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ABSTRACT. Let $G$ be acompact definable group and $f$, $h$ : $Xarrow Y$ definable G-maps
between definable $G’$-sets. We prove that $\mathrm{i}\mathrm{f},\mathrm{Y}$ is compact, $\eta$ is adefinable $G$-fiber bundle
over $\mathrm{Y}$ and $f$ and $h$ are $G$-homotopic, then $f^{*}(?l)$ and $h^{*}(\eta)$ are definably G-isomorphic.

Let $G$ be acompact subgroup of $GL_{n}(R)$ and $f.h$. : $Xarrow 1’$ definable $C^{r}G$ maps
between definable $CrG$ manifolds. We show that if $X$ is compact and affine, $\eta$ is a
definable $C^{r}G$-fiber bundle over 1’ and $f$ and $h$ are definably $C^{r}G$-homotopic, then
$f^{*}(\eta)$ and $h^{*}(\eta)$ are definably $C^{r},G$-isomorphic.

1. INTRODUCTION
Let $\mathcal{M}$ denote an $0$-minimal expansion of the standard structure $\mathcal{R}=(\mathbb{R}, +, \cdot, <)$ of tlle

field of real numbers. The term “definable” means “definable with parameters in $\Lambda\Lambda^{\cdot}$

’ In
this paper, we are concerned with homotopy property of definable $G$-fiber bundles and
definable $C^{r}G$-fiber bundles when $1\leq r<\infty$ . General references on $0$-minimal structures
are [6], [8], see also [18]. Further properties and constructions of them are studied in $[\overline{(}]$ ,
[9], [17]. Every definable category is ageneralization of the semialgebraic category and
the definable category on 72 coincides the semialgebraic one.

Agroup $G$ is adefinable group if $G$ is adefinable set and the group operations $G\mathrm{x}$ $Garrow$

$G$ and $Garrow G$ are definable. Adefinable $G$-set means a $G$-invariant definable subset
of some representation of $G$ . We use adefinable space as in the sense of [6], and every
definable set is adefinable space in this sense. Throughout this paper, definable maps
between definable spaces are assu med to be continuous.

Theorem 1.1. Let $G$ be $a$. compact definable group. Suppose that $\eta=$ ( $E,p$ , $1\mathrm{J}F$, Ii-) is $a$

definable $G$ -fiber bundle over a definable $G$ set $\mathrm{I}’a\uparrow’.\mathrm{r}l$
$f\cdot$ , $h:\lambda’arrow \mathrm{Y}$ are definable G-maps

between definable $G$ -sets. If $X$ is compact and $f$
. and $\mathit{1}\iota$ are $G$ -homotopic, then $f^{\mathrm{r}}(77)$ and

$h^{*}(\eta)$ are definably G-isomorphic.

Two definable $G$-lllaps $f$ , $h$ : $X$ $arrow 1’$ between definable $G$-sets are definably $C_{\tau-}$

ft.omotopic if there exist.s adefinable $G$-niap $H:X$ $\mathrm{x}[0,1]arrow Y$ such that $\mathrm{H}[\mathrm{x}, \mathrm{O})=f(.?’.)$

and $H(x, 1)=h(x)$ for all $x\in-1^{\vee}$ , where the action on $[0, 1]$ is trivial. By 1.2 [11], two
definable $G$-maps in Theorem 1.1 are definably G-homotopic.
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In the rest of this paper except section 2, $G$ and $K$ denote compact subgroups of
$\mathrm{G}\mathrm{L}\mathrm{n}(\mathrm{R})$ . It is known that they are compact algebraic subgroups of $GL_{n}(\mathbb{R})$ (e.g. 2.2
[16] $)$ .

Let $\Omega$ be arepresentation of $G$ and $k\in \mathrm{N}$ . Then we can consider the universal G-
vector bundle $\gamma(\Omega, k)$ associated with $\Omega$ and $k’$ (see Definition 3.1). Adefinable G-vector
bundle $\eta=(E,p, X)$ over adefinable $G$-set.Xis called strongly definable if there exist
arepresentation $\Omega$ of $G$ and adefinable $G$-map $f$ : $X$ $arrow G(\Omega, k)$ such that $\eta$ is definably
$G$-isomorphic to $f^{*}(\gamma(\Omega, k))$ , where Adenotes the rank of $\eta$ . The follo wing result, is a
definable version of 1.1 [3].

Theorem 1.2. Every definable $G$ -vector bundle over a definable $G$ -set is strongly defin-
able.

Let $X$ be adefinable $G$-set Let $l.ect_{def}^{G}(X)$ (respectively $\mathrm{I}^{\gamma}.ect^{G}(X)$ ) denote the set
of definable $G$-isomorphism(respectively $\mathrm{G}$-isomorphism) classes of definable G-vector
bundles (respectively $G$-vector bundles) over $X$ . Then there is acanonical map $\kappa^{-}$ :
$Vect_{def}^{G}(X)arrow Vect^{G}(X)$ which sends the definable $G$-isomorphism class $[\eta]_{def}^{G}$ of adefined
able $G$-vector bundle $\eta$ over $X$ to the $G$-isomorphism class $[\eta]^{G}$ of $\eta$ .

Theorem 1.3. Let $X$ be a definable $G$ -set Then $th_{l}e$ rnap $\kappa$ : $Vect_{de\int}^{G}(X)arrow 1’ect^{\zeta}’(X)|$

defined by $\kappa([\eta]_{def}^{G})=[\eta]^{G}$ is bijective.

As acorollary of Theorem 1.3, we have the following.

Corollary 1.4. Let $\eta=(E,p, 1’)$ be a definable $G$ -vector bundle over a definable $C\tau-.\mathrm{v}e,t1’$

and $f$ , $h:Xarrow$ }’ definable G-m,aps berween defiiiable $G$ -sets. If $f$ and $h$ are G-homotopic,
then $f^{*}(\eta)$ and $h^{*}(\eta)$ are definably G-isomorphic.

Let $1\leq r\leq \mathrm{C}\mathrm{i}$ . Adefinable $C^{r}G$-manifold is apair $(X, \theta)$ consisting of adefinable
$C^{r}$ -manifoldA and agroup action $\theta$ : $G$ x.Y $arrow X$ which is adefinable $C^{r}$,-map. $1\mathrm{h}^{r}\mathrm{e}$

simply write $X$ for $(X, \theta)$ . Adefinable $C^{r}G$-manifold is $of$fine if it is definably $C^{r}G-$

diffeomorphic to a $G$-invariant definable $C^{r}$ -subrnanifold of some representation of $G$ .

Two definable $C^{r}G$-niaps $f$, $h$ : $Xarrow 1’$ between definable $C^{r}G$-manifolds are definably
$C^{r}G$-homotopic if there exists adefinable $C^{f}.G$-map $H$ : $X\cross[0,1]arrow 1’$ such that $H(x, 0)=$
$f(.\prime r)$ and $H(x, 1)=\mathrm{h}(\mathrm{x})$ for all $.?\cdot\in X$ , where $G$ acts on [0. 1] trivially.

The following result is adefinable $C^{r},G$-version of Theorem 1.1.

Theorem 1.5. Suppose that $rl$ $=$ $(E,p, ]’, F, I\backslash \cdot)$ is a definable $C’.G$-fiber bundle $ove.’$ .
$a$

definable $C^{r}G$-rnanifold1’ arld 1 $\leq r<\infty$ . Let $f.$ , $h$ be definable $C^{r}G$ -rnaps from $a$

compact affine definable $C^{r}G- mani,foldXt,\mathit{0}$ $\mathrm{I}^{\cdot}$ . If $f$ and $h$ are definably $C’.G$-homotopic:
and $F$ is affine, then $f^{*}(7l)$ and $h^{*}(?l)$ are $d,cffim\iota bly$ $C^{r}G$ -isomorphic.

Corollary 1.6. Let $f$ , $h$ : $X$ $arrow$ }’ be definable $c_{J}’.G$ -rn.aps between definable $C$,’$.G-?na\uparrow\iota ifolds$

and $1\leq r<\infty$ . IfAis compact and affine, $\eta$ is a definable $C^{r},C_{7}$ -vector bundle over)’ and
$f$

. is definably $C^{r}G- ho’ \mathit{7}\iota otr$)$pi‘$:to 11, then $f^{*}.(7l)$ and $l_{l^{*}},(\prime l)$ rvre definably $C’.G$ -isornorphic.

Let $1\leq 7^{\cdot}\leq\omega$ . Adefinable $C^{\mathrm{z}}.G$-vector bundle $?l=$ $(E,]J$ , $X)$ over an affine definable
$\mathrm{C}’C\tau-111^{\cdot}\mathrm{a}$llifold $X$ is called $st\uparrow^{*}(’?\mathfrak{l}gl.,\iota/d\epsilon^{I}fi.11_{l}al,l,e$ if $\mathrm{t}_{l}\mathrm{h}\mathrm{e}11$ there exist arepresentation $\Omega$ of $C_{Y}$

and adefinable C.’$\cdot G$-rnap $f$
. : $X$ $arrow G(\Omega, k)$ such that $|l$ is definably $C^{r}G$-isoniorpbic to

$f^{*}(\gamma(\Omega, k))$ , where $k^{1}$ denotes tlle rank of $\uparrow|$ .

32



DEFINABLE $G$-FIBER BUNDLES AND DEFINABLE $C’G$-FIBER BUNDLES

Theorem 1.7. Let $\eta$ be a definable $C^{r}G$ -vector bundle over an affine definable $C^{r}G-$

manifold A. If $X$ is compact and $1\leq r<\infty$ , then yy is strongly definable. Moreover if
$r=\mathrm{o}\mathrm{o}$ or $\omega_{j}$ then $\eta$ is strongly definable if and only if the total space of $\eta$ is affine.

This paper is organized as follows. In section 2, we give adefinition of definable $G$ fiber
bundles and prove Theorem 1.1. $\backslash 1’\mathrm{e}$ prove Theorem 1.2, 1.3 and Corollary 1.4 in section
3and Theorem 1.5 and 1.7 in section 4.

2. DEFINABLE $G$-FIBER BUNDLES

Agroup homomorphism between definable groups is adefinable group homomorphism
if it is adefinable map. An $n$ -dimensional representation of adefinable group $G$ means
$\mathbb{R}^{n}$ with the linear action induced by adefinable group homomorphism from $G$ to $O_{n}(\mathbb{R})$ .
Asubgroup of adefinable group $G$ is adefinable subgroup of $G$ if it is adefinable subset of
$G$ . Adefinable map (respectively Adefinable homeomorphism) between definable G-sets
is adefinable $G$-rnap(respectively adefinable $Ghom$ omorphism if it is a $G- \mathrm{m}\mathrm{a}\mathfrak{p}$ .

Let $G$ be adefinable group. Adefinable set with a definable $G$-action is apair $(X, \theta)$

consisting of adefinable set $X$ and agroup action $\theta$ : $G\cross Xarrow X$ such that $\theta$ is a
definable map. We simply write $X$ instead of $(X, \theta)$ . This action is not necessarily linear
(orthogonal). Definable $G$-maps and definable G-hom omorphism$s$ between definable
sets with definable $G$-actions are defined similarly.

Adefinable space is an object, obtained by pasting finitely many definable sets together
along open definable subsets, and definable maps between definable spaces are defined
similarly (see Chapter 10 [6]). Definable spaces are generalizations of semialgebraic spaces
in the sense of [4].

Definition 2.1. Let $G$ be adefinable group.
(1) Adefinable $G$-space is apair $($ \"A, $\theta)$ consisting of adefinable space.Y and agroup

action $\theta$ : $G\cross Xarrow X$ which is definable. For simplicity of notation, we write $X$ for
$(X, \theta)$ .

(2) Let $X$ and $Y$ be definable $G$-spaces. Adefinable map $f$ : $Xarrow 1’$ is called adefinable
$G$-map if it is a $G$-map. We say that $X$ and }’ are definably $G- ho?\mathit{7}\iota eomo\mathit{7}^{\cdot}phic$ if
there exist definable $G’$-maps $h$ : $Xarrow]^{J}$ and $k$ : $1’arrow X$ such that $\mathit{1}\iota$ $\circ h:=id$ and
$k\circ h=id$ .

Note that clearly an implication “a definable $G- \mathrm{s}\mathrm{e}\mathrm{t}"\Rightarrow$ “a definable set with adefinable
$G\sim \mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}"\Rightarrow \mathrm{t}$ ‘a definable $C_{\tau}- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{c}.\mathrm{e}$

” holds.

Definition 2.2. (1) Atopological fiber bundle $\eta=(E,p,\grave{d}F_{\}}-,I\iota^{-})$ is called a $d\epsilon$ . $f\dot{\tau.}7\iota abl.\mathrm{r}$

fiber bundle over $X$ with fiber $F$ and structure group $I\mathrm{i}$ if tlle following two condi-
tions are satisfied:
(a) The total space $E$ is adefinable space, the base space.Y is adefinable set. the

structure group $I\mathrm{i}$ is adefinable group, the fiber $F$ is adefinable set with an
$\mathrm{e}\mathrm{f}\mathrm{f}\dot{\mathrm{e}}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$. definable $I\mathrm{i}$ action, and the projection $p:Earrow X$ is adefinable lllal).

(b) There exists afinite familv of local trivializations $\{U_{i}., \phi_{i} : \int’)-1(U_{\dot{f}})arrow\zeta_{J_{i}^{r}\mathrm{X}}F\}_{i}$

of $\eta$ such that each $U_{i}$ is adefinable open subset of $X$ , $\{\iota^{r_{i}}.\}_{i}$ is afinite open
covering of $X$ . For any.r $\in[.r_{i}.$

, let $\phi_{i.x}$ : $p^{-1}(x)$ $arrow F.\phi_{\iota,x}(\approx)=\pi_{j}\circ\phi_{\dot{1}}(^{\sim}.)$ , wbere
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$\pi_{i}$ stands for the projection $U_{i}\cross Farrow F$ . For $\mathrm{a}\mathrm{n}.\backslash$

’ $/\mathrm{a}\mathrm{n}\mathrm{d}j$ with $U_{i}\cap U_{j}\neq\emptyset$ , the
transition function $\theta_{ij}:=\phi_{g,x}\circ\phi_{i,x}^{-1}$ : $U_{i}\cap U_{j}arrow I\mathrm{f}$ is adefinable map. We call
these trivializations definable.
Definable fiber bundles with compatible definable local trivializations are iden-

tified.
(2) Let $\eta=(E,p, X, F, K)$ and $\langle$ $=(E’,p’, X’, F, K)$ be definable fiber bundles whose

definable local trivializations are $\{U_{i}, \phi_{i}\}_{i}$ and { $1/_{\acute{j},\mathrm{t}_{j}^{\mathfrak{l}}\}_{j}}’,’$ . respectively. Adefinable
lnap $\overline{f}$ : $Earrow E’$ is said to be adefinable morphism if the following two conditions
are satisfied:
(a) The map $\overline{f}$ covers adefinable map, namely there exists adefinable map $f$ : $Xarrow$

$X’$ such that $f\circ p=p’\circ\overline{f}$.
(b) For any $i,j$ such that $U_{i}\cap f^{-1}(V_{j})\neq\emptyset$ and for any $x\in U_{\mathrm{i}}\cap f^{-1}(\mathrm{I}_{j}^{r},)$ , the map

$f_{ij}(x):=\psi_{j,f(x)}\circ\overline{f}\circ\phi_{\mathrm{i},x}^{-1}$ : $Farrow F$ lies in $K$ , and $f_{ij}$. : $L_{i}^{\Gamma}\cap f^{-1}(\mathrm{I}_{j}’)arrow I\acute{\backslash }$ is a
definable map.

We say that abijective definable morphism $\overline{f}$ : $Earrow E’$ is adefinable equivalence if
it covers adefinable homeomorphism $f$ : $Xarrow X’$ and $(\overline{f})^{-1}$ : $E’arrow E$ is adefinable
morphism covering $f^{-1}$ : $X’arrow X$ . Adefinable equivalence $\overline{f}$ : $Earrow E’$ is called a
definable isomorphism if A $=X’$ and $f=id_{X}$ .

(3) Acontinuous section $s:Xarrow E$ of adefinable fiber bundle $\eta=$ ( $E$ , $p,X$, $F$, If) is a
$defino.bl_{l}e$ section if for any $i$ , the map $\phi_{i}\circ s|U_{i}$ : $U_{i}arrow[.\Gamma_{\dot{f}}\mathrm{x}F$ is adefinable map.

(4) We say that adefinable fiber bundle $\eta=$ ($E,p$ , $X$ , F. $I\acute{\mathrm{i}}$ ) is aprin.cipal definable
$f$ iber bundle if $F=K$ and the $K$-action on $F$ is defined by the multiplication of If.
We write $(E,p, X, K)$ for $(E,p, X, F, I\acute{\backslash })$ .

Definition 2.3. Let $G$ be adefinable group.
(1) Adefinable fiber bundle $(E,p, X, F, K)$ (respectively Aprincipal definable fiber

bundle $(E,p, X, K))$ is called adefinable $G$-fiber bundle (respectively aprincipal
definable $G$-fiber bundle) if the total space $E$ is adefinable $G$-space such that $G$

acts on $E$ through definable equivalences, the base space $X$ is adefinable set with a
definable $G$-action and the projection $p$ is adefinable $C_{7}$ map.

(2) Adefinable morphism (respectively Adefinable equivalence, Adefinable isomor-
phism) between definable $G$-fiber bundles is adefinable $G-\uparrow nor\cdot pl_{l}.is\uparrow n$ (respectively
adefinable $G$-equivalence, adefinable $G- isom,orph_{\dot{7}},.\mathrm{w}m$) if it is a $C_{\tau}$ map.

(3) Adefinable $G$-section of adefinable $G$-fiber bundle means adefinable section which
is aG-map.

Let $f$ : $Xarrow 1’$ be adefinable map between definable $\mathrm{L}\iota l\mathrm{e}.|_{1}\mathrm{s}$ . We say that $f$ is proper if
for any compact subset $C$, of ]’, $f^{-1}(C)$ is compact.

Let $E$ be an equivalence relation on adefinable set.Y. We call $E$ proper if $E$ is a
definable subset of $X\mathrm{x}X$ and the projection $Earrow X$ defined by $(x, ?j)$ $-\rangle x$ is proper.

Theorem 2.4 (Definable quotients (e.g. 10,2.15 [6]). Let $Eb\mathrm{C}^{\lrcorner}$ a proper equivalence rela-
tion $or\iota$ a definable set X. $Tl\iota e.n$ $X/E$ eIiists a proper quotient, namely $X/E$ is a definable
subset $of.\mathrm{s}\mathrm{o}7\mathrm{n}\mathrm{e}$, $\mathbb{R}^{n}$ and the projection $Xarrow X/Ei_{|9}n$ surjective proper definable map.

34



DEFINABLE $G$-FIBER BUNDLES AND DEFINABLE C’ $G$-FIBER BUNDLES

In the remainder of this section, $G$ and $I\acute{\mathrm{t}}$ denote compact definable groups. The
following is acorollary of Theorem 2.4.

Corollary 2.5 (e.g. 10.2.18 [6]). Let.Y be a definable set with a definable G-action.
Then $\lambda^{r}/G$ is a definable subset of $s\mathrm{o}\uparrow 77,e$

$\mathbb{R}^{n}$ and the orbit map $p$ : $Xarrow X/G$ is $a$

surjective proper definable map.

By similar proofs of 2.10 [14] and 2.11 [14], the standard construction of the associated
principal bundle from afiber bundle and by Theorem 2.4, we have the following.

Proposition 2.6. (1) Let $(E,p, X, K)$ be a principal definable $G$ -fiber bundle and $Fa$

definable set with an effective definable $K$ -action. Then $(E\mathrm{x}_{K}F,p’, X, F, K)$ is $a$

definable $G$ -fiber bundle, where $p’$ : $E\mathrm{x}_{K}Farrow X$ denotes the projection defined by
$p’([z, k])=p(z)$ .

(2) The associated principal $G$ -fiber bundle of a definable $G$ -fiber bundle is definable.
(3) Two definable G-ffiber bundles having the same base space, fiber and $st$ ucture group

are definably $G$ -isomorphic if and only if their associated principal definable G-fiber
bundles are definably G-isomorphic.

Let $X$ be adefinable set with adefinable $G$-action and $x\in X$ . A $G_{x}$-invariant definable
subset $S$ of Ais adefinable slice at.r in $X$ if $GS$ is a $G$-invariant definable open
neighborhood of the orbit $G(x)$ of $x$ in $X$ , $G\cross_{G_{\mathrm{r}}}S$ is adefinable set with the standard
definable $G$-action $G\mathrm{x}(G\mathrm{x}_{G_{\mathrm{z}}}S)arrow G\mathrm{x}_{G_{x}}S$ , $(g, [g’, s])->[gg’.s]$ , and the map $G\mathrm{x}_{G_{\mathrm{a}}}Sarrow$

$GS\subset.\mathrm{t}^{-}$
. defined by $[g, s]\mapsto tgs$ is adefinable G-homeomorphism.

Theorem 2.7 (Definable slices). Let X be a definable G set and $iL^{\cdot}\in X$ . Then there
exists a definable slice S at x in X.

Let 1’ be a $G$-invariant definable subset of adefinable $G$ set $X$ . Adefinable G-
action from $X$ to $Y$ means adefinable $C_{7}$ map $R:Xarrow \mathrm{I}’$ with $R|\mathrm{Y}’=id_{y}$ .

For the proof of Theorem 2.7 we recall the following result.

Theorem 2.8 (3.4 [11]). Let $Y$ be a $G$ -invariant definable closed subset of a definable
$G$ -setX. Then there exist a $G$ -invariant definable open neighborhood $U$ of 1’ in $X$ and $a$

definable $G$ -retraction from $U$ to $Y$ .

Proof of Theorem 2.7. Since $G(x)$ is a $C_{7}$-invariant definable closed subset of $X$ and
by Theorem 2.8, we have a $G$-invariant definable open neighborhood $U$ of $C_{7}(x)$ in $X$ and
adefinable $G$-retraction $q$ from $U$ to $G(\iota’\iota.\cdot)$ . Let $S:=q^{-1}(x)$ . Then $S$ is adefinable $G_{x}$ set
and $U=GS$ . By II.4.2 [2], the map $f$ : $C_{\mathrm{J}}\cross_{C_{\mathrm{n}}},’ Sarrow GS(\subset X)$ defined by $f\cdot([g, s])=gs$ is a
$G$-homeomorphism. On the $\mathrm{o}$ ther hand, $1,11\mathrm{e}$ map $k:G\cross Sarrow GS$ defined by $k(g, s)$ $=gs$

and the projection $\pi$ : $G\cross Sarrow G\cross c_{\mathrm{r}}S$ are definable maps. Since the graph of $f$ is the
image of that of $k$ by $\pi$ $\cross idGs$ , $f$ is adefinable $G$-homeomorphism. $\square$

Definition 2.9. Adefinable $G$-fiber bundle $\eta=$ $(E, p, -\backslash \cdot, F, I\mathrm{i})$ satisfies the definable
Bierston.e $c.\cdot \mathit{0}?$ }($lition$, if for any $I^{\cdot}\in\wedge\backslash \cdot$ , there exist a $G_{1}.\cdot- \mathrm{i}\mathrm{n}1’\mathrm{a}1^{\cdot}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{t}$ definable open neigh-
borhood $U_{x}$ of $.\chi^{\backslash }$ in Aand adefinable group homomorphism $\rho_{x}$ : $G_{x}arrow I\acute{\mathrm{i}}$ such that
$?||U_{1}.\cdot$ . is definably Ga-isomorphic to $\mathfrak{l}^{t_{x}},\cross F$ witll the definable $G_{x}$ -action defined by
$G_{x}\cross$ $(U_{\mathrm{J}}. \cross F)arrow U_{x}\cross F$ , $(\mathit{1}\iota, u, /\downarrow)-*(/1^{\cdot}\mathrm{t}, /1_{x},(l\iota).|/)$ .
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Note that adefinable $G$-fiber bundle over adefinable $C_{7}$-set satisfies the definable Bier-
stone condition if and only if the associated principal definable $G$-fiber bundle satisfies
it.

Using Theorem 2.7, similar proofs of 1.4 [15] and 1.5 [15] prove the following proposition.

Proposition 2.10. Every definable $C_{7}$ -fiber bundle over a definable $G$ -set satisfies the
definable Bierstone condition.

Afinite definable open covering $\{U_{t}\}_{\mathrm{i}}$ of adefinable $G$-set is called afinite $defi_{7?},able$.
open $G$-covering if each $U_{i}$ is $G$-invariant. $.\mathrm{A}$ finite definable $G$-open covering is numerable
if there exists adefinable partition of unity $\{\lambda_{i}\}_{i}$ subordinate to $\{U_{i}\}_{i}$ such that each $\lambda_{i}$

is G-invariant.
The following proposition shows existence of (non-equivariant) definable partition of

unity.

Proposition 2.11 (e.g. 6.3.7 [6]). Let Abe a definable set in $\mathbb{R}^{n}$ and $\{U_{i}\}_{i=1}^{n}$ a finite
definable open covering ofX. Then there exists a definable partition of unity subordinate to
$\{U_{i}\}_{i=1}^{n}$ , namely there exist definable functions $\lambda_{1}$ , $\ldots$ , $\lambda_{\iota}$, : $Xarrow \mathbb{R}$ such that $0\leq\lambda_{t}\leq 1$ ,
supp $\lambda_{i}\subset U_{i_{l}}$ and $\sum_{i=1}^{n}\lambda_{i}=1$ .

The following is an equivariant version of Proposition 2.11.

Proposition 2.12 (Equivariant definable partition of unity). Every finite definable open
$G^{l}$ -covering of a definable $C_{l}$ -set X is numerable.

Proof. Let $\{U_{i}\}_{\dot{l}}^{n}=1$ be afinite definable open $G$-covering of adefinable $G$-set $X$ .
By Corollary 2.5, the orbit map $p$ : $Xarrow X/G$ is asurjective proper definable map.
Since $p$ : $Xarrow X/G$ is open, $\{p([\prime_{i})\}_{i=1}^{n}$ is afinite definable open covering of $X/G$ .
By Proposition 2.11, one can find adefinable partition of unity $\{\overline{\lambda}_{i}\}_{i=1}^{n}$ subordinate to
$\{p(U_{i})\}_{i=1}^{n}$ . Hence $\lambda_{1}:=\overline{\lambda}_{1}\circ p$ , $\ldots$ , $\lambda_{n}:=\overline{\lambda}_{1l}\circ p$ are $G$-invariant and subordinate to
$\{U_{i}\}_{i=1}^{n}$ . $\square$

Note that in Proposition 2.11 and 2.12. we can replace $\sum_{i=1}^{n}\lambda_{i}=1$ by $\max_{1\leq i\leq n}\lambda_{i}=1$ .
Theorem 1.1 follows from Theorem 2.13 below.

Theorem 2.13. If $X$ is a cornpact definable $G$ -set, then every definable $G$ -fiber bundle
$\eta=$ ( $E$ , $p$ , $X\cross[0,1]$ , $F$, It.) is defi.nably $G$ -isomorphic to ($p^{-1}$ (-Y $\cross\{0\}$ ) $\cross[0, 1],p’,$ $-1’\cross$

$[0,1]$ , $F$, $K)$ , where $G$ acts on $[0, 1]$ trivially, $X\cross\{0\}$ is identified with $X$ anti $p’=$
$p|p^{-1}(X\cross\{0\})\cross id_{[0,1]}$ .

To prove Theorem 2.13, we need the following three results.

Le nma 2.14. Let $A$ be a $d,efi’.nableG$ -set, $X_{1}=A\mathrm{x}$ $[a, b],$ $-\cdot \mathrm{X}_{l}’\cdot=A\mathrm{x}[b, c\cdot]$ , $a’\iota d$, $\eta=$

(E. $p$ , $X$ , $F$, $I[searrow]’$ ) a definable $C_{\mathrm{T}}$ -fiber bundle over $X$ $=X_{1\wedge}\cup\iota_{2}^{r}$ , $\cdot\iota vher\cdot e$ $G$ acts trivially $\mathit{0}\mathit{7}l[a, b]$

$ar|,d$ $[b, c.]$ . If $\eta|X_{1}$ and $\eta|_{-}1_{2}^{\vee}$ are definably $G$ -isomorphic to $X_{1}\cross Fand_{-^{\grave{f}}2}’\cross F$ , $re.spe.r.ti\iota\prime e.ly$,
$tl\iota(^{J},n$ so is $\eta$ , where the action on $F$ is induced by a definable group h.omomor]rl\iota i.vrll $fr\cdot on\iota$

$G$ to It’.

Proof. Let $u_{i}:.1_{i}^{\cdot}\mathrm{x}$ $Farrow l^{J^{-1}}(.\iota_{i}’)$ , $(i=1,2)$ . be definable $G$-isomorphisrns and
$\prime u\prime_{i}:=u_{i}|(X_{1}\bigcap_{-}1_{2}^{\cdot})\cross F$ , $(.i=1, 2)$ . $\mathrm{T}11611$ $l|$, $:=\cdot n_{2}’.-1\circ\{‘ 1_{\iota}$ : $(X_{1} \bigcap_{-}1_{2}^{\cdot})\cross Farrow$ ( $-1_{1}^{\cdot}\cap$ X2) $\mathrm{x}F$
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is adefinable $G$-isomorphism. Hence there exists adefinable map $l$ : $X_{1}\cap-\iota_{2}’.arrow \mathrm{A}$ such
that $\mathrm{k}(\mathrm{x})y)=(x, \mathrm{h}\{\mathrm{x},\mathrm{y})$ , where $(x, y)$ $\in$ ( $X_{1}\cap$ X2) $\cross_{\backslash }F$ . Let $i_{A}$ : $Aarrow K.i_{4}.(0)$ $=l(a.b)$ .
Then we can extend $h$ to adefinable G-isomorphisrn

$\tilde{h}:_{-}l_{2}^{\vee}\cross Farrow d\mathrm{Y}_{2}\cross F,\tilde{h}(x_{1}, x_{\underline{9}}, y)=(x_{1}, x_{\underline{9}}, i_{A}(x_{1})y)$ .

Since two definable $G$-isomorphisms $u_{1}$ : $X_{1}\cross Farrow p^{-1}(X_{1})$ and $u_{\underline{9}},\circ\tilde{h}:-\mathrm{X}_{2}’\cross Farrow p^{-1}(X_{2})$

coincide on $(X_{1}\cap X_{2})\mathrm{x}F\mathrm{a}\mathrm{n}\mathrm{d}.\lambda_{1}’\cross F$ and $\grave{.}\prime 2\mathrm{x}F$ are closed in $(X_{1}\cup \mathrm{X}2)\cross F=X\cross F$ ,
the gluing map provides the required definable $G$-isoniorpliism. $\square$

Let $H$ be adefinable subgroup of $G$ , $\rho$ : $Harrow K$ adefinable group homomorphism
between definable $\mathrm{g}_{11_{-}}.$) $11$) $\mathrm{s}$ , and $F$ adefinable set with an effective definable A-action.
For any definable $H$ set $S$ , we define adefinable $G$-fiber bundle $\mathrm{e}\mathrm{p}(\mathrm{S})$ by $(G\mathrm{x}_{H}(S\cross$

$F),p$ , $G\mathrm{x}_{H}S$, $F$, $K)$ , where $p:G\cross_{H}(S\cross F)\underline{\backslash },G\mathrm{x}_{H}S_{;}p([g, (s, y)])=[g, s]$ and $H$ acts
on $F$ via $\rho$ .

Lemma 2.15. Let $X$ be a compact definable $G$ set and y7 $=(E, p, -1^{r}\cross[0.1], F, I\acute{\backslash })a$

definable $G$ -fiber bundle over $X\cross[0,1]$ . Then there exist finitely many points $x_{1}$ , . . . $x_{n}$

with definable slices $S_{c_{1}}.$ , $\ldots$ , $S_{\iota},\iota$ and definable group homomorphisms $\{\rho_{i} : G_{\mathrm{J}_{l}}.arrow \mathrm{A}’.\}_{i=1}^{n}$

such that $\{GS_{x;}\}_{i=1}^{r\iota}$ is a finite definable open $G$ -covering of $X$ and each $\eta|(GS_{r_{\iota}}\cross[0,1])$

is definably $G$ -equivalent to $\epsilon^{\beta i}(S_{x_{j}})\cross$ $[0,1]$ .

Proof. By Proposition 2.10, for any $(x, t)\in X\cross[0,1]$ , there exist a $G_{r}.\cdot$-invariant
definable open $1\mathrm{l}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{I}\mathrm{l}\mathrm{b}\mathrm{o}\mathrm{l}\cdot \mathrm{h}\mathrm{o}\mathrm{o}\mathrm{d}$ $U_{x}$ of $x$ in Aand $\delta>0$ such that $\eta|(U_{x}\cross[t-\delta.t+\delta])$ is
definably $G_{x}$-isomorphic to $(U_{x}\cross[t-\delta, t+\delta])\cross F$ , where the action on $F$ is induced by a
definable group homomorphism $\rho_{x}$ : $C_{r_{x}}arrow K$ . Since $[0, 1]$ is compact and by Lemma 2.14,
we have a $G_{x}$-invariant definable open neighborhood $1^{\gamma}\prime \mathrm{o}x\mathrm{f}.\prime \mathrm{r}$ in $X$ such that $\prime l|\mathrm{L}_{x}^{\cdot}\cross[(), 1]$ is
definably $G_{x}$-isornorphic to $(\mathrm{L}_{x}’\cross[0,1])\cross F$ . By Theorem 2.7: we have adefinable slice $S_{x}$.
at $x$ with $S_{x}\subset \mathrm{I}_{x}’$ . Hence there exists adefinable $G_{x}$ homomorphism $l_{x}$. : $S_{l}.\cdot$ . $\cross[0,1]\cross Farrow$

$\eta|S_{x}\cross[0,1]$ . Thus $l_{1_{x}}$. : $G\cross \mathrm{G}$. $(S_{a}\cross[0,1]\mathrm{x}_{\backslash }F)=\epsilon^{\rho_{r}}(S_{x}.)\mathrm{x}$ $[0,1]arrow 7||GS_{\mathrm{r}}\mathrm{x}[0, 1]$ defined
by $h_{x}([g, (s, t, f)])=gl_{x}(s, t, f)$ is adefinable $G$-equivalence. Sillc.e $X$ is compact there
exist finitely many points $x_{1}$ , . . . ’ $x_{n}$ of Asuch that $\{G’S_{x_{\tau}}\}_{i=1}^{n}$ is afinite definable open
$G$-covering of X. $\square$

Theorem 2.16. Let $X$ be a compact definable $G$ -set, $r:X\cross[0,1]arrow X$ $\cross[0, 1]$ , $r(.r, t)=$
$(x, 1)$ and $\eta=(E,p, X\cross[0,1], F, K)$ a definable $C\not\supset$ -fiber bundle over $X\cross[0,1]$ . Then
there exists a definable $G$ -rnorphisrn $\phi:Earrow E$ covering $\mathfrak{l}\cdot$ .

Proof. By Lennna 2.15, we can find finitely many points $.\cdot r_{1}.$ , $\ldots$ , $.r_{\mathrm{z}\iota}$ with definable
slices $S_{x\mathrm{J}}\ldots$ . . $S_{\acute{x}_{l}}$,and definable group homomorphisms $\{\rho_{i} : G_{x}, arrow Ii\}_{i=1}f\downarrow \mathrm{s}\iota \mathrm{l}\mathrm{c}\mathrm{l}\mathrm{l}$ that
$\{GS_{x_{\mathrm{i}}}\}_{i=1}^{n}$ is afinite definable open $G$-covering of $X$ and each $\eta|(GS_{x}, \cross[0,1])$ is deffinal)$11’$

$G$-equivalent. to $\epsilon^{\rho_{\tau_{\mathrm{i}}}}(S_{x_{1}})\mathrm{x}[0,1]$ . By Proposition 2.12, there exist $\mathrm{G}- \mathrm{i}\mathrm{l}\mathrm{l}\backslash \prime \mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{t}$ definable
functions $l_{1}$ , $\ldots$ , $l_{n}$ $:-\lambda^{\vee}.arrow[0,1]$ such that:

(a) The support of each $l_{\mathrm{i}}$ is contained in $GS_{J_{i}}.$ .
(b) $1\mathrm{n}\mathrm{a}\mathrm{x}_{1\leq i\leq’\iota}l_{i}(J:)=1$ for all.c $\in-l’$ .

Let $h_{x_{j}}$, : $(C_{\tau}\cross(_{J_{l}},|(S_{\iota_{i}}.\cross F))\cross[0, 1]arrow p^{-1}(GS_{x_{j}}\cross[0, 1])$ be adefinable G-equivalence
covering adefinable G-hollle $()$ nlo\iota $\cdot$pllisln $f_{x_{i}}\mathrm{x}$ $i.d_{[0,1]}$ : $(G^{l}\cross_{\backslash (j_{J}}S_{l}.\cdot)ji\cross$ $[(1., 1]arrow GS_{J;}\cross[0, 1]$ .
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Define
$(u_{ij}r_{i})$ : $(E, X\cross[0,1])arrow(E, X\mathrm{x}[0,1])$ . $1\leq i\leq n_{j}$

$r_{i}(x, t)=\{$

$(x, \max(l_{i}(f_{x_{\mathrm{i}}}([g, s])), t))$ , $([g, s], t)\in(G\cross c_{\tau}, S_{x_{\mathrm{i}}})\mathrm{x}[0,1]$

$(x, t)$ , otherwise

$u_{i}(h_{x_{i}}([g, (s, f)], t)=h_{x_{j}}([g. (s, f)], \max(l_{i}(f_{x_{\mathrm{i}}}([g_{\dot{i}}s])), t))$ ,

for any $([g, (s.f)], t,)$ $\in(G\cross c_{l_{*}}. (S_{x_{j}}\cross F))\cross[0.1]$ ,

$u_{i}$ is the identity outside $p^{-1}(GS_{x:}\mathrm{x}[0,1])$ .
Then $r=r_{n}\circ\cdots\circ r_{1}$ . Therefore $\phi=u_{n}\circ\cdots\circ u_{1}$ : $Earrow E$ is the required definable
$G’$-morphism. $\square$

Theorem 2.13 follows from Theorem 2.16.

3. DEFINABLE $G$-VECTOR BUNDLES AND PROOF OF THEOREM 1.2, 1.3 AND

COROLLARY 1.4

We recall that $G$ and $I\iota^{\nearrow}$ denote compact subgroups of $GL_{n}(\mathbb{R})$ except section 2. Then
remember that $G$ is acompact algebraic subgroup of $GL_{n}(\mathbb{R})$ and any closed subgroup of
$C_{7}$ is acompact algebraic subgroup of $G$ .

Note that adefinable group homomorphism from $G$ to $O_{n}(\mathbb{R})$ is adefinable $C^{\infty},$-map
because it is acontinuous group homomorphism between Lie groups.

Recall universal $G$-vector bundles (e.g. [12]).

Definition 3.1. Let $\Omega$ be an $n$-dimensional representation of $G$ induced by adefinable
group homomorphism $B$ : $Garrow O_{n}(\mathbb{R})$ of $\Omega$ . Suppose that $\Lambda I(\Omega)$ denotes the vector space
of $n\cross\uparrow \mathrm{z}$-matrices with the action $(g, A)\in G\cross\Lambda\prime f(\Omega)arrow B(.q).4B(g)^{-1}\in \mathrm{A}f(\Omega)$ . For $\mathrm{a}\mathrm{n}\iota$

.

positive integer $k$ , we define the vector bundle $\gamma(\Omega, k)=\{\mathrm{E}(\mathrm{Q}, k)$ , $u$ , $G(\Omega, k))$ as follows:
$\mathrm{M}(\mathrm{Q})k)=\{A\in\Lambda I(\Omega)|A^{2}=A, A=4’A’ T_{7^{r}}A=k\}$,

$E(\Omega, k)=\{(A, v)\in G(\Omega, k)\cross\Omega|A\cdot\iota’=v\}$ ,
$u:\mathrm{E}(\mathrm{Q}, h.)arrow G(\Omega, k)$ , $u((-4, v))=A$ ,

where $\mathrm{A}$’denotes the transposed matrix of $A$ and $Tr$ $A$ stands for the $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}$ of $A$ . Then
$\gamma\cdot(\Omega, \lambda j)$ is an algebraic vector bundle. Since the action on $\gamma(\Omega, k)$ is algebraic, it is an
algebraic $G$-vector bundle. We call it the universal $G$-vector bundle associated with $\zeta l$

and $k$ . Remark that $G(\Omega, k)\subset\Lambda;I(\Omega)$ and $E(\Omega, k)\subset\Lambda f(\Omega)\mathrm{x}\Omega$ are nonsingular algebraic
G-sets.

Definition 3.2. (1) A $def_{\dot{\mathit{7}}},nabl,e$ $G$ vector bundle of. $\dagger\cdot a?\iota k$ Ais adefinable $G$-fiber bun-
dle with fiber $\mathbb{R}^{k}$ and structure group $GL_{k}(\mathbb{R})$ . $\mathrm{t}\mathrm{h}^{\gamma}\mathrm{e}$ usually write $(E,p,X)$ instead
of $(E,p, X, \mathbb{R}^{\mathrm{A}}., GL_{k}(\mathbb{R}))$ .

(2) Let $\eta=\{\mathrm{E}$ , $X$ ) and $?l’=(E’,p’, X)$ be. definable $C_{7}$-vector bundles. Adefinable
$G$-map $f$ : $Earrow E’$ is called adefinable $G$-rnorphism if $p=p’\circ f$ and $f$ is linear
$\mathrm{O}11$ each fiber. Adefinable $C_{\mathrm{I}}$-morphism $h$ : $Earrow E’$ is said to be adefinable $C_{\tau-}$

isomorphism if there $\epsilon\prime \mathrm{x}\mathrm{i}.\mathrm{s}.\mathrm{t}_{\mathrm{I}}\mathrm{s}$ . adefinable $C_{\tau}$-morphism $h’$ : $E’arrow E$ such that $l_{l\mathrm{O}}l_{1’}=i‘ l$

and $h’\circ \mathit{1}\iota$ $=id$ .
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(3) Adefinable $G$-section of adefinable $G$-vector bundle means adefinable G-section
as adefinable $G$-fiber bundle.

By away similar to 3.1 [10], we have the following proposition.

Proposition 3.3. If $\eta$ and $\eta’$ are two definable $G$ -vector bundles over a definable G-set
$X_{i}$ then $\eta\oplus\eta_{2}’\eta$ @ $\eta’$ , $Hom(\eta, \eta’)$ and the dual bundle $\eta^{\vee}$ of $\eta$ are definable G-vector
bundles over $X$ .

The next result states equivalent properties of strong definablity of definable $G$ vector
bundles, which is obtained in a $\backslash \mathrm{v}\mathrm{a}\}^{\mathrm{r}}$ similar to the proof of 3.6 [3].

Theorem 3.4. Let $\eta=(E,p, X)$ be a definable $G$ -vector bundle of rank $k$ over a definable
$G$ -set X. Then the following five properties are equivalent.
(1) The bundle $\eta$ is strongly definable.
(2) There eists a surjective definable $G$ -morphisrn from a trivial $G$ -vector bundle $X\cross$ $\Omega$

onto $\eta$ for some representation $\Omega$ of $G$ .
(3) There exists an injective definable $G$ -morphism from $\eta$ to a trivial $G$ -vector bundle

$X$ $\cross\Omega$ for some representation $\Omega$ of $G$ .
(4) There exists a definable $G$ -vector bundle $\eta’$ over $X$ such that $\eta\oplus\eta’$ is definably

$G$ -isornorphic to a trivial $C_{7}$ -vector bundle.
(5) There $e$ xist non-equivariant definable sections $s_{1}$ , $\ldots$ , $s_{l}$, : A $arrow E$ of $\eta$ such that:

(a) For any $x\in X$ , the vectors $s_{1}(.’\iota^{\backslash })\ldots.$ , $s_{n}(.\tau)$ generate the fiber $p^{-1}(x)$ over.r.
(b) The sections $s_{1}$ , $\ldots$ , $s_{n}$ generate a finite dimensional $G$ -invaiant vector subspace

of $\Gamma(\eta)$ , where $\Gamma(\eta)$ denotes the set of all continuous sections of $\eta$ with the natural
$G$ -action, namely $(g\cdot s)(x)=g(s(g^{-1}x))$ for all $g\in G$ and $x\in X$ .

Theorem 1.2 follows from Theorem 3.4 and Theorem 3.5 below.

Theorem 3.5. Every definable $G$ vector bundle over a definable $G$ set satisfies Condition
(5) in Theorem 3.4.

Bv avvay similar to the proof of 3.9 [3], we have the follo ving proposition.

Proposition 3.6. Let $\eta=(E,p, X)$ be a definable $G$ -vector bundle over a definable set
$X$ with the trivial $G$ -action and $A‘\iota$ closed definable subset of.Y such that $\eta|A$ is strongly
definable. If $A$ admits a definable $re$ rraction $f\tau\cdot orn$

$-\backslash \cdot$ to .4. then there exists some open
definable neighborhood 1” of $A$ in.Y such that $\eta|\mathrm{t}^{r}$ is strongly definable.

The following is the equivariant definable version of Urysohn’s lemma, and its semial-
gebraic version is proved in 1.6 [5]. $1\mathrm{t}^{r},\mathrm{e}$ use only anon-equivariant version of it to prove
Theorem 3.5.

Lemma 3.7. Let $X$ be a definable $\mathrm{L}\backslash \cdot r,t$, utitlt a definable $G$ -u.ction $a’\iota d$ $\wedge 4$ and $B$ disjoint
closed definable $G$ -subset of X. Then there exists a $C_{\mathrm{I}}$-invariant definable function $f$ :
$X$ $arrow[0,1]$ such that $f^{-1}(\mathrm{O})=A$ and $f^{-1}(1)=B$ .

Proof. By Corollary 2.5, $X/G$ is adefinable subset of some $\mathbb{R}^{l}$’and the orbit map $p$ :
$-\backslash \cdotarrow\wedge l^{-}/G$ is asurjective proper definable map. Hence $\pi(arrow 4)$ and $\pi(B)$ are closed definable
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subsets of $X/G$ . Then the function $h$, : $X/G arrow[0, 1]\mathrm{d}\rho.\mathrm{f}\mathrm{i}_{11}\mathrm{e}\mathrm{d}\mathrm{b}\mathrm{v}h(x)=\frac{d(x,\pi(A\})}{d(x,\pi(A))+d(x,\pi(B))}$

is adefinable function such that $h^{-1}(0)=\pi(.4)$ and $h^{-1}(1)=\pi(B).$, where $d(x_{:}\pi(,4))$

(respectively $d$ ( $x$ , $\pi(E)$ )) denotes the distance between $x$ and $\pi(A)$ (respectively $x$ and
$\pi(B)))$ . Therefore $f:=h\circ\pi$ : $Xarrow[0. 1]$ is the required $G$-invariant definable function.

$\square$

Proposition 3.8. Let $H$ be a closed subgroup of $G,$ $D$ the closed unit ball of a represen-
tation $\Omega$ of H. Then $G\cross_{H}D$ is a compact affine definable $C^{\infty}G$ manifold with boundary.
In particular, $G\cross_{H}D$ is definably $G$ -irnbeddable into some representation of $G$ .

Proof. Note that $G$ and $\Omega$ are affine definable $C^{\infty}H$-manifolds. Thus by 4.4 [13] and
4.5 [13], $G\cross_{H}\Omega$ is adefinable $C^{\infty}.G$-manifold whose underlying manifold is adefinable
$C^{\infty}$-submanifold of some $\mathbb{R}^{k}$ . Since $G\cross_{H}D$ is compact, there exists a $C^{\infty}G$-imbedding
$.i$ from $G\cross_{H}D$ to some $\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}---\mathrm{o}\mathrm{f}$ $G$ . Applying the polynomial approximation
theorem to $i$ and averaging it, $11’\mathrm{e}$ have adefinable $C^{\infty}G$-imbedding from $G\mathrm{x}_{H}D$ to E. $[]$

Adefinable G-C$W$-complec is afinite G-CH’-complex such that the characteristic
map of each $G$-cell is adefinable $G$-map(see [11]).

Theorem 3.9 (1.1 [11]). $Let\wedge V$ be a definable $G$ -set and}’ a closed definable $G- sub.\backslash \cdot e.t$

of A. Then there eist a definable G-CIV-complex $Z$ in a representation $\Omega$ of $G,\cdot$ $a$

G-CH’-complex $W$ of $Z$ , and a definable $G$ map $f$ : $X$ $arrow Z$ such that:
(1) The map $f$ takes ,$X$ and 1’ definably $G$ -homeornorphically onto $G$ -invariant definable

subsets $Z_{1}$ and $\mathrm{I}^{J}V_{1}$ of $Z$ and $\mathfrak{l}4^{f}$ obtained by removing some open $G$ -cells from $Z$ and
$\ovalbox{\tt\small REJECT} V$ , respectively.

(2) The orbit map $\pi$ : $Z_{\neg^{\backslash }}Z/G$ is a definable cellular map.
(3) The orbit space $Z/G$ is a finite sirn plicial complex compatible with $\pi(Z_{1})$ and $\pi(1\mathrm{I}’ 1)$ .
(4) For each open $G$ -cell $c$ of $Z$ , $\pi|\overline{\mathrm{c}\cdot}$ : $\overline{c}arrow\pi(\overline{c})$ has $a_{1}$ definable section $s$ : $\pi(\overline{\epsilon\cdot})arrow\overline{\mathrm{r}\cdot}$,

where $\overline{c}$ denotes the $closur\cdot e$ of $c$ in $Z$ .
Furthermore, if $X$ is compact, then $Z=f(X)$ and $\mathrm{T}\prime \mathrm{I}^{\prime^{\mathrm{P}}}=f(]’)$ .

Using Proposition 3.6, Lemma 3.7 Proposition 3.8, Theorem 3.9, asimilar proof of 3.5
[3] proves Theorem 3.5.

By Theorem 1.2 and by the proof of 4.7 [11], we have the following.

Proposition 3.10. Let $\eta$ a definable $G$ -vector bundle over a compact definable G-set.Y.
Then every continuous $C_{7}$ section of $?l$ can be approxirn$\iota ated$. by definable G-sections.

We obtain the following theorem using Proposition 3.3 and Proposition 3.10.

Theorem 3.11. Let y7 a.rtd $\overline{\zeta}$ be definable $C_{I}$ -vector bundles over a compact definable G-
set. If $\eta$ is $G$ -isomorphic t,0 (, then $tl\iota e.y$ ate definably $G- isonlor^{l}phic.$ .

Proposition 3.12 (2.11 [15]). Let $-1^{\vee}$ , 1 be definable $G$ -sets. If $?\mathfrak{l}$ is $C_{I}$ -vector bundle over
1’ arul f, $l_{\mathfrak{l}}$ : X $arrow$ }’’ are $G$ -homotopic continuous $G$ -maps, $t,l\iota e.\uparrow\iota f^{*}(?|)$ is $C_{\mathrm{T}}$-isomorphic t,v
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Proposition 3.13 ([1], [20]). Let Abe a compact $G$ -set. If $\eta$ is a $G$ -vector bundle over
$X_{f}$ then there exist a representation $\Omega$ of $G’$ and a continuous $G$ -map $f$ : $X$ $arrow G(\Omega, l_{i}\cdot)$

such that $\eta$ is $G$ -isomorphic to $f^{*}(\gamma^{J}(\Omega, k))$ . where Adenotes the rank of$.\uparrow l$ .

Theorem 3.14. If $jT_{\mathrm{L}}’$ is a compact definable $G$ -set, ts : $1^{\gamma}ect_{G}^{def},(X)arrow$ I VectG (X) is
bijective.

Proof. Injectivity follows from Theorem 3.11.
Let $?l$ be a $G$-vector bundle over.Y. Then by Proposition 3.13, there exist arepresen-

tation $\Omega$ of $G$ alld acontinuous $G$-map $f$ : $Xarrow G(\Omega, k)$ such that $\eta$ is $C_{7}$-isomorphic to
$f^{*}(\gamma(\Omega, k))$ , where $k$ denotes the rank of $\eta$ . By 3.5 [11], $f$ is $G$-homotopic to adefinable
$G$-map $h$ : $Xarrow G(\Omega, k)$ . Hence by Proposition 112, $f^{*}(\gamma(\Omega, k))$ is $G’$-isomorphic to
$h^{*}(\gamma(\Omega, k))$ . Therefore $?l$ is $G$-isomorphic to adefinable $G$-vector bundle $h^{*}(\gamma(\Omega, k))$ . $\square$

A $G$-set $X$ is $G$-contractible if there exist afixed point $x_{0}\in X$ and acontinuous G-map
$F:X\cross[0,1]arrow X$ such that $F(x, 0)=.\iota^{\backslash }$ and $F(x, 1)=\mathrm{x}\mathrm{o}$ for all $x\in X$ . where $G$ acts
on $[0, 1]$ trivially. We have the following as acorollary of Theorem 1.1.

Corollary 3.15. Let $X$ be a compact $C_{\mathrm{T}}$ -contractible definable $G$ -set. Then every definable
$G$ -vector bundle over $X$ is definably $G$ -isornorphic to a trivial G-bundle.

Theorem 3.16 (3.3 [11]). Let X be a definable $G$ -set. Then there exi.9ts a definable $G’-$

defomation retraction R from X to a compac t definable $G$ -subset}’of.Y.
By away similar to the proof of 4.10 [11], we have the following proposition.

Proposition 3.17. The map $R^{*}$ : $1’.ect_{G}^{def}(\}’)arrow 1^{\gamma}ect_{G}^{def}(X)$ defined by $\prime l$
$\vdasharrow R^{*}(\eta)$ is

bijective.

Theorem 1.3 follows from Theorem 3.14 and Proposition 3.17. Corollary 1.4 follows
from Theorem 1.3 and Proposition 3.12.

4. DEFINABLE $c_{\mathrm{G}}^{r}$-FIBER BUNDLES AND DEFINABLE $C^{r}G$-VECTOR BUNDLES

Definition 4. 1([12]). Let $1\leq r*\leq\iota v$ .
(1) Adefinable fiber bundle $?l$ $=(E,p, X, F, I\acute{\mathrm{i}})$ is adefinable $C^{f}$ -fiber bundle if the

total space $E$ and the base space $\wedge\backslash \cdot$ are definable $C^{r}$.-manifolds, the structure group
$K$ is adefinable $C\mathrm{G}\mathrm{r}$-group, the fiber $F$ is adefinable $C^{r}K$-manifold with an effective
action, the projection $p$ is adefinable $C^{r}$ -map and all transition functions of $\eta$ are
definable $C^{r}$,-maps. Aprincipal definable $Cr$-fiber bundle is defined similarly.

(2) Definable $C^{r}$-morphisrns, definable $C^{r}$-equivalences, definable $C^{r}$-isomor phisms
between definable $C^{r}$-fiber bundles and definable $Cr$ -sections of adefinable $C^{r}$,fiber
bundle are defined similarly.

(3) Adefinable $C^{t}$.-fibcr bundle $?l=1.1..\mathrm{Y}$ , $F$, $I\acute{\backslash }$ ) is adefinable $C^{f}G$-fiber bundle if
the total space $E$ and the base space $X$ $i\iota 1^{\cdot}\mathrm{e}$ definable $C_{1}’.C_{7}$-nianifolds. the projection
$p$ is adefillaI)[t. $C’.C\tau$-map alld $G$ acts on $E$ t.hrough definable $C\mathrm{C}\mathrm{r}$-equivalences, A
principal $cl(’fi\uparrow|,‘\iota bl\epsilon’ C^{r}G- fibe\uparrow\cdot$ bundle is defined similarly.
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(4) Adefinable $C^{r}$-morphism(resp. adefinable $C^{r}$-equivalence. adefinable $C^{r}$ -isomor-
phism, adefinable $C^{\uparrow}\mathrm{C}\mathrm{r}$-section)is adefinable $C^{r}G$-rnorphism(resp. adefinable
$C^{r}G$-equivalence, adefinable $C^{r}G$-isomorphism,, adefinable $C^{r}G$-sectiott)if it is
aG-map.

The $\mathrm{f}\mathrm{o}11\mathrm{o}\mathrm{w}\mathrm{i}_{1\mathrm{l}}\mathrm{g}$ is adefinable $C^{r}G$-version of Proposition 2.6, which is obtained similarly.

Proposition 4.2. Suppose that $1\leq r\leq\omega$ .
(1) Let (E.”$pX$ , $K$ ) be $a_{1}$ principal definable $C^{\tau}G$-fiber bundle and $F$ an affine defin-

able $C^{r}K$ -manifold with an effective action. Then ( $E\cross\kappa$ F. $p’$ , $X$ , F., $K$ ) is a defined
able $C^{r}G$ -fiber bundle, where $p’$ : $E\mathrm{x}_{K}Farrow X$ denotes the projection defined by
$p’([z, k])=\mathrm{p}(z)$ .

(2) The associated principal $G$ -fiber bundle of a definable $C^{r}G$ -fiber bundle is a principal

definable $C^{r}G$ -fiber bundle.
(3) Two definable $C^{r}G$ -fiber bundles having the same base space, fiber and structure

group are definably $C^{r}G$-isomorphic if and only if their associated principal definable
$C^{r}G$ -fiber bundles are definably $C^{r}G$-isomorphic.

Proposition 4.3. Let $X$ be a definable $C^{r}G$ -submanifold of a representation $\Omega$ of $G$ and
$1\leq r<\infty$ . Then for any $x\in X$ , there exists a linear definable $CCr$ -slice at $x$ in $X$ ,
namely there exists a definable $C^{r}G_{x^{-}}imbe\Lambda ding\dot{?}$ from a $representation—$ of $G_{\mathrm{J}}$ . into
$X$ such that $\prime i(\mathrm{O})=.\mathrm{r}$ , $G\mathrm{x}_{G_{x}}---is$ a definable $C^{r}G$-manifold with the standard action
$(g, [g’, x])-\rangle[gg’, x\cdot]$ and the rnap $\mu$ : (; $\mathrm{x}_{G_{\mathrm{z}}-}^{-}-arrow X$ defined by $[9, x]-*g\prime i.(\prime x)$ is a definable
$C^{r}G$ -diffeornorphism onto some $G$ invariant definable open neighborhood of $C_{7}(\mathit{1}^{\cdot})i,nX$ .

Proof. Since $G$ is acompact algebraic subgroup of $GL_{n}(\mathbb{R})$ and by 4.1 [13], for any $x\in$

$X$ , there exists alinear definable $C^{\infty}$ slice at $x$ in $\Omega$ , namely we have arepresentation —’ of
$G_{x}$ and adefinable $C^{\infty}G_{\mathrm{J}i}$ imbedding $j;—’arrow\Omega$ such that $j(0)=x$ , $G\mathrm{x}_{\zeta j_{\mathrm{J}}}.\Xi’$ is adefinable
$C^{\infty}G$ manifold and the map $\mu’$ : $G\cross$ $c_{x}---’arrow\Omega$ defined by $l^{4’([)}gx$]) $=gj’(x)$ is adefinable
$C^{\infty}G$ diffeomorphism onto a $G$ invariant definable open neigIl[$)$ol$\cdot$hooel $Gj(^{\underline{=}\prime})$ of $G(.\mathrm{r})\mathrm{i}_{11}$

Q. Then $j^{-1}(X)$ is adefinable $C^{r}G_{x}$ submanifold of —, and $i|i^{-1}(X)$ : $i^{-1}(X)$ $arrow X^{\cdot}\mathrm{i}\mathrm{s}\mathrm{a}$

definable $C^{r}G_{x}$ imbedding. Hence there exists asufficiently small $G_{x}$ invariant definable
open neighborhood $U$ of 0in $j^{-1}(X)$ such that $U$ is definably $C^{f}G_{x}$ diffeo norphic to a
$\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}--0-\mathrm{f}$ $G_{x}$ . Take adefinable $C’.G_{x}$ diffeomorphism $l:—arrow U$ with $l(0)=0$

and let $i=j\circ 1$ . Then $i$ is adefinable C.’$.C\tau_{x}$ imbedding from $—\mathrm{t}\mathrm{o}$ $-\backslash \cdot$ and the map
$\mu$ : $G\mathrm{x}_{G_{x}-}--arrow X$ defined by $\mu([g, x])=gi(x)$ is adefinable $C^{r}G$ diffeomorphism onto a
$G$ invariant definable open neighborhood $Gi(^{\underline{=}})=Gj(U)$ of $G(.r,)$ in X. $\square$

Note that if $\uparrow$

. $=\infty$ or $\omega$ , then Proposition 4.3 is proved in 4.1 [13].
We can consider the definably $C^{r}$-Bierstome condition as adefinable $C^{r}G$-version of

Definition 2.9. Using Proposition 4.2 and 4.3, we have tlle following definable $C^{r}$-vet ion
of Proposition 2.10.

Proposition 4.4. Let $1\leq r\leq\omega$ . Then every definable $C^{r}G- fi,\cdot l$) $t^{\mathrm{J}},r$ bundle ovej’ $\cdot$

$a,r|_{l}c\iota ffi,?\iota e$

definable $C^{r}G-$ ,$nanifold$ satisfies the definable $C^{f\cdot},- Bier_{L} to?\downarrow.e$ condition

The proof of 4.8 [12] proves the following
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Proposition 4.5 (4.8 [12]). (Definable $C^{\prime r}$ partition of unity). Let $X$ be a definable closed
subset of $\mathbb{R}^{\eta}$ , $\{U_{i}\}_{i=1}^{l}$ a finite definable open covering of $X$ and $0\leq r<\infty$ . Then there
exist definable $C^{r}$ junctions all, $\ldots$ , $\lambda_{l}$ : $\mathbb{R}^{n}arrow \mathbb{R}$ such that $0\leq\lambda_{i}\leq 1_{i}$ supp $\lambda_{i}\subset U_{i}$ and
$\sum_{i=1}^{l}\lambda_{i}(x)=1$ for any $x\in X$ .

The following is adefinable $C^{r}$-version of Proposition 2.12.
Proposition 4.6 (Equivariant definable $C^{r}$ partition of unity). Let $X$ be a definable $C_{l}^{r}G$ .

subrnanifold closed in a representation $\Omega$ of $G$ and $\{U_{i}\}_{i=1}^{n}$ a finite definable open G-
covering of $X$ and $0\leq r<\infty$ . Then $\{U_{i}\}_{\mathrm{i}=1}^{n}$ is numerable, namely there exist G-
invariant definable $C^{r}$ junctions $\lambda_{1}$ , $\ldots$ , $\lambda_{n}$ : $Xarrow \mathbb{R}$ such that $0\leq\lambda_{i}\leq 1$ , supp $\lambda_{t}\subset U_{t}$

and $\sum_{i=1}^{n}\lambda_{i}(x)$ $=1$ for any $x\in X$ .

Proof. First of all, we recall the structure of the orbit space $\Omega/G$ . The algebra $\mathbb{R}[\Omega]^{G}$

of $G’$ invariant polynomials on $\Omega$ is finitely generated [21]. Let $p_{1}$ , $\ldots$ , $p_{n}$ : $\Omegaarrow \mathbb{R}$ be
$G$ invariant polynomials generating $\mathbb{R}[\Omega]^{G}$ , and put $p$ : $\Omegaarrow \mathrm{R}\mathrm{n},\mathrm{p}=$ $(p_{1}, \ldots,p_{n})$ . Then
$p$ is aproper polynomial map, and it induces aclosed imbedding $j$ : $\Omega/Garrow \mathbb{R}^{n}$ such
that $p=j\circ\pi$ , where $\pi$ : $\Omegaarrow\Omega/G$ denotes the orbit map. Hence we can identify $\Omega/G$

(resp. $X/G$ , $\pi$ ) with $j(\Omega/G)$ (resp. $j(.1’/G)$ , $p$). Thus $\{p(U_{i})\}_{i=1}^{l}$ is afinite definable
open covering of ,$\mathrm{Y}/G$ because $p|X:Xarrow-1’/G$ is open. Note that $p(X)$ is closed in $\mathbb{R}^{n}$

because $X$ is closed in $\Omega$ . By Proposition 4.5 one can find adefinable partition of unity
$\{\overline{\lambda}_{i}\}_{i=1}^{l}$ subordinate to $\{p(U_{i})\}_{i=1}^{l}$ . Hence $\lambda_{1}:=\overline{\lambda}_{1}\circ p_{j}\ldots$ , $\lambda_{l}:=\overline{\lambda}_{l}\circ p$ are the required $G$

invariant definable $C^{r}$ functions. $\square$

$\mathrm{t}\mathrm{V}\mathrm{e}$ can replace $\sum_{i=1}^{n}\lambda_{i}=1$ by $\max_{1\leq i\leq n}\lambda_{i}=1$ in Proposition 4.5 and 4.6.
By the proof of 2.10 [12], we may assume that an affine definable $C^{r}G$-manifold is a

definable $C^{r}G$-submanifold closed in some representation $\Omega$ of $G$ . Thus similar proofs of
Lemma 2.14, 2.15 and Theorem 2.16 prove the following.

Theorem 4.7. If Ais a compact affine definable $C^{r}G$ -man.ifold and $1\leq r<\infty$ , then
every definable $C^{r},G$ -fiber bundle $\eta=(E,p, X\cross[0,1], F, K)$ is definably $C^{r}G$ -isomorphic
to $(p^{-1}(X\cross\{0\})\cross[0,1],p’, X\cross[0,1], F, I\zeta)$, where $G$ acts$\cdot$ on $[0, 1]$ trivially, $X\cross\{0\}$ is
identified with $X$ and $p’=p|p^{-1}(X\mathrm{x}\{0\})\cross id_{|0,1]}$ .

Theorem 1.5 follows from Theorem 4.7.

The following result is adefinable $C^{\mathrm{r}}\mathrm{G}-\backslash \cdot \mathrm{e}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{o}11$ of Theorem 3.4, which is obtained
similarly.

Theorem 4.8. Let yy $=(E,p, X)$ be a definable $C^{r},G$ -vector bundle of rank $k$ over an
affine definable $C^{r}G$ -manifold $X$ and $1\leq r<\infty$ . Then the following five properiies are
equivalent.
(1) The bundle ?1 is strongly definable.
(2) There exists a surjective definable $C^{f}.C_{7}$-morphisrn from a trivial $G$ -vector bundle

$X\cross\Omega$ onto $\eta$ for sorne representation $\Omega$ of $G$ .
(3) There eists an $injec,tive$ definable $C^{r},C_{\tau}- rnorpl\iota i_{\backslash }v\iota$ from $\prime l$ to a trivial $G$ -vector bundle

$X\cross$ $\Omega fo\mathfrak{s}$
. some $rep^{1}rese\uparrow|.tation\Omega$ of $C_{\mathrm{T}}$ .

(4) There exists a definable $C^{r}G$ -vector bundle $\eta’$ over $X$ such that $?1\oplus\eta’$ is definably
$C^{\prime \mathrm{z}}.G- iso\uparrow r\iota orphic$ to a trivial $G$ -vector bundle
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(5) There exist non-equivariant definable $C^{r}$ sections $s_{1}$ , . . . . $s_{n}$
. : $X$ $arrow E$ of $\eta$ such that:

$(|\mathrm{a})$ For any $x\in X$ , the vectors $s_{1}(x)$ , $\ldots$ , $s_{n}(.x)$ generate the fiber $p^{-1}(x)$ over $jf$ .
( $\mathrm{b}\dot{)}$ The sections $s_{1}$ , $\ldots$ , $s_{n}$ generate a finite dimensional $G$ -invariant vector subspace

of $\Gamma(\eta)$ .

Proof of Theorem 1.7. Since $X$ is compact, asimilar proof of Lemma 2.15 proves
that there exist finitely many points $x_{1}$ , $\ldots$ , $x_{n}\in X\backslash \mathrm{v}\mathrm{i}\mathrm{t}\mathrm{h}$ definable $C^{f}$,-slices $S_{x_{1}}$ , . .. . $S_{\mathrm{a}_{n}}$.

and $\alpha$-dimensional representations $\Omega_{x_{1}}$ , $\ldots$ $\dot,$

$\Omega_{x_{\mathfrak{n}}}$ of $G_{x_{1}}$ , $\ldots$ ., $G_{x_{n}}’$ , respectively, such that
$\{GS_{x_{i}}\}_{i=1}^{n}$ is afinite definable open $G$-covering of $X$ and each $\eta|GS_{xj}$ is definably $C^{r}G-$

equivariant to $\epsilon(S_{x},)$ , where $\epsilon(S_{xj})=(G\cross c_{\Leftrightarrow \mathrm{i}} (S_{x_{j}}\cross \Omega_{x},),p$, $G\cross \mathrm{c},jS_{xj}),p:G\cross c_{\tau_{i}}(S_{x_{i}}.\cross$

$\Omega_{x;})arrow G\cross_{C_{\mathrm{I}\mathrm{p}}i}S_{x_{\mathfrak{i}}}$ , $p([g, x, \cdot y])=[g, x]$ and $\alpha$ denotes the rank of $\eta$ . Clearly each $\epsilon(S_{x_{1}})$

admits finitely many definable $C^{r}$-sections satisfying Condition (5) in Theorem 4.8. Thus
every $\eta|GS_{x_{\mathrm{i}}}$ admits definable $C^{r}$ sections $s_{i1}$ , $\ldots$ $s_{it_{i}}$ satisfying the same condition.

By Proposition 4.6, we have an equivariant definable $C^{\prime f}$ -partition of unity $\{\lambda_{i}\}_{i=1}^{n}$

subordinate to $\{GS_{x_{j}}\}_{i=1}^{n}$ . Let $\overline{s_{iq}}:=\lambda_{i}s_{iq}$ . Then for any $g\in C_{\tau}$ , $g\cdot$ $\overline{s_{\iota q}}=\lambda_{i}$ $(g\cdot s_{\dot{\dagger}q})$ .
Therefore afinite family of definable Cr-sections $\overline{s_{11}}$, $\ldots$ . $\overline{s_{1t_{1}}}$, $\ldots,\overline{s_{n1}}$ , $\ldots,\overline{s_{nt_{n}}}$ satisfies
the required conditions.

Now we prove the second part of the theorem. If $?l$ is strongly definable, then there
exist arepresentation $\Omega$ of $G$ and adefinable $C^{r}G$-map $f$

. from $-\backslash$

’ to $G(\Omega, \alpha)$ such that $\eta$

is definably $C^{r}G$-isomorphic to $f^{*}(\gamma(\Omega, \alpha))$ . Since $\mathrm{t}\mathrm{I}_{1}\mathrm{e}$ total space of $f^{*}(\gamma(\Omega, \alpha))$ is affine,
$E$ is affine.

Conversely, we assume that $E$ is adefinable $C^{r}G$-submanifold of arepresentation $\equiv \mathrm{o}\mathrm{f}$

$G$ .
Let

$F_{1}$ : $Xarrow\lambda.f$(-), F2 { $\mathrm{x})=\mathrm{t}\mathrm{h}\mathrm{e}$ matrix projecting $T_{l}^{\underline{=}}.\cdot$ onto $T_{x}E$ ,

$F_{2}$ : $Xarrow\Lambda I$ (-), $F_{2}(.’\iota\cdot)=\mathrm{t}\mathrm{h}\mathrm{e}$ matrix projecting $T_{x-}^{-}-$ onto $T_{x}X$ .

Then by away similar to the proof of 1.3.3 [19], $F_{1}$ and $F_{2}$.are definable maps. Thus they
are definable $C^{r}$ maps. Bv the definition of $C_{7}$-action, they are $G$-maps. Hence they are
definable $C^{r}G$ maps. Let

$F$ : $Xarrow G(_{-}^{-}-, \alpha)$ , $F=(id-F_{l}.)F_{1}$ .

Then $F$ is adefinable $C^{r}G$-map and $\eta$ is definably $C^{r}G- \mathrm{i}\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}\mathrm{p}1_{1}\mathrm{i}\mathrm{c}$
. to $F^{*}(\gamma(_{-}^{-}-, \alpha))$ . There

fore $\eta$ is strongly definable, $\square$
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