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Abstract
Let $A$ be the class of functions $f(z)$ of the form $f(z)=z$ $+a_{2}z^{2}\star a_{3}z^{3}+\cdots$ which

are analytic in the open unit disk $U$ . For $f(z)$ $\in A$ , the subclass $A(n,\delta)$ of $A$ satisfying
the coefficient inequalities $|a_{k}|\leq k^{n+\delta}$ $(k \geq 2)$ is introduced. The object of the present
paper is to derive some inequalities for Saigo’s fractional calculus operator $I_{0,*}^{a,\beta,\eta}f(z)$ of
$f(z)\in A(n,\delta)$ .
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1. Introduction
Let A be the class of functions $f(z)$ of the form

$f(z)=z+ \sum_{k=2}^{\infty}a_{k}z^{k}$ (1.1)

which are analytic in the unit disk $U=\{z \in C : |z|<1\}$ . Saigo’s fractional calculus
operator $I_{0,s}^{a,\beta,\eta}f(z)$ of $f(z)\in A$ is defined in Srivastava, Saigo and Owa [7] (see also Saigo
[5] $)$ as follows.

Definition 1.1. For real numbers $\alpha>0,\beta$ and $\eta$ , the fractional integral operator
$I_{0_{1}z}^{\alpha\beta,\eta}f(z)$ of $f(z)$ is defined by

$\Gamma_{0,z}^{\beta_{\mathrm{I}}\eta}’ f(z)=\frac{z^{-\alpha-\beta}}{\Gamma(\alpha)}\int_{0}^{z}(z-\zeta)_{2}^{\alpha-1}F_{1}(\alpha+\beta\alpha’$

$-\eta$ ; $1- \frac{\zeta}{z})f(\zeta)d\zeta$, (1.2)
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where $f(z)$ is an analytic function in asimply-connected region of the $z$-plane containing
the origin with the order

$f(z)=O(|z|^{c})$ $(zarrow 0)$ ,

where
$\epsilon$ $> \max\{0,\beta-\eta\}-1$ ,

and the multiplicity of $(z-\zeta)^{\alpha-1}$ is removed by requiring $\log(z-\zeta)$ to be real when
$z-\zeta>0$ .
Remark 1. It follows from Definition 1.1 that

$I_{0,z}^{\alpha,-\alpha,\eta}f(z)=D_{l}^{-\alpha}f(z)$ $= \int_{0}^{z}\frac{f(\zeta)}{(z-\zeta)^{1-\alpha}}d\zeta$ , (1.3)

when $\beta=-\alpha$ , where $D_{z}^{-\alpha}$ is the fractional integral of order adefined by Owa [3].

Definition 1.2. For real numbers $0\leq\alpha<1,\beta$ and $\eta$ , the fractional derivative operator
$J_{0,z}^{\alpha,\beta,\eta}f(z)$ of $f(z)$ is defined by

$J_{0,z}^{\alpha,\beta,\eta}f(z)$ $= \frac{1}{\Gamma(1-\alpha)}\frac{d}{dz}\{z^{\alpha-\beta}\int_{0}^{z}(z-\zeta)^{-\alpha_{2}}F_{1}(\beta-\alpha,$$1-\eta 1-\alpha$ ; $1- \frac{\zeta}{z})f(\zeta)d\zeta\}(1.3)$

and
$J_{0,s}^{m+\alpha,\beta,\eta}f(z)= \frac{d^{m}}{dz^{m}}(J_{0,z}^{\alpha fl}"’ f(z))$ $(m=0,1,2, \ldots)$ , (1.5)

where $f(z)$ is an analytic function in asimply-connected region of the $z$-plane containing
the origin with the order

$f(z)=O(|z|^{e})$ $(zarrow 0)$ ,

where
$\epsilon$ $> \max\{0,\beta-\eta\}-1$ ,

and the multiplicity of $(z-\zeta)^{-\alpha}$ is removed as in Definition 1.1 above.
Remark 2. We also note that, when $\beta=\alpha$ ,

$J_{0,z}^{\alpha,\alpha,\eta}f(z)$ $=D_{z}^{\alpha}f(z)= \frac{1d}{\Gamma(1-\alpha)dz}\{\int_{0}^{z}\frac{f(z)d\zeta}{(z-\zeta)^{\alpha}}\}$ (1.6)

and
$\sqrt{0}^{+\alpha,\alpha,\eta},f’(z)=D_{z}^{m+\alpha}f(z)$ $= \frac{ff^{n}}{dz^{m}}(D_{z}^{\alpha}f(z))$ , (1.7)

where $D_{z}^{\alpha}f(z)$ and $D_{z}^{m+\alpha}f(z)$ are fractional derivatives of $f(z)$ defined by Owa [3].
Afunction $f(z)\in A$ is said to be starlike in $U$ if it satisfies

$\Re(\frac{zf’(z)}{f(z)})>0$ (a $\in U$). (1.8
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We denote by $S^{*}$ the subclass of A consisting of all starlike functions in U. Afunction
$f(z)\in A$ is said to be convex in U if it satisfies

$\Re(1+\frac{zf’(z)}{f’(z)})>0$ (z $\in U)$ . (1.9)

We also denote by K the subclass of A consisting of functions $f(z)$ which are convex
in U. Note that $f(z)\in K$ if and only if $zf^{J}(z)$ $\in S^{*}$ .

It is well-known that:

(i) if $f(z)$ $\in S^{*}$ , then $|a_{k}|\leq k(k =2,3,4,$\ldots ), see e.g. [1],
and

(ii) if $f(z)\in K$ , then $|a_{k}|\leq 1(k=2,3,4, \ldots)$ , see e.g. [4].

Now, let $A(n,\delta)$ be the subclass of $A$ consisting of all functions $f(z)$ which satisfy
$|a_{k}|\leq k^{n+\delta}$ (1.10)

for some $n=0,1,2$ , $\ldots$ , and for some $0\leq\delta\leq 1$ . Then we see that $S^{*}\subset A(1,0)$ and
$K\subset A(0,0)$ .
2. Inequalities

Let $\mathrm{p}qF(z)$ be the generalized hypergeometric function defined by (for all details, see
[2] $)$

$pqF(z)\equiv F(pq\alpha_{1},\alpha_{2},\ldots,\alpha_{p}\beta_{1},\beta_{2},\ldots,\beta_{q}$ ; $z)= \sum_{k-\mathrm{l}}^{\infty}(\frac{\prod_{j=1}^{\mathrm{p}}(\alpha_{j})_{k}}{j=1\mathrm{f}\mathrm{i}(\beta_{\mathrm{j}})_{k}})\frac{z^{k}}{(1)_{k}}$ , (2.1)

where $(\alpha_{j})_{k}$ means the Pochhammer symbol defined by

$(\alpha_{j})_{k}=\{$
1 $(k=0)$
$\alpha_{j}(\alpha_{j}+1)\ldots$ $(\alpha_{j}+k-1)$ $(k=1,2,3, \ldots)$ . (2.2)

In order to derive our inequalities for Saigo’s fractional calculus operators, we need the
folowing lemma due to Srivastava, Saigo and Owa [7).

Lemma 2.1. Let $\alpha>0,\beta$ and $\eta$ be real. Then, for $k> \max\{0,\beta-\eta\}-1$ ,

$I_{0,\acute{z}}^{\alpha\beta,\eta}z^{\beta}= \frac{\Gamma(k+1)\Gamma(k-\beta+\eta+1)}{\Gamma(k-\beta+1)\Gamma(k+\alpha+\eta+1)}z^{k-\beta}$ . (2.3)

We also have
Lemma 2.2. let $0\leq\alpha<1,\beta$ and $\eta$ be real. Then, for $k> \max\{0,\beta-\eta\}-1$ ,

$J_{0,z}^{\alpha fl\pi}’ z^{k}= \frac{\Gamma(k+1)\Gamma(k-\beta+\eta+1)}{\Gamma(k-\beta+1)\Gamma(k-\alpha+\eta+1)}z^{k-\beta}$ (2.4)
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$J_{0,z}^{m+\alpha,\beta,\eta}z^{k}= \frac{\Gamma(k+1)\Gamma(k-\beta+\eta+1)}{\Gamma(k-\beta-m+1)\Gamma(k-\alpha+\eta+1)}z^{k-\beta-m}$ (m $=0,$ 1,2, \ldots ). (2.5)

Our first inequality for $I_{0,\acute{z}}^{\alpha\beta,\eta}f(z)$ is contained in the following theorem.

Theorem 2.1. Let $\alpha>0,\beta$ and $\eta$ be real, and let $2-\beta>0,2-\beta+\eta>0$ , and
$2+\alpha+\eta>0$ . If $f(z)\in A(n,\delta)$ , then

$|I_{0,z}^{\alpha\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}|z|_{n+8}^{1-\beta}F_{n+2}(1,$ $\ldots 2,,\cdots,2,2-\beta+\eta 1,2-\beta,2+\alpha+\mathrm{y}7$ ; $\mathrm{E}1)$

(2.6)
for $0<|z|<1$ .

Proof. Applying Lemma 2.1 for $f(z)\in A(n$ , !), we have

$|I_{0,\acute{z}}^{\alpha\beta,\eta}f(z)|=| \sum_{k=1}^{\infty}\frac{\Gamma(k+1)\Gamma(k-\beta+\eta+1)}{\Gamma(k-\beta+1)\Gamma(k+\alpha+\eta+1)}a_{k}z^{k-\beta}|$ $(a_{1}=1)$ (2.7)

$\leq\sum_{k=1}^{\infty}\frac{\Gamma(k+1)\Gamma(k-\beta+\eta+1)}{\Gamma(k-\beta+1)\Gamma(k+\alpha+\eta+1)}k^{rl+1}|z|^{k-\beta}$

$= \sum_{k=0}^{\infty}\frac{\Gamma(k+2)\Gamma(k-\beta+\eta+2)}{\Gamma(k-\beta+2)\Gamma(k+\alpha+\eta+2)}(k+1)^{n+1}|z|^{k+1-\beta}$ .
Since

$\Gamma(k+\gamma)=\Gamma(\gamma)(\gamma)_{k}$ $(\gamma>0)$ and $k+1= \frac{(2)_{k}}{(1)_{k}}$ ,

we obtain that

$|I_{0,z}^{\alpha,\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}|z|^{1-\beta}(\sum_{k\#}^{\infty}\frac{((2)_{k})^{n+2}(2-\beta+\eta)_{k}}{((1)_{k})^{n}(2-\beta)_{k}(2+\alpha+\eta)_{k}}\frac{|z|^{k}}{(1)_{k}})$ $(2.8)$

$= \frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}|z|_{n+\}^{1-\beta}F_{n+2}(1,$ $\ldots 2,,\cdots,2,$$2-\beta+\eta 1,2-\beta,2+\alpha+\eta$ ; $|z|)$

which completes the proof of the theorem. $\blacksquare$

If we take $\beta=-\alpha$ in Theorem 2.1, then we have

Corollary 2-1. If $f(z)$ $\in A(n,\delta)$ , then

$|D_{l}^{-\alpha}f(z)| \leq\frac{1}{\Gamma(2+\alpha)}|z|_{n+2}^{1+\alpha}F_{n+1}(1,$ \ldots 2,,\cdots $,2$

1, $2+\alpha$
; $|z|)$ (2.9)

for $0<|z|<1$ and $\alpha>0$ .
Taking special values of n and $\delta$ in Theorem 2.1, we derive the following corollary
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Corollary 2.2. Let $\alpha>0,\beta$ and $\eta$ be real, and let $2-\beta>0,2-\beta+\eta>0$ , and
$2+\alpha+\eta>0$ . If $f(z)\in A(1,0)$ , then

$|I_{0,z}^{\alpha,\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}|z|_{4}^{1-\beta}F_{8}(1,2-\beta,2+\alpha+\eta 2,2,2,$

$2-\beta+\eta$
; $|z|)$ (2.10)

for $0<|z|<1$ . If $f(z)\in A(0,0)$ , then

$|I_{0,z}^{\alpha,\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}|z|_{3}^{1-\beta}F_{2}(_{2-\beta,2+\alpha+\eta}2,2,2-\beta+\eta$ ; $|z|)$ (2.12)

SimUarly, for Saigo’s fractional derivative operator $J_{0,z}^{\alpha,\beta,\eta}f(z)$ of $f(z)$ , we have

Theorem 2.2. Let $0\leq\alpha<1,\beta$ and $\eta$ be real, and let $2-\beta-m>0,2-\beta+\eta>0$,
$2-\alpha+\eta>0_{f}$ and $m=0,1,2$ , $\ldots$ If $f(z)\in A(n,\delta)$ , then

$|J_{0,z}^{m+\alpha,\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta-m)\Gamma(2-\alpha+\eta)}$

$\mathrm{x}|z|_{n+3}^{1-\beta-m}F_{n+2}(1,$

$\ldots$ , 1, $2-\beta-m,2-\alpha+\eta$
; $|z|)$

2, ..., 2, $2-\beta+\eta$

(2.12)
for $0<|z|<1$ .

Proof. Since Lemma 2.2 implies that

$J_{0,z}^{m+\alpha,\beta,\eta}f(z)$ $= \sum_{k=1}^{\infty}\frac{\Gamma(k+1)\Gamma(k-\beta+\eta+1)}{\Gamma(k-\beta-m+1)\Gamma(k-\alpha+\eta+1)}a_{k}z^{k-\beta-m}$ , (2.13)

we easily see the inequality (2.12). $\blacksquare$

If we put $\beta=\alpha$ in Theorem 2.2, then we have

Corollary 2.3. If $f(z)\in A(n,\delta)$ , $\#\iota en$

$|D_{z}^{\alpha}f(z)| \leq\frac{1}{\Gamma(2-\alpha-m)}|z|^{1-\alpha-m_{\mathrm{B}+2}}F_{n+1}(1,$ $\ldots,2,\ldots,21,2-\alpha-m\mathrm{i}|z|)$ (2.14)

for $0<|z|$ $<1,0\leq\alpha<1$ and m $=0,$ 1.

Taking special values for $n$ and $\delta$ , we have
Corollary 2.4. $Lei$ $0\leq\alpha<1,\beta$ and yy be real, and let $2-\beta-m>0,2-\beta+\eta>0$ ,
$2-\alpha+\eta>0$ and $m=0,1,2$ , $\ldots$ . If $f(z)\in A(1,0)$ , then

$| \sqrt{0}^{+\alpha\beta,\eta},fz(z)|\leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta-m)\Gamma(2-\alpha+\eta)}|z|^{1-\beta-m_{4}}F$, $(\begin{array}{lll}2,2,2,2- \beta+\eta |z|1,2-\beta-m,2- \alpha+\eta "\tau/\backslash \end{array})\mathrm{r}$
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for $0<|z|<1$ . If $f(z)$ $\in A(0,0)$ , then

$|J_{0,z}^{m+\alpha,\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta-m)\Gamma(2-\alpha+\eta)}|z|^{1-\beta-m_{3}}F_{2}(_{2-\beta}2,$ $2-$
,

$2-\beta+\eta m,$

$2-\alpha+\eta$
; $|z|)$ .
(2.16)

3. Appendix

We introduce the following formula for the generalized hypergeometric functions ([2]).

Lemma 3.1. (Srivastava [6]) If $m$ is a positive integer, then

$\mathrm{p}qF$ ( $\beta_{1}+m,\alpha\beta_{1},\beta_{2}$

, $2\ldots’\ldots,\beta_{q}’\alpha_{\mathrm{P}}$ ; $z)= \sum_{j=0}^{m}$ $(\begin{array}{l}mj\end{array})$ $(. \frac{\frac{fi}{-}2(\alpha_{s})_{j}}{\prod_{\iota=1}^{q}(\beta_{*})_{j}})z_{\mathrm{p}-1}^{\dot{\mathrm{J}}}F_{q-1}(\alpha\rho_{2}^{2}+j,\ldots,\beta_{q}+j+j,\ldots,\alpha_{p}+j$ ; $Z)$

(3.1)

In view of Lemma 3.1, for $n+sF_{n+2}$ in Theorem 2.1, we see that

$n+\^{F}n+2$ (1, . $2.’$

, 1, 2’ $-\beta,$
$2+\alpha+\eta 2,2-\beta+\eta$ ; $|z|)= \sum_{j=0}^{1}$ $(\begin{array}{l}1j\end{array})$ $\frac{((2)_{j})^{n+1}(2-\beta+\eta)_{j}}{((1)_{j})^{n}(2-\beta)_{j}(2+\alpha+\eta)_{j}}$

(3.2)

$\mathrm{x}|z|_{n+2}^{j}F_{n+1}(1+j,2\ldots+,j$ ’
$1+\cdots j’,2-\beta+j,2+\alpha+\eta+j2+j,2-\beta+\eta+j$ ; $|z|)$

$=F_{n+1}n+2(1$ , .
$2,$

, 1, 2’ $-\beta,2+\alpha+\eta$

$2,2-\beta+\eta$
; $|z|)$

$+ \frac{2^{n+1}(2-\beta+\eta)}{(2-\beta)(2+\alpha+\eta)}|z|_{n+2}F_{n+1}(2,$ $\ldots 3,,\cdots,3,3-\beta+\eta 2,3-\beta,3+\alpha+\eta$ ; $|z|)$

$=F_{n}n+1(1$ , . $2,,\cdots,2,$$2-\beta+\eta 1,2-\beta,2+\alpha+\eta$ ; $|z|)$

$+ \frac{3\cdot 2^{n}(2-\beta+\eta)}{(2-\beta)(2+\alpha+\eta)}|z|_{n+1}F_{n}(_{2,\ldots,2,3-\beta,3+\alpha+\eta}3,\ldots,3,3-\beta+\eta$ ; $|z|)$

$+ \frac{4\cdot 3^{n}(2-\beta+\eta)(3-\beta+\eta)}{(2-\beta)(3-\beta)(2+\alpha+\eta)(3+\alpha+\eta)}|z|_{n+1}^{2}F_{n}$ (3, $\ldots 4,,\cdots,4,4-\beta+\eta 3,4-\beta,4+\alpha+\eta$ ; $|z|$).
$=\ldots$

Therefore, Corollary 2.2 can be written as:
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Corollary 3.1. Let $\alpha>0,\beta$ and $\eta$ be real, and let $2-\beta>0,2-\beta+\eta>0$, and
$2+\alpha+\eta>0$ . If $f(z)\in A(1,$0), then

$|I_{0,\mathrm{z}}^{\alpha\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}\epsilon F_{2}(2-\beta 2,$

$2,$

,
$2-\beta+\eta 2+\alpha+\eta$ ; $|z|)$

$+ \frac{4\Gamma(2-\beta+\eta)}{\Gamma(3-\beta)\Gamma(3+\alpha+\eta)}|z|_{3}F_{2}$ ( $3,3,3-\beta+\eta$
; $|z|$) (3.3)

for $0<|z|<1$ . $h\hslash hemm$, let $\alpha>0,\beta<2$ , and $\eta$ be a positive integer. If
$f(z)$ $\in A(1,0)$ , then

$|I_{0\acute{p}}^{\alpha\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}|z|^{1-\beta}$ (3.4)

$\mathrm{x}\{\sum_{j=0}^{\eta}$ $(\begin{array}{l}\eta j\end{array})$ $\{$ $\frac{((2)_{j})^{2}}{(2-\beta)_{j}(2+\alpha+\eta)_{j}}2\mathrm{F}1$ $(2+\eta,2+\eta 2+\alpha+2\eta$ ; $|z|)$

$+ \frac{((2)_{j+1})^{2}(2-\beta+\eta)}{(2-\beta)_{\mathrm{j}+1}(2+\alpha+\eta)_{j+1}}|z|_{2}F_{1}$ ( $3+\eta,\+\eta 3+\alpha+2\eta$ ; $|z|$) $\}|z|^{j}\}$

for $0<|z|<1$ . If $f(z)\in A(0,0)$ , then

$|I_{0,f(z)|\leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta)\Gamma(2+\alpha+\eta)}|z|^{1-\beta}}^{\alpha_{\acute{l}}\beta,\eta}$ (3.5)

$\mathrm{x}\{\sum_{j=0}^{\eta}$ $(\begin{array}{l}\eta j\end{array})$ $\frac{((2)_{j})^{2}}{(2+\alpha+\eta)_{j}}|z|_{2}^{\mathrm{j}}F_{1}$ ( $2+\eta,2+\eta 2+\alpha+2\eta$ ; $|z|$) $\}$

for $0<|z|<1$ .
We also see from Corollary 2.4 that

Corollary 3.2. Let $0\leq\alpha<1,\beta$ and $\eta$ be real, and let $2-\beta-m>0,2-\beta+\eta>0$ ,
$2-\alpha+\eta>0$ and $m=0,1,2$ , $\ldots$ . If $f(z)\in A(1,0)$ , then

$|J_{0,z}^{n+\alpha,\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta-\sqrt)\Gamma(2-\alpha+\eta)}|z|^{1-\beta-m_{3}}F_{2}(2-\beta-2,2,$ $2-\beta+\eta m,2-\alpha+\eta$ ; $|z|)$

$+ \frac{4\Gamma(3-\beta+\eta)}{\Gamma(3-\beta-m)\Gamma(3-\alpha+\eta)}|z|^{2-\beta-m_{3}}F_{2}(_{3-\beta-m,3-\alpha+\eta}$ ; $|z|)$
3, 3, $3-\beta+\eta$

(3.6)
for $0<|z|<1$ . hhhe,$mooe$, let $0\leq\alpha<1$ and $\beta<2$ be real, and $\eta$ be a positive
integer, and let $2-\beta-m>0$ and $m=0,1,2$ , $\ldots$ If $f(z)\in A(1,0)$ , then

$|J_{0,z}^{m+\alpha,\beta,\eta}f(z)| \leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta-m)\Gamma(2-\alpha+\eta)}|z|^{1-\beta-m}$

/0 $’\backslash$
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x $\{\sum_{j=0}^{\eta+m}(_{j}^{\eta+m})\{$ $\frac{((2)_{j})^{2}}{(2-\beta-m)_{\mathrm{j}}(2-\alpha+\eta)_{j}}$ 2F1 $(2+\eta+m,2+\eta+m2-\alpha+2\eta+m$ ; $|z|)$

$+ \frac{((2)_{j+1})^{2}(2-\beta+\eta)}{(2-\beta-m)_{j+1}(2-\alpha+\eta)_{j+1}}|z|_{2}F_{1}$ ( $3+\eta+m,3+\eta+m3-\alpha+2\eta+m$ ; |z|) } $|z|^{j}\}$

for $0<|z|$ $<1$ . If $f(z)$ $\in A(0,0)$ , then

$| \sqrt{0}^{+\alpha,\beta,\eta},,f(z)|\leq\frac{\Gamma(2-\beta+\eta)}{\Gamma(2-\beta-m)\Gamma(2-\alpha+\eta)}|z|^{1-\beta-m}$

(3.8)

x $\{\sum_{j-\sim}^{\eta+m}$ $(\begin{array}{l}\eta+mj\end{array})$ $\frac{((2)_{j})^{2}}{(2-\beta-m)_{\mathrm{j}}(2-\alpha+\eta)_{j}}|z|_{2}^{j}F_{1}$ ( $2+\eta+m,2+\eta+m2-\alpha+2\eta+m$ ; |z|) $\}$

for $0<|z|$ $<1$ .
Further, we consider the case of f3 $=-\alpha$ in Corollary 2.2.

Corollary 3.3. Let $\alpha>0$ . If $f(z)$ $\in A(1,0)$ , then

(3.9)

$|D_{z}^{-\alpha}f(z)| \leq\frac{|z|^{1+\alpha}}{\Gamma(2+\alpha)(1-|z|)^{S-\alpha}}$

$\mathrm{x}\{(1-|z|)_{2}F_{1}(_{2+\alpha}\alpha,\alpha$ ; $|z|)+ \frac{4|z|}{2+\alpha}2F_{1}(_{3+\alpha}\alpha,\alpha$ ; $|z|)\}$

for $z\in U$ . If $f(z)\in A(0,0)$ , then

$|D_{l}^{-\alpha}f(z)| \leq\frac{|z|^{1+\alpha}}{\Gamma(2+\alpha)}2F1(2+\alpha\alpha,$

$\alpha$

; $|z|)$ (3.10)

for $z$ $\in U$ .
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$. Applying Lemma 3.1 and the formula (see [2])

$2F_{1}$ ( $\alpha,\beta\gamma$ ; $z)=(1-z)_{2}^{\gamma-\alpha-\beta}F_{1}(\gamma-\alpha,\gamma-\beta\gamma$ ; $z)$ (3.11)

we see that
$|D_{z}^{-\alpha}f(z)| \leq\frac{|z|^{1+\alpha}}{\Gamma(2+\alpha)}\S^{F_{2}}(1,2+\alpha 2,2,2$ ; $|z|)$ (3.12)

$= \frac{|z|^{1+\alpha}}{\Gamma(2+\alpha)}\{\sum_{\mathrm{j}=0}^{1}$ $(\begin{array}{l}1j\end{array})$ $\frac{(2)_{j}(2)_{\mathrm{j}}}{(1)_{j}(2+\alpha)_{j}}|z|_{2}^{j}F_{1}$ ( $2+j,$
$2+j2+\alpha+j|$. $|z|$) $\}$
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$= \frac{|z|^{1+\alpha}}{\Gamma(2+\alpha)}\{\sum_{\mathrm{j}=0}^{1}$ $(\begin{array}{l}1j\end{array})$ $\frac{(2)_{j}(2)_{j}}{(1)_{j}(2+\alpha)_{j}}\frac{|z|^{j}}{(1-|z|)^{2+j-\alpha}}2F1$ ( $2+\alpha+\dot{J}\alpha,$

$\alpha$

; |z|) $\}$

$= \frac{|z|^{1+\alpha}}{\Gamma(2+\alpha)(1-|z|^{3-\alpha})}\{(1-|z|)_{2}F_{1}(2+\alpha,$$\alpha\alpha$ ; $|z|)+ \frac{4|z|}{2+\alpha}2F1(_{3+\alpha}\alpha,\alpha$ ; $|z|)\}$

for $z\in U$ . $\blacksquare$

Letting $\beta=\alpha$ in Corollary 2.4, we have

Corollary 3.4. let $0\leq\alpha<1$ , $m=0,1$ and $\alpha+m<2$ . If $f(z)\in A(1,0)$ , then

$|D_{z}^{m+\alpha}f(z)| \leq\frac{|z|^{1-\alpha-m}}{\Gamma(2-\alpha-m)(1-|z|)^{3+\alpha+m}}$

$\mathrm{x}\{$ (1 一 $|z|$ ) $2F1(-\alpha-m2-\alpha’$ $-\alpha-m-m$ ; $|z|)+ \frac{4|z|}{2-\alpha-m}2F1$ $(-\alpha-m3-\alpha’$ $-\alpha-m-m$ ; $|z|)\}$

(3.13)
$fo$’ 0 く $|z|$ $<1$ . If $f(z)\in A(0,0)$ , then

$|D_{z}^{m+\alpha}f(z)| \leq\frac{|z|^{1-\alpha-m}}{\Gamma(2-\alpha-m)}2F1(2-\alpha-m2,2$ ; $|z|)$ (3.13)

for $0<|z|<1$ .
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