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Abstract
In this paper, we consider general equilibrium models with pnblic utilities which

produce public goods or private goods. In the models, the case of increasing returns is
not a priori excluded. The products of the public utilities $\mathrm{a}\mathrm{l}\cdot \mathrm{e}$ allocated to the consulners

according to rules that depend on inforlnation comlnunicated to the pnblic utilities. he
present a cost allocation rule for which equilibriun allocations are always Pareto optilna.1.
Moreover, the lnessage spaces of the lnechanisnls are of finite clilnension.

$\cdot$

1 Introduction

It is now widely recognized that, in econornies with $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{o}\mathrm{n}\backslash \prime \mathrm{e}\mathrm{x}$ ]) $1^{\cdot}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ sets, lllarginal
cost pricing does not necessarily lea,ds to a Pareto optilnal allocation. Recently, in
a class of economies with nonconvex production sets, $\mathrm{I}\backslash ^{f}\mathrm{a}\mathrm{m}\mathrm{i}_{\mathrm{J}^{\gamma}}\mathrm{a}$ [1995] and Moriguchi
[1996] presented $\mathrm{d}\mathrm{e}\mathrm{c}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{l}\cdot \mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{e}\mathrm{d}$ mechanisms (nonlinear pricing $1^{\cdot}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{s}$) $\backslash \mathrm{v}\mathrm{h}\mathrm{i}\mathrm{c}\mathrm{h}$ detercine
Pareto optilnal allocations. However, the production sets in their aodels are solnewhat
restrictive. In Moriguchi [1996], nonconvexity is solely caused from fixed costs, although
joint production is a,llowed. In Oamiya [1995], each $\mathrm{f}\mathrm{i}\mathrm{r}\ln \mathrm{p}\iota\cdot \mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{e}\mathrm{s}$ single output, although
wide classes of nonconvexities are allowed. The lnain purpose of this paper is to present
a pricing $1^{\cdot}\mathrm{u}\mathrm{l}\mathrm{e}$ for firlns with general $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{o}\mathrm{n}\backslash r\mathrm{e}\mathrm{x}\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ sets, which cleternlines Pareto
optimal alloca,tions.

On the other hand, in economies with pnblic goods in $1\prime \mathrm{v}\mathrm{h}\mathrm{i}\mathrm{c}\mathrm{h}$ the case of increasing
returns is not a priori excluded, Kaneko [1977] and $\mathrm{M}\mathrm{a}\mathrm{s}- \mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{l}1$ and Silvestre [1989] pre-
sented cost allocation rules which determine Pareto optimal allocations. $\backslash 1’\mathrm{e}$ also show
that our rule is applicable to their lnodels, i.e., the $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{u}\ln$ allocations are always
Pareto optimal if the firms adopt our rule. $\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{o}\backslash$’er, the lnessage space of our lnodel is of
finite dilnension, although $\mathrm{I}\langle \mathrm{a}\mathrm{n}\mathrm{e}1_{\mathrm{Y}}\prime 0,$

$\mathrm{M}\mathrm{a}\mathrm{s}- \mathrm{C}^{1}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{l}1$, and $\mathrm{S}\mathrm{i}\mathrm{l}\backslash r\mathrm{e}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{e}$ directly used cost functions
which lna$)^{}$ not be parametrized by a finite nulnber of $\mathrm{p}\mathrm{a}1^{\backslash }\mathrm{a}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{s}$ .

It is now well known that lnarginal cost pricing jnst lneets the first order $\mathrm{n}\mathrm{e}\mathrm{c}\mathrm{e}\mathrm{s}\mathrm{s}\mathrm{a}1^{\cdot})^{\gamma}$

condition for Pareto optilnality. Then it is natural to $\mathrm{i}\mathrm{n}\backslash \prime \mathrm{e}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{e}$ the following two
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problems:

1. What additional conditions $\mathrm{g}\mathrm{u}\mathrm{a}\mathrm{l}\cdot \mathrm{a}\mathrm{n}\mathrm{t}\mathrm{e}e$ Pareto optiaality of lnal$\cdot$gi17a1 cost pricing
equlilibria?

2. What pricing rules lead the econolny to $\mathrm{P}\mathrm{a}\mathrm{l}\cdot \mathrm{e}\mathrm{t}\mathrm{o}$ optilllal allocations 7.

Dierker [1986] and Quinzii [1991] investigated the first $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{l}\mathrm{n}$. They showed $\mathrm{t}\mathrm{h}_{c\urcorner}\mathrm{t}$

marginal cost pricing equilibria are Pareto optimal if the elasticities of $\mathrm{d}\mathrm{e}\mathrm{l}\mathrm{l}\iota \mathrm{a}\mathrm{n}\mathrm{d}$ function
and of the cost function satisfy conditions which $\mathrm{g}\iota$ a,rantee that social $\mathrm{i}\mathrm{r}\iota$ difference $\mathrm{c}\iota \mathrm{r}\iota^{\gamma}\mathrm{e}$,
at an equilibrium, does not ”cnt inside” the prod $\iota$ ction set.

The second problem is $1^{\cdot}\mathrm{a}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{v}o1\backslash$’ed. Since marginal cost pricing rule is a lineal$\cdot$

pricing rule and it is the first order necessary condition for Pareto $\mathrm{o}\mathrm{p}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}_{3^{\gamma}}$ , then any
linear pricing rules, except marginal cost pricing, satisfy even the first $\mathrm{o}\mathrm{l}\cdot \mathrm{c}\mathrm{l}\mathrm{e}\mathrm{r}$ condition $\mathrm{f}\mathrm{o}1^{\cdot}$

Pa,reto optimality. Thus any linear pricing rules do not lead the $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}\mathrm{n}1)^{\gamma}$ to Pareto opti-
mal allocations. In order to overcome the difficulty, $\mathrm{I}\backslash ^{f}\mathrm{a}111\mathrm{i}\mathrm{y}\mathrm{a}$ [1995] and Moriguchi [1996]
investigated nonlinear pricing rules. They showed that if the firllls follow their nonlillear
pricing rules, then the $\mathrm{e}\mathrm{q}\iota \mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{u}\ln$ allocations are always Pareto optinlal. $\mathrm{H}o\mathrm{w}\mathrm{e}\lambda^{\gamma}\mathrm{e}1^{\cdot}$ , their
pricing rules are only applicable to $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{I}\iota \mathrm{e}$ special cases. The main $\mathrm{p}_{11}\cdot \mathrm{p}o\mathrm{s}\mathrm{e}$ of this paper
is to extend their approach to $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{l}\cdot\epsilon\gamma 1$ cases.

It is worthwhile noting that the equilibria in our roclel have sillJilar $1\supset 1^{\cdot}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{l}\cdot \mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$ as
Roemer and $\mathrm{S}\mathrm{i}\mathrm{l}\backslash \prime \mathrm{e}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{e}[1993]\mathrm{s}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{o}1^{\backslash }\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{a}1$ solutions. $\mathrm{I}- 1\mathrm{o}\mathrm{w}\mathrm{e}\}’\mathrm{e}1^{\cdot},$

$\iota \mathrm{n}\mathrm{l}\mathrm{i}]_{\backslash }\mathrm{e}$ on $\mathrm{r}\mathrm{a}_{\mathrm{P}\mathrm{P}^{1\mathrm{o}\mathrm{a}\mathrm{c}1_{1}}}\cdot.$ ,

their lnodel does not have an explicit lllechanib’lll to $\mathrm{a}\mathrm{c}\mathrm{h}\mathrm{i}\mathrm{e}\backslash \gamma \mathrm{e}$ f,he solntion.
The paper is organized as follows. $\mathrm{F}\mathrm{i}_{1}\cdot \mathrm{s}\mathrm{t}$ , in section $2_{l}.\backslash \mathrm{v}\mathrm{e}$ present $\mathit{0}\iota \mathrm{r}111\mathrm{O}$ del $c1\prime \mathrm{I}\mathrm{l}\mathrm{r}1$

functions used for our mechanisnls. $\mathrm{S}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}.3$ is $\mathrm{c}\mathrm{l}\mathrm{e}\backslash ro\mathrm{t}_{1}\mathrm{e}\mathrm{d}$ to an econolny\vith public goods.
We present a lnechanism for the econonly and ]) $1^{\cdot}\mathrm{O}\backslash \prime \mathrm{e}$ the Pareto optilnality of eqnilibria.
$\mathrm{M}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{o}\mathrm{v}\mathrm{e}\mathrm{r}$ , in the case of decreasing $1^{\cdot}\mathrm{e}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{s}$, we prove the existence of equilibria. In
section 4, we present a $\mathrm{m}\mathrm{e}\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{i}\mathrm{s}\ln$ for an econonly $\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{p}_{1}\cdot \mathrm{i}\}^{\gamma}\mathrm{a}\mathrm{t}\mathrm{e}$ goods and $\mathrm{p}_{1}\cdot \mathit{0}\backslash r\mathrm{e}$ the
Pareto optilnality of equilibria. The existence of equilibria is proved in the case of
decreasing returns.

2. The Basic Model

We consider an econolny with $\ell_{1}+\ell_{2}$, goods, where $\ell_{1}\geq 1$ and $\ell_{2}\geq 1$ . The first $p_{1}$ goods,
$\mathrm{c}\mathrm{a}$,lled $P$ goods, are produced by firms with $\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{o}\mathrm{n})^{f}\mathrm{e}\mathrm{x}$ production sets a,nd the other (/2

goods, cahled $C$ goods, are not prodnced. There are $\uparrow\overline{l}$ firms and the j-th $\mathrm{f}\mathrm{i}\iota\cdot\ln$ prodnces
the $n(j-1)+1- \mathrm{t}\mathrm{h},$ $\cdots,$

$\uparrow\iota(j)$ -th goods, where $\Sigma_{j=1}^{;\iota}\uparrow l(j)=\ell_{1},$ $??(_{-}i)\geq 1,$ $j=1.,$ $\cdots,$
$\uparrow|$ ,

and $\uparrow?(0)=0$ . Tha,t is joint production is allowed and each $P$ good is ]) $1^{\cdot}o\mathrm{d}\iota$ ced just by
one firm. Each firm produces its outputs nsing $C$ goods, $i.\epsilon.$ , the j-tll $\mathrm{f}\mathrm{i}\mathrm{l}\cdot\ln 1\mathrm{l}\mathrm{a}\mathrm{s}$ an input
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requirenlent set correspondence $?|j$ : $R_{+}^{n(j)}arrow R_{+}^{l\circ},$ . That is, for a given ontpnt $\backslash ;e\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}$

$y_{j}\in R_{+}^{\mathit{7}1(j)},$ $\eta_{j}(?/j)$ is a set of $\mathrm{i}\mathrm{n}$ ]) $\iota \mathrm{t}\mathrm{s}$ (vectors of $C$ goods) frolll which the $\mathrm{f}\mathrm{i}\mathrm{l}\cdot 111$ can produce
$\mathrm{t}/j$ . There are $?7?\geq\underline{9}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\cdot \mathrm{S}$ and the i-tl] constllel$\cdot$ hes the $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{s}\iota$ nlption set $R_{+}^{p_{1}+p_{\underline{9}}}$ ,
an initial $\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{o}\mathrm{w}\ln e\mathrm{n}\mathrm{t}\omega_{i}\in fi^{Jl_{1}^{}+p_{-}}’$ , and $\dot{\epsilon}1$ ntility $\mathrm{f}\iota\iota \mathrm{l}\mathrm{l}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{t}\ell i:R_{+}^{t_{1}+l^{J}\underline{\mathrm{o}}}’arrow P_{\mathrm{t}},$ $j_{--1}$ . $\cdots,$ $?7l$ .

The notations are $\mathrm{d}.\mathrm{S}$ follows. $\Gamma\prec o1^{\backslash }$ a vector \sim - $\in R^{\mathrm{t}_{1}+l_{2}}.’\sim\sim l^{1}\equiv(z_{1}, \cdot\cdot., \sim l_{1}\sim)\mathrm{c}\mathrm{t}\prime \mathrm{n}\mathrm{d}$

$z^{c}\equiv(z_{l_{1}+1}, \cdots, z_{l_{1}+l_{-}^{J}},)$ . For $e\in R^{p_{2}}$ and.f
$\cdot$

$\in R^{p}-,’.\epsilon\cdot./$ denotes their inner $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{d}\iota \mathrm{c}\mathrm{t}$ . For
a set $B$ in the Euclidean space, int $B$ denotes 1he $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{l}\cdot \mathrm{i}\mathrm{o}\mathrm{r}$ of $B$ in the space.

We use the following assnmptions.

$\mathrm{A}_{\mathrm{S}\mathrm{S}\mathrm{U}\mathrm{n}1}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ Al: (i) For $i=1,$ $\cdots,$ $??l,$ $u_{i}$ is $\mathrm{s}\mathrm{t}_{1}\cdot \mathrm{i}\mathrm{c}\mathrm{t}\mathrm{l}\mathrm{y}$ increa.sing, i.e., $u_{i}(x_{i})>u_{i}(\mathrm{a}_{i}’.)\mathrm{f}\mathrm{o}1^{\cdot}$

$x_{ik}\geq x_{ik}’,$ $k=1,$ $\cdots,$
$\ell_{1}+\ell_{2}$ , with at least one strict ineqnality. (ii) For $\prime i=1,$ $\cdots,$ $?71$ ,

$\omega_{ik}=0,$ $k=1,$ $\cdots,$
$\ell_{1}$ , and $\omega_{ik}$. $>0,$ $k=(,/1+1,$ $\cdots,$

$\ell_{1}+\ell_{2},$ .

Assulnption A2: For $j=1,$ $\cdot\cdot.,$ $?7,$ $(\mathrm{i})?\overline{/}/\cdot$ is a continuous $\mathrm{c}\mathrm{o}\mathrm{r}1^{\cdot}\mathrm{e}\mathrm{s}_{1}$ ) $\mathrm{o}\mathrm{n}$ dence for $\mathrm{q}/J\in$

$R_{+}^{n(g)}\backslash \{0\}$ and is nonelnpty $\mathrm{c}\mathrm{o}\mathrm{n}\backslash$’ex valued $\mathrm{f}o\mathrm{r}/\iota j\in R_{+}^{n(.j)},$ $(\mathrm{i}\mathrm{i})0\in?|j(0)$ , and (iii) for $y_{j}$ ,
$J_{j}^{J}\iota\in R_{+}^{n(j)}\mathrm{s}\iota$ ch that $f?jk\geq J_{jk}’\iota$ for $k=??(j-1)+1,$ $\cdots,$

$?7(\dot{j}),$ $?_{lr}(\iota/\dot,\iota\cdot)\subset\uparrow l.\uparrow(|J_{J^{k}}’)$ .

Assumption Al-(i) is $\mathrm{s}\mathrm{t}’\epsilon \mathrm{t}\mathrm{l}\mathrm{l}\mathrm{d}\mathrm{a}\mathrm{r}\mathrm{d}$ in $\mathrm{g}e\mathrm{n}e1^{\cdot}\mathrm{a}\mathrm{l}\mathrm{e}\mathrm{c}_{1}\iota \mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\iota\cdot \mathrm{i}\iota\ln \mathrm{t}11eo1^{\cdot}\mathrm{J}^{r}$. Assumption Al-(ii)
says that eaci $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\ln e1^{\cdot}$ is $\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{o}\backslash \mathrm{v}\mathrm{e}\mathrm{d}\mathrm{w}\mathrm{i}\mathrm{t}_{2}\mathrm{h}$ all $C$ goods and do not $\mathrm{h}\mathrm{a})^{\gamma}\mathrm{e}$ any $P$ goods. In
Assnmption $\mathrm{A}2-(\mathrm{i})$ , it is asstllled that the inpnt $1^{\cdot}\mathrm{e}\mathrm{C}[\iota \mathrm{i}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{t}$ set $\uparrow l_{/}.\cdot(\iota/j)$ is $\mathrm{c}o\mathrm{n}\}^{\gamma}$ex for each
$\prime \mathrm{t}jj\epsilon R_{+}^{n(j)}$ and Assnmption A2-(iii) is the standard monotonicity conclitioll. Notice $\mathrm{t}\mathrm{h}\mathrm{c}\backslash ,\mathrm{t}$

in $\mathrm{A}_{\mathrm{S}\mathrm{S}\mathrm{t}\mathrm{n}1}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ A2, no $\mathrm{c}\mathrm{o}\mathrm{n})^{\gamma}\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{t}_{\mathrm{J}^{\gamma}}$ is assumed in $\mathrm{t}]_{1(^{\lrcorner},\mathrm{O}\mathrm{t}\mathrm{t}])\mathrm{u}\mathrm{t}}$ space.
For $j–1,$ $\cdots,$ $n$ , we define the cost fnnction $C^{\urcorner},\cdot$ : $R_{+}^{\prime\iota(j)}\cross R^{\ell}\mp’(\ni(|/j, \mathrm{c}j))arrow R_{+}\mathrm{a}1)\zeta$ [ the

demand $\mathrm{c}\mathrm{o}\mathrm{l}\cdot 1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{p}o\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$ (for inputs) $\varphi j$ : $R_{+}^{ll(_{/})}\cross R_{+}^{p_{2}}(\ni(|J./\cdot, c_{f}))arrow R_{+}^{l^{\mathit{1}}\underline{\circ}}$ a.s {ollows. $\mathrm{w}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$

$q\in R_{+}^{p_{\underline{9}}}$ is a $\mathrm{p}\mathrm{i}^{\backslash }\mathrm{i}\mathrm{c}\mathrm{e}$ vector of $C$, goods.

$C_{j}(y_{j}, c_{\mathit{1}})\equiv 1\mathrm{n}\mathrm{i}\mathrm{n}\{q\cdot s_{j}|s_{j}\in?|j(y_{j})\}$

$\varphi j(y,\cdot, q)\equiv \mathrm{a}1^{\cdot}\mathrm{g}$ nlin{q $\cdot\llcorner \mathrm{s}_{j}|s_{j}\in\eta j(\iota/.’)$ }.

By Assulnption A2, $C_{j}$ and $\varphi j$ are $\backslash \mathrm{v}e11\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\iota\downarrow \mathrm{e}\mathrm{d}$ .
By $\mathrm{B}\mathrm{e}\mathrm{l}’ \mathrm{g}\mathrm{e}’ \mathrm{s}$ maxilnuln theorenl and Assumption A2, the following $\mathrm{l}\mathrm{e}\iota 111\mathrm{l}\mathrm{t}\mathrm{a}$ holds.

Lenuna 2.1: Under Asstlnption A2, for $j=1,$ $\cdot\cdot.,$
$??$ , (i) $C_{j}(0, \mathrm{c}])=0$ for all

$c_{f}\in R_{+}^{l\underline{\circ}},$ $(\mathrm{i}\mathrm{i})C_{j}/$ is increasing, $\mathrm{i}.\epsilon.$ , for any $\mathrm{g}\mathrm{i}\backslash \prime \mathrm{e}\mathrm{n}\mathrm{C}$] $\in R_{\dagger^{\underline{\circ}}}^{p)}\backslash \{0\}’.C_{j}^{\mathrm{t}}(\iota j_{j,}\cdot q)\geq c_{/},\cdot(\iota f_{j}’, c_{\mathit{1}})$ if
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$/\mathrm{t}jk\geq/\mathrm{t}_{jk}’,$ $k=1,$ $\cdots,$
$?\iota(j),$ $(\mathrm{i}\mathrm{i}\mathrm{i})C_{j}$ is colltin\iota o\iota s in $C \int\in R^{\ell}\mp’ \mathrm{a}11\mathfrak{c}1/|\dot,\in R_{+}^{ll(\dot,)}\backslash \{0\},$ $(\mathrm{i}\iota^{\gamma})(^{\sim,},\cdot$

is $\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}eo\iota \mathrm{s}$ of degree one in $q\in R_{\dagger^{\circ}}^{\ell_{\sim}’},$ $i.\epsilon.,$ $C_{j}( \iota/,.\cdot, \lambda c_{\mathit{1}})=\lambda C,\cdot(\iota/.j,\cdot C\int)$ for $\lambda>0,$ $(v)\varphi$ ,
is npper $\mathrm{h}e11\dot{\mathrm{u}}$-continnons in $c_{\mathit{1}}\in R_{+}^{p_{2}}\mathrm{a}\mathrm{n}\mathrm{d}/\iota,$ $\in R_{+}^{p’(,)}\backslash \{0\}$ , and (vi) $\varphi_{j}$ is $\mathrm{h}\mathrm{o}\iota \mathrm{l}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{o}n\mathrm{s}$ of
degree $0$ in $c_{\mathit{1}}\in R_{+}^{\ell}\underline’,$ $i.e.,$ $\varphi_{j}(|/j, \lambda q)=\varphi,\cdot(\iota Jj, c\mathit{1})$ for $\lambda>0$ .

Ill $\mathrm{L}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{a}2.1,$ $C_{j}$ can be $\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{s}\mathrm{c}o\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}\iota o\mathrm{u}\mathrm{s}\dot{\subset}:\mathrm{t}/\iota,\cdot=0,$ $i.\epsilon.,$
$\mathrm{r}\mathrm{i}^{\backslash }.<\mathrm{e}\mathrm{c}$[ cost is allowecl.

Next, we define functions which will be nsed for the clerinition of $o\mathrm{L}1^{\cdot}$ cost allocation
$1^{\cdot}\mathrm{u}\mathrm{l}\mathrm{e}$ .

Definition 2.1: Fnnctions $\beta_{jk}$. : $R_{+}\cross R_{\dagger^{\underline{\circ}}+}^{J}‘\cross R_{++}^{;\iota(j)}(\ni(\mathrm{t}_{/}/k, \mathrm{C}],$ $\iota)- j))arrow R$ . $l_{1}\cdot=ll(j-1)+1_{e}$.
$\ldots,$ $??(j)$ , are said to be cost allocation functions if, for $\mathrm{g}\mathrm{i}\backslash \prime \mathrm{e}\mathrm{n}C\int\in R_{++}^{p_{\underline{9}}}\epsilon \mathrm{t}\prime \mathrm{l}\mathrm{l}\mathrm{d}\overline{u}_{/}.\cdot\in R_{++}^{\uparrow\iota(.j)}.$

,

(i) $\beta_{jk}(\tau/jk;q,\overline{v}_{j})$ , a fnnction of $?/jk$ , is expressecl by a finite $\mathrm{n}\mathrm{u}111\mathrm{b}\mathrm{C}^{\lrcorner}\mathrm{r}\mathrm{o}\mathrm{f}$ ]) $\dot{\mathrm{e}}\mathrm{i}\mathrm{I}_{C}^{r}1111\mathrm{e}\mathrm{t}e\iota\cdot$,

(ii) $\Sigma_{k=n(j-1)+1}^{n(j)}.\beta_{jk}.(\overline{v}_{jk};q, \iota_{j}))-=C_{j}’(\overline{v}_{j}, c_{\mathit{1}})$

(iii) if $\cdot\iota/jk\geq\iota/_{jk}’$ then $\beta_{\dot{7}}.k(\iota Jjk;q,\overline{v}_{j})\geq\beta_{j}\cdot k(\iota J_{jk}^{J};c_{\mathit{1}},\overline{v}_{j})$,
$(\mathrm{i}\backslash \gamma)\Sigma_{\mathrm{A}\cdot=n(j-1)+1}^{n(j)}\beta_{jk}(\iota f_{jk;}\mathrm{c}_{\mathit{1}},\overline{v}_{\dot{7}}.)\leq C_{j}(\iota_{j}/, q)$ for $\mathrm{a}\mathrm{l}1/\iota j\in R_{+}^{n(j)}$

Definition 2.2: Fnnctions $\beta_{j^{C}k}$ : $R_{+}\cross R_{++}^{l\underline{\circ}}\cross R_{++}^{n(j)}(\ni(1/jk, \mathrm{C}],\overline{\mathrm{t})},\cdot))arrow R,$ $l_{\mathfrak{i}}\cdot=?\}(j-1)+1$ ,
. .

$,$

$??(j)$ , are said to be $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{a}\backslash r\mathrm{e}$ cost allocation $\mathrm{f}\iota \mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}_{l}$. if, for given $(\mathit{1}\in R_{++}^{\ell_{2}}\mathrm{a}11\zeta[$

$\overline{v}_{j}\in R_{++}^{n(j)},$
$(\mathrm{i}),$ $(\mathrm{i}\mathrm{i}),$ $(\mathrm{i}\mathrm{i}\mathrm{i}),$ $(\mathrm{i}\backslash r)$ , and the following $\mathrm{C}\mathrm{o}\mathrm{n}\mathfrak{c}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}o11$ are $\mathrm{S}’\mathrm{d}$ tisfiecl.

$(v)\beta_{jk}$ is concave in $\mathrm{t}/,\mathrm{A}\cdot\in R_{+}$ .

Under the following $\mathrm{a},\mathrm{s}\mathrm{s}\mathrm{t}\mathrm{l}\mathrm{l}\iota \mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{r}\mathrm{l},$ $\backslash \mathrm{v}e$ can $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{t}\mathrm{c}\mathrm{t}$ cost $\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{c}_{\dot{\epsilon}}\iota \mathrm{t}\mathrm{i}\mathrm{o}\iota 1\mathrm{f}\mathrm{t}\mathrm{l}\downarrow \mathrm{c}\mathrm{t}fl\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{S}$ .

Assulnption A3: For $j=1,$ $\cdots,$ $?l,$ $C_{j}$, is $C^{2}$ with $\mathrm{I}^{\cdot}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{t}\mathrm{o}/\iota,$

$\in R_{++}^{\uparrow\iota(j)}\dot{c}\mathrm{t}11\mathrm{d}$ is $\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{c}\mathrm{t}\mathrm{l}.\backslash \gamma$

increasing, i.e., for any given ($\int\in R_{+}^{l_{-}}’\backslash \{0\},$ $C,\cdot(\iota_{j}/, (])>C_{j}(\iota J_{j}^{J}, \mathrm{c}_{\mathit{1}})$ for $f(.j.\prime J_{i}’(\in\Gamma\tau_{+}^{7\downarrow(_{/})}\mathrm{s}\iota \mathrm{c}1\downarrow$

$\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{t}/\mathrm{t}jk\geq y_{k’},,\cdot,$ $k=?7(j-1)+1,$ $\cdots,$
$\prime 7(\dot{j})$ , with at least one $\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{c}\mathrm{t}$ ineqnality.

Theorem 2.1: Under Asstlnptiolls A2 and A3, $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ exist $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{a}\}^{\gamma}\mathrm{e}$ cost allocation
functions.

Proof: See Appendix.
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3 An Econolny with Pnblic Goocls

In this section, $P$ goods $\mathrm{a}\mathrm{I}^{\cdot}e$ considered as public goocls.1 Using the cost allocation
function $\beta_{j\mathrm{A}}.$ , oe constrnct our cost allocation $1^{\cdot}\mathrm{t}\mathrm{l}\mathrm{e}$ by an $\mathrm{i}\mathrm{t}\mathrm{e}\mathrm{l}’ \mathrm{a}\mathrm{t}\mathrm{i}\backslash \prime \mathrm{e}\mathrm{p}_{1}\cdot \mathit{0}$ cess as follows.
(Note that the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{a}\backslash \prime \mathrm{e}$ cost allocation function $\beta_{jl_{\backslash }}^{\mathrm{c}}$. $\backslash \iota^{f}$ ill be used ill Section 4.) The j-th
firm chooses $1^{\cdot}\mathrm{e}\mathrm{a}\mathrm{l}$ ntlnl\supset ers $\alpha_{i\mathrm{A}}\geq 0,$ $i=1,$ $\cdots,$ $\uparrow?7,$ $k=1,$ $\cdots,$

$\ell_{1},$ $\mathrm{s}\iota$ ch that $\Sigma_{i=1}^{J1\iota}\mathfrak{a}_{ik}=1$ .
Each consulner $\mathrm{f}\mathrm{i}1^{\backslash }\mathrm{s}\mathrm{t}1^{\cdot}\mathrm{e}\mathrm{p}o\mathrm{r}\mathrm{t}\mathrm{s}$ the delnancl for the k-th $P$ good (pnblic goocl) for $k=1$ ,
$\ldots,$

$\ell_{1}$ ; later, we cliscnss how the first report is determined. Let $\overline{\mathrm{a}_{ik}.}$ denote the $i$ -th
consulner’s delnand for the k-th $P$ good. If the i-th constlller’s new clellland for the
k–th $P$ good is $x_{ik}$ , then he pays $\beta_{jk}(x_{ik};\overline{x}_{i\mathrm{A}}., q)\mathfrak{a}_{ik^{2}}$.

Note that if $\overline{x}_{ik}=x_{i\mathrm{A}}$. $=x_{i’k}=\overline{x}_{i’k}$ for all $i,$ $i’=1,$ $\cdots,$ $?17$ , and all $k=1,$ $\cdots,$
$(,/1$ ,

then by Definition 2.1 (ii) the total outlay is equel to the cost. That is if all consumers
delnand the sa,lne alnount of public goods, then the firnus $\mathrm{b}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{J}<\mathrm{e}\backslash r$en. .

The consumers maximize their utilities subject to th $e\mathrm{i}\mathrm{r}$ budget constraints, $i.e.,$ $\mathrm{f}\mathrm{o}1^{\cdot}$

$i=1,$ $\cdots,$ $??l$ ,

nuax $u_{i}(x)$

$s.t$ . $\Sigma_{j=1}^{n}\Sigma_{\mathrm{A}\cdot=n(j-1)+1}^{n(j)}\beta_{jk}(x_{i\mathrm{A}\cdot \mathrm{i}}\overline{x}_{i\mathrm{A}}., q)\alpha_{ik}+q\cdot x_{i}^{c}\leq c_{\mathit{1}}\cdot\omega_{i}^{c}$ ,
$x\in R_{+}^{\ell_{1+\ell_{9}}}\sim$ .

If the i-th $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{u}\mathrm{m}\mathrm{e}\mathrm{l}\cdot’ \mathrm{S}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{n}\mathrm{d}$ for the k-th $P$ good, $\hat{x}_{ik}$ , is not equal to $\overline{x}_{ik},$ $.\hat{x}_{ik}\backslash \mathrm{v}\mathrm{i}\mathrm{l}\mathrm{l}$ be
$\overline{x}_{ik}$ in the next iteration. Note that $\overline{x}_{ik}$ in the first $\mathrm{i}\mathrm{t}\mathrm{e}\iota\cdot \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{C}_{C}’111$ be $\mathrm{c}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{r}\mathrm{i}1_{\mathrm{J}^{r}}$.

Definition 3.1: An $?n(,/1+?7l(\ell,+\ell_{-})-\cdot,+\ell_{1}+\ell_{2}\mathrm{t}_{\mathrm{t}\mathrm{t}}1)1\mathrm{e}((\alpha_{ik}^{*}), (x_{i}^{*}),$ $(\tau_{j}^{*}/),$ $q^{*})\in S^{\prime np_{1}}\cross$

$R_{+}^{n\iota(p_{1}+\ell_{2})}\cross R_{+}^{\ell_{1}}\cross R_{+}^{\ell_{2}}$ is said to be an $\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}1^{\cdot}\mathrm{i}\mathrm{u}\ln$ if the following $\mathrm{c}o$ nditions holcl, $\backslash \mathrm{v}\mathrm{h}\mathrm{e}\mathrm{l}\cdot e$

$S^{\gamma\}l}$ is the $(\uparrow n-1)$ -dilllensional unit simplex and $,-\mathrm{t}^{-}$)
$7\mathrm{n}l_{1}’$ is the $\ell_{1}$ tilnes product of $l\mathrm{t}_{)}^{-}ln$ .

(i) For all $i=1,$ $\cdots,$ $77l$ ,

1 It is worthwhile conlparing our model with $\mathrm{I}\backslash \mathrm{a}\mathrm{n}\mathrm{e}\mathrm{k}\prime 0[1977]’ \mathrm{s}$ lnoclel and Mas-Colell
and $\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{v}\mathrm{e}\mathrm{s}\mathrm{t}1^{\backslash }\mathrm{e}[1989]’ \mathrm{s}$ llloclel. In $\mathrm{M}\mathrm{a}\mathrm{s}- \mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{l}1$ and Silvestre’s lnoclel, the nulnber of firlns
is one, $i.\epsilon.,$ $?7=l$ , and the nulnber of inputs is one, $i.e.,$ $\ell_{2}=l$ . In $\mathrm{I}\backslash ^{r}\mathrm{a}\mathrm{n}\mathrm{e}\mathrm{k}\mathrm{o}’ \mathrm{s}$ lnodel, joint
proclu.ction is not $\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \mathrm{v}\mathrm{e}\mathrm{d},$

$?.\epsilon.,$ $\uparrow\uparrow(j)=l$ for all $j=l,$ $\cdots,$ $\uparrow?,,$
$\subset\dagger$

’ nd $\mathrm{t},1\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{u}\iota \mathrm{n}\mathrm{b}$ er of inputs is
one: ?. $\cdot$ $e.,$ $\ell_{2}=\mathit{1}$ . Of conrse, $0\iota \mathrm{r}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{d}\mathrm{e}\mathrm{l}$ has $\mathrm{s}\mathrm{e}\backslash \prime \mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}$ firlns and $\mathrm{s}\mathrm{e}\backslash r\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{l}$ inpnts, and allows
for $\mathrm{J}^{\mathrm{O}\mathrm{l}\mathrm{n}\mathrm{t}}$ production.

$\underline,\mathrm{U}\mathrm{n}\mathrm{l}\mathrm{i}\mathrm{k}’\mathrm{e}$ our allocation rnle, San$e\mathrm{k}\mathrm{o}[.1977]$ and $\mathrm{M}\mathrm{a}_{\iota}\mathrm{s}- \mathrm{C}^{\mathrm{t}}o1e11$ and Silvestre [1989] con-
structed cost allocation rules directly tslng the cost fnnctions.
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$x_{i}^{*} \in\arg\max\{n_{i}(x_{i})|\Sigma j=1^{71}\Sigma_{\mathrm{A}\cdot=n(.j-1)+1}^{r\iota(j)}\beta_{j\Lambda}(x_{\mathrm{i}k};.\iota_{i\Lambda}^{*}., c\mathit{1}^{*})c\iota_{j\mathrm{A}}^{*}+(\mathit{1}^{*}$ $\iota_{i}^{\llcorner}\leq q^{*}\cdot\omega_{i}^{c}$

$x_{i}\in R_{+}^{l_{1}+l_{2}}\}$ ,
(ii) $\Sigma_{j=1}^{n}s_{j}^{*}+\Sigma_{i=1}^{\gamma n}x_{i}^{*c}\leq\Sigma_{i=1}^{o\iota}\omega_{i}^{c}$ for solne $s_{j}^{*}\in\varphi j(\iota f_{j}^{*}, c_{\mathit{1}}^{*})!$.
(iii) $J_{jk\sim}^{*}\tau=x_{ik}^{*}$ for all $k=n(j-1)+1,$ $\cdots,$

$\uparrow?,(j)$ ancl all $j=1,$ $\cdots,$ $??.$ .
$(\mathrm{i}\backslash ’)x_{ik}^{*}$. $>0$ for all $i=1,$ $\cdots,$ $?1l$ and all $k=1,$ $\cdots,$

$\ell_{1},$ .

In the $\mathrm{a}\mathrm{b}\mathrm{o}\backslash \prime \mathrm{e}$ definitiol],. (i) is $\mathrm{s}\mathrm{t}\mathrm{a}11\mathrm{d}_{C}^{r}\mathrm{t}1^{\cdot}\mathfrak{c}1$ , and (ii) $\dot{c}111\mathrm{c}1(\mathrm{i}\mathrm{i}\mathrm{i})\epsilon \mathrm{i}\prime 1^{\cdot}(^{\lrcorner},$
$\mathrm{t}_{\epsilon}1_{1}\mathrm{e}111\prime \mathfrak{c}\backslash 1^{\cdot}1\backslash \prime \mathrm{e}\mathrm{t}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{a}1^{\cdot}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$

condition for $C$ goods and $P\mathrm{g}\mathrm{o}\mathrm{o}\mathrm{d}\mathrm{s}_{D}.1^{\cdot}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\backslash ’\cdot \mathrm{e}\mathrm{l}\mathrm{y}.,$
$(\mathrm{i}\backslash \gamma)\mathrm{s}\mathrm{i}_{\mathrm{l}11])}1.\backslash \prime \mathrm{s}_{\dot{\mathrm{c}}}\iota.\backslash ;\mathrm{s}$, the $\mathrm{c}[_{(_{-}^{\lrcorner}111\mathrm{a}11\mathrm{C}\mathrm{l}\mathrm{s}}\mathrm{f}\mathrm{o}1^{\cdot}P$

goods $\mathrm{a}\mathrm{l}\cdot \mathrm{e}\mathrm{p}\mathrm{o}\mathrm{s}\mathrm{i}\mathrm{t}\mathrm{i}\backslash \prime \mathrm{e}$ . Note that, by (i), $i\iota_{i\mathrm{A}}^{*}.=.\overline{\iota}_{i\Lambda_{\wedge}}..i=1_{l}.\cdot\cdot.$ . tt $1_{J}.k=1_{l}.\cdot\cdot.,$ $(_{1}^{\mathit{1}}$ hold in
equilibria.

The following definitions are also standard.

Definition 3.2: An $m(\ell_{1}+\ell_{2},)+\ell_{1}$ tuple $((\backslash \tau_{i}), (_{l}/j))\in R_{+}^{\prime?\iota(\ell_{1}+l\underline{\circ})}"\cross R_{+}^{\ell_{1}}$ is saicl to be a
feasible allocation if $\Sigma_{j=1}^{n}s_{j}+\Sigma_{i=1}^{n\iota}x_{i}^{\mathrm{c}}\leq\Sigma_{i=1}^{n\iota}\omega_{i}^{c}$ for soce $s_{j}\in?|j(\iota fj)$ , and $\mathfrak{i}\iota\cdot ik=\iota/j\Lambda \mathrm{f}_{01}$

.

all $k=\uparrow \mathrm{z}(j-1)+1,$ $\cdots,$
$\uparrow\nu(j)$ and all $j=1,$ $\cdots,$

$\uparrow$ }.

$\mathrm{D}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}.3.3$ : An ?1 $l(\ell_{1}’+\ell,)+\ell_{1}$ tuple $((x_{i}), ((/j))\in R_{+}^{n\iota(p_{1}+\ell_{2})}\cross R_{+}^{p_{1}}$ is said to be a
Pareto optimal a,llocation if it is a feasible allocatIon $c\urcorner \mathrm{n}\mathrm{d}$ there is no $\mathrm{f}\mathrm{e}_{\dot{\mathrm{c}}}\iota$ sible allocation
$((x_{i}’), (y_{j}’))\in R_{+}^{rn(l_{1}+l_{2})}’\cross R_{+}^{p_{1}}$ such that $u_{i}(x_{i}’)\geq n_{i}(.\iota_{i}.)$ for all $i=1,$ $\cdots.’??l$ with at $1\mathrm{e}\prime \mathfrak{c}1$ st
one strict inequality.

Theorem.3.1: Under Assnmptions Al and A2, if an $?1l\ell_{1}’+?1l((/_{\iota}+\ell_{2})+(,/1+\ell_{2}\mathrm{t}\iota\iota$ ple
$((c\iota_{ik}’)*, (x_{i}^{*}),$ $(y_{j}^{*}),$

$q^{*})\in S^{\gamma\}\iota p_{1}}\cross R_{+}^{J\mathrm{t}\iota(\ell_{1}+\ell_{2})}\prime \mathrm{x}R_{+}^{\ell_{1}}\cross,-\sigma^{1l_{-}}$’ is an $e\mathrm{q}\iota \mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{l}\cdot \mathrm{i}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{l}$, then (( $.\iota_{i}^{*}$ I,. $(\iota J_{i}^{*})$ )
is a Pareto $0_{1}$)

$\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{a}1$ allocation.

$\mathrm{P}1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$: Suppose $((x_{i}’), (\mathrm{t}f_{j’}’))\in R_{+}^{;1\iota((_{1}^{\mathit{1}}+C\underline{\circ})}\cross R_{+}^{1}‘|$ is $\dot{\mathrm{e}}1\mathrm{r}e\mathrm{a}\mathrm{i}]_{)}1\mathrm{e}\mathrm{a}\mathrm{J}\mathrm{l}o\mathrm{c}\mathrm{d}$tion $\mathrm{S}’\zeta\iota \mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}\backslash .\gamma$ ing $n_{i}(.\iota_{i}’.)\geq$

$u_{i}(x_{i}^{*})$ for all $i=1,$ $\cdots$ , a with at lea,st one strict ilteqt $\dot{\epsilon}\mathrm{t}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ . Then.; by Al-(i),

$\Sigma_{i=1}^{m}(\Sigma_{j=1}^{n}\Sigma_{k=r\iota(j^{J})+1}^{n(j)}.\beta_{jk}(x_{i\mathrm{A}\cdot)}’.\cdot x_{i\Lambda}^{*}., q^{*})\alpha_{i\mathrm{A}}^{*}$. $+q^{*}\cdot x_{i}^{;c}.)>\Sigma_{i=1}^{rtb}q^{*}\cdot\omega_{i}^{\mathrm{c}}$.

Since $((x_{i}’), (y_{j}’, ))$ is $\mathrm{f}\mathrm{e}\mathrm{a}$,sible,

$\Sigma_{i=1}^{m}\Sigma_{j=1}^{n}\Sigma_{\mathrm{A}\cdot=\tau\iota(j-1)+1}^{r\langle j)}\overline{‘}\beta_{jk}(\iota j_{jk)}’.\cdot x_{i\mathrm{A}}^{*}., q^{*})\mathit{0}_{ik}^{*}$ . $-q^{*}\cdot\Sigma_{j=1}^{7l}s’,\cdot>0$ for some $s’,\cdot\in?_{l.j(J_{j}^{J})}\mathrm{t}.\cdot$

$\mathrm{T}1_{1}\mathrm{i}\mathrm{s}$ contradicts $\Sigma_{i=1}^{o\iota}\alpha_{ik}^{*}$. $=1,$ $k=1,$ $\cdots,$
($/_{\iota}$ , and
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$\Sigma_{\mathrm{A}\cdot=n(j-1)+1}^{n(j)}\beta_{jk}(y_{j\Lambda}’.;x_{i\mathrm{A}}^{*}., q^{*})\leq C_{j}(\tau f_{j}^{J}, c_{\mathit{1}}^{*})\leq q^{*}\cdot s_{j}’.\cdot$ Q.E.D.

As in $\mathrm{M}\mathrm{a}\mathrm{s}- \mathrm{C}^{\mathrm{t}}\mathrm{o}\mathrm{l}\mathrm{e}\mathrm{l}1$ and $\mathrm{S}\mathrm{i}\mathrm{l}\backslash \gamma \mathrm{e}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{e}$ [1989], we $\mathrm{p}\mathrm{r}o\backslash \prime \mathrm{e}$ the existence of $\mathrm{e}\mathrm{c}_{1}\iota$ ilibria only in
the case of decreasing $1^{\cdot}\mathrm{e}\mathrm{t}\iota 1^{\cdot}\mathrm{n}\mathrm{s},$

$i.\epsilon.$ , the case of $\mathrm{c}\mathrm{o}\mathrm{n}\backslash \prime \mathrm{e}\mathrm{x}$ cost functions. In the case of
$\cdot$

increa,sing $\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{u}\mathrm{l}\cdot \mathrm{n}\mathrm{s}$ , althongh the existence of $\mathrm{e}\mathrm{q}\iota \mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}_{1}\cdot \mathrm{i}\mathrm{a}$ is not a $\iota \mathrm{t}\mathrm{o}\mathrm{n}$ ) $\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{y}$ excluolecl,.
the curvatures of $\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{r}\backslash ;\mathrm{e}\mathrm{s}$ and of $\beta_{j\mathrm{A}}$ . $1^{J}\mathrm{v}\mathrm{i}\mathrm{l}1$ be essential for $\mathrm{t}11(^{-\backslash },$ existence.

We use the $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \mathrm{v}\mathrm{i}\mathrm{n}\mathrm{g}$ assulnptions.

Assulnption A4: For $j=1,$ $\cdots,$ $\uparrow?,$
$(\mathrm{i})\eta_{j}$ : $R_{+}^{\tau\iota(j)}arrow R^{p}\mp$’ has a $\mathrm{c}\mathrm{o}\mathrm{n}\backslash \prime \mathrm{e}\mathrm{x}\mathrm{g}_{1}\cdot \mathrm{a}\mathrm{p}\mathrm{h},$ $(\mathrm{i}\mathrm{i})$ for $\mathrm{a}\mathrm{n}\}^{\gamma}$

sequence $\{\mathrm{c}f_{j}^{l}\}(?J_{j}^{t}\in R_{+}^{n(j)},1\mathrm{i}\mathrm{n}1_{iarrow\infty}||\iota J_{j}^{t}||=+\infty),$ $1 \mathrm{i}_{111_{tarrow\infty}}\inf\{||s_{j}|||s_{j}\in?7j(\mathrm{t}f_{j}^{i})\}=\infty$ , where
$||\cdot||$ clenotes the $\mathrm{E}\iota$ cliclean $\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{n}\iota$ and (iii) $C_{j}$ is clifferentiable with $\mathrm{r}\mathrm{e}\mathrm{s}$ ]) $e\mathrm{c}\mathrm{t}$ to $f?j’\in R_{++}^{n(j)}$

and

$1 \mathrm{i}\mathrm{n}1’\ldots,\frac{C_{j}(\iota fj1\iota/j\mathrm{x}\cdot+\epsilon,\cdots.\iota/rjr\iota(.i))-C_{j}^{\mathrm{t}}(1f_{J})}{\epsilon}\epsilon\downarrow 0$

’

exists for $\mathrm{t}jj\in R_{+}^{n(j)}$ such that $?/jk=0$ .

Assuinption $\mathrm{A}4-(\mathrm{i})$ says that the technologies do not exhibit $\mathrm{i}\mathrm{n}\mathrm{c}1^{\cdot}\mathrm{e}_{C}^{r}\mathrm{t}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}_{1}\cdot \mathrm{e}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{n}\mathrm{s}$. As-
sunption A4-(ii) llleans that the technologies $\mathrm{a}\mathrm{l}\cdot \mathrm{e}\mathrm{p}\iota\cdot o\mathrm{p}\mathrm{e}\mathrm{r}$ .

For a condition for $\eta_{j}$
whicl] guarantees the differentiability of $C_{j}^{1}$ , see $\mathrm{F}\iota \mathrm{j}\mathrm{i}\mathrm{w}\epsilon\urcorner.\mathrm{r}\mathrm{a}$ [1985].

$\mathrm{A}\mathrm{s}\mathrm{s}\iota \mathrm{l}\mathrm{n}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ A5: For $i=1,$ $\cdots,$ $\uparrow\eta,$
$(\mathrm{i})u_{i}$ is a continnous, $\mathrm{c}_{1}\iota$ asi-collca\;e function for

$i=1,$ $\cdots,$ $?n,$ $(\mathrm{i}\mathrm{i})$ for any $x_{i}\in R_{++}^{\ell_{1+l_{2}}’}$ and $x_{i}’\in\partial R_{+}^{\ell_{1+\ell_{2}}},$ $u_{i}(x_{i})>\mathrm{t}\iota_{i}(x_{i}’)$ holcls, $\backslash \mathrm{v}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$

$\partial R_{+}^{\ell_{1+\ell_{9}}}\sim$ denotes the bonndary of $R_{+}^{\ell_{1}+\ell_{9}}\vee$ .

By $\mathrm{A}_{\mathrm{S}\mathrm{S}\mathrm{U}\mathrm{n}1}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ A4, $\beta_{k}.’$ cal.l be lineal$\cdot$ . $\mathrm{N}\mathrm{a}111\mathrm{e}1_{u}\mathrm{v},$
$\mathrm{f}\mathrm{o}1^{\cdot}$ arbitrary chosen $\xi_{j\mathrm{A}}\geq 0$ such thrt

$\Sigma_{k=n(j-1)+1}^{7l(j)}.\xi_{jk}=1,\cdot$

(3.1) $\beta_{jk}(\tau f_{j^{l}k;}c_{\mathit{1}}, \overline{u}_{j})=\frac{(’)C\vee^{-}’(\overline{v}_{J}.’ q)}{\dot{c}^{\overline{)}}y_{J^{\mathrm{A}}}}(\tau_{/}/.\cdot \mathrm{A}^{\backslash }-\cdot\iota_{j\mathrm{A}}).)-+\xi_{7’}.\cdot‘ C_{j}(\overline{\mathit{0}}_{j}.’ c_{\mathit{1}})$

satisfies all the conditions for $\beta_{j\mathrm{A}}.\cdot$ . Note that if $\overline{l^{)}}_{j\mathrm{A}},$ $=0$ , t,hen $\frac{()C_{\mathrm{J}}-(\overline{v}_{j},(}{\partial\iota_{J^{\mathrm{A}}}}$, denotes the right
differential coefficient.
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$\mathrm{T}\mathrm{h}eo\mathrm{r}\mathrm{e}\ln 3.2$ : Under Assulnptions Al, A2, A4 $\dot{c}\mathrm{t}\mathrm{n}\mathfrak{c}1\mathrm{A}5_{J}$. if $\beta_{jk}$ has $\mathrm{t}\mathrm{l}\tau \mathrm{e}\mathrm{f}_{\mathrm{o}\mathrm{I}111}\cdot(3.1),$
$\mathrm{t}1_{1}\mathrm{e}\mathrm{n}$

there exists an $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{l}\mathrm{n}$ .

Proof: See Appendix.

Relnark.3.1: As in $\mathrm{I}\langle \mathrm{a}111\mathrm{i}\backslash .r$ a [1995], it is easy to illt\iota$\cdot$od $\iota \mathrm{c}\mathrm{e}$ colllpetiti\[e $\mathrm{f}\mathrm{i}1^{\cdot}\mathrm{m}\mathrm{s}.$

, which
produce $C_{/}\mathrm{g}\mathrm{o}\mathrm{o}\mathrm{d}\mathrm{s}$ using $P$ goods and $C$, goocls, in $\mathit{0}\iota\iota \mathrm{r}$ lltoclel. $\mathrm{T}1\tau \mathrm{e}\mathrm{C}\mathrm{O}111$ ]) $\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{i}\backslash ^{r}\mathrm{e}$ firlllS
nlaximize their profits for a $\mathrm{g}\mathrm{i}1^{r}\mathrm{e}\mathrm{n}\iota$ ) $1^{\cdot}\mathrm{i}\mathrm{c}\mathrm{e})^{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{o}1^{\cdot}$ of $C,$ goo $\mathrm{e}\mathrm{l}\mathrm{s}$ ancl the $\mathrm{g}\mathrm{i}\backslash \prime \mathrm{e}\mathrm{n}$ cost allocation
rule for $P$ goods. The profits are clistributecl in $\mathrm{P}^{1\mathrm{O}}.1$)

$01^{\cdot}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ to the share holclings of the
consulners. In such a $\mathrm{e}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{o}111\}^{\gamma}$, the existence and the $\mathrm{P}\mathrm{a}\mathrm{l}\cdot \mathrm{e}\mathrm{t}o$ optimality of $\mathrm{e}\mathfrak{c}\mathrm{l}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{l}\cdot \mathrm{i}\mathrm{d}\mathrm{a}\mathrm{l}\cdot \mathrm{e}$

established using the same proof as of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{S}3.1$ and 3.2.

4. An Economy $\backslash ’\backslash ;\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{P}_{1}\cdot \mathrm{i}\backslash \gamma \mathrm{a}\mathrm{t}\mathrm{e}$ hoocls

In this section, the $P$ goods are considered a.s ]) $\iota\cdot \mathrm{i}\backslash f’\mathrm{d}$ t,e
$\mathrm{g}\mathrm{o}\mathrm{c}$ )

$\mathrm{c}\mathrm{l}\mathrm{s}^{\mathit{3}}$. $\prime \mathrm{r}$ ] $\mathrm{l}\mathrm{e}$ cost allocation
$1^{\cdot}\mathrm{u}\mathrm{l}\mathrm{e}\mathrm{s}$ (nonlinear prices of $P$ goods) are clefined $\iota \mathrm{s}\mathrm{i}_{\mathrm{l}\mathrm{l}}\mathrm{g}\beta_{j}^{\mathrm{c}}\mathrm{s}$ . $1^{\neg}\mathrm{i}1^{\cdot}\mathrm{S}$ (, we collsirle\iota$\cdot$ the following
process. The i-th consuser first $1^{\cdot}\mathrm{e}\mathrm{p}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{s}$ their $\mathrm{c}\mathrm{l}\mathrm{e}\iota \mathrm{n}\mathrm{a}\mathrm{l}\mathrm{l}\mathfrak{c}\mathrm{i}.\backslash ’ \mathrm{r}o1^{\cdot}P$ goods, $\backslash \overline{\iota}_{i}^{\gamma)}=(_{\backslash }\overline{\mathrm{t}}_{j1}\cdots, \mathit{1}\overline{1}_{il_{1}})$ ; as
in Section.3, the first report is chosen $\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{t}\mathrm{l}\cdot \mathrm{a}\mathrm{l}\cdot \mathrm{i}\mathrm{l}\backslash \prime u..\mathrm{A}\mathrm{c}\mathrm{c}\mathrm{o}1^{\cdot}\mathrm{r}\mathrm{l}\mathrm{i}_{11}\mathrm{g}$ to the $1^{\cdot}\mathrm{e}\mathrm{p}\mathrm{o}1^{\cdot}\mathrm{t}_{:}$ the $\mathrm{f}\mathrm{i}\mathrm{r}\iota\iota \mathrm{l}\mathrm{S}$ set
an individualized (nonlinedr) $\mathrm{p}\iota\cdot \mathrm{i}\mathrm{c}e$ schedule as follows. For.$’\overline{\iota}_{\mathrm{i}l_{\backslash }}$. $>0,$ $\mathrm{t}_{}11\mathrm{e}$ $i$ -th $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{u}\mathrm{n}\mathrm{J}\mathrm{e}\mathrm{l}\cdot’ \mathrm{S}$

outlay for $x_{ik},$ $k=n(j-1)+1,$ $\cdots,$
$\uparrow\iota(j)$ , is

$\zeta_{ik}(x_{ik},\overline{v}_{j},\overline{x}_{ik}, c_{\mathit{1}})\equiv\beta_{jk}^{c}.(x_{i\mathrm{A}_{\overline{x}_{i}}^{\lrcorner_{\frac{k}{k};}}}.\overline{v}q,\overline{\mathit{0}}_{j})\overline{\frac{\mathrm{J}}{\frac{}{v}}.}\lrcorner J^{k}L$

where $\overline{v}_{j}\equiv(\overline{U}_{jn(j-1)+1}, \cdots,\overline{\mathrm{t}^{)}}j,\iota(j))\equiv(\Sigma_{i=1}^{l\}1}.’\iota_{in(j-1)+\iota}\overline, \cdots, \Sigma_{i=\mathrm{l}}^{l1\iota}\overline{x}_{i_{J1}\mathrm{t}_{\mathrm{J}})})$ .
Note that if $\overline{x}_{i\mathrm{A}}$. $=x_{\mathrm{i}k}$ for all $i=1,$ $\cdots,$ $?11$ , wod all $\mathit{1}_{\hat{\iota}}=1,$

$\cdots,$
($/\vee 1$ , the total outlay is

equal to the cost.
The consumers lnaxilllize their utilities snbject to their ]) $\iota\zeta \mathrm{l}\mathrm{g}\mathrm{e}\mathrm{t}\mathrm{c}o$nstraints, $i.\in.,$ {or

$i=1,$ $\cdots,$ $n$ ,

lnax $u_{i}(x)$

$s.t$ . $\Sigma_{j=1}^{n}\Sigma_{\mathrm{A}\cdot=\tau\iota(j-1)+1}^{n(J)}(_{j\mathrm{A}}.(J_{i\mathrm{A}}^{\cdot},\overline{U}_{/}.,\overline{X}j\mathrm{x}, c])+(\mathit{1}$ . $.\iota_{i}^{c}.\cdot\leq q\cdot\omega_{i}^{\mathrm{c}},$
$\mathrm{J}^{\cdot}\in R_{+}^{\iota+\ell_{2}}‘’$ .

3 Below, we compare $\mathrm{o}n\mathrm{r}$ llloclel $\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{I}_{\backslash \mathrm{a}111\mathrm{i})^{\gamma}}’.\cdot$a $[1995]’ \mathrm{s}$ lllo(l.el and $\downarrow\backslash /\iota \mathit{0}1^{\cdot}\mathrm{i}\mathrm{g}\iota$ chi $[19^{(}.\mathrm{J}6]\mathrm{s}$

lnodel. In $\mathrm{I}\backslash \mathrm{a}\mathrm{n}\dot{\mathrm{u}}\mathrm{y}\mathrm{a}’ \mathrm{s}\prime 111\mathrm{O}\mathfrak{c}1\mathrm{e}1$, joint $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{c}\mathrm{l}\mathrm{u}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\iota \mathrm{s}$ not $\mathrm{a}\mathrm{l}1\mathit{0}\backslash \mathrm{v}\mathrm{e}(_{-}1,$

$’.\epsilon.,$ $\uparrow\iota(j)=l.\mathrm{f}_{01}\cdot$ all $j=.l$ ,

$\ldots,$
$??$ . In Moriguchi’s $\mathrm{n}\mathrm{T}\mathrm{O}\mathfrak{c}\mathrm{l}\mathrm{e}\mathrm{l}$, although joint $1$) $\mathrm{r}\mathrm{o}\zeta 1\iota$ction is $\mathfrak{c}\mathrm{t}\prime 11\circ\backslash \wedge^{r}.\mathrm{e}\mathrm{c}.1,$ $\mathrm{i}\mathrm{l}\urcorner \mathrm{C}\mathrm{l}\cdot \mathrm{e}\mathrm{a}\mathrm{S}\mathrm{l}\mathrm{n}\mathrm{g}\mathrm{r}\mathrm{e}\mathrm{t}\mathrm{u}\mathrm{l}\cdot \mathrm{n}\mathrm{S}\mathrm{l}\mathrm{S}$

solely caused from fixed costs. Of conrse, our lnoclel allows for jolnt $\mathrm{p}\iota\cdot \mathrm{o}\mathrm{c}\mathrm{l}\iota$ctlon and for
general types of increasing returns.
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If the i-th constlller’s clelnand for the k–th $P$ good, $\backslash \hat{x}_{i\mathrm{A},}.$. is not equal to $\overline{\mathrm{a}}_{ik},\hat{x}_{i_{\backslash }}$, will be
$\overline{x}_{ik}$ in the next $\mathrm{i}\mathrm{t}\mathrm{e}1^{\backslash }\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ . Note $\mathrm{t}1\iota \mathrm{a}\mathrm{t}.\overline{x}_{ik}$ in the $\mathrm{f}\mathrm{i}1^{\cdot}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{e}\iota\cdot \mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ con be chosell $\partial 1^{\cdot}\mathrm{b}\mathrm{i}\mathrm{t}1^{\cdot}\mathrm{a}\mathrm{r}\mathrm{i}1)^{\gamma}$.

Definition 4.1: An $??1(\ell_{1}+\ell_{\vee 2})+\ell_{1}+\ell_{2}$, tuple $((x_{j}^{*}), (y_{j}^{*}.)_{;}.q^{*})\in R_{+}^{\mathrm{Y}1\iota(\iota+\ell_{-})}‘,\cross R_{+}^{l_{1}}\cross R_{+}^{p_{2}}$

is said to be an $\mathrm{e}\mathrm{q}\iota \mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{l}\cdot \mathrm{i}\mathrm{u}\ln$ if the following conclitiolls hold.

(i) For all $i=1,$ $\cdots,$
$\uparrow n$ ,

$x_{i}^{*}\in\arg \mathrm{l}\mathrm{n}\mathrm{a}\mathrm{x}\{\iota\iota_{i}(x_{i})|\Sigma_{j=1}^{n}\Sigma_{\Lambda\cdot=n(j-1)+1}^{r\iota(j)}\zeta_{j\mathrm{A}}.(x_{ik},\overline{v}_{j\prime}^{*}.x_{i\mathrm{A}}^{*}., c]^{*})+(]^{*}$ . $:\iota_{i}^{\mathrm{c}}.\leq q^{*}\cdot\omega_{i}^{c},$ $x_{i}\in$

$R_{+}^{\ell\iota+l_{2}}\}$ ,

where $\overline{v}_{j\Lambda}^{*}$. $=\Sigma_{i=1}^{m}x_{i\mathrm{A}}^{*}.,$ $j=1,$ $\cdots,$ $n,$ $k=?\mathit{1}(j-1)+1,$ $\cdots,$ $?7(j)’$.
(ii) $\Sigma_{j=1}^{n}s_{j}^{*}+\Sigma_{i=1}^{n}x_{i}^{*c}\leq\Sigma_{i=1}^{n}\omega_{i}^{c}$ for solne $s_{j}^{*}\in\uparrow 7j(.?J_{j}^{*})$ ,
(iii) $J_{j\Lambda}^{*}\tau$. $=\Sigma_{i=1}^{m}x_{i\Lambda}^{*}$. for a.ll $j=1,$ $\cdots,$ $n,$ $k=n(j-1)+1,$ $\cdots,$ $n(j)$

(iv) $x_{ik}^{*}$. $>0$ for all $i–1,$ $\cdots,$ $?n$ and all $k=1,$ $\cdots,$
$\ell_{-1}$ .

Definition 4.2: An $?1l(\ell_{1},+(_{2},/)+\ell_{-1}$ tnple $((.’\iota_{i}),$ $(|/j))\in R_{+}^{J1\tau(C_{1}+p_{2})}\cross\Gamma)^{)}‘+^{1}$

)

is said to be a
$\mathrm{f}\mathrm{e}\mathrm{a}$.sible allocation if $\Sigma_{j=1}^{n}s_{i}.+\sum_{j}^{71\iota}=1\alpha^{c}i\leq\Sigma_{i=1}^{1}’\dot{‘}\omega_{i}^{c}$ for $\mathrm{s}\mathrm{o}\iota 11\mathrm{e}.-\backslash j\in?|j(\iota/.j)$ . $\sum_{i=1}^{rn}a_{ik}\leq y_{i\mathrm{A}}$. $\mathrm{f}o\iota$.
all $k=??(j-1)+1,$ $\cdots,$

$\uparrow 1(j)$ wncl all $j=1,$ $\cdots,$ $?1$ .

Definition 4.3: An $?11(\ell_{1}+(_{2},/)+\ell_{1}$ tuple $((x_{i}), (?/j))\in R_{+}^{\prime 1\iota(^{}\iota+p_{2})}‘\cross R_{+}^{p_{1}}$ is said to be a
Pareto optinual allocation if it is a feasible allocation and there is no feasible allocation
$((x_{i}’), (.\{J_{j}^{J}))\in R_{+}^{7?\iota(l_{1}+\ell_{2})}’\cross R_{+}^{l_{1}}\mathrm{s}\iota$ ch that $n_{i}(.\iota_{i}’)\geq u_{i}(x_{i})$ for all $i=1,$ $\cdots,$ $?71$ with at least
one strlct inequality.

$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}e\ln 4.1$ : Under Asstlnptions Al and A2, if a,n $\uparrow n(\ell_{1}+l_{2}^{J})+\ell_{1}$ tuple $((x_{i}^{*})$ ,
$(\iota J_{j}^{*}),$

$c_{\mathit{1}^{*}})\in R_{+}^{n\iota(l_{1}+l_{2})}\cross R_{+^{1}}^{p\prime}\cross,\underline{\mathrm{c}^{-}}_{)}’ l_{2}$ is an $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{l}\cdot \mathrm{i}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{l}$ , then $((.\iota_{i}^{*}), (\iota_{j}^{*}/))$ is a Pareto optimal
allocation.

Proof: Suppose $((x_{i}’), (\iota_{j}’/))\in R_{+}^{n\iota(p_{\vee})}\ell_{1+9}\cross R_{+}^{p_{1}^{)}}$ is a $\mathrm{f}\mathrm{e}\mathrm{a}\mathrm{s}\mathrm{i}|_{)}1\mathrm{e}\mathrm{a}\mathrm{J}\mathrm{l}\mathrm{o}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}^{l}\mathrm{d}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}_{3^{\gamma}}\mathrm{i}\mathrm{n}\mathrm{g}u_{i}(x_{i}’)\geq$

$u_{i}(x_{i}^{*})$ for all $i=1,$ $\cdots,$
$\uparrow n$ with at least one $\mathrm{s}\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{e}\zeta 1^{\mathrm{t}}$ ality. Then, $\mathrm{b}$

)’. Al-(i),

$\Sigma_{i=1}^{nl}(\Sigma_{j=1}^{n}\Sigma_{k=n(j-1)+1}^{n(j)}.\beta_{j\mathrm{A}}^{c}(x_{i\mathrm{A}_{?}^{-}\cdot*}’..\overline{v}_{\mathrm{L}^{k}}^{\mathrm{e}_{k}}; ; C]^{*}, \overline{\iota_{j})}^{*})..\cdot\frac{l_{j\mathrm{A}}^{*}}{\overline{v}j_{k}}..+c_{\mathit{1}^{*}}\cdot x_{i}^{*\mathrm{c}})>\Sigma_{i=1}^{;1\iota}c_{\mathit{1}^{*}}\cdot\omega_{i}^{c}$.

Since $((x_{i}’), (\iota J^{l},\cdot))$ is $\mathrm{f}\mathrm{e}\mathrm{a},\mathrm{s}\mathrm{i}|_{)}1\mathrm{e}$ ,
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$\Sigma_{i=1}^{n\iota}\Sigma_{j=1}^{n}\Sigma_{k=n(j-1)+1}^{n(j)}\beta_{j^{\mathrm{C}}k}(x_{i\mathrm{A}_{x_{ik}}}’.\lrcorner\overline{v}^{\mathrm{s}_{\underline{k}}}. ; q^{*},\overline{v}_{j}^{*})_{\overline{v}_{\dot{j}\mathrm{A}}}^{x^{*}}\simeq$

.
$-c]^{*}$ . $\Sigma_{=1}^{n}\dot,s_{j}’>0$ for sollle $s_{j}’\in\uparrow|.j(\tau J^{J}.’)$ .

Since $\Sigma_{j=1}^{n}\Sigma_{k=n(j-1)+1}^{n(j)}\beta_{j\mathrm{A}}^{\mathrm{c}}.(\mathrm{c}_{jk}J^{J}; q^{*},\overline{v}_{j}^{*})\leq C_{j}(\tau J_{j}^{J}, q^{*})\leq c_{\mathit{1}}^{*}\cdot s_{j}’$

$\Sigma_{j=1}^{n}\Sigma_{k=n(j-1)+1}^{n(j)}[\Sigma_{i=1}^{m}\beta_{j\Lambda}^{c}.(x_{ik}’\frac{\overline{v}_{\mathrm{j}k}}{x_{ik}}.. ; q^{*},\overline{v}_{j}^{*})^{\frac{x}{\overline{U}j_{k}}}.-\beta_{jl:}^{c}.’(?f_{jk}^{J}; q^{*},\overline{v}_{j}^{*})]>0$ .

Since $((x_{i}’), (y_{j}’))$ is $\mathrm{f}\mathrm{e}\mathrm{a}$,sible and $\beta_{j\Lambda}^{c}$. is $\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{l}\cdot \mathrm{e}\mathrm{a}\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}$ in the first $\mathrm{a}\mathrm{l}\cdot \mathrm{g}\iota$nlent,

(1) $\Sigma_{j=1}^{n}\Sigma_{k=n(j-1)+1}^{n(j)}.[\Sigma_{i=1}^{m}\beta_{jk}^{c}(x_{i\mathrm{A}_{Jj}}’.\lrcorner\overline{v}_{\underline{k}}^{*}i.k ; q^{*},\overline{v}_{j}^{*}.)_{\overline{v}_{J^{k}}^{*}}^{x^{*}}\wedge-j’f_{j\Lambda}^{c}.(\Sigma^{n\iota}i=1x’,\cdot;\mathrm{A}\cdot c\mathit{1}^{*}, \overline{\mathit{0}}_{\dot{7}}^{*}.)]>0$.

By $\sum_{i=1}^{m}(x_{ik}’\frac{\overline{v}_{jk}’}{x_{ik}^{*}})_{\overline{v}_{jk}^{*}}^{x^{*}}\wedge=\sum_{i=1}^{n}’ x_{ik}’$ and the concavity of $\beta_{jk}^{c}$ in the first $\zeta\gamma$ rgultlent, the left
hand side of (1) must be nonpositive. This contradicts (1). Q.E.D.

As in Section 3, we prove the existence of $e\mathrm{c}_{1}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{r}\mathrm{i}\mathrm{a}$ only in the case of clecr.easing
returns. We use

$\beta_{jk}^{\mathrm{c}}.(\mathrm{c}_{jk;}/q,\overline{v}_{j}, )=\frac{\partial C_{J}(\overline{v}_{j},q)}{c^{)}y_{J^{k}}\prime}(\tau_{j\mathrm{A}}/\cdot-\overline{v}_{jk})+\xi_{j\mathrm{A}}.C_{j}(\overline{v}_{j}, q)$.

In this case, if $\overline{v}_{jk}>0$ ,

$\zeta_{ik}(x_{ik},\overline{v}_{j},\overline{x}_{ik}, q)=\frac{\partial C_{j}(\overline{v}_{j},q)}{c^{1}y_{jk}\prime}x_{ik}+(\xi_{jk}C_{j}(\overline{v}_{j}, q)-\frac{\iota 9C_{j}(\overline{v}_{j},q)}{\partial y_{jk}}\overline{v}_{jk})\frac{\overline{x}}{\overline{v}}.\mathit{1}Lj\mathrm{A}$

holds, and if $\overline{v}_{jk}=0$ , we define

$\zeta ik.(xik., ?^{-})j,$ $0,$ $q)= \frac{\iota_{\vee}^{=}lC_{\lrcorner}(\overline{v}_{\mathrm{J}’/})}{c\overline,y_{jk}}X_{1\mathrm{A}}.,$ $\backslash \prime \mathrm{v}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e},\frac{\partial C_{J}}{---)y_{J^{k}}}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{n}(j\mathrm{t}\mathrm{e}\mathrm{s}$ the $1^{\cdot}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{H}^{\cdot}\mathrm{C}_{-}^{\lrcorner}1^{\cdot}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}_{\mathrm{c}\mathfrak{i}}^{2}1$ coefficient.

Theorem 4.2: Under Assumptions Al, A2, A4, and A5, if $(_{ik}$ has the above lineal$\cdot$

form, then there exists an equilibrium.

Proof: See Appendix.

Remark 4.1: As in Renlark 3.1, it is easy to introdnce $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{t}\mathrm{i}\backslash r\mathrm{e}\mathrm{f}\mathrm{i}_{1\mathrm{n}\mathrm{l}\mathrm{S}}$
. in $0\iota \mathrm{r}\mathrm{m}\mathrm{o}\subset-\mathrm{l}\mathrm{e}\mathrm{l}$ .
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Appendix

Proof of Theorem ‘2.1: The strategy of the constrnction of
$\cdot$

$/\mathit{3}_{jk}\llcorner^{\backslash }$ is $\zeta\gamma \mathrm{s}$ follows. $\mathrm{F}\mathrm{i}\mathrm{r}\cdot \mathrm{s}\mathrm{t},$ $\backslash \backslash \prime \mathrm{e}$

find quadratic functions which locally $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}\}^{\gamma}$ the conclitions for $\beta_{i}^{c_{k}}’ \mathrm{s}$ . Then $\backslash /\backslash \prime \mathrm{e}$ extend
the functions to the dolnain $R_{+}$ using linear functions.

Let $a$ be a $\mathrm{n}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\backslash r\mathrm{e}1^{\cdot}\mathrm{e}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{l}\mathrm{l}\iota 1\supset \mathrm{e}\mathrm{r}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}_{\mathrm{J}^{\gamma}}\mathrm{i}\mathrm{n}\mathrm{g}$

$a<- \frac{1}{2}\Sigma_{k=n(j-1)+1}^{n(j)}\Sigma_{\Lambda\cdot=n(j-1)+1}^{?\iota(j)},|’‘\frac{- 0^{\underline{9}}- C_{J}(\overline{v},,q)}{-:\prime yjk-:)y_{J^{k}}}‘’|$ .

Let $b_{j\mathrm{A}},$. $\equiv’\frac{\ulcorner\prime)C_{j}(\overline{v}_{j},q)}{rJ\prime y_{J^{k}}}-2a\overline{v}_{jk},$ $k=n(j-1)+1,$ $\cdots,$ $??(j)$

and
$c_{jk} \equiv.\frac{1}{J\iota(j’)}C_{j}(\overline{v}_{j}, (])-(J^{-2}\iota_{j\mathit{1}_{\backslash }})$. $-b_{\mathrm{A}^{\iota)}j\mathrm{A}}.’.\cdot-,$ $k=\uparrow\}(j-1)+1,$ $\cdots,$ $n(j)$ .

Then we define

$\mathcal{T}_{jk(?fjk;c_{i},\overline{v}_{j})}.\equiv Cll/^{2}j\kappa$. $+b_{k},\cdot?/./\cdot \mathrm{x}\cdot+c_{jk}.,$ $k=\uparrow 1(j-1)+1,$ $\cdots,$
$\prime l(j)$ .

It is easy to check that $\tau_{j\mathrm{A}}’.B$ locally $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f})^{\gamma}$ the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{i}o\mathrm{l}\mathrm{l}\mathrm{s}\mathrm{r}\mathrm{o}\mathrm{r}/\overline{f}_{jt}\llcorner’ \mathrm{s},$

$\mathrm{i}.\mathrm{e}..$

, there exist $\mathrm{i}\mathrm{n}\mathrm{t}e1^{\cdot}\mathrm{V}\epsilon\urcorner \mathrm{J}\mathrm{s}$

$[\underline{y_{j\wedge}.},\overline{\mathrm{c}/}j\mathrm{A}\cdot]\subset[0, \infty],$ $k^{\triangleleft}=n(j-1)+1,$ $\cdots,$ $?7(j)$ , such thit $\overline{\iota\prime}_{j\mathrm{A}}.\cdot\in(\underline{l/j\mathrm{A}\cdot},\overline{/}\iota_{j\mathrm{A}}.)$ and $\tau_{j\mathrm{A}}’.\underline{.\backslash }$ satisfy

the conditions for $\beta_{jk}^{\mathrm{c}}’ \mathrm{s}$ in $\prod_{\mathrm{A}=n(j-1)+1}^{n(j)}[\underline{\iota fjl_{\backslash }^{\sim}},\overline{/?}j\mathit{1}‘.]$ . Not,e $\mathrm{t}]_{1_{\mathrm{C}}’\mathfrak{i}\mathrm{t}\mathrm{c}o11(1\mathrm{i}\mathrm{t}\mathrm{i}o\mathrm{n}}(\mathrm{i}\mathrm{v})$ can be $\mathrm{v}e1^{\cdot}\mathrm{i}\mathrm{f}\mathrm{i}e\mathrm{c}1$

using the second order Taylor formnla. of $C_{j}(\cdot, q)$ aron $\mathrm{I}\mathrm{u}\mathrm{e}\mathrm{l}\overline{\mathit{0}}_{J}$ . Then $\backslash \mathrm{v}\mathrm{e}$ extend $\tau_{jk}’s$ to
$R_{+}$ .

Let $A\equiv$ { $\mathrm{t}fj\in R_{+}^{n(_{1})}|\iota/jk\leq\overline{/|}jk$ for all $k=?$ } $(j-1)+1.,$ $\cdot\cdot \mathrm{a}.?\mathit{1}(_{\sim}\mathrm{j}),$ $\mathrm{a}\mathrm{n}\mathrm{d}./\mathrm{t}jk\leq/?jk\mathrm{f}_{\mathit{0}1}$
.

sonle $k$ }. For $k=?\iota(j-1)+1,$ $\cdots,$ $?1(j)$ , let

$\sigma_{j\mathrm{A}}^{\alpha}.(y_{jk}; \overline{v}_{j,\int}c)\equiv\{$

$c\downarrow J(_{f\dot,k}\iota-\underline{?}J_{j^{r}\mathrm{A}}.)-\tau_{/^{\mathrm{A}}}.(\underline{\iota J}_{J}\mathrm{x}\cdot)$

.
$\mathrm{t}$)$-jJ^{\cdot}( \int)$ if

$\cdot$

$0\leq/\mathrm{l}jk\leq\underline{y_{j\mathrm{A}}\iota}$ .
$\tau_{j\mathrm{A}}.(_{1}\underline{f}_{jl\iota}. ; \overline{v}_{j}, q)$ if

$\underline{.?/}_{jl_{\backslash }}$ . $\leq/\mathrm{t}.jk\leq\overline{/|}j\mathrm{A}$ .

$\mathrm{B}\mathrm{e}\mathrm{l}\mathrm{o}\backslash \mathrm{v},$ $\backslash \mathrm{v}\mathrm{e}$ show that $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot e$ exists $\mathit{0}^{J}\in R_{+}\mathrm{s}\iota \mathrm{c}\mathrm{l}\mathrm{l}$ that, $C’ \geq\frac{t^{1}\tau_{J^{\mathrm{A}}}(\underline{r}\underline{\iota J},.\overline{v}_{J},q)}{(\{- J_{J’}},$

. for all $k$ and

$\Sigma^{;\iota(j)}\mathit{1}_{\backslash }=n(j-1)+1\sigma_{j\mathrm{A}}^{\alpha}.\cdot.(\iota/\dot,,\backslash \cdot.,\overline{u}_{j}.’\zeta \mathit{1})\leq C_{j}.(\iota Jj\cdot \mathrm{c}/)$ for all $J_{/}|.\in.L1$ .

Suppose the $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{l}\cdot \mathrm{y}$ . Then we can find sequences $\{\mathit{0}^{t}\}\zeta\backslash ’\iota\}\zeta 1\{|J_{j}’\}(|J^{t}.’$ . $\in A)$ snch thct
$1\mathrm{i}\ln_{tarrow\infty}\alpha^{t}=\infty$ and $\Sigma_{\Lambda\cdot=r\iota(j-1)+1}^{\prime\iota(j)}\sigma_{jk}^{\alpha^{t}}.\cdot(\iota f_{j_{\iota}}^{t}’ ; - \mathrm{t}_{j}^{)}, c_{\mathit{1}})>C(\mathrm{t}f_{j}^{\mathrm{f}}.\cdot q)\mathrm{r}\mathrm{o}\mathrm{r}\dot{(}\backslash 11\mathit{1}$. $\iota 9\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{e}$ A is colll-

pact, $\{t\}$ has a subseqnence $\{t’\}\mathrm{s}\iota$ ch $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}\mathrm{l}\mathrm{i}111_{t’arrow\llcorner\backslash \backslash }J_{\mathrm{A}}^{t’}|\dot,=\mathrm{t}f_{j\mathrm{A}}^{*}\in A$ for $\dot{c}\mathrm{t}\mathrm{l}1k=\uparrow?(j$ -
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1) $+1,$ $\cdot\cdot.,$
$\prime l(j)$ . $\mathrm{I}\mathrm{f}/\iota^{*},.\cdot\neq\underline{/\iota}\dot,=(\underline{\iota f},\cdot l1\{_{/}.\cdot-1)+1’$

. .
$.,$ $\underline{.J_{\mathit{1}1(\prime)}\iota},\cdot.$

). $|_{\mathrm{J}\backslash \gamma}.\mathrm{t}1_{1}\mathrm{e}\mathrm{c}()\rfloor \mathrm{l}\mathrm{s}\mathrm{t}\mathrm{l}\cdot\iota\iota \mathrm{c}\mathrm{C}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ of $\sigma_{\mathrm{A}}^{\mathrm{t}1}\dot,$ ,

$\lim_{tarrow\infty},\sum_{k=n(j-1)+1}^{\gamma.(j)}‘\sigma_{j\Lambda}^{\sigma^{t^{l}}}.(\iota J_{jk}^{t’}; \mathrm{t}_{j}^{)}, C])-=-\infty$ . This is a $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{I}^{\cdot}\mathrm{a}\mathrm{d}\mathrm{i}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ . If $f\iota^{*},$
$=\underline{\iota/},\cdot$

,

$\lim_{tarrow\infty},\sum_{\Lambda\cdot=n(j-1)+1}^{n\langle j)}\sigma_{j\mathrm{A}}^{\circ^{t’}}1\mathrm{j}_{111_{t’\propto\tau}}arrow\Sigma_{k=n(j-1)+1}^{71(j)}\sigma_{j\mathrm{A}}^{\llcorner 1}t’.(\mathrm{t}^{1’}/jk"\overline{\mathrm{t})}j,C’])\leq\Sigma_{\mathrm{A}\cdot=(j-1)+1}n(\tau_{j\mathrm{A}}.(\underline{|f}_{\mathrm{A}},\cdot.,\mathrm{t}_{j}^{)},c_{\mathit{1}})-<C,(\underline{\lfloor/}(\iota^{t’}/,\mathrm{A}\cdot.\overline{v}ic\mathit{1})\geq C,(_{\frac{/\mathrm{t}}{j)n}j},(\int)\mathrm{h}o1.\mathfrak{c}1\mathrm{s}\mathrm{T}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}1^{\cdot}\mathrm{d}\mathrm{C}[\mathrm{j}\mathrm{c}\mathrm{t}\mathrm{s},\cdot,$

$\mathrm{c}_{\mathit{1}}$). Thns we cen
choose an $\alpha$ satisfying the ab $\mathit{0}\backslash re$ conditions.

Finally, for all $k=\uparrow 7(j-1)+1,$ $\cdots,$ $?1(j)$ , let

$\beta_{\dot{7}}^{c_{k}}.(\iota/j\mathrm{A};\overline{v}_{j}.’ q)\equiv\{$

$\tau_{\mathrm{A}},\cdot.(_{\overline{J}jj,\mathit{1}}.\iota \mathrm{A}\cdot;\iota)\zeta)-$ if ./1$j\mathrm{A}\geq\overline{\iota}f_{jl},\cdot$

$\alpha.(\mathrm{t}/.’.\mathrm{A},\cdot.\underline{\iota}f_{jk})+\tau,\cdot \mathrm{x}(_{\mathfrak{l}}\underline{J}_{/^{l_{\backslash }}}.;\overline{\mathit{0}},, q)\tau_{j\mathrm{A}}.(\mathrm{t}/j\bigwedge_{-})\iota)j,\mathrm{r}\mathit{1})-.\cdot$

.
$\mathrm{i}\mathrm{f}^{\frac{/?}{0}j\mathrm{A}}\leq|fjl_{1}.\cdot\leq\underline{\iota J}_{jl}^{\overline{/}j\mathrm{A}}\mathrm{i}\mathrm{f}\leq \mathrm{I}J_{l}\mathrm{x}\leq\iota,\sim$

By the construction, $\beta_{k}^{c}\dot,,’ \mathrm{s}\mathrm{o}1_{3\backslash \gamma}\mathrm{i}o\mathrm{u}\mathrm{s}\mathrm{l}\mathrm{y}$ satisfy $(i)-(u)$ . Q.E.D.

Proof of Theorem 3.2: Let $S^{\ell_{2}}\equiv\{q\in R_{+}^{\ell\underline{\mathrm{o}}}|\Sigma_{\mathrm{A}=1^{C}\mathit{1}\mathrm{A}}$. $=1\}$ . We $\mathrm{t}_{\mathfrak{l}}‘ \mathrm{i}\mathrm{e}S^{\ell\underline{\mathrm{o}}}\mathrm{e}\gamma \mathrm{s}$ the dolltai $\iota 1$

of the price $1^{\gamma}e\mathrm{c}\mathrm{t}\mathrm{o}\mathrm{r}$ of the $C$, goods.
The attainable cons $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{l}$ ]) $\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ set is $\zeta \mathrm{l}\mathrm{e}\mathrm{f}\mathrm{i}1\mathrm{l}\mathrm{e}\mathrm{o}\mathrm{l}$ as $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \backslash \mathrm{r}\mathrm{s}$ :

$Q\equiv\{(x_{1}, \cdot\cdot., \backslash ’\iota_{7’ 1})\in P\iota_{+}^{??\downarrow(p_{1+\ell_{-)}}}’|\mathrm{t}\mathrm{h}\mathrm{e}\iota\cdot \mathrm{e}$ exist $/\mathrm{t}.j\in R_{+l}^{;\iota(,)}.j=1$ . $\cdot\cdot,$ $?1.$ sucl] $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}$

$\Sigma_{i=1}^{71l}x_{i}^{c}+\Sigma_{j=1}^{n}s_{j}\leq\Sigma_{j}^{\gamma\}1}=1\omega^{c}i$ for $\mathrm{s}\mathrm{o}11\iota es\dot,\in\uparrow_{/.7}(\downarrow J_{/}.\cdot)c\dagger\prime \mathrm{l}1\zeta 1$, for $\mathrm{a}11\dot{/}=1$ . $\cdots,$ $\mathit{7}1,$ $/\mathrm{t},\mathrm{A}\cdot=.’\iota_{j\mathrm{A},}$.
$i=1,$ $\cdots,$ $?n,$ $k^{\wedge=\uparrow 7}(j-1)+1,$ $\cdots,$

$\uparrow \mathit{1}(j)\}$ .

The colnpactness of $Q$ follows $\mathrm{f}\mathrm{r}\mathrm{o}\ln \mathrm{A}_{\mathrm{S}\mathrm{S}\mathrm{U}111}\mathrm{p}\mathrm{t}\mathrm{i}_{011\mathrm{S}}\mathrm{A}2-(\mathrm{i})$ ancl $\mathrm{A}\angle 1-(\mathrm{i}\mathrm{i})$ . $\mathrm{M}_{0\Gamma \mathrm{e}\mathrm{o}\backslash }\prime \mathrm{e}\mathrm{r}$ , the
$\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{p}\mathrm{t}_{3^{\gamma}}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}$ of $Q$ follows $\mathrm{f}\mathrm{r}\mathrm{o}\ln \mathrm{A}_{\mathrm{S}\mathrm{S}\mathrm{U}\ln])}\mathrm{t}\mathrm{i}o\mathrm{n}$ Al-(ii) and A2-(ii). Thns $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ exists
$b\in R_{++}$ such tha,t $Q\subset i??t[0, b]^{n\iota(l_{1}+\ell_{2})}$ . $\mathrm{L}\mathrm{e}\mathrm{t}.\hat{\lambda}_{i}^{r}\equiv[0, b]^{p_{1+\ell\underline{\circ}}},$ $i=1.,$ $\cdots,$ $?7l$ .

$\backslash \lambda’\mathrm{e}$ choose an $\mathrm{a}\mathrm{r}\mathrm{b}\mathrm{i}\mathrm{t}_{\Gamma \mathrm{a}1}\cdot \mathrm{y}/l_{j}\in\eta j(b, \cdots, b)$ . Let $\uparrow/j(\wedge.\cdot\iota/\mathrm{j})\equiv?|j((/.j)\cap \mathrm{f}^{4}.,\cdot\in R_{+}^{p_{2}}|.-\backslash j_{\backslash }’\leq/1_{j\mathrm{A}}$ ,
$k=1,$ $\cdots,$

$\ell_{2}.\}\mathrm{f}\mathrm{o}\mathrm{r}/\mathrm{t}j\in[0, b]^{n(j)}$ ind $\hat{\varphi}_{j}(\cdot\iota Jj, c])\equiv\arg$ lllin{q $\cdot.\underline{\mathrm{s}}_{j}|s_{j}\in?_{lj(\iota)\}}^{\wedge}/\dot,\mathrm{f}\mathrm{o}\mathrm{r}/\iota j\in[0$ ,
$b]^{n(j)}$ and $q\in,\underline{\iota’}_{)}’ l_{2}$ . By $\mathrm{A}\mathrm{s}\mathrm{s}\iota \mathrm{l}\mathrm{n}\mathrm{p}\mathrm{t}\mathrm{i}o\mathrm{n}$ A2-(iii), ? is $11\mathrm{o}\mathrm{n}\mathrm{e}111\mathrm{p}\mathrm{t}_{\mathrm{J}^{\gamma}:}\mathrm{c}\mathrm{o}\mathrm{n}\backslash \prime \mathrm{e}\mathrm{x}$ , cocpact $\backslash \gamma’\mathrm{d}1\iota \mathrm{e}\mathrm{c}\mathrm{l}$

and, by $\mathrm{A}_{\mathrm{S}\mathrm{S}\mathrm{U}\mathrm{l}11}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}$ A2 an(1 A4 $\hat{\varphi}_{j}$ is an npper hellli-col\downarrow tin\iota o\iota $\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{l}\cdot 1^{\cdot}\mathrm{e}\mathrm{s}[$) $o\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$ with a
$\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{l}\mathrm{n}\mathrm{p}\mathrm{t}\}^{\gamma}$ , convex, colnpact value $\mathrm{f}\mathrm{o}\mathrm{r}/\iota j\in[0, b]^{\prime\iota(_{7})}c\gamma$ nd $\zeta \mathit{1}\in S^{2}‘’$ .

Let $\overline{x}_{i}^{p}\equiv(\overline{x}_{i1}, \cdot\cdot.,\overline{x}_{il_{1}})$ . Let the correspondence $\Gamma\prec\equiv(\Gamma_{1}^{\prec}, F_{2p}.F_{3}, \Gamma_{-\downarrow}^{\mathrm{r}})$ : $,\vee\iota_{\backslash }^{-1};$

} $tC_{1}\cross$

$\Pi_{i=1^{d}}^{nl}\hat{\lambda}_{i}’\cross[0, b]^{nxl_{1}}\cross_{r_{-)}}\mathrm{t}^{\urcorner}\ell\underline{\circ}arrow S^{\mathit{7}\iota p_{1}}’\cross\Pi_{i=1^{A}}^{n\iota}\hat{\lambda}_{i}’\cross[0, l)]^{;\iota l_{1}}’ \mathrm{x}S^{\ell\underline{\mathrm{o}}}|_{\mathrm{j})(_{-}^{\lrcorner}}$

$\Gamma_{1}^{J}((\alpha_{ik}), (x_{i}),$ $(\overline{x}_{i}^{\rho}),$ $q) \equiv(\{.\frac{\llcorner \mathrm{t}i\iota+\mathrm{I}\mathrm{t}\iota \mathrm{a}\mathrm{x}^{f}0.g\iota\cdot i.\iota-\frac{1}{\prime n}\Sigma im.\}--1jk\}}{\perp+\Sigma_{=1^{\mathrm{I}11\mathrm{a}\mathrm{x}\{\mathrm{U}x_{j\mathrm{A}}-\frac{1}{?1}\Sigma_{j}’’’x_{lk}\}}}^{nl}\cdot=1}..\})$

$F_{2}((\alpha_{i\mathrm{A}}.), (x_{j}),$ $(\backslash \overline{\iota_{i}^{\rho}.}),$
$q)\equiv(\mathrm{a}\mathrm{l}\cdot \mathrm{g}111\mathrm{a}\mathrm{x}_{j;\in-\hat{\lambda}_{t}’},.\{\iota(i(x_{i})|\Sigma_{/=1}^{n}.\cdot\Sigma^{;\iota(_{l})},\cdot.\cdot\beta_{j\mathrm{A}}(.\iota_{jl_{\backslash }}.. .\overline{\iota_{i\Lambda}.},$(1)$\mathit{0}_{ik}+\backslash =Jl\{_{/}-1)+1$

$\zeta]$
. $X_{i}^{C}\leq q\cdot\omega_{i}^{c}$ }),

$\Gamma_{3}^{\mathrm{r}}((\alpha_{ik})_{\wedge}.(x_{i}), (\backslash \overline{\prime}\iota_{i}^{l)}.),$ $c_{\mathit{1}})\equiv(\{2_{i}^{l^{1}}.\})$ ,
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$F_{4}((\mathit{0}_{\mathrm{i}\mathrm{A}}^{J}..), (x_{i})’.(_{\backslash }\overline{\tau}_{i}^{p}),$
$( \mathit{1}\mathrm{I}\equiv \mathrm{a}\mathrm{l}\cdot \mathrm{g}111\mathrm{a}\mathrm{x}_{r\in S}c_{2}\{\uparrow’\cdot(\sum_{\gamma=1}^{7l}\hat{\varphi}_{\uparrow}.(\frac{1}{7?l}\sum_{irightarrow-1}^{\prime 1\iota}x_{i\mathit{1}},\cdot, q)$ $+ \sum_{i=1}^{;1\mathit{1}}x_{i}^{c}-$

$\Sigma_{i=1}^{n\iota}\omega_{i}^{\mathrm{c}}\}$ .

$\Gamma\forall$ is $01_{\mathrm{J}\backslash \gamma}\mathrm{i}\mathrm{o}\iota \mathrm{s}\mathrm{l}\mathrm{y}$ an upper $\mathrm{h}\mathrm{e}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{i}- \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{r}\mathrm{l}\mathrm{t}o\iota \mathrm{s},$
$\mathrm{c}\mathrm{o}\mathrm{n}\backslash \prime \mathrm{e}\mathrm{x}\backslash \prime \mathrm{d}\prime 1\iota \mathrm{e}\mathfrak{c}1\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{l}\cdot \mathrm{e}\mathrm{s}\mathrm{p}o\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{e}$; the convex

$\backslash \gamma \mathrm{a}\mathrm{l}\iota \mathrm{e}\mathrm{c}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}$ of $F_{2}$. follows $\mathrm{f}\cdot\iota\cdot 0111$ the linearity of $\beta_{jl_{\backslash }}.$ . Note $\mathrm{t}\mathrm{h}\mathrm{a}1_{}$ . by $C$] $\in l_{\vee}^{\backslash ^{\urcorner p_{2}}}\mathrm{a}\mathrm{l}\downarrow \mathrm{c}\mathrm{l}\omega_{j\mathrm{A}}>0$

for $i=1,$ $\cdots,$ $r^{-}n$ and $k=(_{1}^{f},+1,$ $\cdots,$ $\ell_{1}+(,/.2,$ $\mathrm{c}_{\mathit{1}}\cdot\omega_{\mathrm{i}^{\backslash }}^{\llcorner}>0$ always holcls and thus $F_{2}$ is
upper hemi-continnous. Thns, by Kakutani’s fixecl point tlleorelll, $\Gamma\prec$ has a fixed point
$((\alpha_{i\mathrm{A}}^{*}.), (x_{i}^{*}),$ $(\overline{x}_{i^{l^{J}}}^{*}),$ $q^{*})$ . Below, we show that $((\mathit{0}_{i\Lambda}^{*}), (x_{i}^{*}),$ $(?J_{j}^{*}),$ $\zeta]^{*})$ is an $\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}\mathrm{b}\mathrm{r}\mathrm{i}\iota_{-}\mathrm{t}\mathrm{l}\mathrm{t}\iota$,
where $y_{jk}^{*} \equiv\frac{1}{m}\Sigma_{\mathrm{i}=1}^{\gamma 1\iota}x_{ik}^{*},$ $k=??(j-1)+1,$ $\cdots,$ $??(j),$ $j=1,$ $\cdot\cdot,\cdot,$

$?l$ .
Since

$\alpha_{ik}^{*}=.\cdot.\frac{\alpha_{ik}^{*}+\mathrm{I}11\mathrm{a}\backslash \{0,x_{ik}^{*}.-\frac{1}{m}\Sigma_{i--\mathrm{I}}^{m}x_{ik}^{*}\}}{1+\Sigma_{1=1}^{n1}\mathrm{n}\iota \mathrm{a}\mathrm{x}\{0,x_{ik}^{*}-\frac{1}{m}\Sigma_{i=1}^{m}x_{ik}^{*}\}}$

holds, then

$\Sigma_{i=1}^{;)1}$ nlax $\{0, x_{ik}^{*}$. $- \frac{1}{n\iota}\Sigma_{i=1}^{n\iota}x_{ik}^{*}.\}=\ln 8_{\tau}\mathrm{X}\{0, x_{ik}^{*}$. $- \}\frac{1}{?1}\Sigma_{i=1}^{\gamma 11}\alpha_{ik}^{*}.\}$

holds. Thus $( \uparrow\eta-1)\Sigma_{i=1}^{l1\iota}’\max\{0,$ $X_{1\mathrm{A}^{-\frac{1}{J’ l_{1}}\sum_{(=1}^{\tau n}x_{i\mathrm{A}}^{*}.\}}}^{*}..--0$ holds so that $x_{i\mathrm{A}}^{*}- \frac{\mathrm{l}}{7’ 1_{f}}$. $\sum_{i=1}^{J1\iota}x_{j\mathrm{A}}^{*}$. $\leq 0$

holds for all $i=1,$ $\cdot\cdot.,$ $?1?$ . If there exists $?’\mathrm{s}\iota \mathrm{c}11$ that $x_{ik}^{*}$, $- \frac{1}{71j}|\sum^{\prime?l}i=1^{}’\iota^{*}’ i\Lambda\cdot<0$ , then
$x_{i’k}^{*}+ \sum_{i\neq i^{l\backslash }}’\iota_{ik}^{*}$. $< \uparrow n\cdot\frac{1}{71\downarrow;}\Sigma_{i=1}^{\mathit{7}1\iota}x_{i\mathrm{A}}^{*}$. $= \sum_{i=1}’|1i\iota:_{i\mathrm{A}}*$ ] $\mathrm{l}\mathrm{o}\mathrm{l}\mathrm{c}\mathrm{l}\mathrm{s}$ . This is a cont,radiction. Thns
$x_{ik}^{*}$. $= \frac{1}{l1\mathrm{t}_{i}}\sum_{i=1}^{l?1}x_{i\mathrm{A}}^{*}$. $=\mathrm{c}/_{ik}^{*}.$

.
holcls for all $i=1,$ $\cdot\cdot\cdot,$ $?1l$ , so $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}(\mathrm{i}\mathrm{i}\mathrm{i})$ in $\mathrm{D}$ efinition.3.1 holds. .

By $\overline{x}_{i}^{*p}=x_{i}^{*J}$’ for $?=1,$ $\cdots,$ $?1\iota$ , local nonsatiation of $u_{j}$ , and $\zeta \mathit{1}^{*}.\hat{\varphi}_{j}(\iota f_{j}^{*}.’ q^{*})=C_{j}(\iota f_{j}^{*}\cdot$,

$q^{*})$ ,

$c_{\mathit{1}}^{*} \cdot(\sum_{j=1}^{n}\hat{\varphi}_{j}(?f_{j}^{*}, q^{*})+\sum_{i=1}^{\prime\}l}x_{i}^{*c}-\Sigma_{l=1}^{71\iota}.\omega_{i}^{\llcorner})$

$= \sum^{n}j=1C,j(\iota/_{7}^{*}.’\zeta]^{*})+\Sigma_{i=1}^{71\iota}q^{*}\cdot(\backslash ’\iota_{i}^{*}.-\omega_{i}^{c})$

$=\Sigma_{j=1}^{n}C_{j}(_{1}J_{j}^{*}, q^{*})+\Sigma_{j=1}^{\prime\iota}\Sigma_{\Lambda=n(j-1)+1}^{r\iota(./)}.\beta_{j\mathrm{A}}.(x_{i\mathrm{A}}^{*}., x_{i\mathrm{A}}^{*}, q^{*})$

$=0$

holds. Thus, by $c_{f}^{*}\in F_{4}((\alpha_{i\mathit{1}_{\backslash }}^{*}.), (.\tau_{i}^{*}),$ $(_{\backslash }\overline{x}_{i}^{*p}),$ $q^{*})$ , it is $\mathrm{e}_{\epsilon}’\backslash \mathrm{s}\mathrm{y}$ to $\mathrm{v}e\iota\cdot \mathrm{i}\mathrm{f})^{\gamma}(\mathrm{i}\mathrm{i})$ in Definition 3.1.
(i) in Definition 3.1 can be proved by $x_{i}^{*}\in F_{2}((\mathit{0}_{ik}^{^{*}}.), (x_{i}^{*}),$ $(_{\backslash }\overline{\tau_{i}^{*p}.}),$ $q^{*})$ and the $\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{a}\mathrm{l}\cdot \mathfrak{c}1$

argulnent. (See, for example, Debreu [1959, $\mathrm{C}^{\mathrm{t}}\mathrm{h}\mathrm{a}\mathrm{p}\mathrm{t}\mathrm{e}\mathrm{r}5].$ ) By $\zeta_{\int^{*}}\cdot\omega_{i}^{\mathrm{c}}>0$ and $\mathrm{A}\mathrm{s}\mathrm{s}\iota 1\mathrm{n}\mathrm{p}\mathrm{t}_{}\mathrm{i}\mathrm{o}\mathrm{n}$

A5 (ii), it is easy to show (iv) in Definition 3.1. Q.E.D.

Proof of Theorenl 4.2: The attaina,ble $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{l}\mathrm{l}\iota \mathrm{p}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ set is defined as $\mathrm{f}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{o}\backslash \mathrm{v}\mathrm{s}$ :
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$Q’\equiv\{(x_{1}, \cdot\cdot., x_{?n})\in R_{+}^{\ell_{1}+\ell_{2}}|$ there exist $l/j\in R_{+}^{n(\dot,)},$ $j=1,$ $\cdot\cdot.,$
$??_{\gamma}.\mathrm{s}\iota \mathrm{c}\mathrm{l}\mathrm{l}$ that

$\Sigma_{i=1}^{m}x_{i}^{c}+\Sigma_{j=1}^{n}s_{j}\leq\Sigma_{i=1}^{m}\omega_{i}^{c}$ for $\mathrm{s}\mathrm{o}\mathrm{n}\mathrm{u}\mathrm{e}\underline{.}\mathrm{s}_{j}\in?|j(\iota/j)$ xnd $\mathrm{t}/jk=\Sigma_{i=1}^{7n}x_{ik},$ $j=1,$ $\cdots,$ $?7_{v}$.
$k=n(j-1)+1,$ $\cdots,$ $??(j)\}$ .

As in the proof of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 3.2$ , the compactness and the $\mathrm{n}\mathrm{o}\mathrm{n}e\ln$ ]) $\mathrm{t}\mathrm{y}\mathrm{n}\mathrm{e}\mathrm{s}\mathrm{s}$ of $Q’$ follow $\mathrm{f}\mathrm{l}\cdot \mathrm{o}\mathrm{t}\mathrm{l}$

Assumptions $\mathrm{A}2-(\mathrm{i})(\mathrm{i}\mathrm{i})$ and A4-(ii). $\mathrm{T}\mathrm{h}\iota 1\mathrm{S}$ there exists $d\in R_{++}\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{l}\tau$ that $Q’\subset i_{l1}t[0.\ell$

$d]^{m(\ell_{1}+\ell_{2})}$ . Let $\wedge\hat{\lambda}_{i}^{7\prime}\equiv[0, \zeta l]^{\ell_{1+l_{\underline{9}}}},$ $i=1,$ $\cdots,$
$\uparrow n$ .

We choose an $\mathrm{a},\mathrm{r}\mathrm{b}\mathrm{j}\mathrm{t}_{\Gamma \mathrm{a}1}\cdot \mathrm{y}/\iota_{j}’\in\eta,\cdot(\uparrow nd, \cdots, ?1l\mathrm{c}l)$ . Let $?_{7_{j}’}^{\wedge}\equiv?|.j(?_{i}/.)\cap\{s_{j}\in R_{+}^{p}\underline’|s_{7^{\mathrm{A}}}.\leq/l_{j}’,,\cdot$ .
$k=1,$ $\cdots,$

$\ell_{2},\}$ for $y_{j}\in[0, ?17\zeta l]^{?\iota\langle r)}$ and $\hat{\varphi}_{j}’(1/j, q)\equiv\dot{r}\mathrm{t}\iota\cdot \mathrm{g}11\iota \mathrm{i}\mathrm{n}\{\zeta \mathit{1}.\underline{\cdot\backslash }j|.\underline{\sigma},$ $\in?_{l_{j(\iota)\}}^{J}}^{\wedge}fj$ for $/\iota j\in[0$ ,
$n\mathit{1}d]^{n(j)}$ and $q\in S^{\ell_{2}}$ . As in the proof of Th$eo\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}.3.2,\hat{\varphi}_{j}$ is a,n npper hellli-continuons
correspondence with nonempty, $\mathrm{c}\mathrm{o}\mathrm{n}\backslash ;\mathrm{e}\mathrm{x},$ colllpa,ct values for $/\mathrm{L}j\in[0, m(l]^{\prime\iota(_{J})}$ and $q\in J_{\vee}\iota^{\sim,p_{\underline{2}}},$ .

Let the correspondence $F’\equiv(F_{1}’, F_{2}’, \Gamma_{3}^{\mathrm{i}}’)$ : $\Pi_{i=1}^{n\iota},\lambda_{i}^{\hat{\prime}\prime}\cross[0,d]^{\prime\iota p_{1}}’\cross,-\iota_{)}^{-,p_{\underline{9}}}arrow\Pi_{j1}^{r1l}\wedge\hat{\lambda}_{i}’’=\cross[0$,
$d]^{m\ell_{1}}\mathrm{x}S^{l_{2}’}$ be

$F_{1}’((x_{i}), (\overline{x}_{i}^{\rho}),$ $q) \equiv(\arg\max_{x_{i}\in\sim\hat{\lambda}_{i}’’}\{u_{i}(x_{i})|\Sigma_{j=1}^{n}.\Sigma_{t=\mathrm{v}\downarrow(j-1)+1}^{\iota(j)}’\zeta_{jk}(x_{iJ}.,\overline{\iota’},\cdot, \backslash ’\overline{\iota}_{i\Lambda}.. c\mathit{1})+q\cdot x_{i}^{c}\leq$

$q\cdot\omega_{i}^{c}\})$ ,
$F_{2}’((x_{i}), (\overline{x}_{i}^{p}),$ $q)\equiv(\{x_{i}^{p}\})$ ,
$F_{3}’((x_{i}), (\overline{x}_{i}^{p}),$ $q)\underline{=}\arg \mathrm{l}\mathrm{n}\mathrm{a}X_{r\in S}c_{2}\{\uparrow’\cdot(\Sigma_{j=1}^{n}\hat{\varphi}_{j}’(?/j, q)+\Sigma_{i=1}^{\prime 1l}x_{i}^{c}-\Sigma_{i=1}^{r?l}\omega_{i}^{c})\}$,

where $y_{jk},=\Sigma_{i=1}^{m}x_{ik}$ . $F$ is obviously an upper hellli-continnous, $\mathrm{c}o\mathrm{l}\mathrm{l}\backslash \prime \mathrm{e}\mathrm{x}\backslash \prime \mathrm{a}\mathrm{l}\iota \mathrm{e}\mathfrak{c}1\mathrm{c}\mathrm{o}\mathrm{l}\cdot 1^{\cdot}\mathrm{e}-$

spondence. Thus, by ICakutani’s fixed point $\mathrm{t}\mathrm{h}eo\mathrm{r}e\iota \mathrm{n},$
$\Gamma\forall$ has a fixed point $((x_{i}^{*}), (\overline{x}_{\dot{\mathrm{t}}}^{*/)})$ ,

$q^{*})$ . Let $?j_{jk}^{*}=\Sigma_{i=1}^{m}x_{i\mathrm{A}}^{*}.$ . Then, nsing the same argunuent as in the proof of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\ln 3.2$ ,
we can show that $((x_{i}^{*}), (?J_{j}^{*}),$ $\zeta \mathit{1}^{*})$ is an $\mathrm{e}\mathrm{c}_{1}\mathrm{u}\mathrm{i}\mathrm{l}\mathrm{i}1\overline{\mathrm{J}}\mathrm{r}\mathrm{i}\mathrm{u}\mathrm{l}\mathrm{n}$ . Q.E.D.
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