obooooooooo 12750 20020 193-205

193

Triviality of hierarchical Ising model in four
dimensions

Hiroshi Watanabe

Department of Mathematics, Nippon Medical School,
2-297-2, Kosugi, Nakahara, Kawasaki 211-0063, Japan

e-mail address: watmath@nms.ac.jp

Abstract

A new approach to RG analysis for hierarchical models is proposed by using char-
acteristic functions of single spin distributions. Especially, existence of a critical RG
trajectory for a hierarchical Ising model in 4 dimensions is shown and convergence to
a Gaussian distribution is confirmed.

1 Introduction

It is widely believed that the Ising model in four dimensions will be Gaussian in

a continuum limit (¢riviality). There have been accumulated a number of facts

indicating the triviality, but no mathematically rigorous proof has been obtained

so far. In fact, in order to study a RG trajectory starting at the Ising model,

we have to perform a RG analysis in the strong coupling region, since the Ising
model is a strong coupling limit of ¢* model. But indispensable techniques seem

to be left unknown for such an analysis. -

In this situation, we found that, for a hierarchical approzimation of the Ising
model in d > 4 dimensions, the RG trajectory can be rigorously studied by means
of the characteristic functions of single spin distributions for effective theories [1].
In this approach, rigorous inequalities due to Newman [2] play an essential role,
and numerical calculations are performed by computer to yield rigorous ‘bounds
on the RG trajectory in the strong coupling region. 4

This note describes our basic idea to show the triviality of the hierarchical
Ising model in d > 4 dimensions.

2 Hierarchical model

Hierarchical model is defined as follows. Let A be a positivé integer, and consider
the 27 variables (spin variables) ¢g = ¢s,,....01 labelled by

0= (aAa '",01) € {0, 1}Aa (21)



Let us define the Hamiltonian H, and the expectation values (-), respectively, by

Hy(¢) = —%g(g)n Z (Z ¢0A....,o,) , (2.2)

OpreBnt1 \Onysby
(Flan = = [@F@op-sm@) [[h4),  (23)
' [}
Zan = [ dbexp(~pHA®) [T kg, | (2.4
[}

where k is a single spin measure density normalized as
/ h(z)dz = 1. (2.5)
R

RG transformation

Hierarchical models are so designed that the RG transformation (see (2.11)) has
a simple form [3, 4, 5, 6, 7]. Define the block spins ¢’ by

¢, = ‘/75 Z P05 T = (Ta=1y0eey 1) - (2.6)
4,=0,1
Then, the equality
c
Z ¢0N1"-001 = Z %¢10N,...,62 (2'7)
On,...,01 On,y...n02
implies
1
(@) = Hva¢) =32 4" (28)

Suppose that a function F(¢) depends on ¢ through ¢’ only, namely, there is a
function F'(¢’') on the block spins such that

F(¢) = F'(#). (2.9)
Then it holds that
(F)ah = (F)a-1,78 (2.10)
where R} is defined by
Rh(z) = oonst.exp(—'B—:cz)/ h(—x— + y)h(i ~y)dy, z €R. (2.11)
2 R VC Ve :
Note that

hg(z) = const. exp(—i:ﬁ) (2.12)

194



is a fixed point of R, which we shall refer to as the density function of hierarchical
massless Gaussian measure. By looking into the asymptotics of e.g., susceptibility
for the hierarchical massless Gaussian model defined by (2.12), and comparing
it with that of the standard nearest neighbor massless Gaussian model on d-
dimensional regular lattice, we see that the dimensionality d of the system may
be identified (at least for the Gaussian fixed point) as

c =211, (2.13)

We shall extend the correspondence to hierarchical models with non-Gaussian
measures, and use the terminology d-dimensional hierarchical models whenever

(2.13) holds.

Hierarchical Ising model

Our concern is the hierarchical Ising model, which is defined by the following
single spin measure density

hiy(z) = %(5(30 _8)+8(z +9)), (2.14)

where s > 0. Hierarchical Ising model has an infinite volume limit A — oo, if
0 < ¢ <2 (d > 0), and has a phase transition, if 1 <c <2 (d>2) [3].

The ‘continuum limit’ of hierarchical Ising model is analyzed through the
asymptotic property of the RG trajectory

hy = RNho, N =0,1,2,---, (2.15)

with the initial point kg = hy,.

RG trajectory

Asymptotic properties of the RG trajectories (2.15) are extensively investigated
in a weak coupling region i.e., in a ‘neighborhood’ of hg [4, 5, 6]. In particular,
it is known that, if d > 4, then there are no non-Gaussian fixed points in a
‘neighborhood’ of hg, and that a ‘continuum limit’ constructed from a critical
trajectory with an initial function in a ‘neighborhood’ of kg is trivial (Gaussian).

However, the density (2.14) is regarded as a strong coupling limit A — oo of
the ¢* densities

h,a(z) = const.exp(—pz? — Az?), p= —2)s?, (2.16)

and an investigation of the RG trajectory for hierarchical Ising model requires an
analysis in the ‘strong coupling region’ far away from the Gaussian fixed point.

This problem is solved for hierarchical models by using characteristic functions
of single spin distributions.
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resutt
The following theorem claims that the continuum limit of hierarchical Ising model

in d > 4 dimensions is trivial [1].

Theorem 2.1. Ifd > 4 (i.e. ¢ > V2 ), there exists a critical trajectory converging
to the Gaussian fized point starting at the hierarchical Ising model. Namely, there
exists a positive real number s. such that if hy, N = 0,1,2,---, are defined by
(2.15) with hg = hy,_, then the sequence of measures hy(z)dz, N =0,1,2,---,
converges weakly to the massless Gaussian measure hg(z) dz.

Our proof is partially computer-aided and shows for d = 4 that the critical
value s, lies in the interval
[1.7925671170092624, 1.7925671170092625), (2.17)
where we have fixed the so far arbitrary normalization of the spin variables by

f=5-3=5@" -, (2.18)

1
2
3 Strategy

Characteristic function

Main idea of our proof is to use characteristic functions of single spin distributions:

An(E) = Fhu(€) = / e hy(z) dz. (3.1)
R .
The RG transformation for izN is
hnst = FRF hy, (3.2)
which has a decomposition
FRF1=TS, (3.3)
where
c
so6) = oLy, (3.4
" Tg(¢) = const. éxp(—gA)g(ﬁ), ‘ (3.5)
and the constant is so defined that
Tg(0)=1. : (3.6)

The transformation (3.2) has the same form as the N = 2 case of the Gallavotti
hierarchical model [9, 7, 8]. Note that only for N = 2 the Gallavotti model is
equivalent (by Fourier transform) to the Dyson’s hierarchical model.
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Newman’s inequalities

Let us introduce a ‘potential’ Viy for the characteristic function hy and its Taylor
coefficients u, n, respectively, by

hn(e) = ™0, (3.7)
VN(&) = Z.un,NEn' (38)
n=1
Note that
hn(0) = 1, (3.9)
o+, N = 0, n=20,1,2,.. (3.10)

hold. The coefficient p, v is called a truncated n point correlation.
The function Vy has a remarkable positivity property, that is, the truncated
correlations obey Newman’s inequalities:

Kon,N > 07 n..>.17 (311)
1

pmy < —(2pan)"?, n 23, (3.12)
n

These bounds follow from the Lee-Yang property for ferromagnetic systems [2].
Newman’s inequalities are extensively used in our proof. We here note the
following facts.

(1) The right hand side of (3.8) has non-zero radius of convergence.

(2) Tt suffices to prove py y — Oas N — oo in order to show that the trajectory
converges to the Gaussian fixed point.

Weak coupling region

The proof of Theorem 2.1 is decomposed into two parts: analyses in the weak
coupling region and in the strong coupling region.

Firstly we state the result in the weak coupling region.

It is easily seen that the condition

3 .
1< pan <1+ —F=panN (3.13)

V2

is necessary for the model to be critical. We then put, for N =0,1,2,---,
sy = inf{s>0|psn =1}, (3.14)
. : . 3
v = inf{s>0|pon > min{l + —=psn, 2+ V2}}. (3.15)

V2
In the following proposition, a RG flow in a weak coupling region is con-
trolled by means of a finite number of truncated correlations, and, in terms of
the truncated correlations, a criterion, a set of sufficient conditions, is given for
the measure to be in a domain of attraction of the Gaussian fixed point.
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Proposition 3.1. Let by = his and d = 4. Assume that there exist integers Ny
and Ny, satisfying No < Ny, such that, for s € [8n,,5N,], the bounds

0 < pun, < 0.0045, (3.16)
L6usn, < pen, < 6.07u2y, (3.17)
0 < pgny < 48.469u3 v, (3.18)
and
paN <2+V2, No<N<N, (3.19)

hold. Then there exists an s, € [sy,,3n,] such that if s = s, then

A;im panN =0, (3.20)
Hm gy =1. (3.21)

0.0045

)

Figure 1. A schematic view of trajectories on (2, p4)-plane in Proposition 3.1.
Trajectories for s =Sy, and for s = s ~, (solid lines) and the critical trajectory
for s = 5. (broken line) are shown. The Gaussian fixed point corresponds to the
point (1.0,0). The region defined by inequalities for (##2, p14) analogous to (3.13)
and (3.16) (and (3.19)) is shaded.

Our framework in the weak coupling region is designed especially for a critical
trajectory starting at the strong coupling region so that the criterion of conver-
gence to the Gaussian fixed point can be checked numerically with mathematical
rigor. Note that numerical results are incorporated with the rigorous analysis
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because the trajectory is controlled by means of finite number of coefficients
fann>n = 1,2,3,4, of Viy that are rigorously estimated by computer.

As a result, we see that the ‘effective coupling constant’ y4 v of a critical model
decays as ¢1/(N + c3) after N iterations in d = 4 dimensions (exponentially for
d > 4), which shares the common feature with weakly coupled ¢* model with
nearest neighbor interactions.

Proposition 3.1 is a variant of Bleher-Sinai argument [4]. In fact, the criteria
introduced in the references [4, 6] seem to be difficult to handle when ‘strong
coupling constants’ are present in the model, as in the Ising models.

In addition, while the original Bleher-Sinai argument takes No = N1, we
include the Ny < N; case. This generalization makes it possible to complete
our proof by evaluating various quantities only at 2 endpoints of the interval in
consideration for Ising parameter s, instead of all values in the interval, as is
implicit in the assumptions of Proposition 3.1.

Strong coupling region

The following proposition is the result in the strong coupling region that is proved
by rigorous computer-aided calculations. In this proposition, it is stated that
there is a trajectory whose initial point is an Ising measure and for which the
criterion in Proposition 3.1 is satisfied after a small number of iterations.

Proposition 3.2. The assumptions of Proposition 3.1 are satisfied for No = 70
and Ny = 100, where s, and 3y, satisfy

1.7925671170092624 < s, 3N < 1.7925671170092625 . (3.22)
Proposition 3.2 is proved by basically simple numerical calculations of trun-
cated correlations up to 8 points to ensure the criterion. The results are dou-
ble checked by Mathematica and C++ programs, and furthermore they are made
mathematically rigorous by means of Newman’s inequalities.
Theorem 2.1 follows from Proposition 3.1 and Proposition 3.2.
4 Analysis in the weak coupling region
The operator S acts on Vi as follows:
- e
(5e7) (&) = (¥, (4.1)
Using (3.8), (3.10), (2.13) we also have

\/-C- = 2 2n
2Vn (3—5) =3 o) H2n,NE

(4.2)

-

n=1

where w = 2%/¢,
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Next, write (3.5) as

Tg = const.gg, (4.3)
g = exp(—tA)g, (4.4)

where Ag(¢) = ;FT'Z({), and = }(v2—1) for d = 4. g, is a solution to

0
% —Agt ) (4.5)
go = ¢ ' (4.6)
Hence, if we put
9:(§) = exp(—Vi(§)), (4.7)
then V; satisfies
2V, = (VW) - A%, (48)

where VV,(§) = %—?

t = B/2 (modulo constant term), with the initial condition (4.2) at t = 0.

(€). In other words, Viy,, is given as a solution of (4.8) at

Reduction to finite degree of freedoms

If we write
V(€)= i#zn(t)fzn, «9)
then (4.8) implies
dion®) = —(2n+2)(2n+ Dpzuralt)
n ;";(2@)(2,2 2k D) prmrer(t). (410)
In particular, we have )
L) = 4t - 12, (4.11)
Sualt) = 16pa(Oalt) - 30ue(t), | (4.12)
L io(t) = 24ua(t)nalt) + 16a(8)* — 56us(t), (4.13)
d

Ez[l,g(t) = 32ua(t)ps(t) + 48ua(t)pe(t) — 90u10(t). (4.14)
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Thus, pignn and pgn n41 are related by

1 1 1 1
0) = — - — 0) = — 0) = —
12(0) = —pan s #a(0) = 5 an >t )= gken ke(0) = g—hsN,

B B B B
paN+1 = pa(5), paNe = Ha(3), HoN+1 = ue(3), HaN+1 = ns(3)-

Note that the quantities s, (t) obey Newman’s inequalities: by comparing (3.5)
and (4.4) we see that the correspondence Vy — V(t) is obtained by a replacement
B+ 2t in (2.11). Therefore p.(t) also is a truncated n point correlation of a

measure to which arguments in [2] apply, hence analogues of (3.11) and (3.12)
hold:

pan(t) = 0, mn2>1, (4.15)
pon(t) < %(2,14(75))”/2, n > 3. (4.16)

The positivity of pz,(t) implies that if we throw out the last terms of the
right hand sides of (4.11)-(4.14), we have upper bounds for po,(t),n = 1,2,3,4.
Furthermore, replacing the last terms by the corresponding upper bounds, we
have lower bounds, and so on.

Integral equations

Proposition 3.1 follows from the bounds described above, and actual calculations
are performed in the form of integral equations.
Let us write the solution

9(€) = exp(=Vi(£)) = exp(— Y pan(t)E™) (4.17)
to (4.5),(4.6) as
a©) = | M exp(—ot0e)wn), (4.18)
where p is a positive constant and
m
at) = v . (4.19)
e |
p (4.20)
n = 5(;—)§ (4.21)
Then, 1.(n) obeys
W)~ o) (4.22)

po(n) = exp(un® — Vo(n)): (4.23)



In particular, by taking the constant u as

1
p=p2(0) = SHaN, (4.24)

the ‘mass term’ is separated from the initial potential Vp(¢).
Let us introduce a ‘potential’ for 4,(n) by

¥:(1) = exp(—Us(n)) = exp(~ Y vaa(2)n>"). (4.25)

Then, the coefficients v,,(2) obey the same type of equations as (4.11)~(4.14) and
they are related with p,(t) by

o(t)\?
ﬂzn(t) = (ﬁ) V2n(Z) + O'(t)é‘n,l. (4.26)
H2,N
Note that 15(z) is O(u4,v), since the initial value of v, vanishes under (4.24).
Thus, we can obtain necessary bounds by using the following integral equa-
tions:

va(z) = '/02(41/2(z)2 — 1214(2))dz, (4.27)
2 z '

(2) = Gt + /0 (16v5(2)va(z) — 30ve(2))dz, (4.28)
2 i 2

ve(z) = WﬂG,N +/(; (24v5(2)ve(2) + 16v4(2)? — 5615(2))dz, (4.29)

2 i \ ;
vg(2) = (2—w)-;us,N + /0 (32v5(2)vs(z) + 48vy(2)ve(2) — 90u10(.z))dz. (4.30)

5 Numerical bounds in the strong coupling re-
gion
Proposition 3.2 is shown by estimating Taylor coefficients of izN(f ) instead of
Vn(£).
Taylor coefficients
Define the Taylor coefficients a, 5, n > 0, of izN by
7 =~ n 1 n
hn(€) =) (-1) —anNE™. (5.1)
n=0

In particular, ag vy = ﬁN(O) = 1. Obviously a, y > 0 holds for n > 0. Further-
more, they satisfy inequalities of Newman’s type (or the Gaussian inequalities)
[1, appendix]:

Qpntm,N < Qu NG N, T, M 20. (52)
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Note that coefficients p, x and a, y are related, e.g., as

Mo, N = Q1N

2

a3y N — Q2,N
H4a,N = ——2_"_,

3
u _ N G, NGN n as N
6N = -

3 2 6 ’

4 2 2

Gy GiNG%N OGN  GNTtTAN 4N

maN = T T g TR 6 24

For Ising measure hg = hy,s, we have, for n 2 0,

tmo = (1) o e

Recursions

Define b, n, n > 0, by

(Sh)(©) = (067 = I (-1 ™

n=0

namely,

by N = (E)n }2_: (TE) agN Gn_eN, 20

£=0

Next, expand the exponential

=1 i
eXp(_gA) =D (‘g) e

m=0

and define @, n, n > 0, by

00 1 m d2m R ©
S L (-8) famsin © = L et

m=0 n=0

namely,

. = (B\™ (2m + 2n)!n!
N (2 bmtn m!(m + n)!{(2n)!’ n20

m=0

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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Then, (3.5) implies
iZN+ (f) = ——v 1 E (—-1) —1 &,. N§2 (5 13)
' ~0"" n=0 r ’ ) '

where we fixed the constant in the definition of 7 by hy,,(0) = 1. Comparing
this with (5.1) we obtain a recursion relation in N for a, y:

o

GnNp1 = =2 n>0, N>0. (5.14)

N

&

Bounds

We have to bound a,n’s inductively by using (5.9), (5.12), (5.14) with initial
data (5.7). This part of our proof is computer-aided.

Note that every coefficient is nonnegative and no cancellation occurs in (5.9)
and (5.12). Hence, lower bounds on b, are obtained by using lower bounds on
an,n for n < n, and by putting a,x = 0 for n > n, in the right hand side of
(5.9), where n, is a previously fixed positive integer. Furthermore, lower bounds
on bn N in turn yield lower bounds on &, n by using (5.12).

On the other hand, upper bounds are obtained as follows. Firstly, we have
to append theoretically upper bounds on a, y for n > n, from those on a, y for
n < n. by means of (5.2). Next, we derive upper bounds on b, x and &,y from
(5.9) and (5.12), respectively.

As a result, lower and upper bounds on a, n4; for n < n, are obtained by
(5.14). ‘

- Finally, we note that (3.16)—(3.19) must hold for all s € [s N;» S~ ] Numerical
calculations, however, can be done for a finite number of s, of course. In fact,
@n,N is monotone with respect to s for each n and N. Then, using (5.3)(5.6),
we can bound p,, x from above and below for all s in some interval by quatities
(obtained by computer) for the endpoints of the interval. Thus, Proposition 3.2
is shown.
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