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A study of Bimodal exceptional singularity with holonomic
system

(Bimodal 54 B4¢ 5251 & holonomic 3R)

Y. Nakamura, Ochanomizu univ.

(PHERE, BRDKLTFKF)

AR T, Bimodal FINBRFREICEEFORBMBAIFET O —FE2ER, TOAFEDY K%
annihilate T238 4 1 BOBERESERRICIVEAGNEF O/ I v VREBRL, TOMBMIZOV
THNS.

C" HBITBEE O OFFE X TEBShIERBER f(2) € Ox B O THMURFRAERDOETS. &
DEE, f(z) OMBBEBUC XY annihilate SNBFERIEE B ORBEWBFHFIFEOY —H 0 € H,(Ox)
BEZLIENTES. Z0aAFEOY—HH o OHSHERAFEROE Dx LOFEATT7NEZHVWS I LI
XV, 0 DEEERR o LBTIBEMESEHETHILHTES (8). LAL, RERROBENSHEEL
BT, BATFT7N Ann 2HE T LRBEZ TRV, ZIT, B4 1 BORERBIMEHEDS
7% % annihilator D4 F 7NV EERL, TOMRZEMEFARDLLITEH> T, B4 1 BOoREIMERARIZL -
To B2l TREMIBENTERINERANS.

1970 R, FBAFAKIL L0, BHEXINSRSOMAERRERAV FHMNT ITET 2 BRFERS
htz (6]). : f(z) i@ C* OEAK O OEBTERS N ERERT, RAIINFRREHOLTSE. 2oLk
E ROZBIFEMBTH 5.

(a) f 3BYLEREBEERIC L > T, BEXZHA LTS,
(d) B a;(2) €Ox (j =1,...,n) BFEL,

0 0
faE gl 4t an(e) o

W IrD.
B, &M (d) DB aj(2) G=1,...,n) CHEL, RBRVILD.

dai,...,an)
(21,5 2n) |,—0

f(z) DIREEED SR ZREMBFAFEOY B o IZXL, Anngy & o % annihilate ‘3‘6%@ 1
BOBHREAMERREOERT S Dx LA FPNETE. COLE, ReX, &

(e) Ann = Ann<
(f) Homp, (Dx/Ann<1, Hip(0Ox)) = Span{c}

bAEE (), (d) ERETH S &V SRBEEEE (2],14).

SR, BERTRVEY f2) L TREMBFAIaFEOY - o 5 X, £ annihilator
DA FTIV Annc IZDOTHEXB. BT, f(z) HEEEFK (semiquasihomogeneous) BB D LS, £ DR
DRI EL THL LHIRFBREA TV R D5 (1)), 05 BRI O\ TEMMIC SHEE T
75, f(z) ' Unimodal FINEERRDOBEORERPEEL R4 OBFRICEL TR, [2),[3),14,[7] F22
BMan-. Zhbid, FIRARTIEEHRE—KE OHAMKTH 5.

FMTiZ, f(2) 7 Bimodal FINEIREDBEEER . ROKERERS.

EE f(2) i3 Bimodal FINEANERSOERRE (2.1) 25X 2L 7 5. f(2) ORBABIC LY annihilate
ENHEAEEEORENAF STy —HE2KE2EX, 20 Ox LOERTE 0 LBL. 0 %

e det #0.
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annihilate 32& % 1 BOBRERUSERROERT 514 F 7 Anngy KWL, ROV ILD.
Homp, (Dx/Ann<, f‘O]((’)x)) = Span{4, 6%/5’ o},

TZT, 0 ety (Ox) BRRIZEER DTNV ARMTHS.

1 RBPMBPFRIREQNY-HERO/ZIVIR

X & Cr LOFK O OBERHLEL, Ox # X TEBShATHBEKOME T3, X LB h-EA
3] 4 f f(z) € Ox h‘lﬁ)ﬁkﬂl&ﬁﬁ&ﬁ%ﬁ’)tﬂ‘é f OB 21,...,2, X HRBBHE TN Fh
fi= =L EB TR £, f DERT B Ox LOAFTLET B :

I={(f1,.--,fn)o-
L%, ET5BHMIZL > T annihilate FNZFRICEEFHORBOBAaFEOY —HoELELT5 -
Y ={n€eHp(Ox) | gm=0g€l}
TROx E1DDORTERTHIENTES. ZOERTE 0 £B< .
¥ = Oxo.
L % o % annihilate T 3% 4 1 HOBEREAERROREL TS ;

L={P= Ea](z)———+ao(z)|Pa—0 a; € 0x,j=0,1,...,n}.
Jj=1

CURTHBEHRPc LIS KEATA LW HIMRERKH>TWS. T T, Annc; =DxL &HL. Anng
RREWBAaFREDY —8 o % annihilate 75 W& 1 m@ﬁﬁﬁﬁﬁf’ﬁm#@ﬂaﬁzﬂ‘éﬁﬁﬁfﬁﬁi@’g
Dx EDAF7NTHS. DL E, FO) IvIR Dx/Annc; DBRZER Homp, (Dx [Ann<y, Hip)(Ox))

T ORIEMERS.
ET,V & T RERTS | BOBBRMMEAR v = a1(2) 2 + -+ +an(2) 5L, aj(2) € Ox (j =
,n) DRELTE. EHAR ve VT KERATZZER, v 7’3‘ T ZER T3 L ERAETHB. D

,.-.

%0,
V={v=a1(z)a;:l+---+an(z)3%— |vgel, gel}

EBLIENTES. ZD&E, RHBRVILD.
Bl 11 L5 VADEEERRTHLANTES.

V-({')J_f: v 25 Ox/I EitfEAT2RERBUSEAREB LN TE, ChEBS v TETZEICT
o et H={heOx/I|vh=0,veV}
EBL. ZOEERMVRDILD.
ER 1.1 Homp, (Dx/Annz1, Hip (Ox)) = Span{ho | h € H}.

COMTEALRSOHL LVHHAPKRROERZ LI DOV TR 2,4 22BNz,
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2 Bimodal FIABKBRKICDONT
Bimodal IS AR RDERIIXD 14 BOFHN f THEASH 5 (V.LAmold [1]) :

Ew f=2>+4y""+(a+by)zy” v

Ew f=2l+zy" +(a+by)y? Qe f=z>+yz®+y + (a+by)zy’

Ey f=22+y'+(a+by)zy® Q17 f=23+y22+zy°+ (a+by)f

Zin f=2%+P +(a+by)zy® Qs f=23+y® +12+ (a+by)z® 1)
Zis f=2y+zf+(a+by)y® Sie f=z"z+y® +ayt+ (a4 by)f '
Ziw f=2%+1P® +@+by)zy’ Sz f=2%2z+y2®+ 45+ (a+by)z?y?

Wiz f=at4+zf+(a+by)y’ U f[=12>+z22+9° + (a+by)z®y®

Wis f =gt 4+ y7 + (a + by)x2y4

AT REZ AR ORI ARE (BERTRVEI) &, #FXFIIN T 5 Milnor algebra DEERIFR
T, BEREDOEXBL VBB VERBER OBDILL>THALN, Lo T, ZOFERICIVENRR
5. ZRTHEOERERREDHECE TV BDTHY, Sy OFEBEKXE (o + by)z?y® & (1] THEAS
NTW3 Sy DEEFLRZ > TH5. S [1]) TEALNIERERREFLIBH>T0B I EiHE
ELTHsL.

IS DEER f L, EEREDFHEIZE JE Milnor algebra DEESIEAEZEY , #XEOEND
Bz iERTzd D&

M:{mla"'vm#—lvmu} X
LB 5B, FEF - &, %, 2 OBKED d(z) > d(z;) E8BBBE 5> z ELTERTE. 22T, u
EINF =B dimQ[z,y]/] 721X dimQ[z,y,2]/I THD. Ic,m =1TH3. 5X Bﬂﬂ.ﬁ]ﬁ:—& m DHE
Kz dim) LBLE, d(my) =ndg 2377, d(2;) THS. {BL, dy BERE f OBWXBTH 2. 5, LOR
BER(2.1) I2BWT, B y OFXEN «, 2 @ﬁ/kﬂki‘]‘b BH/NELZ2TVS. D&Y d(y) < d(z),d(2)
THd. £oT,dmyu1) =nds —23 7 wj — d(y) Thbd. ZOEE,dm,),dm,u_1) >d; THY, &
f @*ﬁ%mlﬁci amy_1 +bm, TEAoNh 5. A
Z T, Rﬁﬂ‘]ﬁ-&ﬁﬁ:d‘%’:m/ —BOBABEERL, L & M @FEﬂL.EQDﬁOEEﬁE‘%‘T%(

8 2.0 BARY ML w= (da),... d(z)) KL, REGRFaSEDT —8 [;1:] [k—lk—]

DEXEN —d THBHER,
(w, k) =d(z1)k1+---+d(zn)kn =d

MBERVIDZEEZES.

5, REWBArasEaY —Bin= [Z cx lk] XU, n OBEXE d(n) & n DIH [ ] DB/

kEE,

BB TERT S :
d(n) = min{—(w, k) | k€ E,}.

CTE,i&n 0)$Tﬁb\£’co)lﬁck[ ] DR k = (k1,... ,kn) EN" OEETHS.

REBBAaAFEOY —EHOES T 13 Milnor algebra. M OWHHEELZ->THS. ¥ OEREZHY,
BXBO/NEVIRIZAEN, ENE 01,...,0, LBL. F,0,=0 THB. 2T, § € My (Ox) RIFARICE
ERFOTINVEZEBTHS.

Wl 2.1 KAV ILD.
® M;i0yu—j41 = c]-&, _] = 1, ey M. @b, Cj Liiﬁ?%é
. d(m]) + d(a,,_j+1) = _Z_?:l d(Zj).

& T, Bimodal BN BIGREOEREE f IcBAL T, LitEHT 3E 4 1 BORBIMERAROES V
ERY, FOMREM H 2RDB. 7L, ROBEREE/S.

8 2.2 ‘H = Span{l,m,_1,m,}.
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5,y OFEXBHIBRBENC NS, CORREERLL ZHAGDEIILIIEY, ROBEREES.
EE 2.1 B f 1X Bimodal FINBERERSOEEEEEX 3L T5. 5 O Ox LOERIT o 2L, B4
1 BEOMERBIERROER T B annihilator DA T7IVE Annc; B,

Hompy (Dx / Ann<1, Hip)(Ox)) = Span{o, ‘%6, 0}

MERYILD.

[2],[4] ®Z/ THY £iF 7z Unimodal FISt R R & Bimodal FINRGRAICE T 2REBATa -
TaV-Ho R, LOBROIIIZ, B4 1 BOBERMIMEAR TREMI B LR TERL. Lo,
ERD veVIiZHl, TOTMRM dv) D d(v) #0 ZWATEBRELNTHSB. —F, ThdORFRSIX
2EOBERMURERREI TCHV I LEMAISNZZ Lo TVS (3| 2], £/, aFsEOY -8
O BERIRERRRIIHESIZ OV TR 8] 2 2REN V). CORBRICETIFHELV I LI DOV T DM
&iiRRBZLIZTB.

ZZT, KD 3 DDRY MVEMEBATS.

L={P= Za, +a0(z) | Po =0, a;j(z) € Ox/I,j=0,1,...,n},

V= {V—Zaj(z)-g—-lvgeI g€l,a;(z) eOx/I, j=1,...,n},
ij=1

H={heOx/I|vh=0,veV}.

ZDEE LNV TH5.
PATFIZ, (2.1) THA 7 Bimodal AN BBERKOMME £ iTxiL,

o f OEMBH,

e IDHEF z >y i 2> z>y KHTIHNEE,
Ox/I DEEREN M & ZOHRXHY,

o M iZXtL, i 2.1 2§77 T ORE,

o V OEE,

o V O H

DHARBEREEXTH L. ZhbH0F IR, BEUAE Y X7 4 Risa/Asir([5]) K 7075 LeEEL TT
ol

2.1 EBBRA: 22+ 9%+ ary” + bxy®

f(z,y) =23 + y'° + azy” + bzy® (EHRZ ML (10,3) BEXK 30)

RMBIH : f. =327 + ay” + BB, fy = 10y° + (Tay® + 8by")z

BMRE . {y'2,490a%y° + 343a3y%z — 560aby'® + 640b%y'!, 322 + ay” + B}
Milnor algebra Ox /I OBERIER & 7 DHRH

L, v, ¥ ¥, =, ¥y oz, %, ¥iz, o8, iz, ¢, iz, 48, Pz, Bz, YTz, B2
9

0, 3, 6 9 10, 12, 13, 15 16, 18, 19, 21, 22, 24, 25 28 31, 34
T ORE
1 21 1 1 7 1
3_ - 4 5
[3a g +a(- 10y2z 32 x4) 10° P23
1 3 1“ 1 L3 1 3 1 3,1
) a3 at 2 a2b? _9 3_ 914
3aby8x b +5 by4 +3ab + 150 b o ab 5+ 15b ysx]
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1 1 21 1 7 1 45 1 21 1 21 1 21 1
3 2 3= et - DY S b—— £ 2y - b2___ 3_—
{ @ Y82 +a( yrt 10 ylla:) 10° yizd 7 a4 y7z? + 10? yl0z 10a z10 + vz’
30 1 1 1 1
[——7—ay7x2 + 3(12 ylom 3y3$4 3aby;—m + 3b2%:| 3

7] [z~ 5] [ [ o] [a] [ie]
pal el () ) [55] ) ) (5]

0
oy’

V ORE :
(—26460a2y>x + 3773a*y® + 44940aby® x«—-66060b2y4z) 4—2058a T—

(343a4y64—4200aby3m-—»612Ob2y4x)zgg-P(630a2y3-+~147a3x)§%,
(—210ay®z+49a%y" +450by* m) , (—49a3y” —240by*z) ; +42a? y:c@ (49a3y" +-480by* a:) +60ay 66 .
0 0 0 3}
4 2 8 8 2 2 8 5
- - _ = = 4 = =
( 3ny+7ay)ax, Tay ag':~|rfiya,-(9 , 9ayax+60y By’
Sr— 6.9 3:!;2 79 0 z o 0 59 o T— 9 z 9 7$2 8:1:1
Yy B:L"y ay»y 8y’y ay’y or ’y 8y’y ax:y 8y’y ay,y o 7'!/ By’y By’y By
V OfRZEM H : H={1,y"z,y8z}

2.2 EoHMRBRI: 2 +xy" +ayt + y'?

f(z,y) =23 + 2y" + ay'! + by'2 (BHRZ MV (7,2) BRI 21)
REEE : f, =322+, f, = T8z + 12by*! + 11ay'®
BRI : {y!3, 78z + 11ay™® + 12by'!,32% + ¢}

Milnor algebra Ox /I OEEHRIFEA & £ QX

L y ¥% 9, oz, oyt oyx, v®, vz, o8, Oz, o7, ylm, 4B, 4B, of, 910, o, 12
0, 2, 4, 6 7, 8 9 10, 11, 12, 13, 14, 15 16, 17, 18, 20, 22, 24

T OHEE

2 1 1 1
[a(%yﬁ%z - %yslxs) + a2y2x4 - 3a2y91x2 + b('l'S;_ly‘s—ﬁ - %w_%) + %Iﬁyéz]
21 1 7 1 1 1 36, 1 1 1 33 1
[Hyl_% T 114523 +a(§5:7 T x2) 11 y7w2] [ ylr i3 7ay7x2]
o T e s o i) ) (2]
vz 323 | |fx2 Pz | 273 Pz |’ Bz yz3 | |yi22] |7z’
1 1 1 1 1 1
7ol =) (7] [ ) ) ) ()
V ORE :
2 3 0 7] 4 0
(343y%x — 77ay® + 363a2y>z + 396aby? I)E— + 98y (28y — 209ay3z — 228by x)——- + 14z6y
7y3x% + 2y4§y-, (—1lay*z — 12by5$)(—,)-; + 2yx-é%,
0

5} i} 0 3] 9
4 — 49— Mlay’r— + 22— 7_ e Sr)—. TP r—
Ty mc’)m+y3y’ ay x8x+ YTy , (Ty"—33ay*z—36by m)ax,7y TH-
00 g0

yxay’ya’yay’“ay’ Bx’yay’
9 0 126 109 10 120

’ ym%vy a » Y ayay &z ayvy ay7y ay
V OffZEH H: H= {1,y11,y12}

0 0
) 6~ 7 8 __ 5.\
+2y ay,( y° —33ay°r) o
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2.3 E BRRMA: 28+ y" + azy® + bay®

f(z,y) = 2 + y*! + azy® + bry® (EHRT MV (11, 3) BEXH 33)

RMBAR : £, = 322 + by® + ayB,fy = (8ay” + 9by®)z + 11y1°

BEREE - {y!3,704a%y'0 + 512a3y" = — 792aby’! + 8916%y'2, 322 + ay® + by®})
Milnor algebra Ox /I DEEHRIEA & £ OHEXH

I A A A AN o A Vo T R Ve Vol R T R Vit M T
0, 3, 6, 9, 11, 12, 14, 15, 17, 18, 20, 21, 23, 24, 26, 27, 29, 32, 35 38
T ORE
1 24 1 1 8 1 1 3 1
3 4 24 L1 8 5 1 42 _ 9 3 1
Sa yi0z2 +a( 11 y183z y2x4)+ 11’ oz @ by9z2 1 by
9 Sy L . 3op Ll (31 3,1
b—— 2 a _
y43+3by82+ B iy~ 1% iy * 178 s
1 1 24 1 8 1 51 1 24 1 24 1 24 1
2 3 1 ot o2 2 3
[Ba y9x2 +a¥( yzt 11 y12z)+ o y8 2 + yliz BT YOz 11 3° x]’

B 1,51 31 o1 1
[ ) yszz Yz ay3x3 3abymz+3b y%] [yvxz] [yszz]
1, 1 1 1 1 1
g~ o 9| 3o [ () ()

e B e B B B ) B B

(—3520a%y°z + 512a%y" + 5896aby’z — a;sfsgbzy“:z)ai + 256a3a:c%,

(3584a%y” + 40392aby3z — 59103b2y4z) —+ (5280a%y® + 1152a :1:)—,

o 0 0 3] o
3 3,8 4 3,8 4 2 3,8 4 4
(—264ay°r+64a°y°+561by°z) —, (—64a°y" —297by*x) 3 +48a°yx 3 (32a°y°+297by*z) 3 +33ay E

0
oy’

00

7t 3y° xi 32a2y92 + 33y° —

' 8
_aa.4 2.0y 9
(—33y*z + 8a“y )611:’ day 3y’ e
6 0 22 3 0 40 o
y ay’y ’y ayiy ay’y a )y ay’y ay’y ax

6 = = =

5
T Y = YT YV VT Y=, YT,y
Yy 3 Yy 5 Yy oz Yy By Yy or Yy 5 Yy By Yy 5

V OfZ%M H : H={1,y%z,4%2}

2.4 Z BIRERR : 23y + 9 + (a+ by)zy®

f(z,y) =3y + 12 + (a + by)zy® (BHRT MV (7,3) KR 24)
WMBM . f, = 3yz? + ay® + by, fy = 2% + 8y + (6ay® + b))z
BEEE - {y'0, —408ay® — 289a%yCx + 480by°, 3yz? + ay® + by’

a?(—289z3 — 2312y7) — 1734a3y5z + 2856aby® — 33606%°}
Milnor algebra Ox /I DEBEHREAR & T OHRE

L, v v =z ¥ yz, vyt ¥z, 2P, B, iz, o8, ylz, o7, 9Pz, bz, ¢z
o, 3, 6, 7, 9, .10, 12, 13, 14, 15 16, 18, 19, 21, 22, 25 28
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La v TN

SEN N WNPETIR (A SN WS SO AT 1,1
¢ 8y8z2 yxb’ 192 4102 24 y3z%" 576 ySzx3 8 y'x?
1 o2 1 5 3 2
——a?b——+ —a b—— Lol oyl L1
64  y9z+144 +64 13z +8 %22 64 vz
L, g 171) 17,1 17,1 19 1 17,1
y'z? vzt 8 ¥z 22" 2 8 iy 3 yfx2 8 y'z|’

oy o] [ ~ )~ 37~ 2]
N L[:iaz_f%_;‘lystc:azfi 3 } [ ] [ ylﬂvs]’i N
il [ ) ) [ [l ) ) ] (e e

V ORI :
(17051a%bx? — 44064a2yx + 10404a*y* + 141576aby’z — 206304b2y3x)a% + (7344a%y% + 5202a3z)a%,

(—408ay’z — 85a°z? + 68a3y® + 768by3m)i, (7140222 — 173y — 288by?’:1:)i + 306a2y:1:ai,
Y

(1275a3y® + 14880by® x)— + (2856ay® + 49342 ym)— (=72y3z + 17a2y6)—,

9] 0 6 0 4 0 (’) 0 0
—5ay®— + 647z — 14
S5ay 8x+6y$8y’850 % + 4ya,ya,y a,yzay

d 0 0 a 7] 0 0 o 0 o
7Y 5.°2 ,6Y 4. .Y 77 6,."Y 5.7 7Y 6,7 T
y axiyxax’yayiyxay’y 8y!yzam’yway7ymaxvymay’y‘ray

V OfFZEM H : H = {1,y%,y"z)

2.5 le ﬂﬁgfg\ : 373'!/ + xyﬁ + (a + by)yg

flz,y) =23y + 2y + (a+by)y9 (iaf;v\7 [ 9)% (5 2) #EXRE 17)

B : f= 3yx + 48, fy =23 + 6¢° :L'+9ay +10by

BERERLES « {y'!, 17982 + 27ay” + 30by™°, 3yz? + ¢, ° + 6y° + 9ay® + 100y°}
Milnor algebra Ox /I DEERIEAR & T OEXH

1, y o3 =, 33, wr, v oz, 2%, %, ¥iz, 98, vz, y7, ohx, B, o0, o0
0, 2, 4 5 6 7, 8 9, 10, 10, 11, 12, 13, 14, 15 16, 18, 20

Y ORE

2

1+11_1)+(271 9 LN 1+51)2521
ylle =~ 69823 yzb 34 822 34y3x4 27y5x3 940z’ 27 y6x2]’

1

2

_171+171+a(1_1)§§1 (1_1)_01
9 yl0z = 273523 Yz y2zt’ 27 %22 [ Pz ytad yoz2 |’

] b ) b -] ] ]
) ) T T T [ [ [

(4624y* — 31212ay°x + 4131a%z? + 7290a%by* = + (—34680b + 6561a%)y° a:) —+ 2312z - 8ay

V ORI .
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]
(340y°z — 153az? — 243ay®zx — 270aby’z) — + 136y33,

Oz oy
5:1:——6+2:1: (4 — 27ay®z — 30b a:)—+2:z:a
or Y Y Y Yy Y 50’
0 0 0 0
3 4 _ 4 2 1748 — L) P
5y maz_+2y By’ 135ay x6x+34y xay,( Ty® — 8lay z‘) o

2y* 8+ -25 6+2 6 1:9—
0 8 8 0 0
99 380 10 9 10

I R X A A 3/7i v — v, ¥,y ¥4,y
oy’ oz’ ” oz’ oy’ oy’ 8y'” 8z’ By’ Y oz 8y’ Oy
V OM2ZM H : H={1,y°¢'°}

26 ZHR/RN: y+14° + (a+ by)zy”

flz,y) =23y +4° + (a+by)xy (E&f\? MV (8,3) BEX¥ 27)
RN . f, = 3y2? +ay +by8 f =134 98 +(7ay +8by7):z:
BRREE : (y1, —540ay — 400a%y" z + 621by'°, 3yz2 + ay” + byB,

a?(—50z3 — 450y8) - 350a3y6x + 540aby® — 6215%y0}
Milnor algebra Ox /I OEEHER & OHERK

Ly v% =z, o yr ot Pz, o% % Pz, o8, 'z, o7, Pz, 18, oSz, Tz, 48z

0, 3, 6, 8 9, 11, 12, 14, 15 16, 17, 18, 20, 21, 23, 24, 26, 29, 32
T ORE

( RIS 1 1 1 1, 20 41
y9:z:2 yz5 243 y”:c 27 3zt 729 y5:z:3
1.1 1 1 23 1 1., 1 1,1
—lab—— — —2p— a3b 2 1 1.4 3
027 T 8% Oylog T 729% Vags T a1 oz T 90 i T BT’ Pz’
1 5, 20 1 1 05 1 20,1 44 1 20,1
[Says +a= 9 410z y2x4)+27 Y r bygx 7T y'x2 9 iz’

27 1 1 o2 1 1 1.1 1 1 1 , 1 1 1 1
[ 7y7:1:2+3ay9:z: y33 3by8],[ 9by8z+9ay9z 27a <y ayx4]’[3 a ],

7= [ = [a) () [ )
7] (7] =] =] =] (]

(—79380a%yz + 19600a%y® + 255690aby>x + 34000a2bz? — 366903b2y3z) —+ (11340a2y? + 8400a°z) %,

V ORE .

(—1620ay?x — 360a’z? + 280a%y° + 2997by3a:)—, (192a2a:2 81by3x) s T 72 y:ca%

(31023by°z — 2040a%2? + 2920035 ) -+ 4860ay® —, (—81y*z + 20a%y” )%,

By
17 0 , 0 0 7 0 0 0 0 0
79 20 70 2 O o 2, 2
9y6x+2:z: e ay 6z+yx5 ,20a 8 + 2741 5 , 72993 za + 40a°x 30 , 3y3 za +yt— 5y’

0 0
4, = S Sp— 1y —. 18— iz —. 18—
yxaz’y a ’yxa ’yxaz’y ay’y 6x)yxay7y$6x7

7 6 vr—, yz— y y T
a ) a b a k] a b
VOMZER H: H= {l,y z,y87}

0
ay’yxa 7y$ay’yx8y



2.7 Wi BIRA: 2+ 25+ (a+ by)y’

f(z,y) =z + 25 + (a + by)y" (EHRZ PV (5,3) FXH 20)
RSB : . = 423 + 45, f, = 5y'z + Tay® + 8by”

BHERE : {y°, 5y'x + Tay® + 8by”,4x3 + 45}

Milnor algebra Ox /I OEERER & T DEXE

5 6

L,y =z, ¥ yz, ¥3, 2%, Pz, ot oyl Pz, o5, yPx? o8, 32?47, v
0, 3, 5 6 8 9 10, 11, 12, 13, 14, 15 16, 18, 19, 21, 24
T ORE
(201 51) (1 )+2831+(@1_@1)_2§21
7 ¥z Tylzt 2 72:2 o3 49311 49 yi0g yox?
201 51 +a(i— 1 ) 32 1
7 Bz 7y8 Y5 y612 7 x|’
1 gL 28, 1 1 1 I 1 1 1
vz’ vz 5 ozl yizt|’ |33’ vz | oyt |y | |25 | e

7=l (=] (] ] =] ) ()

V OHRIE : 5 3
(4375ax2 4 1715a%y* + (—5000b — 9604a4)y:1;2)— — 3675a2y35—,
2 0 2,3, 0 2
—200byzx . + (—105ayz — 147a°y 5y’ (—125y2x + 35ay* — 196a’%yz )— — 75y
: 7] 7] a o]
— 4 2 - 2 2 2 4_
(—15y" + 119ayz )3:r 15z 3y Syx . — 2lay By’
o 0 7] 0 0 0 O 7] 7]
5822 32 (520 — Tar L 2l 5L 22 5
by 3yay,(5y:v 7ay)6y,yw N = a,y %55’ Y 3y’
0 6 (7] 6 7] 0 7] 0 7]
6 9 2,29 3,29 69 3,20 70 70 8¢ 89
V ORZEM H: H={1,y",4° }
2.8 WisBRBRR : z'+y" + (a+by)zy*
flz,y) =z +y" +(a+by)z (EHRY PV (7,4) BB 28)
REEK : f. = 42° + (2ay* + 2by5)x, fy = (day® + 5by*)z? + 7y°
BERERLE : {1, of7, —64a3y32? — 1120245 + 140aby” — 1750%8, 223 + (ay* + by®)z}
Milnor algebra Ox /I OEERIEA & £ DRI
5 .22

L y oz, v yz, 3 2% iz, vt yx?, iz, o5, yP2?, ytz, 2%, P,
0, 4, 7, 8, 11, 12, 14, 15 16, 18, 19, 20, 22, 23, 26, 27,

Y OHEE

) =) el (7 e

=
7= [

7

3 0
a )

8

4.2

Yz,
30,

K
|

7

Y522
34
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(21a2? + 7a?y* + (—21b — 2a3)yx2)8%, (—28a’y* + (105b + 8a3)yx?)—({9— + 42aya:£,

or Oy
9 , 0 ) 8 ., 8
—219° xa—+4ax —, (7° +2az) , (3yz® + ay )— —2ay® oz +3y“z By
0 40 9 0 0 0 0
3 4, Y 5 Y 2,2 %Y i 2Y
y a 7y a 7y a $yzay$yx ax’yxaxvy ay’yz a 1yzay’yx 6xa
5 a 3 a 8 a 4 2 0 5 28 5 26

V@ﬁ?%ﬁﬂH:H={1,y4w2,y$}

2.9 QieBRRA : 3 +y2+y + (a+by)zy’

flz,y,2) =2+ y22 + " + (a + by)zy® (BHRT MV (7,3,9) #XE 21)
RMBASL: f, =22y, fo = 322 + ay® + by, fy = Ty® + 2% + (5ay® + 6by®)x
R -
{+°, —35ay” —25a2yPz+42by®, 3z% +ay® + by, 2y, +a?(—175y° — 2522) —125a3y*z +210aby” — 252618}
Milnor algebra Ox /I OEBHIE & T DHRM

Loy ¥ oz, oz v3 wyx, vt vz, P, zx, yix, o8, vl Pz, 2
0, 3 6 7 9 9 10, 12, 13, 15, 16, 16, 18, 19, 22, 25
T ORE
1 1 1 5 1 1 1
2+ 3 _ - - v 4_ - = b—0
[ ( y7x2 z3ya:2) ( 49 zy9:z: 21 zy2a:4)+147a 23 7% z2yfx2
1, 1, 1 1, 1
— 4+ 4 Bl X S
10 b y8 +49 y3 49 y7a:+ 7° 22 49 zyfz|’
1 2(_E 1 1 LR 5 1 +15ab 1 _33 1 15b2 1
ysx2 7 28z zyzt 7° 2023 T zylz 5 zpx2 T 2z’

1 1 1 1 1 2 1 1 1
[g zipz? az3yz] [ - 21z3yx + 3zy7:1:) h 3bzy5x - zy:z:3] ’ [zy“:c?] ! [zzyzz] ’

[3zy16:c —azylz3] ’ [z'y;z?] ’ [zylsx] ’ [Zyizz] ’ [zyl“x] ’ [2211193] ' [2.1/1932] ’ [11/131‘] ’ [Zylzz] ’ [i]

V ORE :

(—210ay?z + 50a3y® + 462by3x)—-—- — 75a%22— o , (—25a3y® — 126by° :r) + 30a’yz — 9 + 90azzx—é—)—,

0z’ Ay 0z
' F) i} o 9 7]
3,5 3 30 o002 5 3 4
(25a°y° + 252by x)ax+42ay ; 30a 2o, 2 + (Ty° + Say’z + 6by :1:)a ,
7] 0 0 0 0
91,3 2 6 _E 2,6 5
(—21y z+5ay)—-—ax, 5ay® o + 6y° xa , 25a°y U + 4244 o ,(7y + 5ay*z + 6by z) 52 252"

0 0 0 0 - 0
5 o 50,9 3. .Y 60 5 0 6 0 4 0 ¢ 0 5 0 ¢ O
y ay’yxa ’ ay+7y zaz’yzay)y ay7yzax?yxam1yxay’yxaz,yzayiy$ay

V 0%l H : H = {1,y5z, 45z}
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2.10 Q7 BRRA : 23+ y2? + 23’ + (a + by)ys

fx,y,2) = 23 +y22 + oy® + (a + by)y® (BHXZ bIL (10,4,13) X 30)
REBAK : f, = 22y,fz = 322 +9°,f, = 5ytz + 2% + 8ay” + 9by®

BERERE - {y10, 5957 + 8ay® + 9by°, 322 + 45, 2y, S5y*z + 22 + 8ay” + 9y}
Milnor algebra Ox /I OEEHRIER & £ DHEXE

1, y, v% =z, ¥3, oz oyx, yh vPz, o, uir, zx, o, otz Y7, 8, 0

0, 4, 8, 10, 12, 13, 14, 16, 18, 20, 22, 23, 24, 26, 28, 32, 36

T OEE
(3 1 1 +1 1 ) (24 1 8§ 1 ) (27 1 9 1 )— 2432 1
52y 23yx? 5 zyPxd 25 zy7x2 25 zy2xt 4029z 40 zyiz3 200 P
E 1 n 5 1 +a(3 1 1 LN 27 1
8 zy9x 8 zytxd 2822 zyzt’ T 8 2yx?|’

3 1 1 24 1 1 1 1 3 1 1
28T zPxd 5 zy5:1:2 23yx 52522 |’ T2y’ 2223’

inxz]’[zyisz “me) =) 7]

ol ) Ll ] e e

V ORI - 5 5 5 5 5
2512 Tor + 1093 3y 12(zz:1: = (—8ay® — 9by* ):L'— + 2yxa + 42:136
(10y® — 48ay®z — 54by* z)— — 15za: , o + (40ay®z + 64ay® — 45by*x — 81b2y8)2,'
oz 6y 0z
0 4 0 7] 0
_ =z A= _4 il i
(58 24ay z) , 5y° a:a + 2y By’ ay? T + 32 x@y
0 o _ 4 0 3]
8y Y Y G 5
(5y*z + 8ay” +9by) S g V g Wi g F 2

9 60 , 9 _gd ;0 O g0 50 o0 o0 40

3
a_ —, 3z ] a a ]
ymay'yay’ xay y(‘?z’ya’y Byyazyayyayya yaz
V OfRZER H: H={1,4%¢°}

2.11 Qs BRRS : 23 +y22 + 1%+ (a + by)xy®

ﬂ%%@:fuw%+f+uuwwwﬂﬁmﬁcmﬁﬂnia&ab»4&

REBE : f, =22y,f, = 322 +ay + by” fy = (Gay + Tby8)z + 8y” + 22

BEMERLIR « {40, —12ay8 —9a?yPz+14by°, 322+ ay +by", zy, a®(—72y" —9z2) 54a3y5z+84aby® —98b%y°}
Milnor algebra Ox /I DEJE ﬁﬁiﬁ& Z DEERB

7

Loy v% % v oz vz, vyt v o0, vz o8 em vz ¥T, Pz, 4fx, 42
0, 6, 12, 16, 18, 21, 22, 24, 28, 30, 34, 36, 37, 40, 42, 46, 52, 58
T OEE
1 1 1 1 1 3 1 1 1 1 1
2+ 3 = 2 e - Zab———
[a (8 zyBz? z3ya:2) a( 24 zy?zxt 32 zywx)+ 32° 2ytad g? 2y’ x?

1 5, 1 '7 o 1 22y zl o, 1 1 51
——a“b b — b b —
6a” 20z + 2R3 + 2812 64 2y'z
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3ot yad(-—— -2 1 ) 3 += ab ~ = L
2y’ 2 zyzt 42z’ ' 4 2y3x8 y8:r 2 zyb22 4 Y’z

1 13, 1 921]

11 1) b 1,1 1
6 zy8x2 2%yx |’ | zy8x zybx? zy?x3 2y’z|’ [zyPx2]’

[z211/z2] ’ [3zyl7a: B azylx3] ’ [zyizi’] ’ [zyl‘*:c] ’ Ly;ﬂ] ' [zyl‘"w] ’ [zyiw"’] ’

e [ 5] (5] [ 152

0 7] 0 7] 0
_ 2 3,6 3 02 3. _ ¢ 36 2 2
(—24ay“z + 6a°y° + 52by a:)ax ) zzaz,( 28by°x — 6a°y )ax+6a y:z?i + 2la 2T

V ORE :

0 0 o 0 o 0
3,6 3 30 .2 6 4 5 4.3 2.7
(3a°y° + 28by m)——az+4ay — —3a z:z:—az,z—i + (8y° + 6ay*z + Tby x)—az,( 4y°z + ay )_83:’

o o a 0 o o 0

7 27 5

ay —6z+y2z_6y’3a 3z + 4y ,(7y z + 8y” + 6ay® z)a ,z:z:a , yt Ba:’y By
3:::—8 60 51:—6 zxa + 8y8 za T— 76 z z z z z 9
Yy aayasy oz’ 5 Yy aay 5y’ aay 3’y 3’y B’y a,y ay;y ay

V OfEZM H : H = {1,y%r,y"z}

2.12 S BUSRA : 222 +y22 + 2yt + (a+ by)y®

f(z,y,2) = 222 + y22 + zy* + (a + by)y® (EHRT MV (5,3,7) BEXRE 17)

HMEM : f. = 22 + 22y, fz = 222+ ¥, fy = 3z + 2% + 6ay® + Th®

BMEE - (v, 17y'z + 24ay5 + 28by”, —576a%y” + 289y3x2, —x% + 4%, 22 + 22y, 227 + 2,
43z + 22 + 6ay® + Thy®}

Milnor algebra Ox /I DEERER & T DOHRRM

L, y oz, ¥% oz oyr, 38 2%, vz, ot wa? yir o8, Pe? b o
0o, 3 5 6, 7, 8 9, 10, 11, 12, 13, 14, 15, 16, 18, 21
T ORE
11 1 1 1 1 1 a2 1 3 1 6 1 12 1
aly t i - 1z4az2t5 ) Ta' (- 2~ 33; T 19223 ~ 17508
228 Ziyr 4224422 228z 17 2622 17233z 17z 223 17 zyz
jo M1 2 1 288 1 7 1 717 " 492 1
289 225z = 289 23yz? = 289 zytxd 24 22322 12247z 12 zy"’:c“ zAz2 |’
E 1 _1_7 1 +_1_'_7_ 1 +a(_l 1 _o 1 + 1 )_in 1
12z 2422322 12 zy2z4 2 23y2x T zyPx? | 22yxd 48 ziAz2|’

1 _1_1 a(1_11+1)_§21
23z 2228z’ |z 2224222 0 zyxd zyiz2 ]’

[_izy}ﬁ + z31yx] ’ [zy;:z:3 - %22;3:1:] ’ [_221/15:5 + z2;x2] ’ [zy;xz] ’ [zyla:3 a 322;21] '
[Z;’z]’ [Zy;-’b‘z] ’ [22;/:1:] ’ [zylax.] ’ [zylxz]’ [zyl%:] ’ [#]

0 0
(—9826y° — 19652az*) o 49132

+(—9826y%x — 9826ay* + 9792a3y>x + (—34391b + 13824a*)y® — 48552aby’z? + 112896a3by6)%,

V ORE :
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2456535233—20808@363+(—24565y4-10404ayx2—41616a2y3x—58752a3y5—60690by2x2+52416a2by6)-53—
T Yy Z

—17Oy2x583—: — 102y3% + (119yz? — 204ay3x — 288a%y° — 336aby6)-(%,

(—9826yx — 13872ay3)i3— + (—4913y* — 6936ayx? + 80640a’by® — 40460by2:c2)£,

—83521y* aa + (~334084y%x — 589560ay® — 249696a%y*x? + 497664a*y® — 687820by6)
—83521z% - Bay + (—1002252y3x — 1355988ay® + 416160ay*z% + (—1581986b — 829440a4)y6)6—,
zZ

—9826y’~’x6% + (—4913y° — 34680ay’z> + 69120a3y6)%,

—4913215'«‘2i + (4913y° + 10404ay?z? — 20736a%y%)—,
or 92
0 o 2 0 ] d )
_ 4 7 2 2_144 2,6\ Y ~17 12 6 —1 5___24 6 9
289y By + (578y“x Oa‘y )82’ yx? By + 12ay 3 Ty . ay 5o
d 0 o )
—oPr— —yf e, P2 — P —578ySa— + (—289y%? + 17284 __, 5
y:vay V¥V %5 Y 5, yma + (—289y“z* + a?y®) yay

o .0 0 .0
o 7 o7 6 7
Voo V™ ay’yaz 0z’ Y 5y’ Y By
V OfBZEM H : H={1,y%,y"}

2.13 S BIRBRMSA : 222+ y22 + 48 + (a + by)r™?

f(z,y,2) = 222 + y22 + 4% + (a + by)x?y® (BHRT MV (7,4,10) BEXE 24)

REBEE : f, = 22 4+ 22y,f- = (2by* + 2ay® + 22)z,f, = (4by® + 3ay?)z? + 6y° + 22

BRI : {48 yoz, —84ay® — 49a2y3z? + 108by”, —z° + 2ay?z, 2% + 22y, (2 + ay® + by?)z,
a?(—294y® — 492?) — 147a3y%x? + 336aby® — 432b%y" }

Milnor algebra Ox /I OEEHRIER & £ OHKE

L, v oz, ¥, 2z wr, ¥3 2% ¥, ot et Pz o8, yPet vz, yPa?, yta?
0, 4 7, 8, 10, 11, 12, 14, 15, 16, 18, 19, 20, 22, 23, 26, 30
T OHEE
(1 1 " 1 1 1 ) 2(1 1 7 1 1 1 +2 1 )
@ 32523 ziyr 6 2%ybz 6233z 36218 3 22y2xd 3 zyx®
1 1 1 1 1 1 1
——ab——+b
18° zy7:1:+ (6 22y5x 3zy4.1:3) zyﬁa:]
( 1 +1' 1 )+a(l 1 +7 1 4 1 )+_2_ 1
¢ 2izd 2 2%y5x 22822 122y'x  22yxd 3 z8z|’

11 a1 111,
2 zyPx? zyzt 2 z2%y2227 2 zytz?)’

1 1 1 la 1 1 1 + 1 _ 1 ta 1
233 222y 2 28z |’ | 6z 2Byx |’ | zytx? 22yz2 |’
1 1 1 1 1 1 1 1
2223 222983z |20z |2yP2?|’ |zyx® 2 2%2y%z]’

) () (7] [56) (5] 5] 5




V OEE :

d 2 3}
36yxa—x + (—24y° + 28az)5§

+(—4822 + 168ay* + 84a%yx? + (636b — 336a3)y® + (483ab — 196a)y>x? + (4776% — 252a3b)y3x2)5—
VA

0 4 0 0 0
2 _12av)— + (—6ay’ ___.24 = _ = 3 4 (36b— 1403y} —
(9z ay )B:c + (—6ay3z — 7a3y :1:) ay? o ancay (15ay° + (36 a’)y )xaz,

F) d
—24y3@ + (—12yx? + 300ay® + 1750222 + 225aby3x2)6—2,

—3y? xi (a(3yz? — 24¢°) — 14022 — 18aby3x2)%,

Oz
0 0 0 0
_9n2 Y _ S5 _ 2,2 _ 3.2y 7 .2,.Y _ 4, Y
2z 8y+( 60y°> — 37ay“x 47bya:)az,yx6y 3ayxaz,
0 0 0 0 0
2 Y 3.9 2,29 4 9 2,29
YT o Y T +yxaz,2y ay”’maz’
d a ,0 20 43 0 5,0 4 0 3,0 50 3,0
—2y3 —yxa,yx ay+aywa,yxay,yzaz, yxaeryxaz,?y ay+yw$,

7] 9 0 0 2 0 0 a o
!,22 3,2 4,2 4,2
5 ayx ) '“ay’y”az’yx'"ay’yx_a ,yl‘ay

V OB H : H = {1,y%22,y%z?}

2.14 U BWRMA : 23+ 122+ y° + (a + by)z%y?

f(z,y,2) = 2% + 22 + 4 + (a + by)z%y? (BHRZ bV (5,3,5) BRI 15)

RN : f, = 22z,f; = 322 + 22 + (2ay® + 2by®)z,f, = 5y* + (2ay + 3by?)z?

BREE : {y,3y'z + 2435, 20a%y* + 8a3yx? — 30aby® + 45b%y5, a(62® — 10y°) + 5by5, 23/, 2z,
322 + 22 + (2ay® + 2by®)z}

Milnor algebra Ox /I OEERER & £ OHXH

L, v oz =z, ¥, zy, yz, ¥°, 2%, 2%, Pz, yz?, =z, ir, yPx?, B2
0, 3, 5 5 6 8 8 9 10, 11, 11, 13,- 14, 14, 16, 19

L ORE

G L 45 1 o5 1 31 )+1a4
8 zy4:r3 8 3yir 4zy2z4 42y zy5x2
15 1 1 3 1 1 1 1
Eahps SR “ab— 5 _v 2b 3b 2 3 2
8 abzy3:z:3 +( 8 a @ )z3y31: g° 2z 2 2z 2+ b y5 b 2By |’
_§ 1 + (9 1 n 1 + 1 43 3 1 )+ — 9 1
2 zy3z3 2238z  zyxt  2yx* 5 zysa: zyz“ 10° zy5:z; ’
3 1 1 2, 1 1
[ 2 zyAz2 +azy2:z:3 y5.1: +3 z3yz] ’

mm] [ st o] [ ]
[zz;*a:] ’ [zylz3 - 3z31/a:] ’ [zyl“x] ’ [zy;mzl ’ [22;21‘] ’ [_zyl“z] ’
[zylx"’]’ [z2lyzc]’ [zyl%]’ [#]

0 a a 0 0 0 0
- 27 94242 3y 2, — _qr3— - 3.3
15z p 20°z 5 + (5azy? + 5bzy )az’ 5y el +5zy28 , (—90y® — 27az? )5 —4adzy 5

V ORE :
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(—135yz — 90ay )68 + (=90azy® — 135bzy3)—, Y5 9 (3ax + 2a%y’x — 3byx2)b%,
‘2azy3—a- - 9yx2— (3yx? + 2ay3:z:)— 10(1223/22 + (—-45a:1:2 + (45b — 8a4)ya:2)2
Oz 0z’ 0z’ oz ‘ 0z’

a 3 0 9 0 s 0 3 0 20 4 0 3 0
= _ — — 1 2a21° — —- - -
3y:v Ep azy 6 , 2Y 6y’3y :z:ay+ azy az,_yaf: ay,y:):a + 2y 3%’

0 30 0 0 0 9 0 9 0 0
2,2 9 228 2,2 3,2
y a! yaiyxay!yxazy 8y,yza7yxa,yxay
V OfEZEM H : H = {1,y%2?,y32%}
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