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1. [XCHIC
R, T7 7N p UTOFIEOEEEERT, Tiabb,

_, _{XEanlrank( )<P}
5. (TR M,,.,, ED b ||| LT, MO pth &MWL %
dy.(M, Rp) := min{||M - X|| : X € R,}

TEHT D, E<HMONTNBZLE LT, My EDRRY kI AL (|- ||oo i
LT, djo (M, Ry) := 8p11 (M) (72751, (M) 12 M O i FIZKE > singular
value) £ 725,

Pa, (M) = {X € R, | |M — X]|| = dy (M, R,)}

L5 By Mpn ED I VA ||| £750 M € My, 1257 LT M, € Pg, (M) T rank(M —

M,)= max{rankM — p,0} & &5 & &, || i rank p reducing LFFiIN 5, *
oy RTD 1L pmm{m n} tZxf LT p reducing D & %, | - | i% rank reducing
LI D, : ' :
My, £® norm || - || 23 unitarily invariant &1

UMV = || M|

BT _RTD M € My, &3 XTD unitary matrices U € M,,, V € M, {Z% L TH
940&T6

Umta.nly invariant norm i3 symmetnc gauge function ® ZHWNT
”M” = Q(sl(M)’ 32(M)7 *** 3 8min(m,n) (M))

TRTENTE, v:i’bé‘ﬁ 5 & EBEIZiX, M, kO unitarily invariant norm i,
rank rerducing TH5Z L Hbh 5,
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|l % Mmn £ operator norm £33, 472bb,
oL %

) "1’ ” . ||2%;E'1’L%'n\ Cm’ Cn

M|| = max ||[Mz
1M = max Mz,

TEHT B, ||-|| 2% rank reducing 2>& 5 5 &5 BifEIL, (C7 |- |1) P#BSZME
~0 “metric projection” A% “linear selection” % b oM & 5 FIEIZEAERT 5, X
BRTIZ, ThODRREICEIT 5/ %, %iC. numerical radius (2883 3Ll BET
BDEERIZOVTRAT B,

2. TR

(Vs - llv) : Banach speace, W C V: subspace &35, W #% proziminal (resp.
Chebyshev) L1XVveV,

Mw(v):={y €W : |lv—yllv = inf llv—wllv} # 9 (resp. a singleton)
THBHZL LTS,

Mw : V = 2% i metric projection & FiTh 3,

¥72, Ow : V = 2% 2 metric projection TH5 & LT,
P:V — W 2 selection for Ily T3H 5D LI,

¢>def

P(v) ew(v)forVYweV THEZ L LT3,

P 73 linear selection for Iy & i3,
#dej

P 78 selection /> linear THBZ & LT3,

Hilbert space T selection & LT W _E® orthogonal projection 7*17 2D T, ¥
i linear selection T 5,

3<dimV <00 DELEIFHELWVZD, TRDLL, T XTOMHZMIH L T metric
projection 7% linear selection % %0 & & I3-£DZEMi Hilbert space { isometric T
$ B, [Stoer (1967)].

ERICIIKRDESICb o LMW ENBVR B,

bl, 3<dimV <00 &L T, KT p DEBLIZEMF R TIZx L T metric projection
73 linear selection # H2¢ 35X 5722 p(p < dimV -2) BEETIE, V it Hilbert
space (Z isometric T %, [D. Amir (1986)].

& b5IZ, codimension 1 DV )72 5 #5325 M) D metric projection % i3 linear selection
Lo LBAMOEN TS, [N. Aronszajn and K.T. Smith (1954), F. Deutsch
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T = (21,22, ,2n)t € C* IZH LT |2| := (|21, |22],- - ,|2a])t £T B,
[|-]] #3 C* LD absolute norm & i
@dcf

llzl| = || |2] || ZW=F 2L LT 5,

| - || : operator matrix norm %% absolute & i,
<=>def

The image space D / /L A %3 absolute vector norm D & % L35,

Lemma 1. || .|| Z My, £® absolute operator norm &35, H L, rankM > p
25X M X rank p D closest rank < p approzimant % b,

Theorem 2. |- || & My, £® absolute operator norm &35 &, | | i* rank
m — 1 reducing norm TH 5,
Proof. M € My, T rankM = m & LTXUVY, Lemma 1 225, || - || 2% absolute

operator norm ¢ 9% & 34 € My, CROFRBZ2WMT=T,

1 rankA=m-1 '

2 ||A- M| =d)(M,Rm-1)

N := Im(A) £ 35 &, codim(N) =1, $72bb, Il X linear selection % b D,
6> T, 3P; N E® linear projection T

lle - Pz|ls = inf ||z —n[l: (z € C")

Wiy, TDLE,||M-PM| = d).(M,Rp,_1) 52, rank(M — PM) =1 &
25,

Corollary 8. (B.I. Wainberg and H. J. Woerdeman)

|-l % M, £ mazimum row length norm £ 3%, 1<k,I<n tLTQ={Q=
(9ij) € Ma(R) | qi; =0 (i >lorj > k)} &5, ZDLE, Mec M,(R) iz L
T M O singularity radius pq,)|.|(M)) = minacoq(m) ||All 1% rank(A)=1 TH
bhd, ZIZT, oo(M)={A € Q| det(M - A) =0} &F 3,

Theorem 4. ||-||1 73 inner product norm 72 LiX, operator norm iX rank reducz;nyb
Theorem 5 (Yu. I. Lyubich). n >3 L LT, ||| £ C*"LD norm i2&»>T

induce SI/Z M, £ operator norm L35, ZDLE, dy(I,Ry) = |I-X| &
725 & 57 rank p O matriz X BEETOOLE+REMBIX rankn —p D norm
1 projection P FETHZ L TH D,

Proof =) X :=I1—P L5 &L\,
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Q:=1-X B, 2Dt %, dmKerQ =n—p, > KerQ ={z€C"|Qz ==z}
T, ||Ql| =1 2*%5, 3P : KerX £ projection T ||P|| =1 £# 5, EBE, Ergodic
Theorem 2>6

THY, rankP=n—p L7225,

Remark 6. Operator matriz norm i34 3L b reank p reducing TRV,

Example R?® T ||-||' ZB{IIRZIE12EA& L35 norm L T5, ZDL %, ||P|=1
2> rankP = 2 725 projection IXfFEFE L 72\>, [Singer(1970)]

LE#ST, ||-]| % |- | <induce X My £E® norm &5 %, |- X|| =

d (I, Ry) 2B, X =0 THHZ BN, |

[(BURFEDRS]
Let A€ M,. W(A) T A 0¥k

W(A) = {(Az,z) | ||=|| =1}
¥R L w(d) T A OBIREE

w(A) = sup [(Az,z)|

z||=1 A
ERT,
¥,
du(M, R,) = minfw(M - X) : X € Ry}
&E¥5,

BORERICE L TIRKRO - LiZmbhTW5, [H(1968)]
(1) w(U*AU) = w(A) (unitary similarity invariant).

@)
R e (B (i !
(3) 34l < w(4) < [|4lle-

By (3) 25,
%aP+1(A) < du(4, Bp) < 8p41(4)

THdZ LiXahd,
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b7

Lemma 7. p #BR¥ L LT, M € M, % rankM > p 2Wi7cd &35, D&
X, BoERICEAL T, rankX =p 25 M D closest rank < p approzimant X 3
T?ETZ)O .

Proof. p € {l,...,n} & L&D, {RIZ dp(M,Ry_1) < duw(M,R,) 2B L\,
dw(M,Rp_y) = d(M,R,;) £ 35, X € R, % w(-) iZB8F 5 M O closest rank
< p approximant &% 3%,

a 0 X 0

UMM - X)U = | %21 92
. . 0
an1 et a'nn—‘\l Qay,

& 725 X572, unitary matrix U € M, BEET S, 22T, ai,a,...,an X
M-X DBEEETHS, YV; 2U(M - X)U OEDD i To2HL, BOIT20 &7
BITFIE LT, X;=X+UY;U* &5, ZDL %,

0 0 A11 0 All A12
< < =w(A
w[o Azz] _w[ 0 Azz] _w[AZI Azz] w(4)

Ehb,
w(M - X;) <wM - X)=d,(M,R,)

BT _TD i e{0,...,n} IZOVTWVZ D, rank X; & rank X;4g 0)1"‘%?1%*1}‘ <,
rank Xy < p, rankX,, = rank M > p 720°6, 5 i€ {0,... ,n} T rankX; =p
85, |

Theorem 8. M, ORI rank n — 1 reducing TH 5,
Proof. Theorem 2 DX 5 T& 3,

Lemma 9. A € M, &35 dy(A,Ra_1) > dist(0,W(4)) THB, =EL,
dist(a, Q) 1% a M BHAE Q C C ~DEMEET,

Theorem 10. A ZEAMEMBA > - > A 20> —Aggp1 > -+ > —An, A1, An #0
ERBTNVI—MTIIETH, ZDEX,

A1 An

dw(A,Rl) = ma.X{/\z,/\n—l, /\1 + An}
EEL k=10, A=0 ken—10k%, Avy=0 L35,
Proof. IXUWIC n =2 OBEHELLD, ab>0 L LT A= [g _"b] L¥5,

A % rank 28 1 OfTHIOFaL LT

P ¢ 1. [e-p -q
A= [_b(a—p)p _'b(#—P)] + [b(a~p)p b ]

aq a agq —aP
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E45, Xy = [_1, f_p)p _,,(Z_,,,] & LT, Theorem 8 75, dy,(A,R;) = min, ,

w(Xy) 2B, LIEAST, ming,w(Xy) = 2% ThH5 T EERTE O wXi) 2
min, max{|p|, X272} TH BT LIIMHT, ZOB/MEILp= 2 THLID,

nEY, w(Xy)> 2 L2538, —F, ¢=-2% LT3, X; = 2k 1 —1]

at 1 -1
N ab 1 -1 ab
w0t = Ty 1)) =25
L7225,
RiZ,n>3LLTAeM, ﬁ)'ﬁ:’ﬂwﬁﬁ:’%?ﬁtﬂ'}:bl Yo _0)&%, 21le- <
min{A;,A\n} L a>a'" >0,0>0 >0 RHIE 2 '+b' b THE L BB, ¥

7z, —RiZ, X' %2 X O principal submatrix £33 J: w(X) > w(X') Ehb
du(A,R) = min w(4 - X)

> max min w(4'— X')
Ar:2x2 principal submatrix of A X'€R,
A1)
= py )An-— y ————
maxidn -t 3]
LB,
—%, A = ['}; Y ] RO, 2 x 2 FISIOBBICEREL, do(A',Ry) =

w(A'-X') = ﬁ?i" 2%, ZIZT X'iX A ®closest rank < 1 approximant &
T5, X=X'@0€ M, £8< L, X € Ry Tw(A~X)=max{d, An1, 2220}
Th 5,

Proposition 11. a € C ¢35, A= [1 a ] RHiE, dy(4,Ry) = %32(A) =

0 -1
V4 +[a? - |a]) TH 3,

Proposition 12.

1 a
A=[0 1] L4 5,

0<a<172b6i, dp(A,R1)=1-% ThHH,
a>172bi, dy(A,R) =5 THD,
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