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Sum theorems for infinite-dimensions

%lﬂk"?kﬁﬁﬂl#m%ﬂ
FHHEEF (Chieko Komoda)

1 1IUCHIC

LEADEMILTEREMTH S LRET 3.

D/ TIX, fERXITIZE T % Sum Theorem IZ DWW TRET 5,

Sum Theorem 2 A 24, cover DREEZEITEH, ZHOEREEE ST 2HD 2
DOBERBH B, cover DRME L T, HIRMBED cover (Finite Sum Theorem). ATEED
cover (Countable Sum Theorem), locally finite cover (Locally Finite Sum Theorem) 7% &
WETo D, ZERORGEL U TIE, WTSIIEMZEM, BEREZEM. paracompact, hereditarily
normal, collectionwise normal, countably paracompact 2 E B ¥EIF5h 3,

Z D/N@TIX. A-weakly infinite-dimensional & C-space (B89 % Sum Theorem {2
WTHIER T 2 & & I, C-space IZBIL Tid., ZM DK% T TH Sum Theorem MR
VIO LEMMNT S,

2 (C-space DER
C-space {& Haver [4] IZ & T 1973 fFFIZEMEZEM I L TER S Iz,

EM (Haver [4]) FEMEZER] (X, d) iz0fL.
(X,d) : C-space in the sense of Haver (BATF. H-C-space &R T %)

def .
Ve >0 (i<w) -
JH; : pairwise disjoint collection of open subsets of X (i < w)
st. VHeH XL T, d(H) <€, U, Hi: cover of X

Haver XXt OBFRE L TXROZ L #FEHAL /-,
B (Haver [4]) FEMEZEM (X,d) cxfLl.,

X : countable-dimensional = (X,d) : H-C-space
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Haver D T D C-space (X BEBEZERNIZ XL TOAEBTE M. —ROLAEZER ST
UTHEET H7:0. Addis & Gresham (3 1978 FIZRD & 12 C-space EHERLI,
SE® (Addis and Gresham [1])- 22 X (ZXfL.

X : C-space

&g, open cover of X (i < w) |

JH,; : pairwise disjoint collection of open subsets of X (1 <w)
st. Hi <G (i<w), UKwHi: cover of X

Addis & Gresham tifﬂw)«km& D, BEFF & b TROZ E2IHL 710 :
SEH (Addis and Gresham [11)

, R hereditarily paracompact
countable-dimensional L2¢ P

C = A-weakly infinite-dimensional
3 (-space & H-C-space DBI®

BEEEZERE (X, d) Il Tik. Haver ODEERBK T C-space & Addis & Gresham DER
TO C-space D2 DOMNEBZESINTVS, ChHEARLBDTHS PEPNYRMEL L
5, ZOHITIX, C-space & H-C-space (Dﬂﬁffrx’&%ﬁ“éo

BRIONBILELTRIETLSNS,

unE PEMEZER (X, d) T L.
X : C-space => (X,d) : H-C-space

EEBE 61>O(r:ﬂl./"c\ g¢={U((E,€z/2)IE€X} %#inbiib\o

Ay Ny NEEEEZER (X, d) 2L TR RV LD,

Bl v /%7 MEEREZERM (X, d) IKXL.
X : C-space < (X,d) : H-C-space

EFBH  ETOMWE T, ==>0in71_0)'( — EZREEE0,
open cover G; of X GJ'CTL/'C G WETBENR—TH ¢ ’E’%‘K.niic]:b\

%mﬁ:ymabfawnumum@ﬂtmwo

@ R.Polld. weakly infinite-dimensional 723>/ /%2 hEEREZER]Y &, A-weakly infinite-
dimensional TIX72 W\ Y OIRSFEEREZEM X 2#ERL 7.

= D22/ X & H-C-space T % A% C-space TIX7EW,

g ZSEY 13 C-space TH B L bR HDT, LOWENS Y & H-C-space P
. FOEWSIZEM X b H-C-space &85, —F7. X & A-weakly infinite-dimensional T
X7V DT, C-space TIXZ&W,
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4 C(f-space [CDUIT

2 fiTI& C-space #£1X countable-dimensional & A-weakly infinite-dimensional 0 812
HEMETTHELERBNA LI, ZDZE LY, Cspacefth’. JTRINZEETH B o
EROHIB, ZOMTIE. C-space ENE D & 5 HERRTOMELTIEL - D TH 2
MEZLRL, C-space &L\ IEHRDEUNOLREOFHR S 2HHL. BRRILIEE LT
Cy-space LW O MEERIHT 3,

EUDIZ, —ROEMIZNT 3 C-space DEBIITWEXTOEHEE L TIIFELL D
DTRBNWI L 2EMT S, T78DB, weakly infinite-dimensional D & 3 Iz GRKTE
£TETM. strongly infinite-dimensional D & 5 IKHRKITTE 1 Db A TR & HEF
EZUWVH, C-spaceldZFDELL THT,

KB, [ =[0,1] # C-space THBZLXBESNTH S, /. 0RKITT C-space Tid
BOEHBFET S,

#1 (Addis and Gresham [1]) W = [0,w;) . dim Wp = 072 % C-space Tiz 7z >,

# X % 2% paracompact ZMIZRNIX. HRXTOZEMIX C-space D2 5 Rz B %
hs3,

oM (Addis and Gresham [1])  paracompact 220 X Z5HL .

dimX <n= X : C-space

$72bB. paracompact ZRIZBNIL, C-space HEIZEEITTOME & U TIZBET L,

RIZ. C-space ENED & 3 BERRTOUEELEL 2 bDTHEHLERTN L,
Ostrand (X, #EXIT dim XD & 5 124G 7=,

Ostrand’s theorem ZBf] X iZXfL. KIZFMETH 5.
(1) dimX <n

(2) VG : finite open cover of X
H'Hi(i=—0,_1, ...wN) : patrwise disjoint collection of open subsets of X
st. Hi<G (i=0,1,..,n), UioH:: cover of X
(3) VG : locally finite open cover of X
JH;(i = 0,1,...,n) : pairwise disjoint collection of open subsets of X
st. Hi<G (i=0,1,...,n), Ui,Mi: cover of X

n+1EDH Ho, H1,y ..., Hn DRHY Iz, TTHEHF) Ho, H, ... 2EZXS, Tiabb. XD
() 2W-TERIX 28X 5, :

) VG : finite (3 % W&, locally finite) open cover of X
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JH,(i < w) : pairwise disjoint collection of open subsets of X
st. Hi<G (i<w), U;o, Hi: coverof X

<w "t
M () 1. C-space DEFEE —RLL TS A, Hilbert cube ¢ b M () BWMcL T
LESTENS, RITEDEHL L TRBLIBRWEEA S, £ T, Ostrand’s theorem &
RDEHIZBEET,
wE ZE XL, REIFEETH S,
(1) dimX <n |

(2)
VGi(i = 0,1,...,n) : finite open cover of X
FH;(: =0,1,...,n) : pairwise disjoint collection of open subsets of X
st. Hi<G (1=0,1,..,n), UioH:: coverof X

(3) VGi(i = 0,1, ...,n) : locally finite open cover of X
IH,(i = 0,1,...,n) : pairwise disjoint collection of open subsets of X
st. Hi<G (i=0,1,..,n), UioHi: cover of X

rﬁ]ﬁ‘:\ n + 1 @0)7—‘[11)\6}&62 Oo)ﬁmﬁu gO,g17 ---,gn t HO,HI) ~~-,Hn E%n%n
WEH| Gy, G, ... & Ho, Hy,... tRABLRODEENFONS,

M ZEE X ITHL.
(1) X : Cy-space

&L G, : finite open cover of X (i < w)
JH, : pairwise disjoint collection of open subsets of X (i <w)
st. Hi<G (i<w), U, Hi: coverof X

(2) X : Ces-space

<dé=f> VG; : locally finite open cover of X (i <w)
JH, : pairwise disjoint collection of open subsets of X (i < w)
st. Hi< G (i<w), U, Hi: coverof X

EBNS, C=>Cef =>Cf ThdI ehbh b,
CDE S EETHIE. KRV IO,
HE 7 X IHL.

dimX < n= X : Cys-space

iz, Cj-space & Cyp-space DEHH NERBEBTHINEEL S,
Bz dim DEBEHERT 5.
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TR R X TXL.
dimX <n

&, VU : finite open cover of X 3V : open refinement of Y s.t. ord V <n+1
Dowker i, finite cover # locally finite cover KRA TH BRI & &R 12,

Dowker’s theorem Z5ff] X {zXfL .
dimX <n
<= YU : locally finite open cover of X
3V : open refinement of U s.t. ordV <n+1

L7eh 5T, dim OFEEH finite cover IZ3H3 B RHZD T, Cj-space DF A Cyp-space
LV HERLBDN B,

&7z, Cy-space IZB89 % Sum Theorem i& Cys-space ICBTHFN LY, £X 220
RVLVBFORHOT CRIUT B L #HRATH LN TES, (Cf-space Th B A
Ces-space TRBZVWZEBHOEERAI SN THRL, Fi-, Ces-space {ZB89 % Sum Theorem
IKDWT®H Cy-space LT HENLRAURHDOTTRYILOA B LAZN,)

LAEX Y, Cs-space DF5HE Cpp-space L b HRLBMETH B L Bbh 3,

Rohm [9] iZ 1987 fEiZ RO ERH L 7=,

E® (Rohm [9])
(1) Z=E X &n>2ZXL.
X : Cp-space

&, VG; : open cover of X with §G; <n (i < w)
JH,; : pairwise disjoint collection of open subsets of X (i < w)
st. Hi<G (i<w), U, Hi: coverof X

(2) Z=M X T,
X : Cy-space &L x . Cr-space for every n > 2

CNSEDRITDBRIZDOVTERIZONBZ L L TRMNFEBITFON S,

L

C=Cy=Cf=Co=>=>Cpy) = Cp = - = Cy < A-w.id.
Rohm [9] I XDiEERL 12,

%M (Rohm [9]) ZEM X & n > 2izXfL,

Cn-space <= Cp41-space



i

L7Tzh o T, Cuo-space <= Cy-space BNV LD,

Wo 1& Cyg-space 72HY C-space 'Cbi ASAN
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=z () d1m DFEIX Dowker s thorem 73‘ 5, BMINIEABcover&E LT locally finite cover
%% X T finite cover EEX THRMETH B4, [Cp-space <= Cys-space) ALY ILD

ya))

BEMEDOh SR,

(2) A 7% pERE 51, TC-space — C’}—spacejl THBA. I8y NEREZERIC
L. C-space <= A-w.id.y ERBENEIhDR>THARWL, LichoT, avyNnNy

it
k

5

PEEEZSRIC L T,

A-w.i.d. [ICB89 5 Sum Theorem
Awid WEL TRROEENMHESNTO B, |

Countable Sum Theorem (Levsenko [6])

X : countably paracompact (B B W&, hereditarily normal )
X = Fi , Fit closed A-w.i.d. (i <w)
= X :Awid |

Locally Finite Sum Theorem (Hadziivanov [3])

X :

éountably paracompact o
X = Uses Fs {Fs:s € S} ¢ locally finite , F, * closed A-w.i.d. (s € 5)
= X : A-w.i.d.

Hereditarily Closure-preserving Sum Theorem (Polkowski [8])

X :

#E

hereditarily normal

X = LJsGS'F; ‘ »

{F,:s€ 8} * hereditarily closure-preserving , Fy * closed A-w.i.d. (s € S)
= X : A-w.i.d.

collection {Ays € S} of subsets of X ¥ hereditarily closure-preserving & &,

VS' C S, VB, C As(s € S') ITXL T,

(| B:) = UCIB

' ses : ses’

MAROIIDZEENI,

[Ct-space <= Coo-space] RV IUDDEBERLEDANEZN,
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TEEN S, locally finite = hereditarily closure-preserving) ThHdZ &hbh s,

p= Engelklng [2] {2 & % Hadziivanov DEEDFEHA Tid. hereditarily closure-preserving
DHEFE>TNBD C. countably paracompact ® T T, Hereditarily Closure—preservmg
Sum Theorem DRV D & hbh 3,

6 C(-spacelCB89 % Sum Theorem
C-space IZB§L Tit. Addis & Gresham 2RO EHEE AL TW 35,

Countable Sum Theorem (Addis and Gresham [1))
X : hereditarily collectionwise normal
X =U;eo Fi, F;: closed C-space (i < w)

= X : C-space

Locally Finite Sum Theorem (Addis and Gresham [1))
X : paracompact and hereditarily collectionwise normal
X =U;es Fs {Fsts €S} ¢ locally finite , Fy : closed C-space (s € S)
=>. X : C-space

& Addis & Gresham DFEBHIZ B Tid. locally finite & W S B 2 ABRIZ > T
5DT, TDXXDFHTIX, Hereditarily Closure-preserving Sum Theorem A ¥ 1T
DREIDBZOISRY, . LOFEER%E A-w.id. 12893 3 Sum Theorem & B3 3
& BABEM X OREIIPBVBNEHDI D, BER. chonEEORBER
3

Levsenko (& countably paracompact 3 % \ & hereditarily normal D% D FC A-w.i.d.
(B89 % Countable Sum Theorem ZZERHL 7z, FHIzHL T. Addis & Gresham I3
hereditarily collectionwise normal D&H DT TD MK C-space IZB$ % Countable Sum
Theorem ZFEBHL T %, &> T, FH&HIX. Levienko M countably paracompact 2 Xf3
AEBIINET2HDEL T, ROEENFRYVIOZ &L &AL 1=,

Countable Sum Theorem
X : countably paracompact and collectionwise normal
X = Fi , Fi ¢ closed C-space (i < w)

= X : C-space

Hadziivanov &2 U Polkowski ® A-w.i.d. {2883 % Sum Theorem IzXH&3 2D & L T,
ROER /T,
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Hereditarily Closure-preserving Sum Theorem
(1) X : countably paracompact
X = UseS 3 s
{Fy:s € S} ¢ hereditarily closure-preserving , Fy ¢ closed C-space (s € S)

== X : C-space

(2) X : hereditarily collectionwise normal
X = UsES F. s
{F,:s€ S} * hereditarily closure-preserving , Fs * closed C-space (s € S)

== X : C-space

XX (2) 0FBEDO T TIE. Eid, paracompact L%, TOT LR, RD2D
DEENLDOH B,

B=E X : countably paracompact C-space == X : paracompact

e Zf X TRfL.

X = UseS FS
{Fyts€ S} t hereditarily closure-preserving , F * closed paracompact (se€f)

= X : paracompact

7 Cy-space [CB8Y % Sum Theorem

ATl Cf-space ZEHL 7z, Cj-space iZHT % Sum Theorem IZHN T, FA 2
A DEEE. Awid KETEEhE—HT 5,

IR
(1)Countable Sum Theorem

X : countably paracompact (3 % W&, hereditarily normal )

X =U,., Fi , Fi* closed Cy-space (i < w)

= X : Cy-space
(2)Hereditarily Closure-preserving Sum Theorem

X : countably paracompact (3 %\ &, hereditarily normal )

X =U,es Fs

{F,:s€ S} * hereditarily closure-preserving , F; ¢ closed Cy-space (s € S)

= Xy : C-space |
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8 H-C-space |89 % Sum Theorem

Haver DFEBK T D C-space i3 EEREZZMIZ L TOAER SN B DT, H-C-space iZB§¢
% Sum Theorem i3 FEMEZER) T2 X 3,

ik

(1)Countable Sum Theorem
FEREZER (X, d) ITXL
X = U,-<; F;, (Fi,dR) * closed H-C-space (i < w)
= (X,d) : H-C-space

(2)Hereditarily Closure-preserving Sum Theorem
FEREZE (X, d) IzxtL .
X =Uses Fs
{F:se€ S} : ﬁeredz'tam'ly closure-preserving , (F,dr,) * closed H-C-space (s € S)
= (X,d) : H-C-space

9 Point-finite Sum Theorem [CDL\T
C DT, Point-finite Sum Theorem IZ D TR 3 o

Point-finite Sum Theorem for A-w.i.d.(cf. Engelking [2])
X : countably paracompact (% %\ X, hereditarily normal )
X =Uses Fs
{Us:s € S} : point-finite s.t.F,C U, F,: closed A-w.i.d. (s € S)
= X : A-w.id.

AEBAIX. Engelking [2] D7 ¥R Mk %, 7+ 2 hTid. dimensional property P izt
LT, XD 3 DDME (1)~(3) B Y ILTIE, Point-finite Sum Theorem for P bR Y 1T
DILEFHL T3,

(1) Closed Subspace Theorem for P

(2) Discrete Sum Theorem fof P

B) X =Unc, Kn » Kan P PEWICTY, U, Ki : closed (n <w)
= X : PEWT
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C-space, Cjy-space. H-C-space KL TH, LD 3 DOMEENTDT, ROEHE

285,
pizh:

(1) Point-finite Sum Theorem for C-spaces
X : countably paracompact collectionwise normal
(3 B WIX. hereditarily collectionwise mormal )
X = Uses Fs
{Us:s € S} t point-finite s.t. F; CUs, Fs: closed C-space (s € S)
= X : C-space
(2)Point-ﬁnite Sum Theorem for Cs-spaces
X : countably paracompact (B % W&, hereditarily normal )
X =Uses Fs
{Usts € S} : point-finite s.t. F; CU,, Fs* closed Cs-space (s €S)
= X : Cy-space
(3)Point-finite Sum Theorem fdr H-C-spaces
PEREZER (X, d) XL,
X = Uses Fs

{Uyss eS8} + point-finite s.t. F, CUs, (Fs,dp,)* closed H-C-space (s € S)

= (X,d) : H-C-space
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