obooooopDoon 13290 20030 69-71

ON TWO DISTANCES ON TEICHMULLER SPACE
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We consider a distance d on the Teichmiiller space T(Sp) of a hy-
perbolic Riemann surface Sp. The distance is defined by the length
spectrum of Riemann surfaces in T'(Sp) and we call it the length spec-
trum metric on T(Sp). It is known that the distance dz, determines the
same topology as that of the Teichmiiller metric if Sy is a topologically
finite Riemann surface.

We shall announce that there exists a Riemann surface Sp of infinite
type such that the length spectrum distance dr on T(So) does not
define the same topology as that of the Teichmiiller distance. Also,
we shall give a sufficient condition for these distance to have the same
topology on T'(Sp). The proofs are given in [6].

1. PRELINIMARIES

Let Sy be a hyperbolic Riemann surface. We consider a pair (S, f)
of a Riemann surface S and a quasiconformal homeomorphism f of So
onto S. Two such pairs (S;, f;) (4 = 1,2) are called equivalent if there
exists a conformal mapping h : Sy — Sz which is homotopic to fao fit,
and the equivalence class of (S, f) is denoted by [S, f]. The set of all
equivalence classes [S, f] is called the Teichmdiller space of Sp, which is
denoted by T'(So)-

The Teichmiiller space T(So) has a complete distance dr called the
Teichmiiller distance which is defined by

dr([S1, fi], [S2, fo]) = inflog K{f],

where the infimum is taken over all quasiconformal mapping f:S8—
S, homotopic to fo o fi'* and K|[f] is the maximal dilatation of f.

We define another distance on T'(So) by length spectrum of Riemann

surfaces. Let £(S) be the set of closed geodesics on a hyperbolic Rie-
mann surface S. For any two points [S;, f;] (j = 1,2) in T(So), we
set '

{s,(c) €s,(f20 f(c) } ,

p([S1, fil, [S2, f2]) = sup m‘”‘{gs?(ho i)  fs(o)

c€XL(S1)
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where {s(a) is the hyperbolic length of a closed geodesic on S freely
homotopic to a closed curve . For two points [S;, f;] € T(So) (j =
1,2), we define a distance dy, called the length spectrum distance by

dL([Sly fl], [523 fZ]) = log p([sl’ fl]’ [52’ f2])

Wolpert([8]) shows that £g,(f(c)) < K|[f])€s,(c) holds for every qua-
siconformal mapping f : §; — S, and for every ¢ € X(S;). Thus,
immediately we have:

Lemma 1.1. An ineguality

dL(p7 Q) < dT(P, q)
holds for every p,q € T(So).

2. RESuULTS

On the Teichmiiller space T'(:Sp) of a hyperbolic Riemann surface Sy,
we have the Teichmiiller distance dr(:,-), which is a complete distance
on T(Sp). In this paper, we study another distance dz(-,-) which is
defined by the length spectrum on Riemann surfaces in T'(Sp). Li [4]
discussed the distance d(:,-) on the Teichmiiller space of a compact
Riemann surface of genus g > 2 and showed that the distance d;, defines
the same topology as that of the Teichmiiller distance. Recently, Liu [5]
showed that the same statement is true even if Sy is a Riemann surface
of topologically finite type, and he asked whether the statement holds
for Riemann surface of infinite type. The following first result of us
gives a negative answer to this question.

Theorem 2.1. There exist a Riemann surface Sy of infinite type and
a sequence {pn}32, tn T(So) such that
dr(Pn,po) =0 (n — 00)
while
dd'(pn,pO) — 0 (n - OO)
From the proof of this theorem, we show the incompleteness of the
length spectrum distance.

Corollary 2.1. There erists a Riemann surface of infinite type such
that the length spectrum distance d is incomplete in the Teichmiiller
space.

Next, we give a sufficient condition for the length distance to define
the same topology as that of the Teichmiiller distance as follows.
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Theorem 2.2. Let Sy be a Riemann surface. Assume that there ez-
ists a pants decomposition Sp = U2, Fk of Sg satisfying the following
conditions.

(1) Each connected component of OP; is either a puncture or a
simple closed geodesic of So (k=1, 2, ... ).

(2) There exists a constant M > 0 such that if a is a boundary
curve of some Py then

0< M <lg(a) <M

holds.
Then d;, defines the same topology as that of dr.
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