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Algebraic structures of superconformal algebras
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1 Introduction

Let V be a vector space over C and let ¢ be a nondegenerate quadratic form on
V. Let CI(V, q) denote the associated Clifford algebra. The exterior algebra A(V)
is isomorphic to Cl(V,q) as vector spaces by the map f naturally determined by
fi 1 V& — Cl(V, q),

1 .
fk(vl R - 'Uk) = ']g (—1)0’00(1)’00(2) " Ug(k)- (1.1,)
: * 0€SE

Suppose dimV = 2 and set A(z) =2 — d—eg“f for z € A(V). Let m, denote the
projection of A(V) to the subspace {z € A(V)|A(z) = r}. Define

yy = Ta@am-i-1(F (F(@)F@))), o

for z,y € A(V) and j = 0,1. Then the space A(V) ® Clt,t"] is given a simple Lie
superalgebra structure by

(2 @17,y ®17] = (20y9) ® ™" — (Alz) — Dn— (Aly) ~ Dm)(zqyy) © 17",

(1.3)
which is isomorphic to the well-known N = 2 superconformal algebra, where the
Virasoro subalgebra is given by L,,_; = 1 ® t™. Thus, the triple (A(V), (0), (1))
determines the N = 2 superconformal algebra. '

In this article we formulate the “superalgebras” that determine superconformal
algebras in the same way to the one described above. It is given as a new axiomatic
description of Operator Product Expansion. As an application we classify infinite
dimensional simple Lie superalgebras with physical OPE as conformal superalgebras

" in the sense of V.G.Kac. The detailed argument is described in [9].

*Email: yamamo@ms.u-tokyo.ac.jp



28

2 Conformal superalgebra
Let G be an infinite dimensional Lie superalgebra, satiSfying. the fbllowing conditions.

(1) There exists a set of formal distributions  C G[[z, 27!]] such that G is spanned
by the coefficients of the elements of F.

(2) The Lie bracket of G is written by OPE, that is, for any a, b € C[0]F, we have

0,7

i é(z — w), (2.1)

[a(2), b(w)] = Y- (ab) (w)

j
(agb) (w) = Res.[a(2), b(w))(z — wY, (2.2)

where the sum is finite.
- (3) For some L(z) € F, the coefficients of L(z) span a Virasoro subalgebra of G.

The product defined by a(;b for the pair (a,b) is called the residue product. The
superconformal algebras, for example the Virasoro algebra, the Neveu-Schwarz al-
gebra, and NV = 2,3, 4 superconformal algebras satisfy these conditions.

A conformal superalgebra (or a vertex Lie superalgebra in [7]) is an axiomatic
description of Operator Product Expansion. Let us state the axioms for conformal
superalgebras, following [4]. We denote AY) = A7/j!, where A is an operator.

Definition 2.1 Let R be a C-vector space Z/2Z-graded by a parity p equipped
with countably many products

(n): R& R— R, (n€eN),

and a linear map 0 : R — R. The triple (R, {(n)}, N, L) satisfying the following
conditions for an even vector L € R is called a conformal superalgebra:

(C) Foralla,bce R,

(CO) there exists some N € N such that for all n € N satisfying n > N

(C1) for all n € N,

(C2) for all n € N,

amyb = (_1)p(a)p(b) Z (—1)j+"+18(j)b(n+j)a,
S,



(C3) for all m,n € N,

o0

m a
am) (bmye) =Y ( j ) (a(j)b> imey €T (=12 @POp s (@ myc)-
J=0

(V) L € R satisfies LigyL = 0L, L)L = 2L, L)L = 0, L(g) = 0 as operators on
R, and Ly is diagonalizable. : :

L is called the conformal vector of R. A homomorphism of conformal superalge-
bras from R to R’ is a K[0]-module homomorphism f : R — R’ compatible with the

(n) products for all n € N and maps L to the conformal vector of R'. An ideal of a

conformal superalgebra is a K[0]-submodule that is closed under the left multipli-
cation with respect to the (n) products for all n € N. A conformal superalgebra R
with no ideals other than {0} and R itself is called a simple conformal superalgebra.
The ideal {¢ € R|zpc = 0,z € R,n € N} is called the center of R. When the
center is {0}, the conformal superalgebra is said to be centerless.

The eigenvalue of L) is denoted by A(z) for an eigenvector z and is called the
conformal weight of x. Define R* = {z € R|Luyz = kz}, Ar = {k € K|R* # {0}}
and A, = Ag \ {0}.

A conformal superalgebra R is called a superconformal algebra if there exists a
finite dimensional subspace F such that R = C[0]F, all conformal weights are non-
negative half-integers, the even subspace Reven = @, .y R" and the odd subspace
Roqd = PreNyt 1 R™. We call a superconformal algebra R a physical conformal

superalgebraif F C R2® R: ® R'@ R2 and FNR2 = CL, following the terminology
in [5].

3 New formulation

For a conformal superalgebra (R, {(n)},. N, L), we shall call the subspace
{z € R|Lyz € R°} the reduced subspace of R and denote it by R. Denote R* =
RNR*, Ay = {k € K|R*# {0}} and A, = A\ {0}. Obviously we have R® = R°.
We say a conformal superalgebra is regular if R? is the center and R~ 7 = {0}
for all n = 1,2,--- and if for each k£ € Apg there exists some M € N such that
k—m ¢ Ap for all m € N satisfying m > M. For a regular conformal algebra R we
have the following proposition by decomposing R into irreducible components as an
slo-module by the actions of Loy, L), L(2)-

Proposition 3.1 Let (R,{(n)},.N, L) be a reqular conformal superalgebra and R
the reduced subspace of (R,{(n)},.N,L). Then there ezists a unique decomposition

=Y 0l (3.1)

j=0

for any z € R for some m € N where 2° € R and 27 € Dren, R* forj>0.
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Now we define the products {(n) on R by
(n):RxR — R
(a,b) = amb=(amb)",

for each n € N, where we have identified R with R/OR by Proposition 3.1.

Consider the following properties of a triple (P, {(n)} N, L) where P is a vector
space Z/2Z-graded by a parity p equipped with countably many products {{(n)},.N
on V where L € P:

(P0) For a,b € P there exists some N € N such that for all n € N satisfying

n>N,
a(n)bz 0.

(P2) Fora,be Pandn €N,

amb= _(_1)H+P(G)P(b)b<n>a_

(P3) For a,b,c€ P and n,m € N,

5 (™) GAE), AW, m am-sbue

j=0 \J

a - n ]
1);0(, )p(b) Z <] ) G(A(a), A(C),-m, ])b(n—j)a(m+j)c

where
(2A(a) n—j—1;j) H (2A(a)—n—j—1+k)
(2(A(a)+A(b)-n—j—1)i5) k= 0 (2(A(a)+A(b)—n—j— 1)+k)
for Ala) + A()) —n—j—1¢ —3N,
1, for A(a)+ A(b)—n—-1=0,7=0,

0, otherwise,

G(A(a), A(b),n,5) =

F(A(az, A(b),m,n,t)
-3 (") (MR Cvrea), ) - k),

and (r;7)=r(r+1)(r+2)---(r+7—1).

(PV) L is even and satisfies Ligya = 0, L)L = 2L, Lya € PO for all a € P. The
operator Ly is diagonalizable. P? is central, Ap N (—%N) C {0}, and for all
k € Ap there exists some M € N such that k—m ¢ Ap for all m € N satisfying
m > M, where P* ={a € P| Lyya = ka} and Ap = {k € K| P* # {0}}.
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The triple (R, {(n)}, N, L) satisfies (P0), (P2), (P3), and (PV). Conversely we
have the following theorem.

Theorem 3.2 For a triple (P,{(n)},.N, L) satisfying (P0), (P2), (P3) and (PV),
there exists a regular conformal superalgebra (Rp,{(n)}, N, L) whose reduced sub-
space is P and the products satisfies (a@m)b)°® = awmb for all a,b € P, n € N.
Furthermore the conformal superalgebra is unique up to isomorphisms.

Hence the properties (P0), (P2), (P3) and (PV) give another formulation of regu-
lar conformal superalgebras. For such a triple (P, {(n)}, N> L) the Lie superalgebra
associated to the conformal superalgebra Rp is nothing but the space P ® C[t,t™!]
with the Lie bracket

oo

[a®t™ bRt = Z )ym,n,j) (amb) tmtI. - (3.2)

We denote it by Lie(P, {{n)},.N,L). A Lie superalgebra has regular OPE only
when it is isomorphic to some Lie(P, {{n)},.N L) or to the quotient by an ideal
where (P, {{n)},.N L) is a triple satisfying (P0), (P2), (P3) and (PV).

4 Physical conformal superalgebra

As an application we classify the simple physical conformal superalgebras. Let R be
a physical conformal superalgebra. IVX regular conformal superalgebra R is physical
if and only if the reduced subspace R satisfies the following.

— Eigenvalues of Ly on R are 2 1 and %

) 2)
- R?=CL.
— R3/2 and RY? are odd subspaces.

— R! and R? are even subspaces.

We denote the homogeneous subspaces R%, RY and R? by V, A and F respectively,
following the notations in [5].
Consider the products on R defined by

aryb
vop— | s@ramme  for Ala) +A(b) —2£0,
0, otherwise,
and
a*h= ao >vb.

Then, the formulation in Section 3 is equivalent to the conditions below for a system
(L, VA, F, =, °): '
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HO) Lo = id, L+ = 0 as operators on R,

H1) (R, *) is a Lie superalgebra,

H3

(HO)
(H1)
(H2) ( ©)is an associative comrhutative superalgebra,
(H3) Ae gives derivations with respect to °,

(

H4) (u° +ue)?= (usu)° as operators on R for u € V,

where R = CL®V ® A@ F, under the assumption that CL@® A is the even subspace
of R and'V @ F is the odd subspace, and that A(L) = 2, A(V) = £, A(A) =
A(F) =1, A(asb) = A(a) + A(b) — 1, and A(acb) = Aa) + A(b) — 2.

Let ¢ be the quadratic form on V determined by ue*u = ¢(u)L.

Proposition 4.1 Let R be a physical conformal superalgebra with V # {0}. Then,
R is simple if and only if q is nondegenerate and F3 = 0, where F3 = {f €
F|’U1<0)112(0>U3(0)f =0 for allv* € V}.

Proposition 4.2 Let R be a simple physical conformal superalgebra. Then the map
1:Cl(V,q) — R,

V1Ug - - - Up ('Ulo +'U1')('U2° +r020)...(rvro +UT')L,
is surjective unless VoV oV =0 with V # {0}.

Let R, denote the conformal sub-superalgebra generated by Im.. To classify
simple physical conformal superalgebras, we will first list up all possible physical
conformal superalgebra, structures that is simple or with VeV eV = {0} on a quo-
tient space of CI(V,q) by an left ideal, where V is an arbitrary finite dimensional
vector space and ¢ is a nondegenerate quadratic form on V.

Fix a finite dimensional vector space V with a nondegenerate quadratic form
g and consider an orthonormal basis {e1,es, -, enx} of (V,q). Set D} = Dy =
\/—(egk 1+\/_62k) Dk: = Dk = Dk \/—<62k 1— \/_egk) and D% = Dqlﬂl D;Uz s Dg"
where n = |N/2|, w € (Z/2Z)" and w; denotes the ith binary digit of w.

Theorem 4.3 ([2]) The left CI(V, q)-module CI(V, q) is completely reducible. The
irreducible decomposition is given as follows. If N = 2n then

AV = @  Mw) @1
wE(Z/QZ)”
where M(w) = CI(V,q)D". If N =2n + 1 then
V)= D M (w)e M (w)), (4.2)
we(Z /2y

where M*(w) = C(V,q)D¥(1 + en).



It is obvious that R, = +(C1*(V,q)) where CI"(V, (-,-)) = Span{viv; - - v|v; €
V, k < n}, hence by Theorem 4.3 we have dim V' < 8. Hence at most finitely many
vector spaces exist as the candidates for R,, and in fact the list of such conformal
superalgebras is ' o

Vir, K1, Ky, K3, 83, Nj (¢ € C/ £1, o® # 1),CKs. (4.3)

(See below.) All conformal superalgebras in the list are simple, and only S, is with

VeVeV = {0}. By Proposition 4.1 we have dim F' < (dngV

finitely many vector spaces exist as the candidates for a simple physical conformal
superalgebra R that have the subalgebra R, isomorphic to Sy. In fact the list of
such conformal superalgebras is ' ‘

) , hence-at most

SQ,,WQ, N4, - ) . ) (44)
Hence the complete list of simple physical conformal superalgebras is
Vir, K1, Ko, K3, S5, Wa, Ng, N* (0 € C/ £ 1, 2 #1),CKs.  (4.5)

However, Lie(N;) and Lie(Ng) are isomorphic for each o € C/ £ 1, o? # 1,
and for any other pair of the simple physical conformal superalgebras the associ-
ated Lie superalgebras are not isomorphic to each other. All the Lie superalgebras
associated to the list are simple except Ny; the Lie superalgebra Lie(N4) has one
dimensional center, which is a cocycle of the simple Lie superalgebra Lie(K,) =
[Lie(K4), Lle(K4)]

Thus the complete list of the simple Lie superalgebras with physical OPE is

ViT, Kl,Kz,K;g,Sz,WQ,KZl,CKG, (46)

where we omitted Lie(-). Here, Vir is the Virasoro algebra, K is the N = j
superconformal algebra for each j = 1,2,3, Sy is the (small) N = 4 superconformal
algebra, W is a superconformal algebra with 4 supercharges, and CKg is the N = 6
superconformal algebra discovered by Cheng-Kac in [1]. Ny and Ngs are simple
physical conformal superalgebras with 4 supercharges described in [9]. Lie(NY), a

central extension of Lie(K,), is also known as the large N = 4 superconformal
algebra in [6] and [8]. ‘

References

[1] Cheng, S.-J., Kac, V.G.: A new N=6 superconformal algebra. Commn. Math.
Phys. 186, 219-231 (1997)

[2] Chevalley, C.: The algebraic theory of spinors. Columbia University Press, 1954

33



34

[3] Kac, V.G.: Lie superalgebras. Adv. Math. 26, 8-96 (1977)

[4] Kac, V.G.: Vertex algébras for beginners. Second edition. University lecture
series, vol 10, Providence RI: AMS, 1998

[5] Kac, V.G.: Superconformal algebras and transitive group actions on quadrics.
Commn. Math. Phys. 186, 233-252 (1997)

[6] Kac, V.G., Leur, JW.: * On classification of superconformal algebras. In:
S.J.Gates et al. eds, String 88, Singapore: World Sci, 1989, pp. 77-106

[7] Primc, M.: Vertex algebras generated by Lie algebras. J. Pure Appl. Algebra.
135, 253-293 (1999), math/9901095

[8] Sevrin, A., Troost, W., Proeyen, A.: Superconformal algebras in two dimensions
" with N = 4. Phys. Lett. 208B, 447-450 (1988)

[9] Yamamoto, G.: Algebraic structures on quasi-primary states in superconformal
algebras. Preprint, math/0003012



