\mathrm{s}$ professor at the \’Ecole Normale and \’Ecole Polyteclmique.

11Jean-Baptiste Joseph Fourier (1768-1830) exerted strong influence on mat$\}_{1}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}1$ physics through his
$Tl\iota\acute{\mathrm{e}}oried4$ nalytique de la $Cl\iota aleur$ (1822). He showed bow the conduction of heat in solid bodies Inay be andyzed

ill $\mathrm{t}\mathrm{e}\mathrm{t}\cdot \mathrm{l}\mathrm{I}.\backslash$ of infinite lllathematical series, which is today called $\mathrm{F}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{i}\mathrm{e}\iota$. series. $l^{\neg}\backslash \mathrm{o}\mathrm{u}\mathrm{r}\mathrm{i}\mathrm{e}$] extellded tllis concept illfo

tlle so-called $\mathrm{F}\mathrm{o}\mathrm{u}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{e}\mathrm{I}^{\cdot}$ integral. In 1798, Fourier accompanied Napoleoll OI1 his expedition to Egypt. He lVc’l.S ellgagcd
$\mathrm{i}_{\mathrm{I}1}$ e.x( $\mathrm{C}^{J}\mathrm{I}\mathrm{t}\backslash \mathrm{i}\backslash \cdot \mathrm{e}\iota\cdot \mathrm{e}\mathrm{s}\mathrm{e}\mathrm{d}\mathrm{I}^{\cdot}\mathrm{c}\mathrm{h}$ on $\mathrm{E}\mathrm{g}\}^{r}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{c}_{1}\iota \mathrm{i}\mathrm{t}\mathrm{i}\mathrm{e}.\backslash$ until 1801.

12 Gllet $i$) ${ }$ Petcr Lojrlllte $\mathrm{D}\mathrm{i}\iota\cdot \mathrm{i}\mathrm{c}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{t}(180\overline{3}- 18.59)$, French lltathematician, made valuable $\mathrm{c}\mathrm{o}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{t}\cdot \mathrm{i}\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}.\backslash$ to

tltlIt\iota bet $\cdot$

$11\iota \mathrm{e}\mathrm{o}\mathrm{I},$ eltlaI.\ $\cdot$ sis and $\mathrm{t}\iota\tau$ecllaItics. In Ilun\iota be\iota $\cdot$

$\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{o}\iota\cdot \mathrm{y}$ be proved tlte existence of an $\mathrm{i}\iota \mathrm{t}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e}$ number of $\mathrm{p}\mathrm{r}\mathrm{i}_{1}n$ es

$|11$ ally $\mathrm{a}\iota\cdot\dot{\mathrm{t}}\iota 11\mathrm{l}\mathrm{t}\iota \mathrm{e}\mathrm{t}\mathrm{i}\mathrm{c}.\backslash \mathrm{e}\mathrm{r}i\mathrm{e}\mathrm{s}c\iota+b$. $\sim)_{O}+b,$ $.3\mathit{0}+b\ldots$ . , $r\iota \mathit{0}+b$ , in $\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{l}\mathrm{l}$

$\mathrm{a}$ atld $b\mathrm{a}\mathrm{t}\cdot \mathrm{e}$ not divisible by oIle aIlotl\iota et $\cdot$ . $\mathrm{D}\mathrm{i}_{\mathrm{I}}\cdot \mathrm{i}\mathrm{c}1\iota 1\mathrm{e}\mathrm{t}$

$\mathfrak{c}\mathrm{l}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{o}$ [ $)\mathrm{e}\mathrm{c}\mathrm{l}\uparrow|\iota \mathrm{e}$ gellel
$\cdot$al theory or units in algebraic number theor}’. In lllecllanics he investigated tlle $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{t}\cdot \mathrm{i}\mathrm{u}\mathrm{I}\mathrm{l}\mathrm{t}$

or $\backslash ’.\backslash \mathrm{t}\mathrm{c}\mathrm{I}\mathrm{t}\iota \mathrm{s}$ and })
$\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}$ tlleol$\cdot$

.\. $\backslash \mathrm{v}1_{1}\mathrm{i}\mathrm{c}1\iota$ led hilll to tlle Diriclilet probleltl.
$|{}^{\mathrm{t}}\mathrm{C}$ it $\iota\cdot 1\mathrm{F}\mathrm{r}\mathrm{i}(^{\mathrm{Y}},\mathrm{d}\iota\cdot i\mathrm{c}1\iota$ Gallss (1777-1855), Cernlan $\mathrm{n}\iota \mathrm{a}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{t}\tau$ , lllade substantial conlributiolls $l\mathrm{o}.\backslash ^{\backslash }\mathrm{c}\iota^{r}\mathrm{e}\mathrm{t}\cdot \mathrm{a}1$

[ $)\downarrow\dot{\mathrm{c}}1|\iota \mathrm{c}\mathrm{I}\mathrm{l}\mathrm{C}.\backslash$ of $11\iota$ atllGInatics atld $\mathrm{r}\mathrm{e}\mathrm{v}\mathrm{o}\mathrm{l}\iota \mathrm{t}\mathrm{i}\mathrm{o}\iota \mathrm{l}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}$ Clte matltematical techniqlles of his tillte. A $m\mathrm{o}1\rceil \mathrm{g}1\iota \mathrm{i}\mathrm{s}$ lltall ${ }$
$\mathrm{a}\mathrm{c}\mathrm{l}\iota \mathrm{i}\mathrm{c}\backslash \cdot \mathrm{c}-$

$\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{t}^{4}\mathrm{I}1\{.\backslash \backslash ^{r}\mathrm{c}\mathrm{l}\mathrm{e}$ (he $\mathrm{c}\mathrm{l}\mathrm{i}.\backslash \mathrm{c}\mathrm{o}\backslash \mathrm{G}\mathrm{I}^{\cdot}\mathrm{V}$ of $\mathrm{t}$ [te lnctltod or least squares, the discovery or lton-Euclidean geometry, the $\Gamma\iota \mathrm{t}\cdot \mathrm{s}\mathrm{t}|’ \mathrm{t}\cdot \mathrm{o}\mathrm{o}\mathrm{r}$

$\circ \mathrm{r}$ [ $1_{1}\mathrm{e}\mathrm{r}\mathrm{t}\iota\iota\iota$dalt $\iota$ et $\iota \mathrm{f}\mathrm{a}\mathrm{l}\mathrm{t}$ ] $\iota \mathrm{e}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{l}$ of $\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{e}\mathrm{b}_{\mathrm{I}}\cdot \mathrm{a}$. $\mathrm{a}\mathrm{t}\iota \mathrm{d}$ tlle $\mathrm{d}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{o}\mathrm{p}_{1}n$ etJt of the $\mathrm{b}_{\dot{\mathrm{c}}}\iota.\mathrm{s}\mathrm{i}\mathrm{c}$ theorems of llumbet$\cdot$

$\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{o}\mathrm{t}\cdot.\backslash$ .
$\iota {}^{\mathrm{t}}\mathrm{S}\mathrm{i}111(^{\backslash }.()\mathrm{t}1-\mathrm{D}$ ($\backslash ,1\mathrm{t}\mathrm{i}\mathrm{s}$ Poissoll (1781-1840), $\Gamma,\mathrm{I}^{\cdot}\mathrm{e}\mathrm{t}\mathrm{t}\mathrm{c}\mathrm{l}\mathrm{l}$ matbelllatician, $\backslash \mathrm{v}\mathrm{a}\mathrm{s}\mathrm{k}\mathrm{t}\mathrm{t}\mathrm{o}\iota \mathrm{v}\iota$ ) for his $\backslash \mathrm{V}\mathrm{O}\mathrm{I}^{\cdot}[_{\backslash }$ on defitlite $\mathrm{i}1\mathrm{l}\mathrm{f}\mathrm{e}\mathrm{g}\mathrm{t}_{\mathrm{c}}’\iota 1.\backslash ^{\backslash }$,
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$])\mathrm{I}^{\cdot}\mathrm{o}\mathrm{f}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{r}$ at the \’Ecole Polytechnique and later at the University of Paris. And Poisson arranged

$\mathrm{C}\mathrm{o}\mathrm{t}\mathrm{l}\cdot \mathrm{n}\mathrm{o}\mathrm{t}’ \mathrm{s}$ appointment to the chair of mathematical analysis at Lyons in 18.34, but he taught

$\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{r}\mathrm{e}$ for only one year. After that, he became involved more and more in the works of university

administration.

Cournot’s mathematical works appeared between 1840 and 1850. The most prominent works

among them are Trait\’e \’El\’ementaire de la Th\’eorie des Fonctions et $du$ Calcul Infinitesimal (1841)

and $E\mathrm{J}_{}^{\cdot}po\mathrm{s}itior\iota$ de la Th\’eorie des Chances et des Probabilit\’es (184.3).

The letter from Poisson to Cournot indicated that the content of Exposition had already been

$\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{t}$ [$)$ [ $\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{d}$ in outline as ealry as January 18.36 (see Exposiiion, pp. vi-vii). Moreover he translated

Sir J. F. W. Herschel $\prime \mathrm{s}$ Astronomy and H. Kater and D. Lardner’s \’El\’ements de M\’echanique in

1834.

The $\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{l}\cdot \mathrm{y}$ of Cournot’s academic activity thus outlined seemed to suggest the peculiar position

of Cournot in the history of mathematics; in fact Cournot stood at the very crossroad of two

$\mathfrak{l})\mathrm{I}^{\cdot}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{h}\mathrm{e}\mathrm{s}$ of mathematics, probability theory and mathematical analysis.

It was probability theory which supported Condorcet’s social mathematics as a principal tool

of analvsis, and even Bertrand and Painlev\’e $\mathrm{m}\mathrm{i}_{\mathrm{o}}\sigma \mathrm{h}\mathrm{t}$ approve the probabilistic theorizations of

social [$)\mathrm{h}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{a}$. However it is remarkable that the mathematical machinery which Cournot

( $|\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{l}\mathrm{i}_{\mathrm{I}1}$ econornics was not probability theory but. exclusively, mathematical analysis while he

$.\mathrm{b}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{c}\mathrm{e}\mathrm{e}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{d}$ the tradition of social mathematics. What was the grounds of his decision to adopt

analysis and leave off probability?

In this $\mathrm{r}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\cdot \mathrm{d}$ , Me’nard (1987, p. 5.30) insists that Cournot was inspired by nineteenth-century

[ $)[\iota \mathrm{y}\mathrm{s}\mathrm{i}\mathrm{c}\mathrm{s}$ . which he considered to be the exemplary science. Even if we can $\mathrm{a}\mathrm{d}\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{t},\mathrm{h}\mathrm{i}\mathrm{s}$ argument. we

Inust not dississ that some probabilistic $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{s}$ still remain in Cournot’s Recherches; Cournot

$\mathrm{c}\mathrm{I}\mathrm{e}\mathrm{a}\iota 1.\backslash ’$ statecl that an individual demand function depended upon a variety of needs, $\mathrm{f}\mathrm{o}\mathrm{t}\cdot \mathrm{t}\mathrm{u}\mathrm{n}\mathrm{e}\mathrm{s}$

$’\urcorner|\iota \mathrm{e}\mathrm{I}\mathrm{c}\mathrm{a}_{\mathrm{I}^{)\mathrm{t}[\mathrm{c}\mathrm{e}\mathrm{s}}}\cdot$ . So if $1\iota \mathrm{e}$ had atte $\mathrm{n}\iota$ pted to deal with it directly, Cournot would have depended

$1|)\mathrm{O}\mathrm{I}$ [ $)\mathrm{l}.\mathrm{o}\mathrm{l})\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{c}$ theory. Thus it still remains to inquire Che questions how Cournot could $0\sigma \mathrm{e}\mathrm{t}$

Olll or lhe $\mathrm{p}\iota\cdot 0\mathfrak{l}$ ) $\mathrm{a}\dagger$) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ world and find a way of introducing mathematical analysis to economics.

$\ulcorner 1’ 1\iota \mathrm{i}_{\mathrm{S}}\mathrm{i}.\searrow \mathrm{c}\gamma\Pi \mathrm{i}\mathrm{I}\mathrm{l}\mathrm{t}$ [ $)\mathrm{o}\mathrm{r}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{t}$ unsettled questions in the history of $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{I}\mathrm{l}\iota \mathrm{i}\mathrm{c}\mathrm{s}$ . We examine Uhis $[)\mathrm{o}\mathrm{i}1\iota \mathrm{t}\mathrm{i}\iota)$

$(|_{(})$ ( ail $|\mathrm{t}1$ $\mathrm{t}$ he $‘ \mathrm{b}$ ltl).bG(ltetlt $\sec$ tions.

$\mathrm{e}\cdot \mathrm{I}_{\mathrm{C}\mathrm{C}\mathrm{I}\mathrm{t}\mathrm{t})|\mathrm{I}\mathrm{t}\iota_{\mathrm{b}^{11\mathrm{t}\mathrm{l}\mathrm{I}\mathrm{C}}}}‘’(]_{1\mathrm{C}\mathrm{O}\mathrm{I}}\mathrm{y}\dot{(}\iota \mathrm{I}\iota \mathrm{d}[’ 1\mathrm{o}\mathrm{b}\mathrm{a}1y$ ility. $\mathrm{P}\mathrm{o}\mathrm{i}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{t}\iota’ \mathrm{s}$ Traite’ $dc/lI\acute{\mathrm{e}}car\iota$ique (1811-3), $\mathrm{w}1_{1}\mathrm{i}\mathrm{c}1\iota$ was coIlcet$\cdot$lled wi $t11\mathrm{t}\mathrm{l}\iota \mathrm{e}$

$j\mathrm{t}|)$ [ $)\mathrm{I}\mathrm{i}\mathrm{C}i\iota \mathrm{t}$ ioll $0\lceil 111‘ 1\mathrm{l}\mathrm{I}\iota \mathrm{c}\mathrm{t}\mathrm{t}\iota \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{s}$ to $\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{y}$ , In $\mathrm{a}\mathrm{g}\mathrm{I}\mathrm{t}\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{t}\tau\iota$ and ttleclta\iota lics, $\backslash \mathrm{v}\mathrm{a}\mathrm{s}$ tlte $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{l}\cdot \mathrm{d}\backslash \backslash r_{\mathrm{O}\Gamma[\sim}\backslash$ in mecllallics rot$\cdot$

$111i\mathrm{u}\mathrm{l}\mathrm{y}\backslash \cdot \mathrm{C}‘ T\mathrm{I}^{\cdot}S$ . $\mathrm{P}\mathrm{o}\mathrm{i}.\mathrm{s}\mathrm{s}\mathrm{o}[]$ also $\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{e}\mathrm{d}$ to celeslial mecltanics by $\mathrm{e}\mathrm{x}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{i}_{1\mathrm{l}}\mathrm{g}\mathrm{t}1_{1}\mathrm{e}$ work $0[\mathrm{L}\mathrm{a}_{1^{)}}1\mathrm{a}\mathrm{c}\mathrm{e}\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{d}\mathrm{L}\mathrm{a}\mathrm{g}_{\mathrm{I}}\cdot \mathrm{a}\mathrm{I}\iota \mathrm{g}\mathrm{e}$OI1

$\mathrm{t}11\mathrm{C}..\backslash \mathfrak{l}\mathrm{e}\gamma|_{)}\mathrm{i}\mathrm{l}\mathrm{i}1.\backslash |0\zeta \mathrm{p}\mathrm{l}\mathrm{a}\mathrm{I}\mathrm{t}\mathrm{e}\mathrm{t}\mathrm{a}\mathrm{t}\cdot\backslash ’\mathrm{o}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{t}\backslash ^{\backslash }\vee\cdot$. Poisson’s other $\backslash \mathrm{v}\mathrm{o}\mathrm{r}\mathrm{k}\mathrm{s}$ include Th \’eorie $l\backslash ^{\mathrm{r}}ouvelle$ de $l’.4$ ction $Capillai,.\mathrm{e}$ (1831) at $\iota\subset 1$

$7’ fi\mathrm{c}’.\mathit{0}\uparrow\cdot i_{i}\cdot\prime lIall,\mathrm{e}\acute,,\iota atiqucdc$ la $Cl\iota aleut$. (lS35).
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4 The Radition of Condorcet’s Social Mathenlatics

The starting point of social mathematics goes back to Marie Jean Antoine Nicholas Caritat
$\mathrm{V}\sim$Iarquis de Condorcet (174.3-1794). Condorcet was born at Riebemont-sur-Aisine, in Picardy.

By 176.3, Condorcet’s mathematical genius had come into blossom and developed a new field

in $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}_{\mathrm{o}}\circ \mathrm{r}\mathrm{a}1$ calculus. Condorcet published Calcul de Int\’egral in 1765. In 1769, Condorcet was

admitted to the Academie des Sciences under the powerful patronage of d’Alembert 15. Later

Condorcet became acquainted with Turgot, who was also to influence Condorcet’s career since

then. Being the trusted aide of Turgot, Condorcet worked as Inspecteur de Monnaies until 1790

and as commissioner to the Treasuary from 1791 to 1792. At first $0\sigma[\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}$ . these busy $\backslash \backslash \prime \mathrm{o}\mathrm{I}^{\cdot}\mathrm{k}\mathrm{s}$

seemecl to disturb Condorcet’s mathematical activity, but he planned to establish new $\circ\circ \mathrm{e}\mathrm{n}\mathrm{r}\mathrm{e}$

in mathematics, that is social mathematics 16. It consisted of two projects, which were closely

interconnected.

(1) It aimed at the creation of social sciences, the method of which was to be comparable with

that of the natural sciences.

(2) It Inade use of probability theory as a principal tool of analysis.

Social matheInatics fascinated some of the mathematicians in the Revolution era, such as
$\mathrm{L}*\mathrm{I}^{\cdot}\mathrm{a}\mathrm{n}_{\mathrm{o}}\sigma \mathrm{e}$ , Laplace a.n $\mathrm{d}$ Vandermonde, who expected the emergence of a new branch of mathe-

aatics different from $\mathrm{L}\mathrm{a}\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}- \mathrm{L}\mathrm{a}_{\mathrm{o}}\sigma \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}’ \mathrm{s}$ physico-mathematics. In particular, Vandermonde 17

felt a deep $\mathrm{s}\mathrm{y}_{1}\mathrm{n}\mathrm{p}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{y}$ with it and gave a lecture on mathematical economics at \’E $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{e}.\backslash ’ \mathrm{o}\mathrm{r}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{e}$.

‘Social mathematics encolnpassed epistemology. psychology of brain and behavior. econonlics.

$\subset \mathrm{l}\prime \mathrm{c}\mathrm{t}\mathrm{u}\mathrm{a}\mathrm{l}\cdot \mathrm{i}\mathrm{a}.1$ science
$.$

$\mathrm{a}\mathrm{n}\mathrm{d}$ the theory of voting.

$\downarrow^{\mathrm{e}_{J}}$

.Jeall le Rond d’Alembert (1717-1783), French mathematician, was one of the most leadillg figures ill

Frallce durillg the mid-eighteenth century. He worked on partial differential equations, solving the $\mathrm{v}\mathrm{i}\mathrm{b}_{\mathrm{I}}\cdot \mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{I}\mathrm{l}}\mathrm{g}$

$\overline{\backslash }\mathrm{t}\iota\cdot \mathrm{i}_{\mathrm{I}\mathrm{l}}\mathrm{g}\mathrm{p}_{\mathrm{I}}\cdot \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\ln$ and the general wave equation. At his age of twenty-four, $\mathrm{d}’ \mathrm{A}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{t}$ llad been elected Co $\mathrm{t}11\mathrm{c}^{\mathrm{J}}$

Acadelllie des Sciences, and he became its secr\’etaife pefpetuel in 1754. From 1751 to 1772, he collabolated

itl tlle $\mathfrak{c}\backslash \cdot \mathrm{e}\mathrm{I}\mathrm{l}\mathrm{c}_{b’}$ -eigllt voluInes of the celebrated Encyclop\’edie, for which he wrote the nluch-adIIti $\iota\cdot \mathrm{e}\mathrm{d}:$
:

[ $)$ I\’eliIninaire,’’ as well as most of the matheInatical and scientific articles. As a result of his activities. ancl of $11\mathrm{i}\backslash$

$\mathrm{r}\mathrm{I}^{\cdot}i\mathrm{e}\mathrm{t}\iota \mathrm{d}\mathrm{s}\mathrm{l}\iota \mathrm{i}\mathrm{p}\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}$ Voltaire and otlters alnong the “pllilosoplles,” he $\backslash \mathrm{v}\mathrm{a}\mathrm{s}$ one of tllose wllo paved tbe way $\mathrm{f}\mathrm{o}\iota$ tlle
$1^{\neg}\mathrm{I}\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{c}\mathrm{l}\iota$ Revolution.

$\mathrm{t}6\mathrm{B}\mathrm{a}\mathrm{I}_{\backslash }\mathrm{e}1^{\cdot}\mathrm{c}\mathrm{t}\mathrm{I}\mathrm{l}\dot{\mathfrak{c}}\mathrm{l}\mathrm{I}.\backslash \cdot \mathrm{z}\mathrm{e}\mathrm{d}1\mathrm{l}\mathrm{i}.\backslash \mathrm{t}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}.\mathrm{v}$ tlle particular course of Condorcet’s intellectual development in ttle gelleral context

or Ctlligl\iota $\mathrm{t}$ meIlt to $\backslash \mathrm{v}1\iota \mathrm{i}\mathrm{c}1_{1}$ he coltCt$\cdot$ ib\iota $\mathrm{t}\mathrm{e}\mathrm{d}$ . See Baker (1975).
$1-\mathrm{A}]_{(}\backslash ,\mathrm{x}:\tau\iota \mathrm{l}\mathrm{d}\iota\cdot \mathrm{e}$ Tll\v{c}ophile Villldcl$\cdot$ lllolld (1735-1796), Frellcll $1\mathfrak{l}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{l}n\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{l},$

$11\mathfrak{l}$ade all $\mathrm{i}$ In]) $0\iota\cdot \mathrm{t}\mathrm{a}\mathrm{I}\iota \mathrm{t}\mathrm{c}\mathrm{o}\mathrm{I}\iota \mathrm{t}\mathrm{t}\cdot \mathrm{i}\mathrm{b}\mathrm{t}\iota \mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{t}\backslash ^{\backslash }$

to algeb\iota ,\. Ill $1_{1}\mathrm{i}.\backslash \mathrm{t}\mathrm{i}$ Inc, algeb] $\mathrm{a}\backslash \mathrm{v}\mathrm{a}\sim \mathrm{s}\mathrm{k}110\backslash \vee 11$ as tlte.science or solution of $\mathrm{e}\mathfrak{c}[\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$. Tile $\mathrm{p}\mathrm{l}$ oblclll $\backslash \mathrm{v}\mathrm{a}\mathrm{s}\mathrm{t}\mathrm{I}\mathrm{t}\subset\backslash \mathrm{t}$ or $\ulcorner_{1}\mathrm{I}\iota \mathrm{c}\mathrm{l}\mathrm{i}_{\mathrm{I}}\iota_{\iota}\iota \mathrm{i}$

II’ $\mathrm{e}\mathrm{t}\downarrow 10\mathfrak{c}1\backslash \mathrm{f}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{x}$[ $)1^{\cdot}\mathrm{e}.\backslash .\backslash$ it $\iota \mathrm{g}$ tlte.solutiolls of algebraic cqualions ill $\mathrm{t}\mathrm{e}\iota\cdot m.\backslash ^{\backslash }$ of the coefficiellts $\mathrm{u}.\backslash \mathrm{i}_{\mathrm{l}\mathrm{l}}\mathrm{g}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{l}\iota 1\mathrm{l}\mathrm{t}\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{o}[)\mathrm{e}1^{\cdot}‘ 11\mathrm{i}\mathrm{o}\mathrm{I}1\backslash$

$.1||([\mathrm{c}.\backslash \mathrm{t}\iota,\backslash \mathrm{L}\mathrm{t}\mathrm{i}\mathrm{o}\iota\iota 0\lceil \mathrm{I}^{\cdot}\mathrm{O}\mathrm{o}(\mathrm{S}\mathrm{o}(\mathrm{a}\mathrm{t}\cdot \mathrm{b}\mathrm{i}\mathrm{C}\mathrm{t}\cdot \mathrm{a}\mathrm{t}\cdot \mathrm{y}$degree. No one knew $1\iota 0\backslash \mathrm{v}$ to solve by [adicals $\mathrm{t}\mathrm{l}\tau \mathrm{e}\mathrm{e}\mathrm{c}[\iota \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\iota 1x^{\prime 1}-1=0$ rot $\cdot$

$,1>1011|)$ $\iota\iota\downarrow\iota \mathrm{t}$ il $\mathrm{i}770$ . $\vee \mathrm{a}\mathrm{I}\iota \mathrm{d}\mathrm{e}\mathrm{t}\cdot \mathrm{t}\iota \mathrm{t}\mathrm{o}\mathrm{t}\mathrm{t}\mathrm{c}\mathrm{i}\mathrm{e}$ allalyzed the case $n=11$ in his papel$\cdot$ of 1770. Tlle $\backslash \backslash ’ \mathrm{O}\mathrm{I}^{\cdot}\mathrm{k}$ of $l’\mathrm{a}\mathrm{l}\mathrm{t}\mathfrak{c}1\mathrm{e}\mathrm{I}^{\cdot}1\mathrm{O}\mathrm{I}\iota \mathrm{c}1$

$\mathrm{c}\mathrm{l}\mathrm{c}\backslash \cdot \mathrm{o}\mathrm{t}\mathrm{c}\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{O}‘\backslash \mathrm{l}\mathrm{g}\mathrm{c}\mathrm{t})\mathrm{l}\mathrm{a}\mathrm{i}\mathrm{c}\mathrm{e}([\iota \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}.\backslash$ illtl$\cdot$odt $\iota \mathrm{c}\mathrm{e}\mathrm{d}$ the $\mathrm{f}1_{\mathrm{I}}\cdot \mathrm{s}\mathrm{t}$ group-tlleoretic $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{t}$, tbat is substitllions.
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Condorcet provided his program with a concrete shape in his Essai sur l’Appliriation $d\epsilon$

$\mathit{1}‘ 4no/yse$ \‘a la Probabilit\’e des D\’ecisions Rendues \‘a la Pluralit\’e des Voix (henceforth Essai).

Laplace and Poisson as well as Condorcet regarded jurisprudence as a natural field of appli-

cation of probability.

However, social mathematics was declining in prosperity with the change of the times.

Under the restriction of the academic freedom in the years of Napoleon’s despotism, Laplace

$\mathrm{c}1\iota \mathrm{a}\mathrm{n}_{\mathrm{o}}\circ\cdot \mathrm{e}\mathrm{d}$ his attitude. He seemed to have no solid political conviction. As soon as Napoleon fell

$\mathrm{f}\mathrm{i}\cdot 0\ln])\mathrm{o}\mathrm{w}\mathrm{e}\mathrm{r}$ . Laplace collected the remaining copies of his $\dot{\mathrm{t}}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{e}$ from bookstores and hastened

to replace the dedication to Napoleon with the one to Louis XVIII. And Condorcet’s life came

to a tragic end in the Terror. Nontheless, Condorcet’s influence barely persisted in French

uiathematicians beyond his time.

In his remarkable work Essai, Condorcet constructed a theory of voting, which have been still

$\mathrm{a}\mathrm{t}\mathrm{t}_{\mathrm{I}}\cdot \mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$ considerable attentions (see McLean&Hewitt (1994), Young (1988)). He illustrated a

[
$)\mathrm{a}\mathrm{l}\cdot \mathrm{a}\mathrm{d}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ property of $\mathrm{v}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma,$

$cycli\overline{\mathrm{c}}$ majority, under majority rule. He proposed a solution for

$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathrm{i}\mathrm{n}_{\mathrm{o}}\circ$ any $\mathrm{n}\mathrm{u}\mathrm{l}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}$ of alternatives even when cyclic majority was involved. In Essai, Condorcet

$\})\mathrm{e}_{\mathrm{o}}\circ$an by introducing the notion homo suffragans, as the impartial and $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{i}_{\mathrm{o}}\sigma \mathrm{e}\mathrm{n}\mathrm{t}$ voter. which

$\backslash \mathrm{v}\mathrm{a}\mathrm{s}\mathrm{t}\mathrm{o}.$[$)$ [
$\mathrm{a}\mathrm{y}$ a central part in his scheme.

$\mathrm{L}\mathrm{a}])[\mathrm{a}\mathrm{c}\mathrm{e}’ \mathrm{s}Th_{\acute{\mathrm{C}^{\lrcorner}}}\mathrm{o}rie$ Analytique des Probabilit\’es is alandmark in the history of probability theory,

because it was not only a compilation of preceding probability theory but also it paved a new

$(|\mathrm{e}\backslash r\mathrm{e}\mathrm{l}\mathrm{o}[)\mathrm{I}\mathrm{n}\mathrm{e}\mathrm{n}\mathrm{t}$ . An important contribution by himself is the rigorous deduction of the DeMoivre-

$|_{\lrcorner}\mathrm{a}])[\mathrm{a}\mathrm{c}\mathrm{e}$ central linlit theorem on the convergence of the binominal distribution to the normal
$\mathrm{i}\mathrm{l}\mathrm{I}\mathrm{s}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{l})1\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . $\mathrm{I}_{\lrcorner}\mathrm{a}[)1\mathrm{a}\mathrm{c}\mathrm{e}\mathrm{a}\mathrm{p}])\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{d}$ it to the solution of a $\mathrm{n}\mathrm{u}$ Inber of urn problems 18.

In $|1[\mathrm{s}$ E.s.sai Philosophique sur les Probabilite’s, he $\mathrm{a}\mathrm{d}\mathrm{I}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{d}$ the possibility of $\mathrm{a}1^{)}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$

$\mathrm{o}\mathrm{I}^{\cdot}])\iota\cdot 0\})_{\epsilon}\gamma|_{)}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\backslash .f\mathrm{t}1_{1}\mathrm{e}\mathrm{o}\iota\cdot \mathrm{y}$ to both of natural and social sciences. In chapter 11 of $\mathrm{t}$ he $Th\epsilon’ori\epsilon$

$4^{\cdot}1,\iota \mathrm{c}\iota lyli\mathrm{r}_{\mathit{1}}ucdcs$ Probabilit\v{c}s, $\mathrm{L}\mathrm{a}$ [$)\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}$ studied the probabilistic estiInation of $\mathrm{t}\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}_{\mathrm{I}}\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{e}\mathrm{s}$ of witness
$\dot{(})|1(|\backslash \cdot \mathrm{e}\mathrm{I}\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{s}$ or $\mathrm{l}\mathrm{a}\backslash \mathrm{v}$ courts.

11 Illtlst $1$ ) $\mathrm{e}\mathrm{e}11\iota$ [ $)1\iota$ asizecl here tbat these probleIns due to Condorcet and $\mathrm{L}\mathrm{a}$ [$)\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}$ have essentially

$(|_{\mathfrak{l}\mathrm{C}^{\mathrm{J}}}[)\iota\cdot \mathrm{o}\mathrm{I})\mathrm{a}\mathrm{l})1\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{c}$ nalure in the sense that the stochastic eleIllent does nol vanisb $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{I}\iota$ ir a

$\mathrm{c}\mathrm{o}\mathrm{I}\iota$ si $\iota 1_{\mathrm{C}1\dot{\mathrm{c}}1}|_{)}|\mathrm{c}\supset$ lttlI $\iota\iota 1$ ) $\mathrm{c}\mathrm{r}$ of $\mathrm{o}\mathrm{l}$) $\mathrm{s}\mathrm{e}\mathrm{r}\mathrm{v}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{t}\mathrm{s}$ of $\mathrm{t}_{}\mathrm{h}\mathrm{e}$ same kind wotllcl [ $)\mathrm{e}$ Inade.

$18\backslash \backslash ’ \mathrm{c}’$ Iltc.ItlioIl I $\iota \mathrm{c}\mathrm{I}^{\cdot}\mathrm{e}$ one $\mathrm{s}\iota \mathrm{c}1_{1}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\iota n$ . Consider that, $\mathrm{t}\mathrm{l}$ ) $\mathrm{e}\mathrm{t}\cdot \mathrm{e}\mathrm{a}\mathrm{l}\cdot \mathrm{e}\mathrm{t}\backslash \mathrm{v}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{l}\mathrm{i}\mathrm{s}$ $A$ $\mathrm{a}\iota \mathrm{t}\mathrm{d}B,$ eaclt $\mathrm{c}\mathrm{o}\iota \mathrm{l}\mathrm{t}\mathrm{a}\mathrm{i}_{\mathrm{I}1}\mathrm{i}_{\mathrm{l}\mathrm{l}}\mathrm{g}\backslash \mathrm{v}1\iota \mathrm{i}\mathrm{t}\mathrm{e}$

$|_{).\mathrm{t}}||\backslash i1\}|(|,t[)[_{t}\iota \mathrm{c}\cdot 1_{\backslash }|)_{l}\iota 11.\backslash ^{\backslash }$. These balls $\mathrm{a}\mathrm{l}\mathrm{e}1no\backslash \cdot \mathrm{e}\mathrm{d}$ c.vclically, oIle by one, $\mathrm{r}\mathrm{I}^{\cdot}\mathrm{O}111$ one urn to $\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{o}\mathrm{t},1\mathrm{l}\mathrm{e}\iota\cdot.$ Tllell wllat is the
$1)t\mathrm{o}\mathfrak{l})_{\subset}\iota 1_{)}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\backslash ’\sim \mathrm{J}-,,$. $\mathrm{t}1\iota i11\iota\iota \mathrm{r}\mathrm{n}$ $A$ will $\mathrm{c}\mathrm{o}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{a}\dot{\mathrm{t}}11x\backslash \mathrm{v}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{e}$ balls after $r$ lllove.s? (cltapter 3.) Laplace solved $\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$ ]) $1^{\cdot}\mathrm{o}\mathrm{l}\supset \mathrm{l}\mathrm{e}\mathrm{l}\mathrm{t}\iota$

[ $)\backslash \cdot \mathrm{t}\mathrm{l}.\backslash \cdot \mathrm{i}\mathrm{I}\mathrm{t}\mathrm{g}$ getle] $\mathrm{a}\mathrm{t}\mathrm{i}\iota\iota \mathrm{g}\mathrm{r}\mathrm{t}\mathrm{I}\mathrm{t}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{S}$ . Laplace also applied $\mathrm{t}l$) $\mathrm{e}$ celrtral li mit $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{o}\iota\cdot \mathrm{e}\mathrm{t}\mathrm{l}\mathrm{l}\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{l}$ he calcnlal ed $\mathrm{t}\mathrm{l}\iota \mathrm{e}$ valne or $\mathrm{l}\mathrm{i}(\mathrm{e}$

$‘ \mathrm{t}\mathrm{t}\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{c}^{1}.\backslash .(\mathrm{c}\mathrm{I}1i1\mathrm{l})(\mathrm{C}\mathrm{I}^{\cdot}9.)$
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Poisson published Recherches sur la Probabilit\’e des Judgments en $\lambda/Iati\grave{e}re$ Criminelle et en
$\lrcorner VIati\grave{c}re$ Civile in 18.37, the analytical melhod of which was due to Condorcet and Laplace. In

this book, Poisson $\mathrm{r}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{d}$ the law of large numbers as the key in every application of the

$\mathrm{f})\mathrm{I}^{\cdot}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ theory. Then how did he understand the law of large numbers?

As well known. the classical result of it. due to Bernoulli, can be stated as follows.

The Bernoulli law of large numbers (171.3): Let $X_{1},$ $X_{2},$ $\cdots$ , $X_{n},$ $\cdots$ be a sequence of mutually

independent random variable with the same distribution. Denote the sum by $S_{n}= \sum_{k=1}^{n}X_{k}$ .

If the expectation $m=E(X_{n})$ exists, then for any $\epsilon>0$ ,

$P(| \frac{S_{n}}{n}-m|\leqq\epsilon)arrow 1$ as $narrow\infty$ .

In other words. the probability $P$ that the frequency $S_{n}/n$ in $n$ repeated trials differs $\mathrm{o}\mathrm{n}1\}^{\gamma}$

within cerlain $\mathrm{l}\mathrm{i}\mathrm{I}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{s}$ from the expeclation $m=E(X_{n})$ converges to unity as the number of trials

increases indefinitely. Historically, this law passed to the Borel strong law of large $\mathrm{n}\mathrm{u}\mathrm{n}\iota$ bers. It

can $|$) $\mathrm{e}$ stated as follows.

The $\mathrm{B}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{l}\mathrm{s}\mathrm{t}_{\mathrm{I}}\cdot \mathrm{o}\mathrm{n}_{\mathrm{o}}\circ$ law of $1\mathrm{a}\mathrm{r}_{\mathrm{o}}^{\sigma}\mathrm{e}$ numbers (1909): Let $X_{1},$ $X_{2},$ $\cdots$ , $X_{n},$ $\cdots$ be a sequence of

llrutually independent $\iota\cdot \mathrm{a}\mathrm{n}\mathrm{d}\mathrm{o}\mathrm{m}$ variables and that obey an identical distribution. If $E(|X_{n}|)$

exists. then $S_{n}’/n$ almost surely converges to the expectation $m=E(|X_{n}|)$ .

Poisson (1837, pp. 137-14.3) described his law of large numbers as follows.

The Poisson law of $1\mathrm{a}\mathrm{r}_{\mathrm{o}}^{\sigma}\mathrm{e}\mathrm{n}\mathrm{u}\mathrm{I}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{s}(1\mathit{8}3\mathit{7})$ :

[1] $\mathrm{S}n$ [$)$ [ $)\mathrm{o}\mathrm{s}\mathrm{e}$ that in $n$ trials an event $E$ occurs with probabilities $p_{1},$ $p_{2},$ $\cdots$ , $p_{n}$ and the $\mathrm{o}\mathrm{p}[)\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{e}$

event $\Gamma\prec$ occurs with probabilities $q_{1},$ $q_{2},$ $\cdots$ , $q_{n}$ .

Let $S_{n}$ be the number that an event $E$ occurs in $n$ trials, then the difference }) $\mathrm{e}\mathrm{t}\mathrm{w}\mathrm{e}\mathrm{e}\mathrm{n}$

$m_{n}= \frac{1}{n}(p_{1}+_{l^{)}2}+\cdots+p_{n})$

il $\mathrm{I}\mathrm{l}\mathrm{d}\mathrm{t}1\iota \mathrm{c}\mathrm{t}\cdot \mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{f}\mathrm{i}\cdot \mathrm{e}\mathrm{q}\mathrm{u}\mathrm{e}\mathrm{n}\mathrm{c}.\backslash ;.5_{n}/r|$conve $\iota\cdot \mathrm{g}\mathrm{e}\mathrm{s}$ to zero as the $\mathrm{n}\mathrm{u}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{I}$) $\mathrm{e}\mathrm{l}\cdot n$ of trials increases indefi nitely.

$[2].\mathrm{S}\iota$ [ $)$ [ $)\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}\iota m\iota \mathrm{t}\iota \mathrm{l}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ exclusive causes $C_{1},$ $C_{2},$ $\cdots$ , $C_{\iota}’,$ }) $\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{a}\mathrm{l}$ ) $\mathrm{o}\mathrm{u}\mathrm{t}$ an event $E$ ancl tlta1
$\iota 11\mathrm{C}^{\mathit{3}}$ [ $)1^{\cdot}\mathrm{o}\mathrm{l})\mathrm{a}\mathrm{I})\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$of $\mathrm{t}$ he occurreItce are $\gamma_{1}.\gamma_{2},$ $\cdots$ , $\gamma_{n}$ . Now also suppose that tbe $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{I}$) $\mathrm{a}\mathrm{l}$) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ that

an $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\iota 1L^{\neg}\mathrm{o}\mathrm{c}\mathrm{c}\iota\iota\iota\cdot \mathrm{s}$ is $c_{i}$ in lhe presence of cause $C_{i}$ . $\mathrm{L}\mathrm{e}\mathrm{C}$

$\gamma=\gamma_{1}c_{1}+\gamma_{2}c_{2}.+\cdots+\gamma_{\tau\iota}c_{\gamma\iota}$ .

$\urcorner^{\tau}|\mathrm{t}(^{1}11,g_{n}/?1\mathrm{c}\mathrm{o}\mathrm{l}\iota\backslash ^{r}\mathrm{e}\iota\cdot \mathrm{g}\mathrm{e}\mathrm{s}$ to $\gamma$ as $7\mathit{1}arrow\infty$ .
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[3] $\mathrm{S}\mathrm{u}\mathrm{p}\iota)\mathrm{o}\mathrm{s}\mathrm{e}$ that in each trial a certain quantity $A$ correspondes one or another of its values

$a_{1},$ $a_{9,\sim}$ . $\cdots$ , $a_{\lambda}$ . Let $c_{ij}$ be the probability of $A$ assuming value $a_{j}$ given the cause $C_{i}$ and let $\gamma_{i}$

$\})\mathrm{e}$ the probability that $C_{i}$ is at work. Then the mean of $a_{j}$ over $n$ trials would be

$\alpha_{j}=\gamma_{1}c_{1j}+\gamma_{2}c_{2j}+\cdots+\gamma_{\lambda}c_{\gamma j}$ .

Then $S_{n}/n$ converges to the expectation $a_{1}\alpha_{1}+a_{2}\alpha_{2}+\cdots+a_{\lambda}\alpha_{\lambda}$ a.s $narrow\infty$ .

In essence. the Poisson law of large numbers wae the generalization of the Bernoulli law of

$\mathrm{l}\mathrm{a}\mathrm{l}\cdot \mathrm{g}\mathrm{e}$ tluntbers. It can be also verified that the Borel strong law of large number implies the

Poisson law of large numbers.

Poisson tried to. keep even the most capricious phenomena in the reach of rigorous analysis,

$\mathrm{h}\mathrm{a}\mathrm{v}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$ recourse to this law.

It is certain that Cournot. as a Poisson’s fervent disciple, was acquainted with the law of $1\mathrm{a}\mathrm{I}_{\mathrm{O}}^{\circ}\mathrm{e}$

nulnl\supset e $\iota\cdot \mathrm{s}$ . Sheynin (1978) and also Martin (1996) insist that Cournot did not mention the law

of $1\mathrm{a}\iota_{\mathrm{o}}^{\sigma}\mathrm{e}$ numbers in his Exposition. They argue that Cournot underestimated the law of $1\mathrm{a}\mathrm{r}_{\mathrm{o}}\sigma \mathrm{e}$

$\mathrm{n}\mathrm{u}\mathrm{I}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{s}$ . Sheynin says; (1) Probably because of Bienaym\’e’s (1875) criticism Cournot jusl did

not tention this law al all (Sheynin, (1978) p. 274) and (2) Bienaym\’e’s $\mathrm{C}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{s}\mathrm{m}$ was $\mathrm{b}\mathrm{e}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma$

$|)\mathrm{a}\mathrm{s}\mathrm{e}\mathrm{d}$ on his conviction that this law just did not exist (Sheynin, (1978) I). 273).

$1- 10\backslash \iota\cdot \mathrm{e}\backslash$’er. Sheynin completely misunderstands the content of Bienaym\’e’s criticism. What

$\mathrm{I}3\mathrm{i}\mathrm{e}\mathrm{n}$

(
$\urcorner.\backslash 111\acute{\mathrm{e}}$ actually says is $\mathrm{s}\mathrm{i}\mathrm{I}\mathrm{n}[$ )[

$\mathrm{y}$ that we should nol regard the law of large numbers as a new

mathettatical discovery due to Poisson and hence we should refer $\mathrm{t}_{}\mathrm{o}$ this law as the principle or
$\mathrm{t}\mathrm{l}\iota \mathrm{e}$ theorem of Bernoulli.

A careful examination of Cournot’s Exposition reveals the contradiction of $\mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{t}’\mathrm{s}$ text and

$.\mathrm{C}_{)}^{\backslash }\mathrm{I}\mathfrak{l}\mathrm{e}.\mathrm{v}\mathrm{l}\iota \mathrm{i}\mathrm{I}\mathrm{l}- \mathrm{M}\mathrm{a}\iota\cdot \mathrm{t}\mathrm{i}$ n’s claiIn. In fact, Cournot exclusively referred to this law as $‘\prime \mathrm{t}\mathrm{h}\mathrm{e}$ [ $)\iota\cdot \mathrm{i}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{i}_{\mathrm{I})}1\mathrm{e}$ of

$13\mathrm{e}\mathrm{l}\cdot \mathrm{l}\mathrm{t}\mathrm{o}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{i}$ rather than as “the law of large numbers”. This change of $.\mathrm{v}$ocabulary seems to $|$) $\mathrm{e}$

a stultl)liItg })[ $\mathrm{o}\mathrm{c}\mathrm{k}$ which impeded Sheynin and Martin to grasp Cournot’s attitude to the law

$\mathrm{c}\mathrm{o}\mathrm{l}.\iota\cdot \mathrm{e}\mathrm{c}\mathrm{t}\mathrm{l}.\mathrm{v}$ .

$\mathrm{C}\mathrm{o}\mathrm{u}\iota\cdot n\mathrm{o}\iota\circ\circ \mathrm{a}\mathrm{v}\mathrm{e}$ a $\mathrm{f}\iota 111\mathrm{e}\mathrm{x}$ [ $)$ [ $\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}$ of the principle of Bernoulli, in such $u86$ and 87 of his

$/_{d^{\backslash }}\cdot.|.\cdot|’ \mathrm{O}\cdot\backslash ifj_{Q},.$ Il $\lceil \mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{s}\mathrm{f}\mathrm{I}^{\cdot}\mathrm{O}\mathrm{t}\mathrm{l}\mathrm{l}$ the law of $\mathrm{l}\mathrm{a}\iota\cdot \mathrm{g}\mathrm{e}\mathrm{n}\mathrm{u}\mathrm{n}\mathrm{l}$[ $)\mathrm{e}\mathrm{r}\mathrm{s}$ that the $\iota\cdot \mathrm{e}\mathrm{l}\mathrm{a}.\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{c}[\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{s}$ or $\mathrm{o}\mathrm{c}\mathrm{c}\mathrm{u}\mathrm{l}\cdot\iota\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{e}$

$\mathrm{o}\mathrm{I}^{\cdot}\mathrm{e}\backslash \gamma \mathrm{c}$ It ( $.\mathrm{s}\mathrm{i}$ Il collsec $\iota$ tive $\mathrm{s}\mathrm{e}\mathrm{t}\cdot \mathrm{i}\mathrm{e}\mathrm{s}$ or $\mathrm{t}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{s}$ arc $\mathrm{a}]$)[$)\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{t}\mathrm{l}\iota$ ately equal to one $\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{o}\mathrm{l}\mathrm{t}\iota \mathrm{e}\iota\cdot$. Cou $\mathrm{I}^{\cdot}\mathrm{I}\mathrm{l}\mathrm{o}\mathrm{t}\mathrm{a}_{1}$) $[)[\mathrm{i}\mathrm{e}\mathrm{c}1$

$1\mathfrak{l}\iota$ is $|_{\subset}\iota\backslash \backslash \cdot$ or Ia $1_{\mathrm{O}}^{\sigma}\mathrm{C}\mathrm{I}\mathrm{t}\mathrm{t}\mathrm{I}\mathrm{I}\mathrm{t}\iota 1$) $\mathrm{c}\mathrm{r}\mathrm{s}$ Oo the ratio of $[)\mathrm{i}\mathrm{r}\mathrm{t}\mathrm{l}]$ of $\mathfrak{i}$) $\mathrm{o}\mathrm{y}\mathrm{s}$ and $\mathrm{g}\mathrm{i}\iota\cdot 1\mathrm{s}\mathrm{o}\mathrm{b}\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{v}\mathrm{c}\mathrm{d}$ in $\mathrm{v}\mathrm{a}\iota\cdot \mathrm{i}\mathrm{o}\iota \mathrm{s}\mathrm{c}o\iota \mathrm{n}\mathrm{t}\iota\cdot \mathrm{i}\mathrm{e}\mathrm{s}$ . In

$\dot{\subset}1[_{i}\gamma 1_{\Leftrightarrow \mathrm{e}\mathrm{t}\iota \mathrm{u}\mathrm{l}n1)\mathrm{c}\iota\cdot \mathrm{o}\mathrm{f}}^{\circ}$ cases. Cournot considers that from past events we can try to $\mathrm{o}\mathrm{l}$ ) $\mathrm{C}\mathrm{a}\mathrm{i}\mathrm{t}\iota \mathrm{c}1\iota$ es that

$\mathrm{t}\mathfrak{l}\iota \mathrm{a}.\mathrm{v}\circ\circ\iota 1[\mathrm{e}\mathrm{l}\mathrm{e}\iota \mathrm{s}[\mathrm{t}1$ on1 conjecture $\mathrm{a}1$) $0\iota \mathrm{t}$ the causes on $\backslash \mathrm{v}\mathrm{h}\mathrm{i}\mathrm{c}\mathrm{h}$ these events $\mathrm{d}\mathrm{e}\mathrm{l}$) $\mathrm{e}\mathrm{l}\mathrm{t}\mathrm{d}$ . For exam $[)[\mathrm{e}$ ,

[ $)\mathrm{c}_{\dot{C}}\iota\iota\cdot \mathrm{i}_{11_{\mathrm{o}}^{\circ}}\mathrm{i}_{\mathrm{l}\mathrm{t}}1n\mathrm{i}$ nd $\iota$ bat the $\iota\cdot \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}$ of birth of $|$) $0.\mathrm{v}\mathrm{s}$ and girls is the almost saue in $\mathrm{E}\mathrm{g}\mathrm{y}|$) $\mathrm{t}$ a nd $\mathrm{i}\mathrm{I}1$ the
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Cape of Good Hope, we see that climale has a negligible effect in this respect (chapter 13).

Consequently, it is certain that Cournot was in favor of the law of large numbers. Nevertheless

Cournot’s method of economics was solely mathematical analysis and not probability theory. How

sball we understand this?

As we pointed out at the end of seclion 1, il seems very hard to find out any malerials in

Conrnot’s works which directly answer this question. What we are trying to present here is a

hypothetical interpretation of Cournot’s malhemalical methodology, by means of which we may

rationalize his altitude.

5 $\mathrm{C}\mathrm{o}\mathrm{u}\mathrm{r}\iota \mathrm{l}\mathrm{o}\mathrm{t}’ \mathrm{s}$ Methodology for Mathematical $\mathrm{E}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\iota \mathrm{n}\mathrm{i}\mathrm{c}\mathrm{s}$

In our views, the law of large numbers seemed to play an important role behind $\mathrm{C}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{s}$

econollics. Cournot understood the law in two $\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma \mathrm{s}$ , which should be $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma \mathrm{u}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{e}\mathrm{d}$ by

nature. However it is lhis twofold understanding of the law of large numbers which enabled

C’ournot to find out the way to introduce mathem\‘atical analysis to economics. The first $\mathrm{n}\iota \mathrm{e}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$

of this law is the regularity as mass phenomena in the probabilistic sense, and the second one is

the $\mathrm{t}\cdot \mathrm{e}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{i}\mathrm{n}\mathrm{g}$ effect $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma$ from smoothing by aggregation.

(1) regularity as mass phenomena in the probabilistic sense

Cou $\mathrm{I}^{\cdot}\mathrm{I}\iota \mathrm{o}\mathrm{t}$ started his economic analysis with an aggregated average demand function $|$) $\mathrm{u}\mathrm{t}$ not

$\backslash \iota^{f}$ith $\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{u}\mathrm{a}\mathrm{l}$ deInand functions. An individual demand function may be influenced by soIne

$\iota\cdot \mathrm{a}\mathrm{n}\mathrm{d}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{I}\mathrm{n}\mathrm{e}\mathrm{I}\iota \mathrm{t}\mathrm{s}$ . We now consider an economy with $\ell$ goods and denole the price vector by

$p\in \mathrm{R}_{+}^{\ell}$ . Therefore the individual $i’ \mathrm{s}$ demand function $\xi_{i}$ must be expressed as $\xi_{i}$ : $\mathrm{R}_{+}^{\ell}\cross\Omegaarrow \mathrm{R}^{p}$ ,

which clepends $\mathrm{u}$ ]) $\mathrm{o}\mathrm{n}$ two variables $p$ and $\omega$ . Here $\Omega$ denotes a probability $\mathrm{s}_{\mathrm{I}}$) $\mathrm{a}\mathrm{c}\mathrm{e}$ , an element $\omega’$

of which stands for a variety of needs, fortunes and caprices according to $\mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{t}$. (See the

$(|\mathrm{t}\mathrm{o}\mathrm{t}\epsilon\backslash \mathrm{t}\mathrm{i}\mathrm{o}[][)\mathrm{e}\mathrm{l}\mathrm{o}\mathrm{w}.)$ He rejected to deal with an individual demand function $\mathrm{d}\mathrm{i}\mathrm{l}\cdot \mathrm{e}\mathrm{c}\mathrm{t}\mathrm{l}\mathrm{y}$. If Cou $\mathrm{I}^{\cdot}\mathrm{I}\mathrm{t}\mathrm{o}\mathrm{C}$

$1\iota \mathrm{a}\Lambda$ atleIll[)ted to start with an individual demand function, he would have depended $\mathrm{u}$ ]$)0\mathrm{l}1$

$1^{)1\mathrm{O}}|)\mathrm{a}|_{)}|[[\mathrm{c}_{\mathrm{J}^{f}}$ theory. By virtue of the law of large numbers, if $\xi_{i^{\mathrm{S}}}$

’ are $\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}$ [ $)\mathrm{e}\iota \mathrm{l}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{t}$ and $\mathrm{s}\mathrm{u}\mathrm{l}$) $\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}$ ao
$11\iota \mathrm{e}$ same $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{l}$ ) $n\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ , then the average of individual detltand functions cotlve $\iota_{\mathrm{o}}^{\sigma}\mathrm{e}\mathrm{s}almo.\mathrm{s}\ell.\backslash u\Gamma cl\iota/$

to thc $\mathrm{c},\backslash$ [ $)\mathrm{e}\mathrm{c}\mathrm{C}\mathrm{e}\mathrm{c}\mathrm{l}\backslash ;\mathrm{a}\mathrm{l}\mathrm{u}\mathrm{e}$ of $\xi_{i}$ . Strictly $\mathrm{S}|$) $\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{l}\iota \mathrm{g}$ , the li $\mathrm{I}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{i}11_{\mathrm{o}}^{\circ}\iota\cdot \mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{t}\mathrm{l}$

$\frac{1}{?l}\sum_{i=1}^{n}\xi_{i}(p.\omega)arrow E[\xi_{i}(p, \cdot)]$ as $narrow\infty$
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holds true for almost all $\omega\in\Omega$ . $\mathrm{R}\mathrm{o}\mathrm{u}_{\mathrm{o}}\sigma \mathrm{h}\mathrm{l}\mathrm{y}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{a}\mathrm{k}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma$ , under these conditions the average of $\xi_{i^{\mathrm{S}}}$

’

$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{I}_{\mathrm{o}}^{\circ}.\mathrm{e}\mathrm{s}$ to its expected value with probability 1. In this sense, the limit of the $\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{a}_{\mathrm{o}}\sigma \mathrm{e}$ of

individual demand functions no longer depends on $\omega\in\Omega$ . In other words, aggregated average

demand function would be markedly independent of the anomalies of chance if $n$ is very large.

In order to juslify our formulation investigated so far, it suffices to remember that the Borel

$\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{n}_{\mathrm{o}}^{\sigma}$ law of large numbers19 essentially generalizes what Poisson and Cournot $\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{e}\iota \mathrm{s}\mathrm{t}\mathrm{o}\mathrm{o}\mathrm{d}$ as

tbe law of $1\mathrm{a}\Gamma_{\circ}^{\circ}\mathrm{e}$ numbers. Thus, we can understand the way of Cournot’s thinking withoul

$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{n}_{\mathrm{o}}^{\sigma}\mathrm{i}\mathrm{n}\mathrm{g}$ lhe essential feature.

If we rewrite lhis limit $F(p)$ , this function $prightarrow F(p)$ is the starting point for Cournot.

Thus a door was opened for Cournot to get out of the probability world provided that he

$\mathrm{a}_{\mathrm{o}}^{\circ}\iota\cdot \mathrm{e}\mathrm{e}\mathrm{d}$ to start with an $\mathrm{a}\mathrm{g}\mathrm{g}\mathrm{r}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{a}_{\mathrm{o}}\sigma \mathrm{e}$ demand function. Cournot thus $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}\mathrm{u}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{e}\mathrm{d}$ the

held to which probability theory should be applied from the field in which probability theory

can }) $\mathrm{e}$ clispensed with.

(2) sllloothing by aggregation

Moreover, Cournot recognized the concept of so-called smoothing by aggregation. Even if

the behavior of an individual is irregular, disconlinuous or nonsmooth, as can be seen in casual

$\mathrm{o}\mathrm{I})\mathrm{s}\mathrm{e}\mathrm{I}^{\cdot}\backslash ^{\gamma}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$. the $\mathrm{a}\mathrm{g}\mathrm{g}\mathrm{r}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of sufficiently many functions which differ slightly to each other

$0\circ]\mathrm{v}\mathrm{e}\mathrm{s}\mathrm{t}\cdot \mathrm{i}\mathrm{s}\mathrm{e}$ to a rather regular, continuous and smooth function through the cancellation of the

$\mathrm{i}1^{\cdot}1^{\cdot}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{I}^{\cdot}\mathrm{i}\mathrm{t}\mathrm{y}$ . Thus we can assume that an aggregated average demand function is smooth and

continuous 20.
This [$)\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{e}$ of smooihing by $aggrc^{J}gation$ enabled Cournot to apply classical mathematical

$\subset\urcorner|1\mathrm{a}1.\backslash ^{r}$sis to an $\mathrm{a}\mathrm{g}\mathrm{g}\iota\cdot \mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{a}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{a}_{\mathrm{o}}^{\sigma}\mathrm{e}$ demand function.

$\mathrm{C}’ \mathrm{o}\mathrm{t}\mathrm{l}\mathrm{l}\cdot \mathrm{I}\mathrm{l}\mathrm{o}\mathrm{t}$ $($ 1838. $1^{)}\mathrm{P}$ . 49-50 $)$ $\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{s}_{}$.

$\backslash \backslash " \mathrm{e}$ asstllte that the function $\Gamma\prec(p)$ , which expresses the law of demand or of the

market, is a continuous function, $i.e$ . a function which does not pass suddenly $\mathrm{f}\mathrm{r}\mathrm{o}\ln$

$01\iota \mathrm{e}\backslash ’ \mathrm{a}\mathrm{l}\mathrm{u}\mathrm{e}$ to altott\iota el $\cdot$ , but which takes in $\mathrm{p}\mathrm{a}\sin_{\mathrm{o}}^{\sigma}$ all interlnediate values. It might $\mathfrak{l}$ ) $\mathrm{e}$

$\mathrm{o}\mathrm{f}1\iota \mathrm{e}\mathrm{I}^{\cdot}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{e}$ if the $\mathrm{I}\mathrm{t}\mathrm{U}\mathrm{l}\mathrm{l}\mathrm{t}$ [ $)\mathrm{e}\mathrm{r}$ of consuners $\mathrm{w}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{e}$ very limited: thus in a certain bouseholcl

lhc $\mathrm{S}^{\cdot}\mathrm{d}\mathrm{I}11\mathrm{C}\mathrm{C}|11\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{l}\mathrm{t}_{\sim}\mathrm{v}$ of $\mathrm{f}\mathrm{i}\mathrm{r}\mathrm{e}\backslash \mathrm{v}\mathrm{o}\mathrm{o}\mathrm{d}\backslash \backslash \cdot \mathrm{i}\mathrm{l}1$ ]) $\mathrm{o}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{l}$)[ $\mathrm{y}|)\mathrm{e}$ used whetber wood costs 10 fianc or

$\iota_{\mathrm{J}}^{r}.\mathrm{f}\mathrm{i}\cdot \mathrm{a}n$cs the slerc, and tbe constllll[$)\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ uay suddenly [$)\mathrm{e}$ clilllinished if the price

.
$19’\iota^{\backslash }1\iota \mathrm{i}\backslash$ type or the $\mathrm{I}\mathrm{a}\backslash \backslash \cdot$ of $\mathrm{l}\mathrm{a}\iota\cdot \mathrm{g}\mathrm{e}\mathrm{I}\iota \mathrm{u}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{b}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{s}^{\backslash }\mathrm{e}.\backslash$[$)\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{y}$ uses tlte concept of ’ $ne\mathrm{c}\mathrm{J}su\mathfrak{l}\cdot e$, which $\backslash \backslash \prime \mathrm{a}\mathrm{s}\mathrm{u}\mathrm{n}1_{\backslash \mathrm{I}\mathrm{l}\mathrm{O}\backslash \mathrm{V}\mathrm{l}1}$ in Poimson-

Co$l1$ I I1O ( $\backslash \backslash ^{\backslash }\downarrow \mathrm{i}$ Ill $(^{X}.$ .
20 A $\mathrm{I}\{\iota \mathrm{o}\mathrm{c}\mathrm{l}\mathrm{e}\iota\cdot \mathrm{l}\mathrm{t}\{1$ eat lteI\iota t of this $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}$ It $\iota\backslash \backslash \cdot \mathrm{a}\mathrm{s}\mathrm{P}^{\mathrm{I}\mathrm{O}111\mathrm{o}\mathrm{f}}$ed by $\mathrm{D}\mathrm{e}\mathrm{b}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{u}’.\backslash ^{\backslash }\mathrm{p}\mathrm{a}\mathrm{p}\mathrm{e}\mathfrak{l}$. See $\mathrm{D}\mathrm{e}\mathrm{b}\mathrm{l}e\iota(197_{\sim}^{)})$ .
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of the stere rises above the latter $\mathrm{f}\mathrm{i}_{\mathrm{o}}\sigma \mathrm{u}\mathrm{r}\mathrm{e}$ . But the wider the market extends. and

the more combinations of needs, of fortunes or even of caprices, are varied $\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{n}_{\mathrm{o}}\sigma$

consumers, the closer the function $F(p)$ will come to varying with $p$ in a continuos

manner.

Incidentally, the quotation shows that Cournot could not distinguish the concept of continuity

froIn that of $diff\epsilon rentiability$ of a function. The distinction of these two concepts wae made clear

by Cauchy 21 in his rigorous treatment of analysis.

Thanks to the first law of large numbers, Cournot was able to find out an approach to eco-

noaics which was traceable without bothering about probabilistic randomness. Moreover thanks

to the second one. Cournot succeeded in finding a way of applying mathematical analysis to eco-

IlOlllics.

(3) Cournot versus Walras: a modern evaluation

$\backslash ’\backslash ’ \mathrm{a}\mathrm{l}\iota\cdot \mathrm{a}\mathrm{s}$ started his theoretical research $\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}$ the critical examination of $\mathrm{C}^{\tau}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{t}\mathrm{s}$ econo $\iota n$ ic
$\mathrm{t}[]\mathrm{e}\mathrm{o}\iota\cdot\backslash ^{r}.\cdot$ He often mentioned $\mathrm{A}\mathrm{u}_{\mathrm{o}}^{\sigma}\mathrm{u}\mathrm{s}\mathrm{t}$ Walras together with Cournot, as the authors to whom

he had owed most in $\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$ his economics. And Walras applied mathematical analysis
$\mathrm{d}\mathrm{i}\mathrm{l}\cdot \mathrm{e}\mathrm{c}\mathrm{t}\mathrm{l}.\mathrm{v}$ to an individual utility function. Consequently, Walras’ attitude on the $\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}1_{0_{\mathrm{o}}^{\sigma\backslash }}.$’

of econo $\iota \mathrm{n}\mathrm{i}\mathrm{c}\mathrm{s}$ seems to contradict to Cournot’s in that Walras applied mathematical analysis
$\mathrm{c}\mathrm{l}\mathrm{i}\iota\cdot \mathrm{e}\mathrm{c}\mathrm{t}\mathrm{l}.\mathrm{v}$ to an individual utility function. How can we evaluate this gap between the two’

$\succ\backslash 1\mathrm{t}\mathrm{I}\mathrm{l}\mathrm{o}\mathrm{u}_{\mathrm{o}}\circ \mathrm{h}$ he also referred to the law $\mathrm{o}\mathrm{f}\mathrm{l}\mathrm{a}\Gamma_{\mathrm{o}}^{\sigma}\mathrm{e}$ numbers tojustify the mathematization of $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\iota \mathrm{n}\mathrm{i}\mathrm{c}\mathrm{s}$

$\mathit{2}\underline{)}$ . we can not expect that Walras had a methodological consideration in Inind as deep as

21A $\iota\iota \mathrm{g}n\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{l}-\mathrm{L}()\mathrm{u}\mathrm{i}\mathrm{s}$ Caucy (1789-1857), $\mathrm{F}\iota\cdot \mathrm{e}\mathrm{n}\mathrm{c}\mathrm{h}$ mathematician, was a pioneer in analysis alld tlle theory of
$\backslash \mathrm{u}\mathrm{b}\mathrm{s}\mathrm{t}\mathrm{i}l\iota\iota \mathrm{i}\mathrm{o}\mathrm{l}1$ groups. Cauchy’s greatest $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{l}$) $\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ to $\mathrm{n}\iota \mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{s}\backslash \mathrm{V}_{\mathrm{C}}’\mathrm{t}\mathrm{S}$ cltaracterized by the clear and rigo $\iota 0\iota \mathrm{s}$

$|\iota\iota \mathrm{e}\mathrm{t}]\mathrm{l}\mathrm{o}\mathrm{d}\mathrm{s}1\iota \mathrm{e}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{t}\cdot \mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{e}\mathrm{d}$ . Cauclly clarified tde $\mathrm{p}\iota\cdot \mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{s}$ of calculus $\mathrm{a}\mathrm{I}\mathrm{l}\mathrm{d}$ put tllem on a satisfactory $\mathrm{b}\mathrm{a}\backslash \mathrm{i}\backslash ^{\backslash }$ bv
$\mathrm{c}\mathrm{l}\mathrm{c}\mathrm{v}\epsilon \mathrm{I}\mathrm{o}]^{)\dot{|}1\mathrm{l}}\mathrm{g}$ llle tlteol $\cdot$

\\vee or functions of a colllplex $\backslash ’ \mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{b}\mathrm{l}e$. Cauchy’s colltl$\cdot$ibutions on lltatllelnatics $\backslash (’\mathrm{a}\mathrm{s}$ eebodied
$|_{11}1\iota$ is $\mathrm{t}$ Ill ee $\mathrm{t}$ reatises: $\Gamma_{-}’ our$ )’ $d$ Analyse de l’\’Ecole Royale Polytechnique (1821), Re’sume’ des $Le\sigma on$ sur le Calcul

$\mathit{1};\iota\int i_{1l}i\ell\epsilon$ ; imal (lt23) $\mathrm{a}\mathrm{I}\iota \mathrm{d}Le\sigma on$ sur les Applicattons $du$ Calcul Infmite’hifnal $\dot{a}$ la $c_{\acute{e}ome}\ell_{ti\acute{e}}$ (1826-28). Cauchy $\backslash \mathrm{v}\mathrm{a}\mathrm{s}$

$\prime \mathrm{t}|)|$ olific $\backslash \mathrm{v}\mathrm{o}\mathrm{t}\cdot \mathrm{k}\mathrm{e}\mathrm{t}\cdot$ . $|$) $|$ ovidi Itg a total of 789 papers on lnathenlatics and sciences.
$22\backslash \backslash _{\dot{\mathrm{c}}}\iota 1\mathrm{r}\mathrm{a}\mathrm{s}$

[$)\mathrm{u}\mathrm{C}$ it;:: $\mathrm{T}1\tau \mathrm{e}\mathrm{r}\mathrm{e}$ is $\iota 1\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{i}_{\mathrm{I}\mathrm{l}}\mathrm{g}$ to indicale tbat tlle individual $\mathrm{d}\mathrm{e}\mathrm{I}\mathrm{l}\iota$ atld curves $\cdots$ , or tlle individual dernaItd
$\mathrm{e}(\mathrm{I}\mathrm{u}_{\mathrm{c}}\iota \mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\iota \mathrm{s}\cdots,$ $\mathrm{a}\iota\cdot \mathrm{e}$ continuous, in other $\backslash \mathrm{v}\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{s}$, tllat an infinitesimally slilall increase in $p_{0}\mathrm{p}_{\mathrm{I}}\cdot \mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{e}\mathrm{s}\mathrm{a}\iota \mathrm{t}$ itlfillites-
$\mathrm{i}\mathrm{l}\mathrm{l}\iota \mathrm{a}\mathrm{I}\mathrm{I}\mathrm{y}.\backslash \mathrm{l}\mathrm{I}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{l}$ decl case in $d_{\mathfrak{a}}$ . On tlle $\mathrm{c}\mathrm{o}\mathrm{I}\mathrm{r}\mathrm{t}_{\mathrm{I}\mathrm{a}\mathrm{I}}\cdot \mathrm{y}$ , tllese fullctiolls $\mathrm{a}\iota\cdot \mathrm{e}$ often discontinuolls. In tlle case or oals, $\mathrm{r}\mathrm{o}\mathrm{I}^{\cdot}$

$\mathrm{c}\backslash \mathrm{a}\mathrm{l}\mathrm{t}\mathrm{t}|)|\mathrm{c}^{x}...\backslash ^{\backslash }\mathrm{t}\mathrm{l}1^{\cdot}\mathrm{e}\mathrm{I}\backslash \vee|$ otlr $\Gamma \mathrm{t}\mathrm{I}^{\cdot}\sim\backslash ’ \mathrm{t}1\iota \mathrm{o}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{t}$. of wheat $\backslash \backslash \cdot \mathrm{i}\mathrm{l}1$ not $1^{\cdot}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{e}$ llis dematld $\mathrm{g}\iota\cdot \mathrm{a}\mathfrak{c}\mathrm{l}\mathrm{u}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{v}$ a.s tlle [ $)1^{\cdot}\mathrm{i}\mathrm{c}e$ rises, $l$) $\iota\iota \mathrm{t}1\iota \mathrm{c}$ $\mathrm{n}’ \mathrm{i}\mathrm{l}\mathrm{l}$ $\zeta 10$ il
$i$ Il $\mathrm{s}\mathrm{o}1n\mathrm{c}$ it $\iota\downarrow \mathrm{G}\mathrm{I}^{\cdot}\mathrm{I}n\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{c}\mathrm{I}\iota \mathrm{t}\backslash \mathrm{v}\mathrm{a}$

} every $\mathrm{t}\mathrm{i}\mathrm{l}n\mathrm{e}11\mathrm{e}$ decides to kecp oIte [ $)\mathrm{O}\mathrm{I}^{\cdot}\mathrm{S}\mathrm{C}$ leae ill $1\iota \mathrm{i}.\backslash$ stable. His indi $\iota\prime \mathrm{i}\mathrm{d}\mathrm{u}\mathrm{a}\mathrm{l}\mathfrak{c}1\mathrm{C}\mathrm{I}1_{t}111(1\mathrm{c}\mathrm{u}\iota\cdot\iota\cdot \mathrm{c}$

$\backslash \backslash \cdot \mathrm{i}\mathrm{l}1$ . $\mathrm{i}$ II 1 $\mathrm{t}‘ 11\mathrm{i}$ ( $\}$ ’. take [ $1\iota \mathrm{e}$ $\mathrm{f}\mathrm{o}\iota\cdot \mathrm{t}\mathrm{n}$ of a slep $\mathrm{c}\mathrm{u}\mathrm{l}\cdot\backslash \cdot \mathrm{e}\cdots$ . All tlle otlteI individual delllatld curve $\backslash \backslash \prime \mathrm{i}\mathrm{l}1$ take $\mathrm{t}1\iota \mathrm{e}.\backslash ^{\sim}\mathrm{a}\mathrm{l}1\iota \mathrm{c}\mathrm{g}\mathrm{e}\mathrm{I}\mathrm{t}\mathrm{C}\mathrm{l}\cdot j\backslash 1$

$\mathrm{r}_{()\mathrm{l}\mathrm{I}\mathrm{l}\mathrm{t}}$ . $.\backslash ||(|\iota\cdot \mathrm{e}\mathrm{t}\mathrm{t}$ [ $\iota \mathrm{e}\mathrm{a}\mathrm{g}\mathrm{g}\iota\cdot \mathrm{e}\mathrm{g}_{\dot{\mathrm{c}}}\iota \mathrm{t}\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{I}\mathrm{t}\mathrm{a}\mathrm{t}\iota \mathrm{c}\mathrm{l}\mathrm{c}\mathrm{u}\mathrm{r}\iota\cdot \mathrm{e}\mathrm{s}\cdots$catl, $\mathrm{f}\mathrm{o}\mathrm{I}^{\cdot}$ all $\mathrm{p}_{\mathrm{I}}\cdot \mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}$]
$\mathrm{p}_{11}\cdot \mathrm{p}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{s}$ , be colls’ldel $\cdot$ed as $\mathrm{C}\mathrm{O}\mathrm{I}\iota \mathrm{t}\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{O}\mathrm{t}\mathrm{l}\mathrm{S}$ by

$\iota\cdot \mathrm{i}\mathrm{t}l\iota \mathrm{e}$ or rllc so-callcd larn of $la\uparrow/cenur’\iota bers.$
”
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Cournot. It seems almost impossible for us to reconstruct Walras’ attitude toward this problem

and vindicate it $\mathrm{b}\mathrm{e}\mathrm{i}\mathrm{n}_{\mathrm{o}}\sigma$ based upon his own words. So we had better evaluate Walras’ attitude
$\mathrm{f}\mathrm{i}\cdot \mathrm{o}\mathrm{I}\mathrm{l}\mathrm{l}$ the viewpoint of modern economic theory.

There are several justifications for Walras’ attitude to start from utility theory rather than a

demand function.

(1) In the analysis starting from an observable demand function, it is a given datum ancl

$|\{\mathrm{o}\mathrm{t}$ an object of explanation. The properties mentioned about it are the facts to be verified

olatistically $0\iota$
. inductively. However if we seek to explain these properties of a demand function

instead of just $\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{b}\mathrm{i}\mathrm{n}_{\mathrm{o}}\circ$ or assuming them away, we have to make clear how it is generated by

lllore elementary factors like a preference relation or a utility function.

Moreover when we are required to examine whether the properties $0_{\wedge}^{\mathrm{f}}$ a demand function are

$.\mathrm{r}/\mathrm{c},ner\mathrm{r}\iota l$ ones or exceptional ones, we have again to start from a utility as a $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}\circ\cdot$ factoI
$\mathrm{o}$

.

(2) $\mathrm{A}\mathrm{c}\mathrm{c}\mathrm{o}\mathrm{l}\cdot \mathrm{d}\mathrm{i}\mathrm{n}\circ 0$ to Sonnenschein-Debreu’s theorem23, any function which satisfies the continuity,

$1\iota 0\iota 11\mathrm{O}_{\mathrm{o}}^{\sigma}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{i}\mathrm{t}\mathrm{y}$ and t’Valras’ law can be an excess demand function deduced from some utility

functions $\mathrm{t}\mathrm{h}\mathrm{r}\mathrm{o}\mathrm{u}_{\mathrm{o}}^{\sigma}\mathrm{h}$ consumers’ maximization behaviors. On the grounds of this result, it seems

to be a reasonable way for us to analyze an excess demand function by supposing as if it $\mathrm{w}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{e}$

gene $\iota\cdot \mathrm{a}\mathrm{l}\mathrm{e}\mathrm{d}$ by the utility maximization behaviors of some ideal consumers. Such a reasoning may

$|)\mathrm{Q}\mathrm{r}\mathrm{e}_{\mathrm{o}}\sigma \mathrm{a}\mathrm{t}\cdot \mathrm{d}\mathrm{e}\mathrm{d}$ as an experiment in thought, which is even more important since it is difficult to

$\mathrm{C}\partial 1^{\cdot}1^{\cdot}.\mathrm{V}$ out an ordinary experiment in economics.

(3) Ir we assume the $\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{n}_{\mathrm{o}}\sigma$ axiom of revealed preference and a demand function which satisfies

the Lipschitz condition with respect to income, we can derive a continuous utility function which

generates this deInand function24. If we can adrnit those assumptions, we have a good reason

to $\mathrm{s}\mathrm{C}\mathrm{a}\iota\cdot \mathrm{t}\mathrm{r}\mathrm{r}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{t}$ a utility theory.

$1_{\lrcorner}^{\neg}\mathrm{v}\mathrm{e}\mathrm{n}$ if
$\cdot$

we can justify the use of a utility function, how can we justify the supposition of its

$\mathrm{c}\mathrm{l}\mathrm{I}\mathrm{r}\mathrm{f}\mathrm{e}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{I}\mathrm{t}\mathrm{C}\mathrm{i}\mathrm{a}\mathrm{l})\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{y}$?

$(\cap’)\mathrm{A}\backslash \mathrm{t}$ fi $\mathrm{r}\mathrm{s}\mathrm{t}$ , a continuous utility function can be $\mathrm{a}\mathrm{I}^{)}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{t}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ by a smooth function (Stone-

$\backslash \backslash ^{r}\prime \mathrm{e}\mathrm{i}\mathrm{e}1\mathrm{s}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{s}\mathrm{s}$

’ tbeoret). It Inay be $\mathrm{s}\mathrm{o}\mathrm{t}\mathrm{t}\iota \mathrm{e}\mathrm{t}\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{s}$ justified to $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{l}$) $\mathrm{o}\mathrm{s}\mathrm{e}$ the $\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}$) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ or a $\mathrm{u}\mathrm{t}\dot{\mathrm{l}}[\mathrm{i}\mathrm{t}\}’$

($\mathrm{t}111(-$ ( $|(||$ a.s $i)\backslash \backslash \cdot \mathrm{a}.\mathrm{v}$ of $\mathrm{a}[^{)}[$ ) $\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{l}\mathrm{t}\iota$ alion.

$(‘ f)1\mathrm{t}\dot{\mathrm{I}}\mathrm{S}$ one of $\{_{}|\mathrm{e}$
$\mathrm{i}\mathrm{I}\mathrm{l}\mathrm{t}|$ ) $\mathrm{O}\mathrm{l}\cdot \mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ task or demand $\mathrm{t}1_{1\mathrm{e}\mathrm{o}1}\cdot \mathrm{y}$ to identify $\mathrm{t}1\iota \mathrm{e}$ direction or changes of

$i1\mathrm{t}^{1}\mathrm{I}\mathrm{t}\iota\dot{‘}\iota\downarrow\iota \mathrm{c}1.\mathrm{s}^{\backslash }\mathrm{c}\mathrm{o}\iota\cdot \mathrm{l}\mathrm{e}\mathrm{S}|)\mathrm{o}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}$ to cbanges of [ $)\mathrm{I}^{\cdot}\mathrm{i}\mathrm{c}\mathrm{e}\mathrm{s}$ . In the real world, such a change is $\mathrm{o}\mathrm{l}$ ) $\mathrm{s}\mathrm{e}\iota\cdot \mathrm{v}\mathrm{e}\mathrm{d}$ in a

$\mathrm{S}\mathrm{c}e\backslash ’\backslash j\dot{‘}\iota \mathrm{l}\mathrm{t}\cdot \mathrm{a}\mathrm{s}’\acute{E}l\acute{e}m\epsilon’\ell$ . $\mathrm{t}\iota\cdot \mathrm{a}\mathrm{l}\mathrm{t}\mathrm{s}\mathrm{l}\mathrm{a}\mathrm{t}e\mathrm{d}$ bv Jaff\’e (1977), section 52. p. 95.
2m Sec $\mathrm{S}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{t}\iota \mathrm{e}\mathrm{I}\mathrm{t}_{\backslash }\backslash ^{\backslash }\mathrm{c}1\iota \mathrm{e}\mathrm{i}\mathrm{t}\mathrm{t}$ $(1972, 1973)$ atld $\mathrm{D}\mathrm{e}\mathrm{b}\iota\cdot \mathrm{e}\iota\downarrow$ (1972)
$\underline{)}4$ Scc $\mathrm{t}^{\mathrm{Y}}\mathrm{z}‘\iota\backslash \mathrm{v}_{\mathrm{c}}\iota$ (1960)
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discrete or finite quantity. However we can safely make use of a smooth utility function as a

theoretical devise which explains how the demands depend upon prices, provided that it predicts

the saIne direction of $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{n}_{\mathrm{o}}^{\sigma}\mathrm{e}\mathrm{s}$ in the real world 25.
Thus we have found several justifications for the application of mathematical analysis to a

$\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}_{\vee}\mathrm{v}$ function. They also reinforce the validity of Walras’ $\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}1_{0_{\mathrm{o}}^{\sigma}}\mathrm{i}\mathrm{c}\mathrm{a}1$ view on mathematical

economics.

6 $\mathrm{C}\mathrm{o}\iota \mathrm{n}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{s}$ on the Recent Literature

We are now in a position to evaluate the preceding investigations on this topic in the recent

literat $\mathrm{U}1^{\cdot}\mathrm{e}$ in comparison with the one developed in this paper.

The Inathematical contributions by those who succeeded the tradition of social mathematics

have been studied in several literature. Among others, Sheynin (1976/77, 1978) reviews Laplace’s

and Poisson’s mathematical works on probability respectively. But we can not $\mathrm{a}_{\mathrm{o}}\sigma \mathrm{r}\mathrm{e}\mathrm{e}$ with his

assertion that Cournot did not mention the law of $1\mathrm{a}\mathrm{f}_{\mathrm{o}}^{\sigma}\mathrm{e}$ numbers in his Exposition. On the

$\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{l}\cdot \mathrm{V}\backslash \cdot$ we insist that he referred to the same law by another terminology, the principle of

Bernoulli and he was in favor of this law.

In addition. detailed explanation of Laplace’s theory of probability is given in Kollnogorov

and $\mathrm{Y}\iota$shkevich’s (1992) survey of the history of probability theory in the nineteenth centu $1^{\cdot}.$ .

which is a $\mathrm{I}^{\cdot}\mathrm{e}\mathrm{l}\mathrm{i}\mathrm{a}\mathrm{I}$ ) $1\mathrm{e}$ basic reference from mathematical point of view.

$\mathrm{S}\mathrm{t}\mathrm{i}_{\mathrm{o}}\circ 1\mathrm{e}\mathrm{t}$

. (1986) provides a history of statistics, with special attentions to the $\mathrm{a}\mathrm{p}\mathrm{l}$
)[ $\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of

$\mathrm{p}_{1}$ obability to social sciences and discusses Cournot’s works on probability in detail. Martin

(1996) [$)\mathrm{r}\mathrm{o}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{s}$ a comprehensive study on Cournot’s work in the field of probability, $\mathrm{f}\mathrm{o}\mathrm{c}\mathrm{u}\mathrm{s}\mathrm{i}11_{\circ}^{\sigma}$

on its $\mathrm{p}1\iota \mathrm{i}1_{\mathrm{o}\mathrm{S}\mathrm{O}])}\mathrm{h}\mathrm{i}\mathrm{c}\mathrm{a}1$ aspects, which we olnit in this paper.

$\mathrm{I}\mathrm{n}_{\mathrm{o}}\circ 1\mathrm{a}\mathrm{o}$ &\mbox{\boldmath $\gamma$} Israel (1990. chapter 2) precisely evaluate the role of social mathematics in the

$1\mathrm{l}\mathrm{I}\mathrm{s}\mathrm{t}\mathrm{o}\downarrow_{\backslash }\}’$ of $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{l}\iota$ omics. They also $\mathrm{c}\mathrm{o}\mathrm{r}\iota\cdot \mathrm{e}\mathrm{c}\mathrm{t}\mathrm{l}\mathrm{y}$ point out that the relationship $|$) $\mathrm{e}\mathrm{t}\mathrm{w}\mathrm{e}\mathrm{e}\mathrm{n}$ Cou $\mathrm{r}$ not

a $1\iota \mathrm{c}1$ the $\mathrm{t}\iota\cdot \mathrm{a}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of social $\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\ln \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{s}$; “social matheInatics appeared in his writings $\mathrm{a}\mathrm{s}\backslash \prime \mathrm{e}\mathrm{i}\mathrm{l}\mathrm{e}\mathrm{c}\mathrm{l}$

$i\mathrm{t}\mathrm{l}\mathrm{I}\downarrow \mathrm{l}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{t}\mathrm{s}$. $\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{r}\mathrm{c}\mathrm{w}$ direct references. Reading }) $\mathrm{e}\mathrm{t}\backslash \mathrm{v}\mathrm{e}\mathrm{e}\mathrm{n}$ the lines, one could infer that he $\backslash \mathrm{v}\mathrm{a}\mathrm{s}$

$\mathrm{l}\iota \mathrm{o}\mathrm{C}$ ( $1\iota \mathrm{a}\backslash _{<}’n\cdot \mathrm{e}$ of $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ texts, $01^{\cdot}$ at least the $[$) $\mathrm{r}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{s}$ , of his $[)\mathrm{r}\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{c}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{o}\mathrm{r}\mathrm{s}(])$. $79$ ) $.$

” But they $\mathrm{s}\mathrm{e}\mathrm{e}\mathrm{l}n$

to $\mathrm{l}\mathrm{e}_{\mathrm{o}}\circ \mathrm{a}\iota\cdot \mathrm{c}1$ that $\mathrm{t}1\iota \mathrm{e}\mathrm{i}\mathrm{n}\{1\iota$ ellce of social $\mathrm{t}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{l}\iota \mathrm{e}\iota 1\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{s}$ was rellec $\iota \mathrm{e}\mathrm{c}\mathrm{l}$ only on his atCiCtlcle $\mathrm{t}\mathrm{o}\backslash \iota\cdot \mathrm{a}\mathrm{l}(1$

II $|_{\subset}\urcorner||1(\backslash |)|_{\dot{C}}1\mathrm{t}\mathrm{i}^{r}/_{\lrcorner}\mathrm{i}n_{\mathrm{o}}^{\circ}$ CCOIIOI\uparrow \iota $\mathrm{i}\mathrm{c}\mathrm{s}$ . $\mathrm{T}1\iota \mathrm{e}.\backslash$ ’ clicl $\mathrm{t}\iota \mathrm{o}\mathrm{t}\mathrm{t}\mathrm{r}_{\vee}\mathrm{v}$ to elucidate that Cournot $1n\subset\urcorner\iota\cdot \mathrm{I}\backslash \mathrm{c}\mathrm{c}1$ a $\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{l}\iota$ irica Ill

$(||\downarrow|\iota \mathrm{i}1)_{\circ}^{\circ}-|)\mathrm{o}\mathrm{i}\mathrm{l}1$ ( in int $\iota\cdot \mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{i}$ng the $\mathrm{a}_{1^{)}1)[\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{C}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{t}\mathrm{o}\mathrm{f}}\mathrm{I}n\mathrm{a}\mathrm{t}1\iota \mathrm{e}\mathrm{I}\mathrm{l}\mathrm{t}$ atical anal.vsis into the $[$ ) $1^{\cdot}0_{\mathrm{o}}^{\sigma}1^{\cdot}\mathrm{a}$ In or social

$\underline{)}’?\mathrm{T}\mathrm{I}_{1}\mathrm{i}.\backslash ^{\backslash }i\mathrm{t}\mathrm{I}\mathrm{g}\iota \mathrm{I}\iota\iota \mathrm{c}\iota \mathrm{l}\mathrm{t}.\backslash ^{\backslash }\mathrm{e}\mathrm{e}m\mathrm{e}\mathrm{s}$to be ill $\mathrm{a}\mathrm{c}\mathrm{c}\mathrm{o}\iota\cdot \mathrm{d}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{e}\backslash \mathrm{v}\mathrm{i}\mathrm{t}1_{1}$ Sarnuelson’s $\mathrm{s}\mathrm{p}\mathrm{i}_{\mathrm{I}}\cdot \mathrm{i}\mathrm{t}$. See $\mathrm{S}\mathrm{a}\mathrm{I}\mathrm{I}\mathrm{l}\mathrm{u}\mathrm{e}\mathrm{l}\mathrm{s}\mathrm{o}\mathrm{I}\mathrm{l}$ (1947).
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$\mathrm{I}n\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{n}\iota$ atics. Thus, we are naturally led to ask the question: (1) how did Cournot get out of

the $\backslash \backslash ’ 0\iota\cdot 1\mathrm{d}$ of probability, which had been the traditional field of social mathematics? (2) how

clid Cou $\mathrm{I}^{\cdot}\mathrm{n}\mathrm{o}\mathrm{t}$ succeed in introducing classical analysis to economics?

M\’enard (1987) also tried to gave an answer to the question; why is mathematical economics

$])\mathrm{o}\mathrm{s}\mathrm{s}\mathrm{i}\mathrm{b}\mathrm{l}\mathrm{e}$ ? He stressed Cournot’s cautious attitude toward the use of statistics in $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{m}\mathrm{i}\mathrm{c}\mathrm{s}$ . $\prime\prime \mathrm{I}\mathrm{n}$

adopting this attitude, Cournot was inspired by nineteenth-century physics, which he considered

to }) $\mathrm{e}$ the exemplary science (p. 530).” M\’enard affirms that Cournot erected the first economic

model accoding to the $\mathrm{i}\mathrm{m}\mathrm{a}_{\mathrm{o}}\sigma \mathrm{e}$ of classical physics (p. 141).” Even if we can admit his argument,

$\mathrm{C}\mathrm{o}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{n}\mathrm{o}\mathrm{t}$ clearly stated that ”so many moral causes capable of neither enumeration nor mea-

su $\mathrm{I}^{\cdot}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$ affect the law of demand” (Recherches, p. 47). $\mathrm{T}\mathrm{h}\mathrm{u}\mathrm{s},.\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}.\mathrm{i}.\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{e}\mathrm{l}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}_{1}\mathrm{t}\mathrm{s}$ still

$1^{\cdot}\mathrm{e}\mathrm{I}\mathrm{I}\iota \mathrm{a}\mathrm{i}\mathrm{n}$ in his Recherdhes. Ther.efore, it still remains to inquire the question how C’ournot could

get ont of the ]) $\mathrm{r}\mathrm{o}\mathrm{I}$) $\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ world, but M\’enard failed to gave a decisive answer to this question. In

$\mathrm{o}m\cdot \mathrm{v}\mathrm{i}\mathrm{e}\backslash \vee \mathrm{s}$ , M\’enard misses the first meaning of the law $\mathrm{i}’ \mathrm{n}$ our sense, that is to say the regularity

in the [
$)\iota\cdot \mathrm{o}\mathrm{b}\mathrm{a}\mathrm{l})\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{c}$ sense, which enabled Cournot to get out of the probability world. By this

$\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{y}$ failure to recognize the law of large numbers in this sense, the explanation of Cournot’s

$\mathrm{l}\mathrm{t}\iota \mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}\mathrm{j}\mathrm{u}\mathrm{s}\mathrm{C}\mathrm{i}\mathrm{f}\mathrm{y}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$the application of mathematical analysis to econom.ics remains more or

less unsatisfactory.

$\mathrm{M}\acute{\mathrm{e}}1\mathrm{l}\mathrm{a}\iota\cdot \mathrm{d}\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{o}_{\circ}^{\circ}$nized the second $\mathrm{m}\mathrm{e}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$ of the law of large numbers in our sense played a

$1^{\cdot}\mathrm{o}\mathrm{l}\mathrm{e}$ in Cou $\mathrm{I}^{\cdot}\mathrm{I}\mathrm{l}\mathrm{o}\mathrm{t}\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{c}\mathrm{s};\prime\prime \mathrm{T}\mathrm{h}\mathrm{e}$law of large numbers, the principle of compensation, and the

calculation of averages had to be able to explain the shape and characteristics of the delnand

curve $(|)$ . $.53\cdot 3$ ). ’ On this point, De Vill\’e and M\’enard (1989) said that Cournot thought that

the extension of Inarket activities within several major countries as well as the $\mathrm{d}\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{o}\mathrm{p}_{\mathrm{I}}\iota\tau \mathrm{e}\mathrm{n}\mathrm{t}$

or $\mathrm{i}$ nl $(^{\mathrm{Y}}1^{\cdot}1\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{a}1\{\mathrm{l}\mathrm{a}\mathrm{d}\mathrm{e}$ would expancl the $\mathrm{l}\mathrm{o}\mathrm{l}\mathrm{e}$ of $\mathrm{r}\mathrm{e}\mathrm{g}\backslash \iota \mathrm{l}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$ and $\mathrm{I}^{\cdot}\mathrm{e}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{e}$ the weight of $\mathrm{i}\mathrm{r}\iota\cdot \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$

$|_{)()}|\mathrm{t}\dot{c}\backslash \backslash \cdot \mathrm{i}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{S}(|)$. 498). And M\’enard considered that these reguralities in the economic world

cnablecl $\mathrm{C}\mathrm{o}\mathrm{u}\mathrm{t}\cdot \mathrm{I}\mathrm{t}\mathrm{o}l$ to introduce classical analysis into economics. We $\mathrm{c}\mathrm{o}\iota \mathrm{n}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}’ \mathrm{a}_{\mathrm{o}}\sigma \mathrm{r}\mathrm{e}\mathrm{e}\mathrm{d}\mathrm{w}\mathrm{i}\mathrm{t}\dot{\mathrm{h}}$ this

conclusion, }) $\mathrm{u}\mathrm{t}$ it Inust $1$) $\mathrm{e}\mathrm{e}\mathrm{I}\mathrm{n}$ [$)\mathrm{h}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}$ that slnoothing by aggregation has nothing to do with

$(\mathrm{I}\iota \mathrm{c}^{1}. [)|.\mathrm{o}\mathrm{I})_{C}’\iota 1)\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{c}$ law of large $\mathrm{n}\mathrm{u}\iota \mathrm{n}\mathrm{I}$) $\mathrm{e}\mathrm{r}\mathrm{s}$ . Therefore, although M\’enard succeeded to $\mathrm{e}\mathrm{X}|$
)[ $\mathrm{a}\mathrm{i}\mathrm{n}$ the

$[.\mathrm{Q}_{(}^{\cdot}].\searrow \mathrm{O}\mathrm{I}\mathrm{t}\backslash \iota\cdot 1\iota.\mathrm{y}$ Cou $1^{\cdot}11\mathrm{o}\mathrm{t}\mathrm{f}\mathrm{o}\mathrm{u}\mathrm{I}1$ ([ a $\mathrm{w}_{C}\urcorner \mathrm{y}$ of introducing $11\iota \mathrm{a}\mathrm{t}\mathrm{l}\iota$elllatical analysis to ecoIlolllics, it $\mathrm{s}\mathrm{t}[[|$

$|$ .( $\mathrm{I}\mathrm{l}\mathrm{l},\gamma\downarrow \mathrm{l}\mathrm{t}.\mathrm{b}$ to $\mathrm{i}\mathrm{I}\mathrm{t}\mathrm{C}|\iota \mathrm{i}\mathrm{I}^{\cdot}\mathrm{e}\mathrm{t}1_{1}$at $1\iota 0\backslash \mathrm{v}$ Cournot could get out of the $[$) $\mathrm{r}\mathrm{o}\mathrm{l})\mathrm{a}\mathrm{l})\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}\mathrm{w}\mathrm{o}\iota\cdot 1\mathrm{c}1$.
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7 Concluding Remarks

In this paper. we have investigated Cournot’s $\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}\mathrm{l}\mathrm{o}_{\mathrm{o}}^{\sigma}\mathrm{i}\mathrm{c}\mathrm{a}1$ foundations for applying math-

eIllatical analysis to economics. We explored the reason of French mathematicians’ critical view

$\mathrm{a}_{\mathrm{o}}\circ \mathrm{a}\mathrm{i}\mathrm{n}\mathrm{s}\mathrm{t}$ the Inathematization of economics. The only mathematical tool they admitted as ap-

[$)[\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{b}\mathrm{l}\mathrm{e}$ to economics was probability theory. The origin of this thought can be traced back

to Condorcet’s social mathematics. Although Cournot also succeeded the tradition of social

lnathematics, the mathematical tool chosen in Cournot’s economics was not probability theory

$|)\iota \mathrm{t}$ ea.thematical analysis. The transforlnation of mathelnatical methodology of econolnics due

to $\mathrm{C}\mathrm{o}\mathrm{u}\iota\cdot \mathrm{n}\mathrm{o}\mathrm{t}$ was made possible by his peculiar grasp of the law of large $\mathrm{n}\mathrm{u}\iota \mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{s}$.

$\mathrm{C}^{1}o\mathrm{t}1^{\cdot}\mathrm{n}\mathrm{o}\mathrm{t}$ understood the twofold meanings of it; one is the regularity as lnass pheneoInena in

$\mathrm{t}\mathrm{l}\iota \mathrm{e}])\mathrm{r}\mathrm{o}\mathrm{t})\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{c}$ sense, and the other is the regularity $\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$ from smoothing by $\mathrm{a}\mathrm{g}\mathrm{g}\mathrm{r}\mathrm{e}_{\mathrm{o}}^{\sigma}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ .

Thanks to the first law $\mathrm{o}\mathrm{f}\mathrm{l}\mathrm{a}\mathrm{r}_{\mathrm{o}}^{\sigma}\mathrm{e}$ numbers, Cournot was able to $0\sigma \mathrm{e}\mathrm{t}$ out of the world of probability.

$1\backslash /\mathrm{I}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{o}\mathrm{v}\mathrm{e}\mathrm{r}$ the second law of large numbers enabled him to find a way of $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{l}\mathrm{y}\mathrm{i}\mathrm{n}_{\mathrm{o}}^{\sigma}$ mathematical

analysis to $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{n}\iota \mathrm{i}\mathrm{c}\mathrm{s}$ . In this way, $\mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{t}$ succeeded in paving the $\backslash \mathrm{v}\mathrm{a}\mathrm{y}$ to $\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\iota\tau$ atical

econolltics on the tradition of $\mathrm{L}\mathrm{a}\mathrm{p}\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}- \mathrm{L}\mathrm{a}_{\mathrm{o}}\sigma \mathrm{r}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{e}’ \mathrm{s}$ analytic mechanics.

$\backslash \mathrm{V}\mathrm{a}\mathrm{l}\mathrm{r}\mathrm{a}\mathrm{s}$ . on the other hand, applied mathematical analysis even to a utility function. We

evaluated the $\Pi 1\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}\mathrm{o}1_{0_{\mathrm{o}}^{\sigma}}\mathrm{i}\mathrm{c}\mathrm{a}1$ difference between Cournot and Walras. And we presented a way

of justification for Walras’ approach from a viewpoint of modern economic theory.

Appendix

In $\iota 11|\mathrm{s}\mathrm{A}_{1^{)}1^{)\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{x}}}$, we $\mathrm{n}\mathrm{o}\backslash \mathrm{v}$ exemplify some results obtained in the discipline of social Inathe-

$1|\iota \mathrm{a}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{s}$ .

(a) Condorcet

$\mathrm{I}_{\lrcorner}\mathrm{c}\mathrm{t}|1.\mathrm{b}$ asst It $\iota \mathrm{e}2\mathrm{r}l+1\backslash ’ \mathrm{o}\mathrm{t}_{J}\mathrm{e}1\mathrm{s}$ . who vote independently each oCller. Let $v\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{l}\iota \mathrm{d}$ for the $1$) $\mathrm{r}\mathrm{o}\mathrm{l}$) $\mathrm{a}\mathrm{l}$ ) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{y}$

$\mathrm{t}1\iota \mathrm{a}1_{0}1\iota$ is vote is $\mathrm{c}\mathrm{o}\mathrm{l}\cdot \mathrm{r}\mathrm{e}\mathrm{c}\mathrm{t}$ in $\mathrm{v}\mathrm{i}\mathrm{e}\backslash \mathrm{v}$ of the truth. On the contrary, $w$ represents the $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{I}$) $\mathrm{a}\mathrm{I}$ ) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}y’$ tbat

ltis vote is an $\mathrm{e}1^{\cdot}1^{\cdot}\mathrm{O}\Gamma$ . $\mathrm{I}_{\lrcorner}\mathrm{e}\mathrm{t}|/^{\prime(l}$ ancl $\mathrm{I}’V^{q}\mathrm{s}\mathrm{C}\mathrm{a}\mathrm{l}\iota \mathrm{d}$ for the $\mathrm{p}_{\mathrm{I}}\cdot 0\mathfrak{l}$) $\mathrm{a}1$) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$ that the $\mathrm{s}\mathrm{o}\mathrm{c}|\mathrm{a}\mathrm{l}$ decision is $\mathrm{c}\mathrm{o}\iota\cdot 1^{\cdot}\mathrm{e}\mathrm{c}\mathrm{t}$

$<\backslash$ ncl $\mathrm{e}\mathrm{t}\cdot \mathrm{l}\mathrm{O}\mathrm{I}\mathrm{t}\mathrm{e}o\iota \mathrm{s}\mathrm{r}\mathrm{e}\mathrm{s}$ [ $)\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{y}$ . $\mathrm{T}\mathrm{l}\iota \mathrm{e}\mathrm{n}\backslash \mathrm{v}\mathrm{e}$ must $1\iota \mathrm{a}\mathrm{v}\mathrm{e}$

$1^{\cdot}\mathrm{r};=\downarrow’ i+\underline{)}_{(}1+)\sim q+\iota^{C_{1}\iota^{\sim^{q}}\iota\iota+_{2q+1}C_{2^{1\rangle}}}$

”)
$,’ 2(l-\iota_{1U^{\vee}+\cdots+_{2q+\iota}C_{q}v^{q+1}\iota v^{q}}’.|$ ,

$\dot{‘}|\mathrm{I}\mathfrak{j}(|$
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$\mathrm{T}\prime V^{q}=w^{2q+1}+_{2q+1}C_{1}w^{2q}v+_{2q+1}C_{2}w^{2q-1}v^{2}+\cdots+_{2q+1}C_{q}w^{q+1}v^{q}$ .

Since $\backslash \iota \mathrm{e}$ obtain

$V^{q+1}=v^{2q+3}+_{2q+3}C_{1}v^{2q+2}w+_{2q+3}C_{2}v^{2q+1}w^{2}+\cdots+_{2q+3}C_{q+1}v^{q+2}w^{q+1}$,

$1_{J\backslash ,\vee}$

, a silnilar way. it follows that

\ddagger $rq+1-V^{q}=_{2q+1}C_{9+1}-_{2q+1}C_{q}v^{q+1}w^{q+2}$ .

$\mathrm{T}\mathrm{a}1<\mathrm{i}\mathrm{n}_{\mathrm{o}}\circ$ account of the relations $2q+{}_{1}Cq+1=_{2q+\iota}C_{q}$ and

$\mathfrak{j}/^{q+1}’-V^{q}=_{2q+1}C_{q}’v^{q+1}w^{q+1}\cross(v-w)$ ,

$\backslash \backslash \cdot \mathrm{e}\mathrm{h}\mathrm{a}\backslash f\mathrm{e}$

$V^{q}=v+(v-w)\cross\{vw+_{3}C_{1}v^{2}w^{2}+\cdots+_{2q-1}C_{q-1}v^{q}w^{q}\}$ .

$\mathrm{S}\mathrm{i}\mathrm{m}\mathrm{i}\mathrm{l}\mathrm{a}\mathrm{l}\cdot \mathrm{l}\mathrm{y}$ , we have

1 $l(l=w+(\iota v-v)\mathrm{x}\{wv+\mathrm{s}C_{1}w^{2}v^{2}+\cdots+_{2q-1}C_{q-1}w^{q}v^{q}\}$ .

$\mathrm{A}\mathrm{c}\mathrm{c}\mathrm{o}1^{\cdot}\mathrm{d}\mathrm{i}\mathrm{I}1_{\mathrm{o}}^{\circ}$ to Condorcet, this result implies that the probability that social decision by $\mathrm{m}\mathrm{a}_{\backslash }$

$\mathrm{j}\mathrm{o}\iota\cdot \mathrm{i}\mathrm{t}.\mathrm{v}$ is correct $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\Gamma_{\mathrm{o}}^{\sigma}\mathrm{e}\mathrm{s}$ to 1 as the number of voters increases if $v>w$ . However since this

assuIn[$)\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}(v>w)$ is not necessarily realistic, he advocated the necessity of a $\circ\sigma_{\mathrm{O}\mathrm{o}\mathrm{d}}$ education
$\dot{\mathrm{I}}|)$ orclel$\cdot$ to overcoIne this difficulties.

(b) Laplace

$\Gamma 0\iota\cdot \mathrm{e}\mathrm{x}\mathrm{a}\mathrm{I}\mathrm{t}\mathrm{l}$ [ $)$ [ $\mathrm{e}$ , consider the situation that a ticket is drawn from an urn $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}_{\mathrm{o}}\circ n$ tickets

ttllIlll)GIccl $\mathrm{r}\mathrm{I}^{\cdot}\mathrm{O}11\mathrm{l}\mathrm{l}\mathrm{t}_{}\mathrm{o}?l$ . There are $\mathrm{C}\backslash \mathrm{v}\mathrm{o}$ witnesses, $\backslash \mathrm{v}\mathrm{h}\mathrm{o}\mathrm{s}\mathrm{e}$ testiInonies coitlclde $\backslash ’ \mathrm{i}\mathrm{t}\mathrm{h}$ each $\mathrm{o}\mathrm{t}1\iota \mathrm{e}1^{\cdot}$ .
$r_{1’ 1\iota()}$ ( $|_{(^{1()}}\mathrm{o}^{1\mathrm{e}\mathrm{e}}$ or $\mathrm{c}\mathrm{o}\mathrm{I}\iota$ ficlellce or $[$) $\mathrm{o}\mathrm{t}1\iota$ testi monies $\mathrm{a}\iota\cdot \mathrm{e}p$ and $l^{y’}\iota\cdot \mathrm{e}\mathrm{S}|$) $\mathrm{e}\mathrm{c}\mathrm{C}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{y}$ . A $\backslash \vee \mathrm{i}\mathrm{t}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{C}\mathrm{e}\mathrm{s}\mathrm{C}\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{t}\mathrm{O}\mathrm{l}\mathrm{t}$ ies

( $|_{|_{\zeta}|(}\mathrm{t}1\iota$ ( $\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{I}\backslash ()($ ci $|\mathrm{a}\backslash \iota\cdot 1\iota$ is $1\theta \mathrm{l}\mathrm{t}\mathrm{e}$ one $\mathrm{n}\iota \mathrm{t}\iota\iota 1)\mathrm{C}\mathrm{t}\cdot \mathrm{c}\mathrm{c}\mathrm{l}$ , say, $i$ and $|$) $\mathrm{o}\mathrm{t}1\iota$ make no Illistal{e $\mathrm{r}\mathrm{o}\mathrm{r}$ tbc sake or
$.\searrow \mathrm{i}_{\mathrm{I}\mathrm{l}\mathrm{t}|)}1\mathrm{i}\mathrm{c}\mathrm{i}\mathrm{l}\mathrm{v}$ : (a) $|)\mathrm{o}\mathrm{t}1\iota$ do not clcceive and (b) $[)ol1]$ deceive. Let us consicle] the case (a). $\mathrm{I}_{1}\iota$

lltis case. $1i1\iota \mathrm{e}\iota \mathrm{i}\mathrm{c}\mathrm{l}\backslash \mathrm{e}\mathrm{t}$ ltlltl)cred $i$ is $\mathrm{a}\mathrm{c}\mathrm{t}\iota\iota$ally drawn, the $1$) $\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ of $\mathrm{w}1\iota \mathrm{i}\mathrm{c}\mathrm{l}\iota$ is $1/?l$ . Tlms thc
$|)\mathrm{l}\mathrm{o}\mathrm{I})\mathrm{a}\{_{)}\mathrm{i}\mathrm{I}\mathrm{i}\mathrm{C}.\mathrm{v}$ or the case (a) is $l^{J}p’/r\iota$ . On tbe contrary, in tbc case of (b), the ]) $\iota\cdot \mathrm{o}\mathrm{b}\mathrm{a}\mathrm{l}$ ) $\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{y}$ that the
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ticket nunlbered $i$ is drawn and both deceive is

$\frac{(1-p)(1-p’)}{n(n-1)}$ .

Consequently, the probability that the ticket numbered $i$ is drawn turns out to be

$\frac{pp’}{pp’+\frac{(1-p)(1-p’)}{\{n-1)}}$ .

In the case of $n=2$ and $p=p’$ . this formula will be

$\frac{p^{2}}{p^{2}+(1-p)^{2}}$ .

Proceeding from this simple consideration, Laplace applied this result to the discussion of the
$\mathrm{w}\mathrm{o}\mathrm{I}^{\cdot}\mathrm{k}$ of tribunals.

Let $\iota \mathrm{s}$ assume that the probability $p$ of a just verdict is the same for each $\mathrm{j}\mathrm{u}\mathrm{d}\circ \mathrm{e}\circ$ and that

exceeds one-half. Under these assumptions, the probability that $r$ judges unaniInously $\mathrm{b}_{\mathrm{I}}\cdot \mathrm{i}\mathrm{n}\circ\circ$ in

a $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{l}\cdot \mathrm{e}\mathrm{c}\mathrm{C}$ verclict turns out to be

$\frac{p^{r}}{p^{r}+(1-p)^{\Gamma}}$ .

This is one of the $\mathrm{n}\iota \mathrm{a}\mathrm{i}\mathrm{n}$ results obtained in Laplace’s work. The concrete value of $p$ must $|$) $\mathrm{e}$

$\mathrm{c}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{l}\iota\tau$ ated from statistical data. Once this estimation is done, the optimal number of juclges. say

” is to $|$) $\mathrm{e}\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{v}\mathrm{e}\mathrm{c}[$.
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