0000000000
1186 0 20010 125-132 125

Quantum Logical Gate Based on Fock Space
Wolfgang Freudenberg*, Masanori Ohyat and Noboru Watanabet

"Department of Information Sciences,

Science University of Tokyo

Noda City, Chiba 278-8510, Japan

Tel: 0471-24-1501 (Ext. 3319), Fax: 0471-24-1532
E-mail :watanabe@is.noda.sut.ac.jp
*Brandenburgische Technische Universitéit Cottbus,
Fakultit 1, Institut fiir Mathematik, PF 101344, D-03013 Cottbus,

' Germany :

Abstracts:

In usual computer, there exists a restriction of computational speed because
of irreversibility of logical gate. In order to avoid this demerit, Fredkin and
Toffoli [3] proposed a conservative logical gate. Based on their work, Milburn
[4] introduced a physical model of reversible quantum logical gate using beam
splittings and a Kerr medium. This model is called FTM (Fredkin - Toffoli
- Milburn gate). FTM gate was described by the quantum channel and the
efficiency of information transmission of the FTM gate was discussed in [10].
FTM gate is using a photon number state as an input state for control gate.
The photon number state might be difficult to realize physically. In this paper,
we introduced a new unitary operator related to the Kerr device on symmetric
Fock space in order to avoid this difficulty. '
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1. Quantum channels

Let (B(H1),6(H1)) and (B(H2),8(Hz2)) be input and output systems, respec-
tively, where B(Hy) is the set of all bounded linear operators on a separa-
ble Hilbert space Hjy and &(Hj) is the set of all density operators on Hy
(k = 1,2). Quantum channel A* is a mapping from &(H;) to &(Hz). A* is linear
if A*(Ap; + (1= A)p) = A (py) + (1 — A)A”* (p,) holds for any py, p, € 6(H1)



and any X € [0,1].. A" is completely positive (C.P.) if A* is linear and its, dual
A: B(Hg) — B(Hl) satisfies

> ANEA)A; > 0

,Jl

for any n € N, any {4; } C B(Hz) and any {A;} C B(’HI) where the dual map
A of A* is defined by - ‘

trA*(p)B‘— trpA(B) vpé s(Hy), VB € B(Hy). (L.1)

Almost all physical transformatlon can be described by the CP channel 5],

[7], 18]

Let K; and Ky be two Hilbert spaces expressing noise and loss systems,
respectively. Quantum communication process including the influence of noise
and loss is denoted by the following scheme [6]: Let p be an input state in
6(' H1), £ be a noise'state in & (K7). - : ‘

& (1) A, &(H)
L Ta*
6 (H1®K;1) m s (‘Hg@’Cg)

The above maps v*, a* are given as

¥ () = p®E peS(H), | (1.2)
a* (o) = tri,o, 066(H2®IC2). (1.3)

The map II* is a channel from & (H;®K;)to & (H2®K2) determined by physical
properties of the device transmitting information. Hence the channel for the
above process is given by

A (p) = tric,IT" (p®E) = (a* o II" 07%) (p) (1.4)

for any p € &(H,;). Based on this scheme, the noisy quantum channel [9] are
constructed as follows:
~ Noisy quantum channel A* with a noise state ¢ is defined by

N (p) = tric, T (p 8 €) = trie,V (0@ E) V*, (1.5)
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‘where £ = |m;)(m| is the m; photon number state in 6(K;) and V' is a mapping
from H; ® K; to Hs ® K2 denoted by '

ni+mi

V() @ [ma)) = D~ C7*™15) ® |na + ma — j),

J

K . .
C;ll,’m.l — Z(—l)n1+j_r \/nl'mllj’(nl + mi —])' aml"j""'?"‘ (_B)’nl—i—j—2‘r‘
i = NG — r)(ma —j +7)!

r=L

(1.6)
K and L are constants given by K = min{ny,j}, L = max{m; — 5,0}. In
particular for the coherent input state p = |0) (8] ® |k) (k] € 6 (H1QK,), we
obtain the output state of II* by

I (16) (6] ® |1 (s1) = |ad + fr) (0 + Br| @ |38 + ar) (B0 + ar]

where IT* is called a generalized beam splitting. 'When the noise &, = |0)(0| is
given by the vacuum state, Aj is called an attenuation channel [5] and & (or
I1%) is called a beam splitting. Based on liftings, the beam splitting was studied
by Accardi - Ohya [1] and Fichtner - Freudenberg - Libsher [2].

2. Quantufn logical gate on symmetric Fock space

Recently, we reformulate a quantum channel for the FTM gate and we rigorously
study the conservation of information for FTM gate [10]. However, it might be
difficult to realize the photon number state |n) (n| for the input of the Kerr
medium physically.

In this section, we reformulate beam splittings on symmetric Fock space
and we introduce a new operator on this space instead of the Kerr medium. We
discuss the mathematical formulation of quantum logical gate by means of beam
splittings and the new operator.

Let G be a complete separable metric space and G be a Borel o-algebra of
G. v is called a locally finite diffuse measure on the measurable space (G, G) if
v satisfies the conditions (1) v (K) < oo for bounded K € G and (2) v ({z}) =0
for any x € G. We denote the set of all finite integer - valued measures ¢ on
(G,G) by M. For a set K € G and a nutural number n € N, we put the set of ¢
satisfying ¢ (K) = n as

Mgn={p € M;p(K)=n}.
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Let 9 be a o-algebra generated by Mk, F is the o-finite measure on (M, )
defined by

F(Y)=1ly ("OOHZ%/MIY (Za,,) v (dzy - - - dzy)

‘where 1y is the characteristic function of a set Y, ¢, is an empty configulation
in M and §,, is a Dirac measure in z;. M = L? (M, 9,F) is called a (symmetric)
Fock space. We define an exponetal vector exp, : M — C generated by a given
function g : G — C such that

1 = g)
o, 0={ s (b, (oM

2.1. Generalized beam splittings on Fock space

Let a, 8 be measurable mappings from G to C satisfying &
(@) +18()* =1, z€G.

We intoduce an unitary operator Vo5 : M ® M — M ® M defined b

(Va,ﬁq)) (p1,00) = Z Z €XDy (@1) €XPg (1 — ¢1) €Xp_p (@2) expg (2 — Po)

?1<91925p4
X®(P; + Pg, 01 + 03 — P1 — @)

for ® € M ® M and ¢,, p, € M. Let A =B (H) be the set of all bounded opera-
tors on M and & (\A) be the set of all normal stateson A. E,5: AQA— AQ A
defined by

Eap(C) =V 5CVap, VCEAR®A

is the lifting in the sense of Accardi and Ohya [1] and the dual map & ; of £
given by .
| £ (W) (0) =w(Eap(e), YweES(ADA)

is the CP channel from & (A ® A) to 6 (A® A). Using the exponetial vectors,
one can denote a coherent state #7 Sby

07 (A) = (expy, Aexpy) eI, Vfe L*(G,v), VAe A,
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In particular, for the input coherent states 1, ® wo = 8/® 69, two output states
wy (e) =1y ®wo (Ea,p ((*) ® I)) and 1, (8) = 1y @ wo (€, (I @ (e))) are obtained
by

wy = g2f+Ps = gPiteg

& p is called a generalized beam splitting on Fock space because it also hold the
same properties satisfied by the generated beam splitting II*in Section 1.

Now we introduce a self-adjoint unitary operator U, which denotes a new
device instead of the Kerr medium, defined by

U (®) (01, 0,) = (=1)"121 @ (0, )

for ® € M ® M and (pl, vy € G, where |p,| = ¢, (G) (k=1,2). For the input
state w1 @ k = 0 @ L5 i wn 5 (1, o)), the output state ws of new device is

w2 (A) = @r (a9 D)T) = / (do) [ ()P 0-D" (4)

for any A€ A, v € M (¢ #0) and f € L?(G,v). If k is given by the vacuum
state 8°, then the output state ws is equals to w; and if  is given by one particle
state, that is, k = i ¢l|2 (1, o) with ¢ [ye(where M, is the set of one-particle

states) then ws is obtained by 077. Let M, (resp. M,) be the set of p € M
which satisfies that |¢| is odd (resp. even) and M be the union of M, and M..
The output states wo of the new device is written by

wy (A) = M09 (A) + X607 (A) VA€ A,
where \; and )\, are given by

A = szMF(dsO)lw(so)l
A= i fur, F (@) [0 (D)

Two output states ws () = wa®1, (50;2,52 ((¢) ® I)) and 13 () = wa®1n, (c‘,’az,ﬁ2 (I® (o))
of the total logical gate including two beam splittings &, , with (Iakl + |8e)? = 1)
(k = 1.2) and the new device instead of Kerr medium are obtained by

wy = A ORC(@f BBy (<Brf+aag) o\ gaz(anf+Bi0)+8a(~Brf+aag)

Ny = /\10—32(—(oqf+6lg))+c‘xz(—Blf+&1g) + )\29—52(a1f+ﬁlg)+c‘vz'(—51f+c‘ng)"
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where w2 —_ Alg—(a1f+ﬁlg) + A29d1f+ﬂ19 andn, =7, = g—Pif+ang |

~ Based on the above settings, we could show that new logical gate performs
the complete truth table. The furtherdevelopment of our study will be appear
in {11].
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