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On a unified approach to resolvent expansions
for Schrodinger operators
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Graduate School of Mathematical Sciences
University of Tokyo, 3-8-1 Komaba, Meguro-ku
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1 Introduction

In this lecture I present a unified approach to asymptotic expansions of a
resolvent of a Schrodinger-type operator around a point on the real line.
This approach was introduced in [8]. Here I present the approach in an
abstract framework.

The starting point is a self-adjoint operator Hy on a Hilbert space X,
where we assume that its resolvent has an asymptotic expansion

N

Ro(Q) = D (i¢"/?Y Gy + o(I¢IY?)

j=—2

as ( — 0, Im¢ > 0. The expansion is assumed to hold in the norm topology
of the bounded operators B(X, X*), where we assume given a scale of spaces
K — H — X*. This assumption is modeled on Schrédinger operators in
odd dimensional spaces with rapidly decaying potentials. We then consider
H = Hy + V, and under suitable assumptions on the interaction we prove
that an analogous expansion holds for the resolvent of H. The procedure is
constructive, provided we can determine some projections, which in applica-
tions to Schrodinger operators are determined by solutions to Hy =0 in a
space larger than the original Hilbert space, e.g. X*.

It is also possible to state results modeled on Schrédinger operators in
even dimensional spaces, but we have not included these results here, since
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they are rather involved to state, and require choice of the right asymptotic
sequence, a choice that depends on the interaction V.

Let us briefly comment on the literature. Asymptotic expansions for
Schrédinger operators have been obtained in (7, 5, 6, 4, 2, 3, 1, 8]. A general
class of differential operators has been treated in [12]. The technique we use
here is related to the one used in [12]. Schrédinger operators with radial
long range potentials have been treated in [14]. Some results have been
obtained on a multi-channel model in [10]. Results on magnetic Schrodinger
operators in dimension two, with compactly supported magnetic fields, have
been obtained in [13].

One of the advantages of the approach in [8] is that we can take any of
the asymptotic expansions mentioned above as the starting point for our new
expansions. For example, we can add a sufficiently short range perturbation
to the slowly decreasing long range radial potentials considered in [14].

2 Preliminaries

We start with a few preliminary results, and then we introduce our assump-
tions, and briefly discuss them.

We recall some results from [8], in a notation adapted to this paper. Let
XH be a Hilbert space. The bounded operators on H are denoted by B(H).

Lemma 2.1 ([8, Lemma 2.1]). Let T be a closed operator, and P a pro-
jection, on a Hilbert space H. Assume that T + P has a bounded inverse.
Then T has a bounded inverse, if and only if the operator

A=P-P(T+P)'P (2.1)
is invertible in B(PXH). In the affirmative case we have
T'=(T+P)'+(T+P)'PA'P(T + P)"L. (2.2)

Lemma 2.2 ([8, Corollary 2.2]). Let T(z) € B(H), |z| < 6, Imz > 0.
Assume that

T(z) =Ty + 2T1(2) (2.3)

with ||T1(2)|| < ¢ for |z| < 8, Imz > 0. Assume that 0 is an isolated point in
the spectrum of Ty. Let Py denote the associated Riesz projection. Then there
exists a 6, > 0 such that for |z| < §,, Imz > 0, the operator S(z) € B(PyH)
defined by

S(z) = Y (=1)2 By [Ti(2)(To + Po) )" Py (2.4)

=0
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satisfies |S(2)|]] < ¢ < oo for |z| < &1, Imz > 0. The operator T(z) has a
bounded inverse in B(H) for |z| < 8;, Imz > 0, if and only if S(z) has a
bounded inverse in B(PoH). In the affirmative case we have

T(2)™ = (T(2) + Ro)™

1 1 . » (2.5)
+ ;(T(Z) + Po) P()S(z) Po(T(Z) + Po) .

Remark 2.3. We will also use (2.5) in the trivial case, where 0 is in the
resolvent set, and thus Py = 0, to avoid consideration of special cases in

Section 3.

Let us now introduce our main assumptions. We choose 0 as the point of
interest in the spectrum of our operators. Any other point can be considered
after a simple change of variables. For ¢ € C\[0,00) we let (/2 denote the
branch of the square root with positive imaginary part.

Assumption 2.4. Let H denote a Hilbert space, and let Hy denote a self-
adjoint operator on H. Let Ro(¢) = (Ho — ¢)~!. Let N > 0 be an integer.
Assume that there exists a Hilbert space Xy, such that Xy <— H densely and
continuously. Assume there exist G; € B(Xn,Xy), 7 = —2,-1,0,... ,N,
such that

N
Ro(¢) = Y (i¢*YG; + o(I¢|/?) (2.6)

j=—2
as ( — 0, Im¢ > 0, in the norm topology of B(Xn, Xy ).

Remark 2.5. The operator G_, is the eigenprojection for eigenvalue zero,
with the convention G_ = 0, when 0 is not an eigenvalue.

This assumption is modeled on a Schrédinger operator on L2(R¢) for d
odd. Using ¢ and In( in suitable combinations to form an asymptotic se-
quence, one can give an analogous definition applicable to Schrédinger oper-
ators on L2(R?) for d even. To simplify our presentation we will only discuss
the case d odd.

Let us give a simple example of the type of expansion assumed in As-
sumption 2.4.

Example 2.6. Let
d? 9
H() = —-d:]:—z on L (R)

Then the resolvent Ro(() has the integral kernel
Ve

93



Using the Taylor expansion of this kernel we obtain asymptotic expansions
of the form (2.6). Fix € > 0. We take

Ky = L*(R, (1 + |z|)N*2+edx).
The operators G; are defined by their integral kernels

A
7 2+ 1)

We also let G_; = 0. Then it is easy to verify that Assumption 2.4 holds for
for all N.

For d > 3 odd and for Hy = —A + W(z) it has been shown in [7, 5, 12]
that expansions of the form (2.6) hold (with Xy a weighted L2-space) up to
an order N, depending on the decay rate of the potential W(z). The case
d = 1 has been treated in [12, 2, 3, 4, 8]. The case d even (with asymptotic
sequences based on (, In(, and V) has been treated in [5, 12, 6, 1, 8]. Note
that the cases d = 2 and d = 4 are rather complicated.

We want to study perturbations of operators satisfying Assumption 2.4.
We use the same factorization technique as in [8], in an abstract framework.
For simplicity we consider only bounded perturbations of Hy. Unbounded
perturbations can be treated using a suitable scale of spaces.

j=-1,0,1,....

Assumption 2.7. Let H, satisfy Assumption 2.4 for some N. Let V €
B(H) be self-adjoint. Assume V = vUv for some self-adjoint v € B(H),
such that also v € B(H,Xy), and some self-adjoint U € B(H), such that
U? = I (the identity). Let H = Hy+ V and R({) = (H - ¢)™.

Remark 2.8. We do not assume that v and U commute. One can gen-
eralize further and consider a perturbation factored as V = w*Uw with
w € B(H,X), U € B(X), U% = I, where X is an auxiliary Hilbert space. The
decay condition implicit in Assumption 2.7 is then imposed by requiring that
w extends to a bounded operator from X3 to X. See [9] for the use of this
factorization technique.

We restate another result from [8] in the current framework.

Lemma 2.9 ([8, Section 4]). Let Assumption 2.7 hold. Assume that { €
C, with Im{ # 0. Then the operator

M(¢) = U + vRo(()v (2.7)

is invertible in B(XH), and the symmetrized second resolvent equation holds,

R(¢) = Ro(¢) = Ro(¢)vM(¢)~vRo(¢)- (2.8)
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We have

UvR(OwU =U — M(¢)™, (2.9)
and consequently

s ICHIM ()T < oo. (2.10)

3 Asymptotic Expansion of the Resolvent

We will now give our main results concerning the asymptotic expansion of
the resolvent of the perturbed operator H = Hy + V.

We will need some additional conditions on the coefficients in the asymp-
totic expansion of Ry((), and a condition relating Go and the potential V.
One possibility is the following assumption, which is adapted to 0 being a
threshold of Hy, with (—4,0) in the resolvent set for some § > 0.

Assumption 3.1. Let Assumption 2.7 hold. Assume that G; = Gj, j =
—2,...,N. Assume furthermore that G_, and G_; in (2.6) are finite rank
operators, and that the operator vGov is compact in B(FH).

Theorem 3.2. Let Assumption 3.1 hold, with N > 8 in (2.6). Then the
resolvent R(C) has an asymptotic expansion

N-8

R(Q) = D (i('?) R; + o(|¢|V~072) (3-1)

j==2

as ( = 0,Im¢ >0, in B(Ky,XKy). The coefficients R;, j = —=2,... ,N =38,
are computable in terms of the coefficients in (2.6), the operators v and U,
and four projections. At most four equations determine whether R_, and/or
R_, are non-zero. '

Proof. The proof is based on repeated application of Lemma 2.2. It follows
from Lemma 2.9 that it suffices to obtain an asymptotic expansion for M(().
It is convenient to change variable to k = i¢'/2. In the sequel we will con-
sider  satisfying —6 < Rex < 0, 0 < Imk < 4, xk # 0, for some sufficiently
small § > 0. We will not repeat these restrictions below, and the value of 0
will be adjusted during the proof.

We give the proof in the general case. If it is known that G_, = 0 and/or
G_; = 0, the argument can be simplified considerably. In this context we
also recall Remark 2.3.
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As the first step in the proof we write

M(—k?) = U + vRo(—K*)v

N
=) K M;+o(|s|V),

j=-2
where
My = U + vGyv, (3.2)
M; =vGv, j=-2,-1,1,...,N.
Due to our assumptions the operators M;, j = —2,... ,N are self-adjoint

operators in B(H). We rewrite M(—«?) as

M(~#%) = 5 (M_3 + 5A(x))

where
N+1
A(k) =Y & A; +o|s|V*),
=0
Aj=Mj_1, j=—1,... ,N+1 (33)

Let P, denote the orthogonal projection onto kers¢ M_,. Since we assume
that G, is a finite rank operator, it follows that 0 is an isolated point in the
spectrum of M_;. Thus we can use Lemma 2.2 to conclude that M(—x?) is
invertible in B(H), if and only if the operator So(k) given by

So(k) = f:(—)fnfpo [A(K)(M_; + P) )" Py (3.4)

7=0

is invertible in B(PpX). :
It follows from our assumptions and the definition above that we can
write

So(li) = PyAo Py + K)B(KJ,

where

N

B(k) = z ! B; + o(|s|™).

§=0
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The coefficients B; can be found from (3.4) by straightforward computations,
which we omit. We state the results for the first three coefficients. In order
to shorten the expressions we introduce the notation

m = (M_.z + Po)—l.

We then find that
Bo = P0A1P0 - PvomA()Po, (35)
Bl = PoAzPo hae PvomAlPo - PoAlmA()Po

+ PhbAgmAom Ay Py,
By, = PyA3Py — PyAymAaPy — PyAymAgF,

+ PobAymAgmAo Py + PhbAgmAimAyF,

+ PyAymAgmA, F,.
Since M_; is assumed to be a finite rank operator, it follows that the point 0
is isolated in the spectrum of PyAoFp in B(FyJ). Let P, denote the orthog-
onal projection on kerp,3c(PoAoFp). We consider P; both as an operator in
B(PoH), and in B(H), by extending it to be zero on the orthogonal comple-

ment of PoJ{. Using Lemma 2.2 we have that Sp(x) is invertible in B(F,3),
if and only if the operator S;(x), defined by

Si(k) = Z(—)J‘MD1 [B(x)(PoAoPo + P)) )" P,

is invertible in B(P,H). We write
S1(k) = PLBo P, + kC(k),

where

N-1

C(k) =) KCj+o(IsI" 7).

3=0
As above, the coeflicients can be expressed in terms of the previously defined
coefficients. We introduce

a= (POAOP0k+ Pl)_l
as an operator in B(PyH). Straightforward computations yield
Co = P\B1P, — P By FoaFy By P,

Cl = P]B;_)Pl - PIBOPOaPoBlPl - P]B]POO,P()B()Pl
+ P]B()PoapoBoPOaPoB(]Pl.
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In order to use Lemma 2.2 on S;(k) we need to look at the spectrum of
P]B()P]. Using (35) and P1P0 = POP1 = Pl) we find that

P1BOP1 - P1A1P1 - Pleon.P].

The last term is a finite rank operator, since Ag = M_; is assumed to be a
finite rank operator. The first term is rewritten using (3.3) and (3.2).

P1A1P1 = P]UP] + PI’UGQ’UPI
=U-(1-P)UQ-P)-(1-P)UR
- PlU(l - P]) + P]UGo’UPl. (36)

Now 1— P, as an operator in B(J) is the projection onto (kers(PpAoPp))* =
ran(PoAoF,), since PoAoF is self-adjoint and of finite rank. By assumption
this range is finite dimensional. We have also assumed that vGgv is compact.
Since U? = I, we have o(U) C {-1,1}. It follows from the stability of
the essential spectrum under compact perturbations that the point 0 is an
isolated point in the spectrum of PA; P, on H, and therefore also in the
spectrum of this operator on PyH. Thus we can again apply Lemma 2.2.

Let P, denote the orthogonal projection onto kerp 4¢(P,BoP;). By the
above argument we know that rank P, < oo. Then S;(x) is invertible in
B(P,KH), if and only if Sy(x) is invertible in B(P,H), where

Sy(k) = i(-)fnfp2 [C(k)(PiBoPy + B) ™)' P
j=0

Once more we write
S2(K«) = P2COP2 + K,D(K).
We have

N-2
D(k) = & Dj +o(|s|""?).
=0
We now apply Lemma 2.2 the last time. Since rank P, < oo, we have that 0
is an isolated point in the spectrum of P,CyP,. Let P; denote the orthogonal
projection onto kerp,3¢(P2CoP,). Then S,(x) is invertible in B(P,X), if and
only if S3(x) is invertible in B(P;X), where

S3(k) = i(—)jan;; [D(k)(BCoP; + P3)~') " Ps.

Jj=0
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Once more we write
S3(K,) = P3D0P3 + K,E(I’\',).

Now we claim that kerp,s(P3DoPs) = {0}. Suppose that the kernel is non-
trivial. Then we can repeat the application of Lemma 2.2. The iteration
must stop with an invertible operator after a finite number of steps, since
rank P; < co. Then using (2.5) we conclude that the inverse M(—x?)™! ex-
ists and has a leading term x™"X with X # 0 and n > 3. But this result
contradicts (2.10) (recall that ( = —&2). ‘

We conclude that P;DyP; is invertible in B(P;H). We can then apply
(2.5) repeatedly to conclude that we have an expansion '

M(—k?) = i K Fj + o(|s|N74).

j=—2

We omit the details of this computation. Back-substitution of the various
expressions derived above leads to computability of the coefficients in terms
of the coefficients in the given asymptotic expansion and the projections
introduced in the proof. We can then use (2.8) to get an expansion of R(()
of the form (3.1). In this context we use (2.10) once more to eliminate terms
of order (i¢/2)7, j < —2. We use (2.9) to conclude that F_, # 0 implies
R_y # 0, and similarly that F_; # 0 implies R_; # 0.

One final comment. At stated at the beginning of the proof, we have
considered the general case. If P; = 0 for some j = 0, 1,2, then the iteration
can be stopped at that point, since the leading term in the relevant S;(k) at
that point will be invertible. In those cases one can also obtain an expansion
to a higher order than in the general case. O

We now give a result adapted to the case where Hy has an eigenvalue

embedded in the absolutely continuous spectrum. Thus we do not assume
that coefficients in the expansion are self-adjoint. We use the following as-
sumption.

Assumption 3.3. Let Assumption 2.7 hold, with N = 2K, K > 4. Assume
that G_, is of finite rank, and that vGyv is compact in B(J). Assume
furthermore that G; =0, 7 < N odd.

Let us note that this assumption can be verified at an eigenvalue em-
bedded in the absolutely continuous spectrum, using the generalized Mourre
technique, see [11].
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Theorem 3.4. Let Assumption 3.3 hold. Then the resolvent R(() has an
asymptotic expansion

K-4

R(¢) =) (—0)*Rae + o(|C[~4) (3

e=-1
as ¢ — 0, Im¢ >0, in B(Xn,XKy).

Proof. The proof is similar to the proof of Theorem 3.2. Note that we use
the same symbols as above, but with different definitions. We start with
the asymptotic expansion for M(() from (2.7), using our assumptions on the
structure of the expansion (2.6).

K
M(C) =) ¢"M, + o([¢F),
t=—1
where
Mo =U+ 'UGQ‘U
M, = (-1)*0Gyv, £=-1,1,2,... K.
We write
1
M) = ¢ (M-1 + CA(C))
where
K
A(Q) =) ¢t A+ o([¢IF)
£=0
with

A=M, £=0,... K.

By assumption M_, is self-adjoint and of finite rank, hence 0 is an isolated
point in the spectrum of M_;. Let Fy denote the orthogonal projection onto
kerg¢(M_;). Then Lemma 2.2 shows that M (() is invertible in B(H), if and
only if So(¢) is invertible in B(PyXH), where

o0

So(¢) = 3 (-1)%C'Po [A(O) (M1 + P) ™ R, (3.8)

=0
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In order to apply the lemma once more we write

So(¢) = PoAoPo + ¢B((), (3.9)

and note that we have

K-1

=" ¢"By+o(|¢1FY).
£=0

We also note that a simple computation using (3.9) and (3.8) yields
Bo = PyA1 Py — PyAo(M_1 + Py) ' AoPo.
We have
PyAoPy = PoUPFy + PovGou .

The computation in (3.6) can be repeated here, and the argument following
that computation can also be repeated, since we also here assume that vGov
is compact. We conclude that 0 is an isolated point in the spectrum of Py Ao Fp
in B(PyH). Let P, denote the associated Riesz projection. Note that in the
current context we are not assuming that Gy is self-adjoint, hence P, need
not be an orthogonal projection.

Now we use Lemma 2.2 once more. We have that Sp(() is invertible in

B(PoH), if and only if S;(¢) is invertible in B(PH), where

[ o}

$1(Q) = S (—1)%*P [BQ) (RodoPo + P) Y] P1.

£=0

Again we write
S51(¢) = PABo P, + CC(¢).

Now we claim that P, ByP,; is invertible in B(P;H), since otherwise we can
repeat the application of Lemma 2.2, leading to a singularity of the type ¢~
with j > 1, contradicting (2.10). Back-substitution leads to the existence of
an expansion

K-2

M)t =" R+ o(I¢15Y),

=-1

with computable coefficients. The proof is then concluded using (2.8), as in
the proof of Theorem 3.2. O
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4 Computation of Expansion Coefficients

The proofs of the theorems in the previous section give a systematic proce-
dure to determine the expansion coefficients. The coefficients depend on the
expansion coefficients G; in (2.6), on V = vUv, and on the projections in-
troduced in the proofs. In concrete cases these projections can be computed
in terms of solutions to the equation Hy = 0 in some auxiliary space. We
should note that the determination of the projections can involve a substan-
tial effort.

As an example, where everything has been carried out according to the
procedure outlined here, we mention the computation of the expansion coef-
ficients in the d = 1 case H = —d?/dz? + V/(z), given in [8].

Let us note that the procedure in the proofs of the two theorems also
allows one to set up a number of equations such that existence of nontrivial
solutions to these equations leads to the existence of an eigenvalue at zero
(or a zero-resonance).
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