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1 Introduction
Let $\Omega$ be adomain in $\mathrm{R}^{3}$ , and we denote the set of smooth solenoidal vectors
with the compact support in $\Omega$ by $\mathcal{V}$ . The spaces $H$ and $V$ are respectively the
completion of $\mathcal{V}$ in the topology of $L^{2}(\Omega)$ and $H^{1}(\Omega)$ . $V’$ is the dual space of $V$

with respect to the $L^{2}(\Omega)$-paring. For given $u_{0}\in H$ and $f\in L^{2}(0, T;V’)$ , it
is well-known that the initial -boundary) value problem of the Navier-Stokes
equations

$\{$

$u_{t}-\Delta u+u\cdot\nabla u+\nabla p=f$ in $\Omega\cross(0, \infty)$ ,

$\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $\Omega\cross(0, \infty)$ ,

$u|_{\partial\Omega \mathrm{x}(0,\infty)}=o$ (if an $\neq\emptyset$),

$u|_{\Omega \mathrm{x}\{t=0\}}=u_{0}$

(1.1)

has a weak solution $u$ in the sense of Leray-Hopf, which satisfies the energy
inequality

$\frac{1}{2}\int_{\Omega}\downarrow u|^{2}dx+\int_{0}^{t}\int_{\Omega}|\nabla u|^{2}dxd\tau\leq\frac{1}{2}\int_{\Omega}|u_{0}|^{2}dx+\int_{0}^{t}\int_{\Omega}f$ . u&d\mbox{\boldmath $\tau$}.

It is uncertain that $u$ satisfies the energy identity

$\frac{1}{2}\int_{\Omega}|u|^{2}dx+\int_{0}^{t}\int_{\Omega}|\nabla u|^{2}dxd\tau=\frac{1}{2}\int_{\Omega}|u\mathrm{o}|^{2}dx+\int_{0}^{t}\int_{\Omega}f\cdot$
$u$ dxdr.

Furthermore it is still unsolved that every weak solution satisfies the energy
inequality
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The author has been investigated the energy inequality or identity with

extra term in [1, 2]. In particular we had the following result.

Theorem 1.1 ([1]) Assume that 0is bounded. There exists a weak solution
satisfying an energy inequality with an extra term

$\frac{1}{2}\int_{\Omega}|u|^{2}dx+\int_{0}^{t}\int_{\Omega}|\nabla u|^{2}dxd\tau$

$+ \frac{1}{2}\lim_{h\downarrow 0}\sup\int_{h}^{t}\int_{\Omega}|\frac{u(x,\tau)-u(x,\tau-h)}{h^{1}\pi}|^{2}dxd\tau$

$\leq\frac{1}{2}\int_{\Omega}|\mathrm{r}|^{2}dx+\int_{0}^{t}\int_{\Omega}f\cdot u$ dxdr.
:

It is still inequality. In the paper [2]; we discuss the energy ifweak solutions
satisfying aposteriori estimate

$\lim_{h\downarrow 0}\sup\int_{h}^{t}\int_{\Omega}|\frac{u(x,\tau)-u(x,\tau-h)}{h^{\mathrm{p}}1}|^{2}dxd\tau=0$ , (1.2)

and got an energy identity with an extra term.
In this note we shall give a $\mathrm{s}\mathrm{i}\dot{\mathrm{m}}$ilar result without (1.2). Further we shall

also improve the result in [2] under the assumption (1.2).
The energy identity is formally derived from the inner product between

the both sides of the Navier-Stokes equations and the solution $u$ itself. How-

ever, the paring $\int_{\Omega}u_{t}\cdot udx$ is not integrable in $t$ , because $\mathrm{o}\mathrm{f}ut\in L^{4}\tau(0,T;V’)$

and of $u$ $\in L^{2}(0, T;V)$ . This obstracts the validity of the relation

‘
$\int_{0}^{t}\int_{\Omega}u_{t}\cdot udxdt=\frac{1}{2}\int_{0}^{t}\frac{d}{dt}\int_{\Omega}|u|^{2}dxdt=\frac{1}{2}\int_{\Omega}.|u(t)|^{2}dx-\frac{1}{2}.\int\Omega|u_{0}|^{\mathrm{z}_{1}}dx$.

To aboid this diflBculty we uae the following idea. $\mathrm{P}\mathrm{u}_{\mathrm{I}}\mathrm{t}$

$U(t)=\{$

$\varphi(t)u(t)$ for $t>0$ ,

$o$ for $t\leq 0$ ,

Here $\varphi$ is an arbitrarily fixed function in $C_{0}^{\infty}(\mathrm{R}_{r}.\mathrm{R})$ with $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi\subset(0, \infty)$ .
We consider the paring $\int_{\Omega}Ut(t)\cdot$ $U(t-s)dx$ insteffi of $\int_{\Omega}U_{t}(t)\cdot$ $U(t)dx$ .

Then by virtue of the Hausdorff-Young’s inequality, $\int_{\Omega}Ut(t)\cdot$ $U(t-s)dx$ is
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integrable on $\mathrm{R}^{2}$ as afunction of t and s. Therefore by Funini’s theorem,
$l\ovalbox{\tt\small REJECT}$ $U_{t}(\cdot)$ . U(. s) $d\ovalbox{\tt\small REJECT} \mathrm{x}$ is in $L^{1}(\mathrm{R})$ for almost all s. By passing the limit

$\lim_{\epsilonarrow 0}\int_{0}^{t}\int_{\Omega}Ut(t)\cdot$ $U(t-s)$ dxdt

in some sense, we can get the energy identity with aextra term. The expre-
sion of the extra term depends on the regularity of weak solution (of course
the extra term vanishes provided the solution is smooth enough). Therefore
we should give the expression under the condition as weak as possible. For
that we label the following consitions as $[\mathrm{C}1]-[\mathrm{C}4]$ in the sequel.

[C1] $u\in L^{\infty}(0, T;H)\cap L^{2}(0, T;V)$ with $u_{t}\in L^{4}\tau(0, T;V’)$ satisfies (1.1) in
the sense of Leray-Hopf.

[C2] $u$ satisfies [C1] and

$\lim_{harrow 0}\frac{1}{h}\int_{\mathrm{R}}||U(t)-U(t-h)||_{H}^{2}dt=0$.

[C3] $u$ satisfies [C1] and

$\frac{1}{h}\int_{\mathrm{R}}||U(t)-U(t-h)||_{H}^{2}dt\leq\omega(|h|)^{2}$, $\int_{0}^{|h|}\frac{\omega(\rho)^{2}}{\rho}d\rho<0$ .

[C4] $u$ satisfies [C1] and

$\frac{1}{h}\int_{\mathrm{R}}||U(t)-U(t-h)||_{H}^{2}dt\leq\omega(|h|)^{2}$, $\int_{0}^{|h|}\frac{\omega(\rho)}{\rho}d\rho<0$.

Rom now we denote the paring between the elements of $V’$ and $V$ by $\langle\cdot, \cdot\rangle_{V’,V;}$

and the inner product on $H$ by $\langle\cdot, \cdot\rangle_{H}$ . And the operators $A$ and $B$ from
$V’arrow V$ are defined by

$\langle$Au, $v \rangle_{V’,V}=-\int_{\Omega}$ Vu . $\nabla vdx$ ,

$\langle Bv, v\rangle_{V’,V}=\int_{\Omega}(u\cdot\nabla)u\cdot vdx$ .
Then we can write (1.1) as

$\{$

$ut+Au+Bu=f$ in $V’$ $\mathrm{a}.\mathrm{e}$ . $t$ ,

$u(0)=u_{0}$ .
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Theorem 1.2 Let $u$ be a weak solution. Then the identity

$- \frac{1}{2}\int_{0}^{\infty}||u(t)||_{H}^{2}\frac{d\varphi(t)}{dt}dt+\int_{0}^{\infty}\langle$Au(t), $u(t)\rangle_{V’,V}\varphi(t)dt$

$+” \epsilon\lim_{arrow 0}$

” $\int_{0}^{\infty}\langle Bu(t),u(t-s)\rangle_{V’,V}\varphi(t)dt$

$= \int_{0}^{\infty}\langle f(t),u(t)\rangle_{V’,V}\varphi(t)dt$

holds for any $\varphi\in C_{0}^{\infty}(0, \infty)$ in the sense of

“
$\lim_{\epsilonarrow 0}$

”
$\cdot=\{$

$\lim_{\epsilonarrow+0}\frac{1}{2\epsilon}\int_{-\epsilon}^{e}\cdot ds$ for the case [C1],

$\lim_{harrow 0}\frac{1}{h}\int_{0}^{h}\cdot ds$ for the $\omega se$ [C2],

$\mathrm{a}\mathrm{p}\lim_{sarrow 0}$

. for the case [C3].

Here $\mathrm{a}\mathrm{p}\lim$ is the approximate limit

Remark 1.1 In [2] we have proved asimilar result for the case [C3] with

“
$\lim_{\epsilonarrow 0}$

” $\cdot=\mathrm{f}.\mathrm{f}\mathrm{i}\frac{1}{2\epsilon}earrow+0\int_{-e}^{e}\cdot ds$ .

This is improved as above.

Theorem 1.3 Assume that a weak solution $u$ satisfies [C4]. For given $t$ , $s$

$(t>s>0)$ , we take $\epsilon$ and $\delta$ so small that $0<\epsilon$ $<s-\delta$ , and $s+\delta<t-\delta$ .
Let $\varphi_{\delta,t}"\in C_{0}^{\infty}(0, \infty)$ satisfy $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi t,\iota,t\subset[s-\delta,t+\delta]$, $\varphi_{\delta,\epsilon,t}(\tau)\equiv 1$ on

$[s+\delta,t-\delta]$ , and $| \frac{d\varphi_{\delta,\epsilon,t}(\tau)}{d\tau}|\leq C\delta^{-1}$ Then $u$ belongs to $C([0,\infty);H)$ , and

the identity

$\frac{1}{2}||u(t)||_{H}^{2}+\int_{\epsilon}^{t}(Au(\tau),u(\tau)\rangle_{V’,V}d\tau$

$+ \lim_{\delta\downarrow 0}\mathrm{a}\mathrm{p}\lim_{\tauarrow 0}\int_{0}^{\infty}\langle Bu(t),u(t-\tau)\rangle_{V’,V}\varphi_{\delta,\epsilon,t}(t)dt$

$=$ $\frac{1}{2}||u(s)||_{H}^{2}+\int_{\epsilon}^{t}\langle f(\tau),u(\tau)\rangle_{V’,V}d\tau$
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Passing to the limit as $s\downarrow \mathrm{O}$, we have

Corollary 1.1 If $u$ satisfies [C4], then it holds that

$\frac{1}{2}||u(t)||_{H}^{2}+\int_{0}^{t}\langle Au(\tau), u(\tau)\rangle_{V’,V}d\tau$

$+ \lim_{\epsilon\downarrow 0}\lim_{\delta\downarrow 0}\mathrm{a}\mathrm{p}\lim_{\tauarrow 0}\frac{1}{2\epsilon}\int_{0}^{\infty}\int_{-\epsilon}^{\epsilon}\langle Bu(t), u(t-\tau)\rangle_{V’,V}\varphi_{\delta,\epsilon,t}(t)dt$

$=$ $\frac{1}{2}||u_{0}||_{H}^{2}+\int_{0}^{t}\langle f(\tau), u(\tau)\rangle_{V’,V}d\tau$.

2Proofs
The energy identity is reduced to

$\int_{\mathrm{R}}\langle U_{t}, U\rangle_{V’,V}dt=0$ ,

if $u$ is sufficiently smooth. Indeed if so, then

$0= \int_{\mathrm{R}}\langle U_{t}, U\rangle_{V’,V}dt$

$= \int_{0}^{\infty}\langle\varphi u_{t}+\varphi_{t}u, \varphi u\rangle_{V’,V}dt$

$= \int_{0}^{\infty}\langle u_{t}, u\rangle_{V’,V}\varphi^{2}dt+\frac{1}{2}\int_{0}^{\infty}||u||_{H}^{2}\frac{d}{dt}\varphi^{2}dt$

$=- \int_{0}^{\infty}\langle Au+Bu-f, u\rangle_{V’,V}\varphi^{2}dt+\frac{1}{2}\int_{0}^{\infty}||u||_{H}^{2}\frac{d}{dt}\varphi^{2}dt$.

Taking $\varphi=\varphi j\in C_{0}^{\infty}(0,\infty)$ such that

$\varphi_{j}^{2}arrow\chi_{[0,t]}$ , $\frac{d}{dt}\varphi_{j}^{2}arrow-\delta_{t}+\delta_{0}$

as $jarrow\infty$ , we get the desired identity. Here $\chi_{K}$ is the characteristic function
of the set $K$ , and $\delta_{p}$ is the Direc mass at $p$.

Consequently the proof of Theorems is reduced to showing

$\int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V,V},dtarrow \mathrm{O}$ as $sarrow \mathrm{O}$

in some sense
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Proposition 2.1 We have

$\lim_{earrow+0}\frac{1}{2\epsilon}\int_{-e}^{e}\int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V,V}$, $dtds=0$ for the case [C1],

$\lim_{harrow 0}\frac{1}{h}\int_{0}^{h}\int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V,V}$, $dtds=0$ for the case [C2],

$\mathrm{a}\mathrm{p},\mathrm{h}.\mathrm{m}_{0}\int_{\mathrm{R}}arrow\langle U_{t}(t), U(t-s)\rangle_{V,V},dt=0$ for the case [C3].

Proof. Case [C1]. Since $U\in L^{2}(\mathrm{R};H)$ with compact support, we have

$\int_{\mathrm{R}}\langle U(s+h)-U(s-h), U(s)\rangle_{H}ds$

$= \int_{\mathrm{R}}\langle U(s+h), U(s)\rangle_{H}ds-\int_{\mathrm{R}}\langle U\{s-h), U(s)\rangle_{H}ds$

$= \int_{\mathrm{R}}\langle U(s+h), U(s)\rangle_{H}ds-\int_{\mathrm{R}}\langle U(s),U(s+h)\rangle_{H}dt=0$.

Therefore it holds that

$0= \int_{\mathrm{R}}\langle U(s+h)-U(s-h), U(s)\rangle_{H}$ ds

$= \int_{\mathrm{R}}\langle U(s+h)-U(s-h), U(s)\rangle_{V’,V}ds$

$= \int_{\mathrm{R}}\langle\int_{\epsilon-h}^{\epsilon+h}U_{t}(t)dt$ , $U(s)\rangle_{V’,V}$ &.

Since $U_{t}\in L^{1}(\mathrm{R};V’)$ and $U\in L^{2}(\mathrm{R};V)$ with compact support, the above
integral has meaning. Using Fubini’s theorem, we have

$0= \int_{\mathrm{R}}\langle U_{t}(t)$ , $\int_{t-h}^{t+h}U(s)ds\rangle_{V’,V}dt$

$= \int_{\mathrm{R}}\langle U_{t}(t)$ , $\int_{-h}^{h}U(t-s)\ \rangle_{V’,V}dt\backslash$

$= \int_{-h}^{h}\int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V,V}$, dtds.
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Consequently we get

$( \lim_{harrow 0}\frac{1}{2h})\int_{-h}^{h}\int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V’,V}dtls$ $=0$ .

Case [C2]. Since

$0= \int_{\mathrm{R}}(||U(s+h)||_{H}^{2}-||U(s)||_{H}^{2})ds$

$= \int_{\mathrm{R}}\langle U(s+h)-U(s), U(s+h)+U(s)\rangle_{H}ds$

$= \int_{\mathrm{R}}\langle U(s+h)-U(s), U(s+h)-U(s)+2U(s)\rangle_{H}ds$

$= \int_{\mathrm{R}}||U(s+h)-U(s)||_{H}^{2}ds+2\int_{\mathrm{R}}\langle U(s+h)-U(s), U(s)\rangle_{H}ds$.

we have
$\lim_{harrow 0}\frac{1}{h}\int_{\mathrm{R}}\langle U(s+h)-U(s), U(s)\rangle_{H}ds=0$

$r$

by [C2]. By Fubini’s theorem $\dot{\mathrm{V}}’\mathrm{e}$ get

$\int_{\mathrm{R}}\langle U(s+h)-U(s), U(s)\rangle_{H}ds$

$= \int_{\mathrm{R}}\langle U(s+h)-U(s), U(s)\rangle_{V’,V}ds$

$= \int_{\mathrm{R}}\{\int_{\mathit{8}}^{s+h}U_{t}(_{\backslash }t)dt$ , $U(s).\}_{V’,V}ds$

$= \int_{\mathrm{R}}\langle U_{t}(t)$ , $\int_{t-h}^{t}U(s)ds\rangle_{V’,V}dt$

$\lrcorner J$

$= \int_{\mathrm{R}}\{U_{t}(t)$ , $\int_{0}^{h}U(t-s)ds\}_{V’,V}dt$

$= \int_{0}^{h}\int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V’,V}dtds\backslash$ .

Consequently we get

$\lim_{harrow 0}\frac{1}{h}\int_{0}^{h}\int_{\mathrm{R}}\langle Ut(t), U(t-s)\rangle_{V,V}$, $dtds=0$ .
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Case [C3]. If $u$ satisfies [C3], then

$\int_{\mathrm{R}}(1+|\tau|)||\hat{U}(\tau)||_{H}^{2}d\tau<\infty$ , $\hat{U}(\tau)=\frac{1}{\sqrt{2\pi}}\int_{\mathrm{R}}e^{-\cdot t\tau}.U(t)dt$

(by refinement of the argument of J. Simon [3]; see also [2]). Put

$U(s)= \int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V’,V}dt$ .

Then $\hat{U}(\tau)=-\sqrt{2\pi i}\tau||\hat{U}(\tau)||_{H}^{2}$ is an odd function, and belongs to $L^{1}\cap L^{2}(\mathrm{R})$ .
Therefore $F^{-1}[\hat{U}]$ is continuous, $F^{-1}[\hat{U}](0)=0$ , and

$U(s)=\mathcal{F}^{-1}[\hat{U}](s)$ $\mathrm{a}$. $\mathrm{e}$ . $s\in \mathrm{R}$.
For $\epsilon>0$ put

$E_{e}=\{s\in(-r, r)||U(s)|>\epsilon\}$ .
Since $F^{-1}[\hat{U}]$ is continuous,

$\mathcal{L}^{1}(E_{e})=\mathcal{L}^{1}(\{s\in(-r,r)$ $||\mathcal{F}^{-1}[\hat{U}](s)|>\epsilon\})$ ,

is zero for small $\epsilon>0$ . Therefore we have
$\lim\underline{L^{1}(E_{e})}=0$.

$\mathrm{r}arrow+0$ $2r$

Prvof of Theorem 1.2. Put

$\int_{\mathrm{R}}\langle U_{t}(t), U(t-s)\rangle_{V’,V}\#$

$=$ $\int_{0}^{\infty}\langle\varphi(t)u_{t}(t)+\varphi_{t}(t)u(t), \varphi(t-s)u(t -s)\rangle_{V’,V}dt$

$=$ $\int_{0}^{\infty}\langle u_{t}(t), u(t-s)\rangle_{V’,V}\varphi(t)^{2}dt$

$+ \frac{1}{2}\int_{0}^{\infty}||u||_{H}^{2}\frac{d}{dt}\varphi(t)^{2}dt$

$+ \int_{0}^{\infty}\langle u_{t}\{t),u(t-s)\rangle_{V’,V}\varphi(t)(\varphi(t-s)-\varphi(t))dt$

$+ \int_{0}^{\infty}||u(t)||_{H}^{2}\varphi_{t}(t)(\varphi(t-s)-\varphi(t))dt$

$+ \int_{0}^{\infty}\langle u(t), u(t-s)-u(t)\rangle_{H}\varphi_{t}(t)\varphi(t-s)dt$

$=$ $\int_{0}^{\infty}(J_{1}(t, s)+J_{2}(t, s)+J_{3}(t, s)+J_{4}(t, s)+J_{5}(t, s))dt$,
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$I_{i}(s)= \int_{0}^{\infty}J_{i}(t, s)dt$ .
Assume that $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi\subset[t_{0}, t_{1}]$ for $t_{0}$ and $t_{1}$ satisfying $0\leq t_{0}-2\epsilon_{0}<t_{1}+2|$

$T,$ . There exists $C>0$ such that $\sup_{|s|<\epsilon}|\varphi(t-s)-\varphi(t)|\leq C\epsilon$ , and $|\varphi|$

hold. Then it follows from $u_{t}\in L^{1}(0,\overline{T},\cdot V’)$ and $u\in L^{2}(0, T;V)$ that

$\frac{1}{2\epsilon}\int_{-\epsilon}^{\epsilon}|I_{3}(s)|ds=$
$C \int_{-\epsilon}^{\epsilon}\int_{t_{0}-e}^{t_{1}+e}|\langle u_{t}(t), u(t-s)\rangle_{V’,V}|dtds$

$\leq$ $C \int_{t_{0}-\epsilon}^{t_{1}+\epsilon}||u_{t}(t)||_{V’}(\int_{-\epsilon}^{\epsilon}||u(t-s)||_{V}ds)dt$

$\leq$ $C \int_{0}^{T}||u_{t}(t)||_{V’}\sqrt{2\epsilon}(\int_{0}^{T}||u(s)||_{V}^{2}ds)^{1}\pi dt$

$\leq$ $C\sqrt{\epsilon}arrow 0$

as $\epsilon_{0}>\epsilon$ $\downarrow 0$ . In particular for any $\delta>0$

$\frac{\mathcal{L}^{1}(\{s\in(-\epsilon,\epsilon)||I_{3}(s)|>\delta\})}{2\epsilon}\leq\frac{1}{\delta}\frac{1}{2\epsilon}\int_{-\epsilon}^{\epsilon}|I_{3}(s)|dsarrow 0$

as $\epsilon 0>\epsilon$ $\downarrow 0$ . This means

$\mathrm{a}\mathrm{p}\lim_{\epsilonarrow 0}I_{3}(s)=0$

Similarly we have
$\lim_{harrow 0}\int_{0}^{h}|I_{3}(s)|ds=0$ .

In asimilar manner we get

$\lim_{earrow+0}\frac{1}{2\epsilon}\int_{-\epsilon}^{\epsilon}|I_{4}(s)|ds=\lim_{harrow 0}\frac{1}{h}\int_{0}^{h}|I_{4}(s)|\$

$= \mathrm{a}\mathrm{p}\lim_{sarrow 0}I_{4}(s)=0$ .

Since $u\in L^{2}\cap L\mathrm{x}(0, T;H)$ , it holds that

$\frac{1}{2\epsilon}\int_{-\epsilon}^{e}|I_{5}(s)|ds$

$\leq C||\sup_{t\in(0,T)}||u(t)||_{H}\int_{\min\{t_{0},t_{0}+\epsilon\}}^{\max\{t_{1},t_{1}+\epsilon\}}||u(t)||_{H}||u(t-s)-u(t)||_{H}dtdsarrow 0$

$\mathrm{a}\mathrm{s}\in 0$ $>\epsilon$ $\downarrow 0$ . Therefore we can get

$\lim_{earrow+0}\frac{1}{2\epsilon}\int_{-\epsilon}^{\epsilon}|I_{5}(s)|ds=\lim_{harrow 0}\frac{1}{h}\int_{0}^{h}|I_{5}(s)|ds=\mathrm{a}\mathrm{p}\lim_{sarrow 0}I_{5}(s)=0$ .
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Combining these estimates with Fubini’s theorem and Proposition 2.1,

we obtain

$\frac{1}{2}\int_{0}^{\infty}||u(t)||_{H}^{2}\frac{d}{dt}\varphi^{2}dt$

$=\{$

$- \lim_{\epsilon\downarrow 0}\frac{1}{2\epsilon}\int_{0}^{\infty}\int_{-e}^{e}\langle u_{t}(t),u(t-s)\rangle_{VV},,\varphi(t)^{2}\ dt$ in the case [C1],

- $\lim_{harrow 0}\frac{1}{h}\int_{0}^{\infty}\int_{0}^{h}\langle u_{t}(t),\mathrm{u}(t-s)\rangle_{VV},,\varphi(t)^{2}\ dt$ in the case [C2],

$- \mathrm{a}\mathrm{p}\lim_{\epsilonarrow 0}\int_{0}^{\infty}\langle u_{t}(t), u(t-s)\rangle_{VV},,\varphi(t)^{2}\theta$ in the case [C3].

We can replace $\varphi^{2}$ by $\varphi$ . hdeed, for $\varphi\in C_{0}^{\infty}(2\in 0, \infty)$ and $\psi$ $\in C_{0}^{\infty}(2\epsilon_{0},\infty)$

we have in [C1], taking $\epsilon<\epsilon 0$ ,

$\frac{1}{2}\int_{0}^{\infty}||u(t)||_{H}^{2}\frac{d}{dt}(\varphi+\psi)^{2}dt$

$=- \mathrm{h}.\mathrm{m}\frac{1}{2\epsilon}\epsilon\downarrow 0\int_{0}^{\infty}\int_{-\epsilon}^{e}\langle u_{t}(t),u(t-s)\rangle_{V’,V}(\varphi+\psi)^{2}\ \theta$ ,

which reduces to

$\frac{1}{2}\int_{0}^{\infty}||u(t)||_{H}^{2}(\frac{d\varphi}{dt}\psi+\varphi\frac{d\psi}{dt})dt$

$=- \lim_{e_{0}>e\downarrow 0}\frac{1}{2\epsilon}\int_{0}^{\infty}\int_{-e}^{e}\langle u_{t}(t), u(t-s)\rangle_{V’,V}\varphi\psi\ dt$.

Take $\psi$ such that $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi\subset \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\psi$ , and $\psi$ $\equiv 1$ on $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi$ . Then we have

$\frac{1}{2}\int_{0}^{\infty}||u||_{H}^{2}\frac{d\varphi}{dt}dt=-\lim_{e\downarrow 0}\frac{1}{2\mathcal{E}}\int_{-\mathrm{e}}^{e}\langle u_{t}(t), u(t-s)\rangle_{V’,V}\varphi(t)$ dsdt.

Other cases are proved in the same way. This shows that

$\frac{1}{2}\frac{d}{dt}||u(t)||_{H}^{2}=$

$\lim_{e\downarrow 0}\frac{1}{2\epsilon}.\int_{-e}^{e}.\langle u_{t}(t),u(t-s)\rangle_{V’,V}\$ in the case [C1],

$\lim_{harrow 0}\frac{1}{h}\int_{0}^{h}\langle u_{t}(t), u(t-,s)\rangle_{V’,V}ds$ in the case [C2],

$\backslash \mathrm{a}\mathrm{p}\lim_{\epsilon}"\langle u_{t}(t), u(t-s)\rangle_{V’,V}ds$ in the case [C3]
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in $D’(0, \infty)$ . We now prove

$\frac{1}{2\epsilon}\int_{-\epsilon}^{\epsilon}u(t-s)dsarrow u(t)$ as $\epsilon_{0}>\epsilon\downarrow 0$

in $L^{2}(\epsilon_{0}, T;V)$ . Indeed, it holds that

$|| \frac{1}{2\epsilon}\int_{-e}^{e}(u(t-s)-u(t))ds||_{V}^{2}\leq\frac{1}{2}\int_{-1}^{1}||u(t-\epsilon s)$ $-u(t)||_{V}^{2}ds$ ,

and therefore

$\int_{\epsilon 0}^{T}||\frac{1}{2\epsilon}\int_{-\epsilon}^{\epsilon}(u(t-s)-u(t))ds||_{V}^{2}dt\leq\sup_{|\epsilon|\leq 1}\int_{\epsilon_{0}}^{T}||u(t-\epsilon s)-u(t)||_{V}^{2}dtarrow 0$

as $\epsilon_{0}>\epsilon$ $arrow 0$ . Consequently we have for $\varphi\in C_{0}^{\infty}(2\epsilon_{0}, \infty)$

$\int_{0}^{\infty}\frac{1}{2\epsilon}\int_{-e}^{\epsilon}\langle$ -Au(t)+/(t), $u(t-s)\rangle_{V’,V}\varphi(t)$ dsdt

$arrow\int_{0}^{\infty}\langle$-Au(t)+/(t), $u(t)\rangle_{V’,V}\varphi(t)dt$

as $\epsilon_{0}>\epsilonarrow 0$ .
Assume that $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\varphi\subset(2\epsilon_{0}, T)$ . By using of Hausdorff-Young’s inequality

we have
$\{\mathrm{u}\mathrm{t}(\mathrm{t}),$ $u(t-s)\rangle_{V’,V}\varphi(t)\in L^{2}((0, T)\cross(0, T))$ ,

$\langle$-Au(t)-Bu(t)+/(t), $u(t-s)\rangle_{V’,V}\varphi(t)\in L^{2}((0, T)\cross(0, T))$ ,
and

$\langle u_{t}(t), u(t-s)\rangle_{V’,V}\varphi(t)=(-Au(t)-Bu(t)+f(t), u(t-s)\rangle_{V’,V}\varphi(t)$

for almost all $t$ , and for all $s$ . Therefore we have verified the existence of the
limit

$\lim_{\epsilon_{0}>\epsilon\downarrow 0}\frac{1}{2\epsilon}\int_{0}^{\infty}\int_{-\epsilon}^{\epsilon}\langle Bu(t), u(t-s)\rangle_{V’,V}\varphi(t)$ dsdt

In the same way we can see the existence of

$\{$

$\lim_{harrow 0}\frac{1}{h}\int_{0}^{\infty}\int_{0}^{h}\langle Bu(t), u(t-s)\rangle_{V’,V}\varphi(t)$ dsdt in the case [C2],

$\mathrm{a}\mathrm{p}\lim_{sarrow 0}\int_{0}^{\infty}\langle Bu(t), u(t-s)\rangle_{V’,V}\varphi(t)dt$ in the case [C3].

Consequently the proof is complete.

Proof of Theorem 1.3 (sketch). If $u$ satisfies [C4], then it belongs to
$C([0, T);H)$ (also using the argument of J. Simon [3]; see also [2]). Inserting
$\varphi=\varphi_{\delta,\epsilon,t}$ in the identity in Theorem 1.2, and passing to the limit $\delta\downarrow 0$ , we
get the identity in Theorem 1.3
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