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Abstract

In the present article, we recall the definitions of the Hermitian-representation ring

$\mathrm{G}_{1}(R, G)$ , the Grothendieck-Witt rings $\mathrm{G}\mathrm{W}(G, R)$ and $\mathrm{G}\mathrm{W}_{0}(R, G)$ , the Wall groups

$\mathrm{L}_{n}^{h}(R[G],u;)$ , and the Bak groups $\mathrm{L}_{n}^{h}(R[G], \Lambda, ?v)$ of afinite group $G$ , and we discuss

induction theory concerned with these rings and groups using the notion of w-Mackey

functor.

1. INTRODUCTION

Throughout this article, let $G$ be afinite group.

After works on surgery by J. Milnor, S. P. Novikov. W. Browder, and etc., C. T. C.

Wall [18], [19] formulated the surgery-0bstruction groups $\mathrm{L}_{n}^{h}(\mathbb{Z}[G], w)$ using quadratic

modules and automorphisms. In the case where the orientation homomorphism to is

trivial, C. B. Thomas [17, Theorems 1, 3] in 1971 proved that $\mathrm{L}_{n}^{h}(\mathbb{Z}[G],\prime n’)$ is amodule
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over the Hermitian-representation ring $\mathrm{G}_{1}(\mathbb{Z}, G)$ , and moreover the pairing of functors

$\mathrm{G}_{1}(\mathbb{Z}_{j}-)\mathrm{x}\mathrm{L}_{n}^{h}(\mathbb{Z}[-],w|_{-})arrow \mathrm{L}_{n}^{h}(\mathbb{Z}[-],w|_{-})$

is aFrobenius pairing (see Section 3). The Grothendieck-Witt ring GWO(Z, $C_{7}$) defined

in [7], [15] is the quotient ring of $\mathrm{G}_{1}(\mathbb{Z}, G)$ with respect to the Quill relation. We

note that another Grothendieck-Witt ring $\mathrm{G}\mathrm{W}(\mathrm{G}, \mathbb{Z})$ is defined in [8] and the canonical

homomorphisrn $\mathrm{G}\mathrm{W}(G, \mathbb{Z})arrow \mathrm{G}\mathrm{W}_{0}(\mathbb{Z}, G)$ is an isomorphism. It is afolklore since

$1970’ \mathrm{s}$ , perhaps regarded as acorollary to [17, Theorems 1, 3], that if $w$ is trivial, then

$\mathrm{L}_{n}^{h}(\mathbb{Z}[G],u))$ is amodule over the ring $\mathrm{G}\mathrm{W}_{0}(\mathbb{Z}, G)$ and

$\mathrm{G}\mathrm{W}_{0}(\mathbb{Z}, -)\mathrm{x}\mathrm{L}_{n}^{h}(\mathbb{Z}[-], \prime w|_{-})arrow \mathrm{I}_{n}^{h}(\mathbb{Z}[-], ?v|_{-})$

is aFrobenius pairing. This was amain motivation of the study of GWO(Z, $G$) and

$\mathrm{G}\mathrm{W}(\mathrm{G}, \mathbb{Z})$ by A. Dress [6], [7], [8] in the respect of induction and restriction. By

using the Frobenius structure above and the induction theory of $\mathrm{G}\mathrm{W}_{0}(\mathbb{Z}$ , - $)$ , various

authors computed $\mathrm{L}_{n}(\mathbb{Z}[G], w)$ for many finite groups $G$ (cf. [9]). In addition, A. Bak

[1] introduced the notion of form parameter $\Lambda$ and defined various $K$-theoretic groups

for the category of quadratic modules with form parameter (see Section 5). We [11],

[12] and [13] showed that certain Bak groups $W_{n}(\mathbb{Z}[G], \Lambda;w)$ are $\mathrm{e}\mathrm{q}\iota 1\mathrm{i}\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{t}_{\mathrm{J}}$-sllrgery-

obstruction groups, as the groups $\mathrm{L}_{n}^{h}(\mathbb{Z}[G], \tau v)$ are surgery-0bstruction groups. The

groups $W_{n}(\mathbb{Z}[G], \Lambda_{\dot{l}}.\tau v)$ are denoted by $\mathrm{L}_{n}^{h}(\mathbb{Z}[G],\Lambda_{i}u))$ in the current paper. In the

case where Ais the minimal form parameter $\min$ , the group $\mathrm{L}_{n}^{h}(\mathbb{Z}[G], \Lambda, w)$ coincides

with the Wall group $\mathrm{L}_{n}^{h}(\mathbb{Z}[C_{\tau}], w)$ . It is important to ask whether the Bak-group func-

tor $\mathrm{L}_{n}^{h}$ ( $\mathbb{Z}[$-], A-; $w|_{-}$ ) is aFrobenius module over the Grothendieck-Witt-ring functor

$\mathrm{G}\mathrm{W}^{\mathrm{r}_{0}}(\mathbb{Z}_{!}.-)$ . We have an affirmative answer as in the theorem below. Particularly if $n$

is an even integer, the answer was obtained in [15].

Let $S(G)$ denote the set of all subgroups of $G$ and let $G(2)$ denote the set consisting

of all elements $g$ in $G$ of order 2. Let $w$ : $Garrow\{1, -1\}$ be ahomomorphism. For
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each $H\in \mathrm{S}(\mathrm{G})$ , let $u\mathit{1}_{H}$ : $Harrow\{1, -1\}$ denote the restriction of $\tau v$ . The group ring

$\mathbb{Z}[H]$ has the involution –: $\mathbb{Z}[H]\neg \mathbb{Z}[H]$ associated $with\uparrow v_{H}$ . Let $n$ be an integer

and set $\lambda=(-1)^{k}$ and regard it as the symmetry of $\mathbb{Z}[H]$ , where $k$ is the integer such

that $n=2k$ or $2k$ $+1$ . Let Q- be aconjugation-invariant subset of $G(2)$ satisfying

$\tau v$ ( $g_{l}1=(-1)^{k+1}$ and set $Q_{H}=H\cap Q$ . The form parameter $\Lambda_{H}$ of $\mathbb{Z}[H]$ is defined by

$\Lambda_{H}=\{x-\lambda\overline{x}|x\in \mathbb{Z}[H]\}+\langle Q_{H}\rangle$ .

Similarly to the Wall-group functor, the bifunctor $\mathrm{L}_{n}^{h}(\mathbb{Z}[-], \Lambda_{-}, w_{-})$ on $S(G)$ with

canonical correspondence of morphisms is not aMackey functor if $w$ is nontrivial.

However we have

Theorem 1.1. The bifunctor $\mathrm{L}_{n}^{h}(\mathbb{Z}1\cdot 1.$ $\Lambda_{-}$ , $w_{-}\dot{)}$ on $S(G)$ with canonical correspondence

of morphisms is a $w$ -Mackey functor (see Section 3) and furthermore a module over

the C.rothendieck- Wilt ring $f\dot{u}?\iota ctor$ $\mathrm{G}\mathrm{W}\mathrm{o}(\mathrm{Z}, -)$ on $S(G)$ with canonical correspondence

of morphisms.

Let H2{G) denote the set of all 2-hyperelementary subgroups and elementary sub-

group$\mathrm{s}$ of $C_{7}$ . By [8, Theorem 1] and [1, Theorem 12.13 (a)], the Green functor

$\mathrm{G}\mathrm{W}\mathrm{o}(\mathrm{Z}, -)$ on $S(G)$ is $\mathcal{H}_{2}(G)$ -cornputable. By replacing the correspondence of rnor-

phisms as in [15, Proposition 2.3], the $w$ Mackey functor $\mathrm{L}_{n}^{h}$ ( $R[$-], A, $\mathrm{t}\mathrm{t}$)-) on $S(G)$ is

modified to aMackey functor on $S(G)$ .

Corollary 1.2. The modified Mackey functor $\mathrm{L}_{n}^{h}$ ( $\mathbb{Z}[$-], A-, $\tau v_{-}$ ) is $H\mathit{2}\{G$)-cOmputable

(see Section 3). In particular, the restriction homo morphism

${\rm Res}$ :
$\mathrm{L}_{n}^{h}(\mathbb{Z}[G], \Lambda_{G}, w)arrow H\in?t_{2}(G)\oplus \mathrm{L}_{n}^{h}(\mathbb{Z}[H], \Lambda_{H;}u\}H)$

is injective, and the induction homomorphism

Ind :
$H\in H_{2}(G)\oplus \mathrm{L}_{n}^{h}(\mathbb{Z}[H])\Lambda_{H},u)H)arrow \mathrm{L}_{n}^{h}(\mathbb{Z}[G], \Lambda_{G}, \tau v)$

is surjective
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Further results are discussed in Section 6. The other sections are organized as fol-

lows. In Section 2, we describe the definitions of the rings $\mathrm{G}_{1}(R_{\dot{J}}G)$ , $\mathrm{G}\mathrm{W}(\mathrm{G}.R)_{j}$ and

$\mathrm{G}\mathrm{W}\mathrm{o}(\mathrm{H}, G)$ . In Section 3, we give the definition of aFrobenius pairing and recall

results obtained by C. B. Thomas, A. Dress ancl A. Bak. In Section 4. we describe

the definitions of the category $\mathcal{G}(=\mathcal{G}(G))$ and a $w$-Mackey functor given in [15]

and recall relevant results. Section 5is devoted to recalling the definitions of groups

$\mathrm{L}_{n}^{h}(R[G], \Lambda, w)$ .

2. THE GROTHENDIECI$<$-WITT RINGS

Let $R$ be acommutative ring with 1. Let $\mathfrak{B}(G)$ denote the category of all pairs

(Ad, $B$ ) consisting of afinitely generated $R$-projective $R[G]$-module $\Lambda l$ and a $\mathrm{s}$ ymmetric.

$G$-invari ant, nonsingular $R$-bilinear form $B:\Lambda/I\mathrm{x}Marrow R$, $\mathrm{n}\mathrm{a}$ mely

$B(ax+a’x’, by)=abB(x,y)+a’bB(x’,y)$ ,

$B(x,y)=B(y,x)$ ,

$B(gx, gy)=B(x, .y)$ ,

for any $a$ , $a’$ , $b\in R$ , $x$ , $x’$ , $y\in M$ , $g\in G$ , and

$Marrow \mathrm{H}\mathrm{o}\mathrm{m}_{R}(M, R);x\mapsto \mathrm{B}\{\mathrm{x},$ $-)$

is abijection. The set $\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\mathfrak{B}(G)}((\Lambda f, B)$ , $(M’, B’))$ of morphisms $(\Lambda f, B)arrow(M’, B’)$

in $\mathfrak{B}(G)$ consists of all $R$-linear maps $f$ : $Marrow M’$ compatible with forms, namely

$B’(f(x), f(y))=B(\prime x, y)$

for all $x$ , $y\in M$ . For an $R[G]$ -submodule $U$ of $\Lambda/I$ , we define the $R[G]$-subrnodule $U^{[perp]}$

of $\Lambda f$ by

$U^{[perp]}=\{x\in M|B(x, y)=0(\forall y\in U)\}$ .

If [$r$ is $R$-projective and $U=U^{[perp]}$ then we say that $lt$ is aLagrangian. More generally,

if an $R[G]$ -submodule $U$ of $\Lambda/I$ is an $R$-direct summand of $\Lambda f$ and satisfies $U\subseteq U^{[perp]}$ ,
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then we refer to $U$ as aQuillen submodule of $(M, B)$ (or simply, $\Lambda f$). In the case where

$U$ is aQuillen submodule of (M., $B$ )
$\dot,$ tlle pair $(U^{[perp]}/[I. B^{[perp]})$ defined by

$B^{[perp]}(x+U, y+U)=B(x, y)$

for $x$ , $y\in U^{[perp]}$ is an object in $\mathfrak{B}(G)$ . For afinitely generated $R$-projective $R[G]$ module

$N_{\dot{J}}$ the associated hyperbolic module (in $\mathfrak{B}(G)$ ) $\mathrm{H}(N)=(N\oplus N^{*}, B_{N})$ is defined so

that $B_{N}(N_{j}N)=0=B_{N}(N^{*}, N^{*}).,$ $B_{N}(n,v)=v(n)$ for $n\in N$ and $v\in N^{*}$ , where

$N^{*}=\mathrm{H}\mathrm{o}\mathrm{m}\mathrm{R}(7\mathrm{V}, R)$ with $(g\cdot v)(n)=v(g^{-1}n)$ .

C. B. Thomas [17] defined the group

$\mathrm{G}_{1}(R, G)$

to be the Grothendieck Group of the category $\mathfrak{B}(G)$ with respect to orthogonal sum:

[M2, $B_{1}$ ] $+[\mathrm{M}2, B_{2}]=[M_{1}\oplus\Lambda f_{2}, B_{1}[perp] B_{2}]$ .

This set also has aproduct operation

( $\mathrm{M}$ , By], [M2, $B_{2}]$ ) $\mapsto[\Lambda,f_{1}, B_{1}]\cdot[M_{2}, B_{2}]=$ [ $M_{1}\otimes_{R}NI_{2}$ , $B_{1}$ @R B2],

and is acommutative ring with 1, actually

$1=[R, B_{0}]$

such that $R$ has the trivial $G$-action and $B_{0}(a, b)=ab$ for $a$ , $b\in R$ . The ring $\mathrm{G}_{1}(R, G)$

is called the He rmitian-represeniation ring. A. Dress [8] defined aGrothendieck-Witt

ring

$\mathrm{G}\mathrm{W}(G, R)$

to be the quotient Gi $(\mathrm{R}, G)/\langle[(M, B)]\rangle$ , where $(M, B)$ ranges over all objects in $\mathfrak{B}(G)$

having Lagrangians. In addition, A. Dress [7, p.472] defined the ring

$\mathrm{G}\mathrm{U}_{0}(R, G)$

as the quotient

$\mathrm{G}_{1}(R, G)/\langle[(\Lambda f, B)]-[(U^{[perp]}/U, B^{[perp]})]-[\mathrm{H}(U)\rfloor\rangle$
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and another Grothendieck-Witt ring

$\mathrm{G}\mathrm{W}_{0}(R, G)$

as the quotient

$\mathrm{G}\mathrm{W}(\mathrm{G}, G)/\langle[(M, B)]-[(U^{[perp]}/\iota r, B^{[perp]})]\rangle$ ,

where $(\mathrm{M}, B)$ and $U$ range over all objects (All, $B$ ) of $\mathfrak{B}(G)$ with Quillen submodule

[$r$ . $\mathrm{W}\mathrm{e}$ remark that A. Bak [1] used the same notation $\mathrm{G}\mathrm{W}_{0}(R, G)$ to denote the group

$\mathrm{G}\mathrm{W}(G, R)$ by it. Clearly, we have the $\mathrm{c}$ anonical ring-epi morphisms

$\mathrm{G}\mathrm{W}(\mathrm{G}, G)arrow \mathrm{G}\mathrm{W}(G, R)arrow \mathrm{G}\mathrm{W}_{0}(R, G)$ .

By [$8_{j}$ Theorem 5], the last arrow is an isomorphism if $R$ is aDedekind domain and

$|G|$ is invertible in its field of fractions.

3. FROBENIUS PAIRING

Let $\mathfrak{F}$ be acategory such that Obj $(3\mathrm{r})$ $=S(G)$ the set of all subgroups of (;, let 2$[$

denote the category of abelian groups, and let $L$ , $\Lambda/I$ , $N$ : $\mathrm{f}\mathrm{f}$ $arrow \mathfrak{U}$ be bifunctors. Namely

$L=(L^{*}, L_{*})$ consists of acontravariant functor $L$’ ; $\mathrm{f}\mathrm{f}$ $arrow 0\lrcorner$ and acovariant functor

$L_{*}$ : $\mathrm{f}\mathrm{f}$
$arrow \mathfrak{U}\mathrm{s}\mathrm{u}\mathrm{c}\mathrm{l}\cdot 1$ that $L’(H)=L_{*}(H)$ for all $H\in S(G)$ . So, we usually write $L(H)$

instead of $L^{*}(H)$ , $L_{*}(H)$ .
$\mathrm{V}\backslash ^{\gamma}\mathrm{e}$ mean by apairring $L\mathrm{x}Marrow N$ afamily of biadditive maps

$L(H)\mathrm{x}\Lambda P(H)arrow \mathrm{N}(\mathrm{H});(x,y)\mapsto x\cdot.y$ ,

where $H$ runs over $S(G)$ . We rneaat by aFrobenius pairing aparing satisfying the

conditions:

(1) $N^{*}(f)(x\cdot y)=L^{*}(f)(x)\cdot\Lambda/I^{*}(f\cdot)(.y)$ for $x\in L(H)$ , $.y\in\Lambda/I(H)$ , $f\in \mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\tilde{1\backslash }}(H, K)$ ,

(2) $x\cdot M^{*}(f)(y)=N_{*}(f)(L^{*}(f)(x)\cdot y)$ for $x\in L(K)$ , $y\in\Lambda f(H)$ , $f\in \mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\tilde{\theta}}(H, K)$ ,

(3) $L_{*}( \int)(x)\cdot y=N,(f)(x\cdot M^{*}(f)(y))$ for $x\in L(H)$ , $y\in M(K)$ , $f\in \mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\tilde{1\backslash }}(H, K)$ .

Let us note the following
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(1) C. B. Thomas [17] showed that in the case where $\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\tilde{\iota \mathrm{V}}}(H, K)$ consists of

inclusions $Harrow K$ and $u$) is the trivial homomorphism $Garrow\{1\}$ ,

$\mathrm{G}_{1}(\mathbb{Z}_{\dot{\mathit{1}}}-)\mathrm{x}\mathrm{L}_{n}^{h}(\mathbb{Z}[-], w_{-})rightarrow \mathrm{L}_{n}^{h}(\mathbb{Z}[-],u\mathit{1}_{-})$

is aProbenius pairing.

(2) In the case where $\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\mathrm{f}\mathrm{f}}(H, K)$ consists of all monomorphisms $Harrow K$ ,

A. Dress [8, p. $2921|$ $\ell$ . 3] claimed that

$\mathrm{G}\mathrm{W}(-, \mathbb{Z})\mathrm{x}\mathrm{L}_{n}^{h}(\mathbb{Z}[-]\dot{\prime}w_{-})arrow \mathrm{L}_{n}^{h}(\mathbb{Z}[-], w_{-})$

is aProbenius pairing. Asimilar version of quadratic forms with form parameter

is given by A. Bak [1, Theorems $12.\mathrm{G},$ $12.7$] where proof of the odd-dimensional

case is omitted.

(3) In the case where $\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\mathfrak{F}}(H, K)$ consists of inclusions $Harrow K$ , conjugations

$Harrow gHg^{-1}$ and their compositions and $u$’is trivial, one has perhaps regarded

that

$\mathrm{G}\mathrm{W}_{0}(\mathbb{Z}, -)\cross \mathrm{L}_{n}^{h}(\mathbb{Z}[-],w_{-})arrow \mathrm{L}_{n}^{h}(\mathbb{Z}[-], u\mathit{1}_{-})$

is aProbenius pairing, as acorollary to [17, Theorems 1, 3]. In fact, A. Dress

[8, p. 742, $Pl$ . -6–5] claimed without showing adetailed and precise proof

that $\mathrm{G}\mathrm{U}_{0}(\mathbb{Z}., -)$ acts on $\mathrm{L}_{n}^{h}(\mathbb{Z}[$-], $w_{-})$ as aProbenius functor.

Thus, it would serve our convenience to describe adetailed and precise proof of the

fact that

$\mathrm{G}\mathrm{U}\mathrm{o}(\mathrm{Z}.-)\cross \mathrm{L}_{n}^{h}$( $\mathbb{Z}[$-],A-, $w_{-}$ ) $arrow \mathrm{L}_{n}^{h}$ ( $\mathbb{Z}[$-],A-, $w_{-}$ )

is aProbenius pairing for certain form parameters Aand general $u$}. For the case

$n=2k$ , one can find aproof with details in [15] (cf. [15, Theorem 12.10])
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4. $W-\mathrm{M}\mathrm{A}\mathrm{C}^{\mathrm{t}}\mathrm{K}\mathrm{E}\mathrm{Y}$ FUNCTOR

We begin this section with recalling the category $\mathcal{G}=\mathcal{G}(G)$ :The set Obj(G) is same

as $S(G)$ . For $H_{\dot{J}}K\in S(G)$ , $\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\mathcal{G}}(H_{\dot{J}}K)$ is the set of all homomorphisms

$\varphi(H,g,K)$ : $Harrow K’.\cdot\varphi_{(H,g,K)}’(h)=ghg^{-1}(h\in H)$

for $g\in G$ such that $gHg^{-1}\subseteq \mathrm{X}$ . The composition of morphisms is given by the

composition of maps. Adopting the notation in [15], we also use $j_{H,K}$ and $c_{(H,g)}$ for

$\varphi_{(H,\mathrm{e},K)}$ and $\varphi(H,g,gHg^{-1})$ , respectively.

We mean by abifunctor $\Lambda/I=(M^{*}, M_{*}):\mathcal{G}arrow \mathfrak{U}$ apair consisting of acontravariant

functor $\Lambda f^{*}$ : ($;;arrow \mathfrak{U}$ and covariant functor $fl/I_{*}$ : $\mathcal{G}arrow \mathfrak{U}$ such that $M^{*}(H)=M_{*}$ (If),

which will be denoted by $\Lambda f(H)$ , for all $H\in S(G)$ . By [15, Proposition 2.1], we obtain

Proposition 4.1. $Lei$ $M:\mathcal{G}arrow \mathfrak{U}$ be a bifunctor satisfying $\Lambda/I_{*}(c(gHg^{-1},g^{-1}))=M^{*}(c(H_{1}.q))$

for all $H\in S(G)$ and $g\in C_{\tau}$ . The Burnside ring $\Omega(G)$ canonically acts on $\mathrm{A}f(C_{\tau})$ if
and only if

(1) $M^{*}(c_{(G,g)})M_{*}(j_{H,G})M^{*}(j_{H,G})=M_{*}(j_{H,G})M^{*}(j_{H,G})M^{*}(c_{(G,g)})$

for all $H\in S(G)$ and $g\in G$ .

Let $w:(;arrow\{1, -1\}$ be ahomomorphism.

Definition 4.2. Abifunctor All:(; $arrow \mathfrak{U}$ is called a $w$ -Mackey functor if the following

conditions are fulfilled:

(1) $\mathrm{A}/I_{*}(c_{(H,g)})=M^{*}(c_{(gHg^{-1},g^{-1})})$ for all $Il\in S(G)$ and $g\in G$ ,

(2) $M^{*}(c_{(H,h)})=w(h)id_{M(H)}$ (hence $If_{*}(c_{(H_{1}h)})=w(h)id_{M(H)}$ ) for all $H\in S(G)$

and $h\in Il$ ,

(3) $NI^{*}(j_{K,G})$ $\mathrm{o}M_{*}(j_{H,G})$ coincides with

$KgH\in K\backslash G/H\oplus M_{*}(j_{K\cap gHg^{-1},K})\circ(w(g)M_{*}(c_{(H\cap q^{-1}Kg,g)}.)\mathrm{o}M^{t}(j_{H\cap g^{-1}K_{\mathit{9}},H})$

for any $H$ , $K\in S(G)$ .
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We note that a $w$-Mackey functor for trivial $w$ is aMackey functor.
Recall the next proposition.

Proposition 4.3 ([15, Proposition 2.3]). Let $\Lambda/I$ : $\mathcal{G}arrow \mathfrak{U}$ be a $\tau v$ Mackey functor.
Then bifunctor $M^{w}$

. : $\mathcal{G}arrow 0\lrcorner$ given by

$\Lambda f^{w}(H)=\Lambda f(H)$ ,

$M_{*}^{w}(\varphi_{(H,g_{\mathrm{I}}K)})=w(g)\Lambda f_{*}(\varphi(H_{l}.q,K))$ and

$M^{w*}(\varphi_{(H,g,K)})=\tau v(g)M^{*}(\varphi_{(H_{\mathit{9}},K)},)$

for $H$ , $K\in S(G)$ , $\varphi(H,g,K)\in \mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{\mathcal{G}}(H, K)$ with $g\in G$ is a Mackey functor.

For a $w$-Mackey functor $\Lambda f$ , we say that $M^{\mathrm{v}v}$ is the Mackey functor associated with

$M$ .

The next proposition is fundamental in geometric applications of the notion of w-

Mackey functor.

Proposition 4.4 ([15, Proposition 2.6]). A $w$ -Mackey functor $\mathrm{J}/I$ : $\mathcal{G}arrow \mathfrak{U}$ is a module

over the $Bu1_{\mathrm{L}}\mathrm{s}ide$-ring functor $\Omega$ : $\mathcal{G}arrow \mathfrak{U}$ .

Proof. Since $\lambda/I^{*}(c_{(G,q)}.)=\pm id_{M(G)}$ , the equality (1) in Proposition 4.1 obviously holds.

Thus $M(G)$ is amodule over $\Omega(G)$ . Similarly, $M(H)$ is amodule over $\Omega(H)$ . The

naturalities (1)$-(3)$ required for aFrobenius pairing in Section 3can be checked in a

straightforward way. 0

Let $F$ be aconjugation-invariant ower-closed subset of $S(G)$ , namely $gHg^{-1}\in F$

and $K\in F$ both hold whenever $If\in F$, $g\in G$ azid $K\subset H$ . AMackey functor

$L:(;arrow \mathfrak{U}$ is said to be $F$-computable if

$L(G)= \lim_{arrow \mathcal{G}1F}L(-)$ and $L(G)=\varliminf_{\mathcal{G}1\mathcal{F}}^{L(}$
-).
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5. EQUIVARIANT-SURGERY-OBSTRUCTION GROUPS

Let $A=$ $(A,-.’\lambda, \Lambda)$ be aform ring: $A$ is aring with 1, –is an involution on $A$ such

that $ab=\overline{b}\overline{a}$ , Ais asymmetry, $\mathrm{n}\mathrm{a}$ mely an element of Center such that $\overline{\lambda}\lambda=1$ , and

$\Lambda$ is aform parameter, namely an additive subgroup satisfying

(1) $\{a-\lambda\overline{a}|a\in A\}\subseteq\Lambda\subseteq\{a\in A|a=-\lambda\overline{a}\}$ and

(2) $a\Lambda\overline{a}\subseteq\Lambda$ for all $a\in A$ .

Let $\Lambda f$ be afinitely generated $A$-rnodule. Abiadditive map $B:M\mathrm{x}\Lambda/Iarrow A$ is called

a $\lambda$-Hennitian form if

(1) $B(a;, by)=q\{x$ ) $y$ ) $\overline{a}$ and

(2) $B(x, y)=\lambda\overline{B(y,\cdot x)}$

for all $a_{\dot{l}}b\in A$ , $x$ , $y\in\Lambda/I$ . Amap $q$ : $Marrow A/\Lambda$ is called aquadratic forrn’ with

respect to $B$ if

(1) $q(x+y)-\mathrm{q}\{\mathrm{x}$ ) $-\mathrm{g}(\mathrm{y})=\mathrm{q}\{\mathrm{x}$ ) $y$ ) in $A/\Lambda$ ,

(2) $q$ { x)=\^a $(x)a$ in $A/\Lambda$ and

(3) $\mathrm{q}\{\mathrm{x}$ ) $x$ ) $=\overline{q(x)}+\lambda q(x)$ in $A$

for all $a\in A$ , $x$ , $y\in\Lambda/I$ , where $\overline{q(x)}\in A$ is alifting of $q(x)\in A/\Lambda$ . Such (i4, $B$ , $q$ ) is

referred to as an $A$ -quadratic module.

Let $\mathrm{H}(A)$ denote the standard hyperbolic plane. That is, $\mathrm{H}(A)$ is the A-quadratic

module (M., $B$ , $q$ ) consisting of an $A$-free module $M$ with basis $\{e, f\}$ , a $\lambda$-Herrnitian

form $B:\Lambda/I\mathrm{x}Marrow A$ such that

$B(e, e)=\mathrm{q}(\mathrm{f})f)=0$ , $B(e, f)=1$ ,

and aquadratic ‘form’ $q:Marrow A/\Lambda$ such that

$q(e)=q(f)=0$ .
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Ahyperbolic module is an $A$-quadratic module isomorpliic to

$H(An)=\mathrm{H}$ (An) $[perp]\cdots[perp] \mathrm{H}$ (An)

the orthogonal sum of $n$ copies of the standard hyperbolic plane. Let $Q(A)$ denote the

category of $\mathrm{y}\mathrm{t}$-quadratic modules (M., B., q-) such that $\Lambda,I$ is afree $A$-module and $B$ is a

nonsingular form, namely

$Marrow \mathrm{H}\mathrm{o}\mathrm{m}_{A}$ (A#, $A$ ) ; $x\mapsto \mathrm{B}(\mathrm{x}_{:}-)$

is abijection. The set $\mathrm{M}\mathrm{o}\mathrm{r}\mathrm{p}\mathrm{h}_{Q(A)}((\Lambda f, B, q), (\mathrm{A}f’, B’, q’))$ of rnorphisms $(M, B, q)arrow$

$(\mathrm{M}’, B’, q’)$ in $Q(A)$ consists of $A$ -linear maps $f$ : $Marrow \mathrm{A}f’$ satisfying $B’ \circ(f\mathrm{x}\int)=B$

and $q’\circ f=q$ .

We define $\mathrm{K}\mathrm{Q}_{0}(A)_{\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}$ to be the Grothendieck Group of the category $Q(\Lambda)$ with re-

spect to orthogonal sum. Let $\mathrm{W}\mathrm{Q}_{0}(A)_{\mathrm{f},.\mathrm{e}\mathrm{e}}$ denote the quotient group $\mathrm{K}\mathrm{Q}_{0}(A)_{\mathrm{f}_{1}\mathrm{e}\mathrm{e}}/\langle \mathrm{H}(A)\rangle$.

Let $R$ be acommutative ring with 1, let to: $Garrow\{1, -1\}$ be a holno\mbox{\boldmath $\tau$}llorpl$\cdot$lism, let -

denote the involution on $\mathrm{R}[\mathrm{G}]$ associated to $w$ , let $n$ be an integer, and set $\lambda=(-1)^{k}$ ,

where $k\in \mathbb{Z}$ with $n=2k$ or $2k+1$ . The involution $-\mathrm{o}\mathrm{n}$ $R[G]$ associated with rv is

the map

$. \sum_{q\in G}r_{\mathit{9}}g\mapsto.\sum_{q\in G}u)(g)r_{g}g^{-1}$
,

where $r_{\mathit{9}}\in R$ .

First, consider the case where $r\iota$ $=2k$ is an even integer. Given aform parameter $\Lambda$

of $(R[G], -, \lambda)$ , we define the group $\mathrm{L}_{n}^{h}(R[C_{7}],\Lambda., \mathrm{r}v)$ by

$\mathrm{L}_{n}^{h}(R[G], \Lambda, u))=1\lambda^{t}\mathrm{Q}_{0}(A)_{\mathrm{f}\mathrm{r}\mathrm{e}\mathrm{e}}$ .

Thus in particular, Wall’s group $\mathrm{L}_{n}^{h}(R[G],w)$ is Lq $(R[G],\cdot rnin, u))$ , where

$rain=\{x-\lambda\overline{x}|x\in R[G]\}$ .

For defining $\mathrm{L}_{n}^{h}(R[G],\min,u’)$ with $.n$ odd, we use notation below. Let $\mathrm{S}\mathrm{U}_{m}(A,\Lambda)$

denote the subgroup of $\mathrm{G}\mathrm{L}_{2m}(A)$ corresponding to $\mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{H}(A^{m}))$ , let $\mathrm{E}\mathrm{U}_{m}(A,\Lambda)$ denote
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the subgroup of $\mathrm{S}\mathrm{U}_{m}(A, \Lambda)$ consisting of elementary $\Lambda$-quadratic matrices, and let

$TUm(A J^{\cdot}\Lambda)$ denote the subgroup of $\mathrm{S}\mathrm{U}_{m}(A, \Lambda)$ corresponding to tlle group consisting

of $\alpha\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{H}(A^{m}))$ such that

$\alpha(\langle e_{1}, \ldots, e_{m}\rangle)=\langle e_{1}, \ldots, e_{m}\rangle$ ,

where $\langle$

$e_{1},\cdots$ ., $em$ ) is the canonical Lagrangian of $\mathrm{H}(A^{m})$ . Let

$\sigma\in \mathrm{S}\mathrm{U}_{1}(A, \Lambda)$

denote the matrix corresponding to $\alpha\in \mathrm{A}\mathrm{u}\mathrm{t}(\mathrm{H}(A))$ such that $\alpha(e)=f$ and $\alpha(f)=\overline{\lambda}e$ .

We set

$\mathrm{R}\mathrm{U}_{m}(A, \Lambda)=\langle \mathrm{T}\mathrm{U}_{n\iota}(A, \Lambda)$ , $\sigma)$ .

Then, $\mathrm{S}\mathrm{U}(A, \Lambda)$ is defined to be the direct limit $\varliminf \mathrm{S}\mathrm{U}_{m}(A_{\dot{l}}\Lambda)$ in acanonical way;

moreover EU(j4, $\Lambda$ ), TU(A, $\Lambda$ ), and $\mathrm{R}\mathrm{U}(A,\Lambda)$ are similarly defined.

We obtain the next lemma by using 3.5 (the Whitehead Lemma) and Corollary 3.9

of [1].

Lemma 5.1. If a subgroup $K$ of $\mathrm{S}\mathrm{U}(A, \Lambda)$ contains EU(A, $\Lambda$ ), then $[K, K]=\mathrm{E}\mathrm{U}(A., \Lambda)$ .

Define

$\mathrm{I}\acute{\backslash }\mathrm{Q}_{1}(A, \Lambda)=\mathrm{S}\mathrm{U}(A,\Lambda)/\mathrm{E}\mathrm{U}(A, \Lambda)$

and

$\mathrm{W}\mathrm{Q}_{1}(A, \Lambda)=\mathrm{I}\backslash ^{r}\mathrm{Q}_{1}(A, \mathrm{A})/$( $\mathrm{h}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{b}\mathrm{o}\mathrm{l}\mathrm{i}\mathrm{c}$ matrices),

where we mean by ahyperbolic matrix amatrix in $\mathrm{S}\mathrm{U}_{m}(A, \Lambda)$ , for some $\mathrm{m}$ , of the $\mathrm{f}\mathrm{o}$ rm

$\mathrm{H}(\alpha)=(\begin{array}{ll}\alpha 00 \alpha^{*}\end{array})$

with $\alpha\in \mathrm{G}\mathrm{L}_{m}(A)$ . It follows from arguments in [1, p. 27] that $\mathrm{W}\mathrm{Q}_{1}(A, \Lambda)$ coincides

with

$\mathrm{I}\mathrm{i}\mathrm{Q}_{1}(A, \Lambda)/[\mathrm{T}\mathrm{U}(A, \Lambda)]$ .
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Now we consider the case where $\prime n$ $=2k+1$ is an odd integer. Since $\mathrm{R}\mathrm{U}(\mathrm{A}\Lambda)\supseteq$

EU $(4, \Lambda)$ (cf. [13. Propostion 2.7]), the quotient

$\mathrm{L}_{n}^{h}(\mathbb{Z}[G], \Lambda, ?v)=\mathrm{R}\mathrm{U}$(A $\Lambda$ ) $/\mathrm{R}\mathrm{U}(A, \Lambda)$

is an abelian group and coincides with

$\mathrm{W}^{f}\mathrm{Q}_{1}(A, \Lambda)/\langle\sigma\rangle$ .

In particular, the Wall group $\mathrm{L}_{n}^{h}(R[G], w)$ is $\mathrm{L}_{n}^{h}(R[G]\dot, \min., u))$ .

6. RESULTS

Let $G$ be afinite group, $w$ : $C_{7}arrow\{1, -1\}$ ahomomorphism, $n$ an integer, $Q$ an

involution invariant subset of $G(2)$ satisfying $w(g)=-(-1)^{k}$ for all $g\in Q.$, where $k$ is

an integer with $n=2k$ or $2k+1$ . For $H\leq G.$, we set $Q_{J;}=Q\cap H$ , $w_{H}=w|_{H}$ , and

$\Lambda_{H}=\{x-(-1)^{k}\overline{x}|x\in \mathrm{R}[\mathrm{H}\}\}+\langle Q_{H}\rangle_{R}$ .

Then, our main result is

Theorem 6.1. The bifunctor Lq ( $R[$-], A, $w_{-}$ ) : $\mathrm{G}(\mathrm{G})arrow \mathfrak{U}$ is a w-A4ackey functor and

moreover a module over the Grothendieck- Witt-ring functor $\mathrm{G}\mathrm{W}_{0}(\mathbb{Z}, -)$ : $\mathcal{G}(C_{\tau})arrow \mathfrak{U}$ .

The assertion for the case $n=2k$ follows from arguments in [15]. Adetailed proof

for the case $n=2k+1$ $\mathrm{w}\mathrm{i}\mathrm{H}$ be given in aforthcoming paper.

Let H2(G) denote the set of all 2-hyperelementary subgroups and elementary sub-

group of $C_{\tau}$ .

Corollary 6.2. With respect to th$\iota e$ associated-Mackey-functor struc rure, the bifunctor
$\mathrm{L}_{n}^{h}$ ( $R[$-], A-, $u$)-) : $\mathcal{G}(G)arrow \mathfrak{U}$ is $H\mathit{2}(G)$ -cOmputable. In particular, the restriction

$homo$ morphism’

${\rm Res}:\mathrm{L}_{n}^{h}(R[G],\Lambda_{G},w)arrow H\in \mathcal{H}".(G)\oplus \mathrm{L}_{n}^{h}(R[H],\Lambda_{H?},v_{H})$
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is injective, and the induction homomorphism

Ind :
$H\in \mathcal{H}_{2}(G)\oplus \mathrm{L}_{n}^{h}(R[H]_{j}\mathrm{A}_{H}, u\mathit{1}_{H})arrow \mathrm{L}_{n}^{h}(R[G],\Lambda_{G}, w)$

is surjective.

This follows from [8, Theorem 1] and [1. Theorem 12.13 (a)].

Corollary 6.3. Let $\beta$ be an element in the Burnside ring $\mathrm{Q}(\mathrm{G})$ such that $\chi_{H}(\beta)=0$

for all $H\in H_{2}(C_{7})$ (resp. cyclic subgroup $H$ of $G$). Then one has

$\beta \mathrm{L}_{n}^{h}(R[G], \Lambda_{G}, ?v)=0$ (resp. $\beta^{2(a+1)}\mathrm{L}_{n}^{h}(R[G],\Lambda_{G},\mathrm{r}v)$ $=0$),

where $a$ is the integer such that $|G|=2arn$ with odd integer in.

This follows from [7, Theorems 1, 3(iii)] and [10. Proposition 6.3].

Finally we remark that the construction of smooth actions on spheres of finite groups

in [16] is ageometric application of the induction theory above.
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