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Let $f(*‘)$ and $g(\dot{4})$ be holomorphic functions in the unit disk $\mathrm{U}$ with $f(0)=g(0)=0$ .

The function $g(z)$ is said to be subordinate to the function $f(z)$ if there exists afunction

$\psi(z)$ holomorphic in $\mathrm{U}$ such that $|\psi(_{\sim}7)|\leq$ $|\sim 7$ $|$ for $\mathrm{z}\in\cup$ and $g(_{4}’.)=f(\psi(z))$ . Let $g(_{<}’.)$ be

aholomorphic function in U. For $0<\mathrm{p}<\infty$ and $0\leq$ $\mathrm{r}<1$ , let us put

$M_{p}(r, \varphi):=\{\frac{1}{2\pi}\int_{0}^{u\iota}|qxe^{i\Theta})|^{\mathrm{p}}d\Theta\}^{\#}$

Then we have the theorem

Theorem A(The subordination theorem of Littlewood [2], $\mathrm{p}.191$ )

Suppose that $f$ and $g$ are holomorphic in $\mathrm{U}$ and $f(0)=g(0)=0$ and that $g$ is

subordinate to $f$ , then we have

$M_{p}(r, g)\leq M_{p}(r, f)$ $(0<\mathrm{p}<\infty, 0\leq \mathrm{r}<]$ $)$

The purpose of this note is to extend this theorem to the case of $C^{n}$

61. $\mathrm{P}$ relimina『ies

Let us denote apoint 2 of the sace $C^{n}$ by the column vecto
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$\mathrm{z}:=(\begin{array}{l}\overline{‘}1\mathrm{i}\mathrm{z}_{2}\end{array})$

and $\mathrm{z}^{*}$ denotes the conjugate transposed vector of $\mathrm{z}$ .The norm of $\mathrm{z}$ is denoted by

$|\mathrm{z}$ $|:=\sqrt{\mathrm{z}^{*}’}$‘ . Denoted by $B_{n}(\mathrm{r}\mathrm{g}_{0})$ the ball in $C^{n}$ with radius $\mathrm{r}$ and center $z_{0},\mathrm{i}.\mathrm{e}$ ,

$B_{n}(\mathrm{r},z_{0})$ $:=\{\mathrm{Z}$ $\in C^{n}$ I $|z$ $-z_{0}|<\mathrm{r}\mathrm{f}$ ,

and Iet $B$ $:=B_{n}(1,0)$ , $S(r):=\partial B_{n}(r, 0)$ (the boudary of $Bn$( $r$, 0)) and $S:=S(\mathrm{r})$ .

For $\mathrm{z}\in C^{n}$ , we will use the following differential forms and operators for the proof

of our theorem;

$d\mathrm{z}$ $=(\begin{array}{l}d\mathrm{z}_{1}\dot{}d\mathrm{z}_{n}\end{array})$ , $dt$ $=(\begin{array}{l}d\overline{\mathrm{z}_{1}}\dot{}dT_{n}\end{array})$ .

$0\mathrm{J}$ $(\tilde{‘}):=d\mathrm{z}_{1}\wedge\cdots\wedge d\mathrm{z}_{n}$ (n-times)

$\eta(\mathrm{z})$ $:= \sum_{j=1}(-1)_{\overline{4}}^{/+1}\beta \mathrm{z}_{1}\wedge\cdots\wedge d\mathrm{z}_{j-1}\wedge d\mathrm{z}_{\mathit{1}+1}\wedge\cdots\wedge dzn$ (Leray form)

$d\mathrm{o}(\mathrm{z})$
$:= \frac{1}{(2i)^{n}}\{\eta(t)\wedge$

$\{\mathrm{o}(\mathrm{z})+(-1)^{q(n)}\iota \mathrm{o}(f)\wedge\eta(_{\overline{4}})\}$ . $(q(n)= \frac{n(n-1)}{2})$

Let $z\approx$ $r\zeta$ , $r:=|z$ $|and$ $|\zeta|=1$ . Then we have

$\overline{\zeta_{1}}d\zeta_{1}+\cdots+\overline{\zeta_{n}}4_{n}+\zeta_{1}E_{1}+\cdots+\zeta_{n}d\zeta_{n}=0$ .

Thus $d$ $\mathrm{o}(z)$ $=r^{\mathrm{h}-1}d\mathrm{o}$ $(\zeta)$ , and the form $dS( \zeta):=\frac{1}{v(S)}d\mathrm{o}(\zeta)$ is the normalized

rotation invariant surface measure on $S$ , where

$v(S)= \frac{2\pi^{n}}{(n-1)!}$ (the area of $S$ ).

$dv(\mathrm{z})$
$:= \frac{1}{(2_{l})^{n}}\mathrm{c}\mathrm{o}(t)$

$\wedge(\mathrm{o}(\mathrm{z})$ (the volume elememt of $C^{n}$ ).

Then we get

$dv( \backslash ’.):=\frac{1}{(2_{l})^{n}}\{\eta(\xi)$ $\wedge$ $\mathrm{C}0(\zeta)+(-1)^{q(n)_{(1)(\xi)\wedge\eta(\zeta)\}\wedge r^{2n-1}dr}}$
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$=d\mathrm{o}(\zeta)\wedge r^{2n-1}dr$

Let us set

$\frac{\partial}{\partial z}$

$:=( \frac{\partial}{\partial_{\sim}^{-}1},\cdots, \frac{\partial}{\partial_{\sim_{n}}^{-}\prime})$, $\frac{\partial}{\partial’*}‘:=(\begin{array}{l}\frac{\partial}{\partial\overline{\mathrm{z}_{1}}}\dot{}\frac{\partial}{\partial_{4_{n}}^{\approx^{-}}}\end{array})$

$\Delta:=4\frac{\partial^{2}}{\partial_{\overline{\mathrm{e}}^{\mathrm{r}}}\partial z}=4\sum_{j=\mathrm{I}}^{n}\frac{\partial^{2}}{\partial_{\overline{4}_{j}}\partial_{\acute{\sim}_{j}}^{-}}$.

H: $= \frac{\partial^{\underline{\tau}}}{\partial_{\tilde{4}}^{*}\partial_{\overline{4}}}=(\begin{array}{lll}\frac{\partial\underline{’}}{\partial\sim_{1}\prime\partial_{\overline{4}1}\overline{\wedge\wedge}} \frac{\partial^{2}}{\partial_{\overline{\tilde{4}1}}\partial_{\tilde{4}_{n}}}\dot{} \dot{} \dot{}\dot{‘}\frac{\partial^{\sim}}{\partial_{\mathrm{l}}^{-}\partial_{\overline{4}1}},’ \frac{\partial^{\underline{\gamma}}}{\partial_{\overline{<}^{\partial}}^{-_{nn}}}.\dot{‘}\end{array})$

Let $u(\mathrm{z})$ be areal function in adomain $\mathrm{D}$ in $C^{n}$ . The function $u(z)$ is said to be

subharmonic in $\mathrm{D}$ if the following three conditions hold:

(t) $-\infty\leq$ $u(_{\overline{4}})<$ $\infty$

(2) $u(_{\wedge’}^{\sim})$ is upper semicontinuous in $\mathrm{D}$

(3) For any point $\dot{‘}0\in \mathrm{D}$ , we can take an $\mathrm{r}>0$ such that

$B(r,z_{0})\subset \mathrm{D}$ and

$u(_{\overline{4}0})$ $\leq$
$\frac{1}{v(S)}\int_{S(\mathrm{r},z_{0})}u(\zeta)$ do(\mbox{\boldmath $\zeta$})

Suppose that $u(_{\backslash }^{-}.)$ is afunction of the class $C^{2}$ in D. Then

$u(_{\tilde{\mathrm{i}}})$ is { subharmonic }plurisubharmonic

00

{ $\mathrm{H}(u)=\Delta u=4\frac{\partial^{\underline{\eta}}u}{\frac{\partial z^{*}\partial z\partial^{\sim}u}{\partial’*\partial}}‘’\overline{‘}$

(
$\mathrm{c}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{x}\geq 0$

hessian) is positive definite.

Thus the Plurisubharmonic function is subharmonic
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The mapping function $\mathrm{f}(\mathrm{z})$ from adomain in $C^{n}$ to $C^{n}$ is denoted by the column

vector

$f(\mathrm{z})=(\begin{array}{l}f_{1}(_{\sim}’)\dot{}f_{n}(z)\end{array})$ .

The mapping $\mathrm{f}\{\mathrm{z}$) is said to be holomorphic if each component functions

$f_{j}(\mathrm{z})(j=1\cdots n)$ are holomorphic. Let $H_{n.m}$ be the family of holomorphic mappings from

$B_{n}$ to $C_{m}$ and suppose that $f(z)$ and $g(\mathrm{z})$ are belonging to $H_{n.m}$ and that $f(0)=g(0)=0$ .

The mapping $g(z)$ is said to be subordinate to $f(\mathrm{z})$ if there exists aholomorphic

mapping $\Psi(z)$ from $B_{n}$ to $B_{n}$ such that $|\Psi(\mathrm{z})|\leq|‘.|(\mathrm{z} \in Bn)$ and $g(\mathrm{z})=f(\Psi(z))($

For amapping $f(‘’)\in H_{n.m}$ , we set

$M_{p}(r,f):= \{\frac{1}{v(S_{\mathrm{r}})}\int_{s_{\mathrm{r}}}|f(\mathrm{z})|^{\mathrm{p}}d\mathrm{o}(z)\}^{f}$ $(0<\mathrm{r}<1_{\backslash }0<\mathrm{p}<\infty)$

$S2$ . Theorems for subharmonic functions

For the ball $B_{n}(z_{0}, r)\subset C^{n}$ , let us put

$K(\xi, z)$ $:= \frac{1r^{2}-|\overline{4}-\mathrm{z}_{0}|^{2}}{v(S)r|z-\xi|^{2n}}$

Then the following theorems hold :

Theorem $\mathrm{B}$ ( [3], p.32, Theorem 1.16)

Let $\varphi(‘’)$ be acontinuous function on $S(\mathrm{r},\mathrm{z}0)$ . Let us put

$u( \mathrm{z}):=\int_{S(\prime,\triangleleft)}K(\xi, \mathrm{z})\propto\xi)d\mathrm{o}(\xi)$ $(\mathrm{z} \in B(r,\mathrm{z}_{0}))$

Then the function $u(z)$ is the solution of the problem of Dirichlet for $B(r,‘’)0$ with

the boundary valu$\mathrm{e}$ $\propto z$).
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Theorem $\mathrm{C}$ ( [3], p.52, Theorem 2.7)

Let $\varphi(\mathrm{z})$ be asubharmonic function on adomain $\mathrm{D}$ in $C_{n}$ and $u(z)$ is not equal

to $-\infty$ . Suppose that $B(\tilde{‘}0’ r)\subset \mathrm{D}$ . Let us put

$V(‘’):= \chi_{B(P,t_{0})}(_{\overline{4}})\int_{S(r,z_{0})}K(\xi, \mathrm{z})\mu\xi)d\mathrm{o}(\xi)+\mathrm{x}_{D-\overline{B(r}},\triangleleft)(_{\overline{4}})u(_{\overline{4}})$

where $\chi_{A}$ denotes the characteristic function for A. Then $V(x)$ is subharmonic in $\mathrm{D}$

and harmonic in $B(\gamma,\tilde{‘})0$ , and we have $\mathrm{u}\{\mathrm{x}$) $\leq$ $V(x)$ in $B(r,z_{0})$

Main Theorem. Let $\mathrm{w}_{1}’$) be asubharmonic function in $B$ and let $\psi(‘’)$

be aholomorphic mapping from $B$ to $B$ such that $|\Psi(_{\sim}’)|\leq$ $|‘.|$ . Then we have

$\int_{s_{n^{(\prime}}0\}}\propto\psi(_{\tilde{\iota}}))d\mathrm{o}(_{\overline{4}})\leq$ $\int_{S_{n}(r.0)}\propto \mathrm{z})d\mathrm{o}(\mathrm{z})$

As the corollary of our theorem , we obtain the Subordination Theorem of

Littlewood for $c’\downarrow$

Corollary 1. Let $f$ and $\mathrm{g}$ be holomorphic mapppings of $H_{n.m}$

such that $f(0)=g(0)=0$ . Suppose that $g$ is subordinate to $f$ , then we have

$M_{p}(r, g)$ $\leq$ $M_{p}(r, f)$ $(0<\mathrm{p}<\infty, 0\leq \mathrm{r}<]$ $)$

From Corollary 1, we get the following:

Corollary 2. Let the functions $f(z)$ and $\mathrm{g}(\mathrm{z})$ be the same as in

Corollary 1, then we have

$\int_{B_{n}}||g(_{\overline{4}})|^{p}dv(_{\overline{4}})\leq$ $K \int_{B_{n}}|f(\mathrm{z})\#^{p}dv(\overline{‘})$

where $\mathrm{K}$ is aconstant
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