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THREE-STEP ITERATIVE SEQUENCES WITH ERRORS
FOR ASYMPTOTICALLY QUASI-NONEXPANSIVE
MAPPINGS IN CONVEX METRIC SPACES

J. K. KiM, K. H. Kim AnD K. S. Kim

ABSTRACT. In this paper, we will give some necessary and sufficient conditions for three-
step iterative sequences with errors to converge to a fixed point for asymptotically quasi-
nonexpansive mappings in convex metric spaces. The results of this paper are general-
izations and improvements of the corresponding results of Chang, Kim et al, Liu and
Xu-Noor. :

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that E is a metric space, F(T') and D(T) are
the set of all fixed points and domain of T respectively and N is the set of all positive
integers.

Definition 1.1. Let T': D(T) C E — E be a mapping.
(1) The mapping T is said to be nonezpansive if
d(Tz,Ty) < d(z,y), Vaz,ye D).
(2) The mapping T is said to be quasi-nonexpansive if
d(Tz,p) < d(z,p), VYze D), VpeF(T).

(3) The mapping T is said to be asymptotically nonezpansive if there exists a se-

quence k, € [0,00) with lim,_, . k, = 0 such that

d(T"z, T"y) < (1 + kp)d(z,y), Vz,yeD(T),VneN.

(4) The mapping T is said to be asymptotically quasi-nonezpansive if there exists a
sequence k, € [0, 00) with lim,_, k, = 0 such that

d(T"z,p) < (1 +kn)d(z,p), VzeD(T),Vpe F(T),VneN.
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Remark 1.1. From the Definition 1.1, it follows that if F/(T") is nonempty, then a non-
expansive mapping is quasi-nonexpansive, and an asymptotically nonexpansive mapping
is asymptotically quasi-nonexpansive. But the converse does not hold.

The iterative approximation problems of fixed points for asymptotically nonexpansive
mappings or asymptotically quasi-nonexpansive mappings in Hilbert spaces or Banach
spaces have been studied extensively by many authors. In 1973, Petryshyn-Williamson
[11] obtained a necessary and sufficient condition for Picard iterative sequences and
Mann iterative sequences to converge to a fixed point for quasi-nonexpansive mappings
and later, the result of [11] was extended by Ghosh-Debnath [5] to Ishikawa iterative
sequences. And recently, Chang [1-3] has proved some another kinds of necessary and
sufficient conditions for Ishikawa iterative sequences with errors to converge to a fixed
point for asymptotically nonexpansive mappings and Xu-Noor [14] has established a
convergence theorem of three-step iterative sequences with errors for asymptotically
nonexpansive mappings in uniformly convex Banach spaces. In particular, Liu [7] ob-
tained a necessary and sufficient condition for Ishikawa iterative sequences of asymp-
totically quasi-nonexpansive mappings in Banach spaces to converge to a fixed point
and he [8] has also extended his result [7] to Ishikawa iterative sequences with errors.
Furthermore, Kim et al. [6] extended to modified three-step iterative sequences with
mixed errors.

Rhoades [12] and Naimpally-Singh [10] suggest the following open question.

Open Question. Can the Ishikawa iterative procedure be extended to nonlinear quasi-
contractive mapping in a metric space?

Recently, Chang-Kim [4] proved convergence theorems of the Ishikawa type itera-
tive sequences with errors for generalized quasi-contractive mappings in convex metric
spaces.

The purpose of this paper is to study some necessary and sufficient conditions for
three-step iterative sequences with errors to converge to fixed points for asymptotically
quasi-nonexpansive mappings in convex metric spaces. The results of this paper are
generalizations and improvements of the corresponding results in Chang [1-3], Ghosh-
Debnath [5], Kim et al. [6], Liu [7-9] and Xu-Noor [14].

For the sake of convenience, we first recall some definitions and notations.

Definition 1.2. Let (E, d) be a metric space and I = [0,1]. A mapping W : E3 x I3 —
E is said to be a conver structure on FE if it satisfies the following conditions : for all
u,z,y,2 € E and for all o, B,y € I witha+8+v=1,

(1) W(w7 y? z; a’ 07 0) = x’
(2) d(u,W(z,y,2;0,06,7)) < ad(y, ) + Bd(u,y) + vd(u, 2).

If (E,d) is a metric space with a convex structure W, then (E,d) is called a convez
metric space and denotes it by (F,d, W). ’
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Remark 1.2. Every linear normed space is a convex metric space, where a convex
structure W(z,y, z;a,8,7) = azx + By + vz, for all z,y,2 € E and «,3,y € I with
a + B+ v = 1. But there exist some convex metric spaces which can not be embedded
into any linear normed spaces (see, Takahashi [13]).

Definition 1.3. (1) Let (E,d, W) be a convex metric space, T : E — E be a mapping
and let z; € F be a given point. Then the sequence {z,} defined by

Tp41 = VV(menym U} Gp,y by, cn)’
Yn = W(Zn, T"2n, Vp; Gn, b, €n), (1.1)
2n = W(Zy, T"Zy, Wy dn, b, ¢), VYnéeN,

is called the three-step iterative sequence with errors for the mapping T, where {a,},

{b.}, {en}, {dn}, {0}, {G.}, {d»}, {bn} and {¢,} are nine sequences in [0, 1] satisfying
the following conditions:

G +bp+Cn=Gat bt =di4+b+é =1, VYneNl,

and {u,}, {vn}, {wn} are three bounded sequences in E.
(2) In (1.1),if b, =0 and &, = 0, for all n = 1,2,---, then z, = z,. Then the
sequence {z,} defined by

{ T+l = W(-Tn,Tnyn,'U»n;am bnacn)7

" (1.2)
Yn = I/V(mm_'-mem'vn; Gn,bn,Cn), VREN,

is called the Ishikawa type (or two-step) iterative sequence with errors for the mapping
T, where {a,}, {bn}, {cn}, {dn}, {bn} and {¢,} are six sequences in [0, 1] satisfying the
following conditions : ‘

Gn+bntcn =G +by+6 =1, VneN,

and {u,}, {v,} are two bounded sequences in E.

2. MAIN RESULTS
In order to obtain the main theorems, we will first prove the following lemma.

Lemma 2.1. Let (E,d,W) be a convex metric space, T : E — E be an asymptotically
quasi-nonezrpansive mapping satisfying > .- | kn, < co where {k,} is the sequence ap-
peared in Definition 1.1, and F(T) be a nonempty set. For a given z; € E, let {z,} be
the three-step iterative sequence with errors defined by (1.1). Then
(a) d(zn+1,P) < (1 +ky)3d(zn, D) + hn, Vp € F(T), n €N,
where hy = by (1 + kp)0n + cnd(tn, p), 0n = b6 (1 + ky)d(wy, p) + cnd(vy, D)
and {u,}, {vn}, {wn} are three bounded sequences in E.
(b) there exists a constant M > 0 such that
d(Tm, p) < Md(zn,p) + M7 by, Vpe F(T), m>n.



Proof. (a) Since T is asymptotically quasi-nonexpansive, for each p € F(T'),

d(m'n-f-l’ p) = d(VV(ﬂIn, Tny'rw Un; On, bna Cn), p)
< and<$m p) + bnd(Tnyn y p) + cnd(una p)
< and(Tn, p) + bn(l + kn)d(yn, p) + cnd(tn, P),

d(yna P) = d(I’V(IBn, T"2p, Vn; dn, b_n» cTn)a p)
< dpd(2p, P) + bpd(T™2n, ) + Ead(vn, D)
< dpd(zn, p) + bn(1 + kp)d(2n, P) + Cnd(Vn, P)

and

(2, p) = A(W (T, T T, Wn; G, b, €n), D)
< aﬁnd(wna p) + b’;zd(Tnmm p) + C;zd(wm P)
< aﬂnd(mm p) + bAn(l + kn)d(mm p) + C;Ld(wna D):

Substituting (2.3) into (2.2), we have

d(yn,p) < a—nd(.’L‘n,p)
+ b (1 + k) {Gd(@n, D) + b (1 + k1) d(%n, D)
+ nd(wn, p)} + End(vn, P)
= @ d(Zn, P) + bpdn(1 + kpn)d(Zn, D)

+ bpbn(1 4 kn)?d(2n, D) + bnn(L + kn)d(wn, p)

+ €nd(vn, D)
< dpd(Zp, ) + bnbn(1 + kn)?d(zn, D)
+ brbn(1 + kn)?d(2n, D) + 6n
< dpd(Tn, p) + bn(1 + kn)2d(zrn, D) + On,

159

(2.1)

(2.2)

(2.3)

(2.4)

where 6,, = b;,Cn(1 + kn)d(wn, p) + ¢nd(vn, p). And again, substituting (2.4) into (2.1),
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it follows that
d(Znt1,P) < and(Tn, D)
+ b (1 + kp){d@nd(Zn, p) + bu(L + kn)?d(zn, p) + 6n}
+ cnd(tUn, D)
= 0nd(Zn, P) + brndn(l + kp)d(zn, D)
+ bpba(1 + kn)2d(2zn, B) + br(1 + kr)8n + Crd(tn, D)
= and(Zn, p) + (1 — an — cp)dn(l + kn)d(zn, p)
+ (L= an = cn)ba(L + kn)’d(zn, p) + hn
< and(Zn,p) + (1 = an)dn(1 + ky)3d(zn, p) -
+ (1 = an)ba (1l + kn)’d(@n, p) + ha
< an(1 4 kn)3d(zn, p)
+ (1 = an)(1 + kn)3(dn + by)d(2n, D) + by,
< an(1 +kn)2d(zn, p) + (1 — an)(1 + kn)%d(Zn, P) + hn
= (1 + kn)*d(2n, p) + hn,
where hy, = by (1 + kp)0n + cnd(un, p). This completes the proof of (a).
(b) If a > 0, then 1 +a < e® and (1 + a)3 < e3¢, Therefore, from (a) we can obtain

that ,
d(wmap) S (1 + km——l) d(mm—lap) + hm—-l

< € 1d(zm—1,p) + hm-1
< esk"‘_l [(1 + km—Z)Sd(xm—% p) + hm—2] + hm—l
< 3bm-1tkm-2)g(z o D) + €3 m1h, o+ hm_1

IN

m—1
< 632;‘“:—;1 kfd(.’l:n,p) +e323ﬂ=—1 k; Z h;
j=n
m—1

< Md(za,p) + M Y hy,

j=n
where M = %2532+ %, This completes the proof of (b). O
We also need the following lemma for the proof of our main results.

Lemma 2.2 [8]. Let the number of sequences {a,}, {bn} and {\,} satisfy that a,, > O,
bn 20, A 20, any1 S (1+Ap)an + by, VREN, 320 by <00, Yoo | Ap < 00. Then
(a) lim, o0 ay, exist.
'(b) if liminf, . a, = 0, then lim, . a, = 0.
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Now, we are in a position to prove the main theorems. D4(y, S) denotes the distance
from y to set S, that is, Dy(y, S) = inf{d(y, s) : s € S}.

Theorem 2.1. Let (E,d,W) be a complete convex metric space, T : E — E be an
asymptotically quasi-nonexpansive mapping and F(T') be a nonempty set. For a given
z; € E, let {z,} be the three-step iterative sequence with errors defined by (1.1) and
{kn}, {en}, {cn}, {cn} be four sequences satisfying the following conditions :

(1) Zf:l k'"' < 00,

(i) Y02 en <00, Do 6n <00, Y o7 Cp <00,
where {k,} is a sequence appeared in Definition 1.1 and {c,}, {&.}, {cn} are three
sequences appeared in (1.1). Then the iterative sequence {z,} converges to a fired point
of T if and only if

lim inf Da(zn, F(T)) = 0.

Proof. The necessity is obvious. Now, we prove the sufficiency. Suppose that the
condition liminf, oo Dg(Tn, F(T)) = 0 is satisfied. Then from Lemma 2.1 (a), we have

d(Znt1,7) < (1+kn)%d(@n,p) + by VP F(T), Y1EN, (25)

where h,, = b (1 +k,)0, + cnd(un, p) and 8, = b6, (1 + k. )d(wn, P) + énd(vn, p). Since
0 <bp,bn <1, 30  kp <00, .00 Cp < 00, Yooy Cn <00, Yo Cp < 00 and {wy},
{vn}, {un} are three bounded sequences, we have Y oo 6, < co and 50 Y oo ; hpn < 00.
From (2.5), we can obtain that

Dd($n+1, F(T)) < (1 + k‘n)st(iL‘n, F(T)) + hy.
Since liminf, 00 Dg(zn, F(T)) = 0, by Lemma 2.2, we have

lim Dy(z,, F(T)) = 0.
n-—00

Now, we will prove that {z,} is a Cauchy sequence. Let ¢ > 0. By Lemma 2.1 (b), there
exists a constant M > 0 such that

m—1 .
d(Tm, p) < Md(zn,p) + M > _ hj, VpeF(T), m>n. (2.6)

j=n

Since limp o0 Dg(zn, F(T)) = 0 and Y o | h, < 00, there exists a constant Ni such
that for all n > Nj,

€

)
€
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We note that there exists py € F'(T') such that d(zn,, p1) < 5357 It follows from (2. 6)
that for all m > n > Ny,

d(xm,xn) S d(mm,pl) + d(mn:pl)

m—1 n—1
< Md(any,p1) + M Y hj+ Md(zn,p)+M > by
i=N1 =N (2.7)

<MW+MW+MW+M6M

= €.

Since ¢ is an arbitrary positive number, (2.7) implies that {z,} is a Cauchy sequence.
From the completeness of this space, lim, o z, exists. Let lim, o Z, = p. It will be
proven that p is a fixed point. Let € > 0. Since lim,, . T, = p, there exists a natural
number N, such that for all n > Nj,

d(n, p) <

€
202+ k1)’

limp, o0 Dg(Zn, F(T)) = 0 implies that there exists a natural number N3 > N such
that for all n > N,

(2.8)

€

Dd(mn, F(T)) < '3(—4T3k—1)

Therefore, there exists a p € F(T') such that

€

2(4 + 3ky) (2:9)

d(meﬁ) <

From (2.8) and (2.9), we have

d(Tp,p) < d(T'p,p) + d(p, Tzn,) + d(Tz Ny, D) + d(p, Tn,) + d(zN,, D)
= d(T'p, p) + 2d(T'zn,, P) + d(z N5, D) + d(TN,, D)
< (1 +k1)d(p, ) + 2(1 + k1 )d(z N5, D) + d(2 N5, D)
+ d(z N, D)
< (1 + k) {d(p, zn,) + d(zng, D)} + 2(1 + k1 )d(2,, D)
+ d(z Ny, P) + d(zNs, D)
=2+ k1)d($N3, p)+(4+ 3k1)d($N3, P)

<2+ ]»1)2—("2—7) + (4+3In1)

24 + 3k )

= €.
Since € is an arbitrary positive number, this implies that Tp = p, that is, p is a ﬁxed
point. This completes the proof of Theorem 2.1. O

In (1.1), if by, = 0 and ¢, = 0, for all n = 1,2,---, then z, = z,. Therefore, the
following corollary can be obtained from Theorem 2.1 immediately.
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Corollary 2.1. Let (F,d,W),T and F(T') be as in Theorem 2.1. For a given 11 €
E, let {z,} be the Ishikawa type iterative sequence with errors defined by (1.2) and
{kn},{cn}, {cn} be three sequences satisfying the conditions (i) and (ii) in Theorem 2.1.
Then the iterative sequence {x,} converges to a fized point of T' if and only if

lim inf Dg(z,, F(T)) = 0.

n—o0

By using the same method in Theorem 2.1, we can easily obtain the following theo-
rem.

Theorem 2.2. Let (E,d, W) be a complete convex metric space, T : E — E be a quasi-
nonezpansive mapping and F(T) be a nonempty set. For a given z, € E, let {z,} be the
three-step iterative sequence with errors defined by (1.1) and {k.}, {cn},{cn},{cn} be
four sequences satisfying the conditions (i) and (ii) in Theorem 2.1. Then the iterative
sequence {x,} converges to a fized point of T if and only if

liminf Dy(z,, F(T)) = 0.

Theorem 2.3. Let (E,d,W) be a complete convexr metric space, T : E — E be
an asymptotically nonexpansive mapping and F(T') be a nonempty set. For a given
z; € E, let {z,} be the three-step iterative sequence with errors defined by (1.1) and
{kn}, {cn}, {n}, {cn} be four sequences satisfying the conditions (i) and (ii) in Theorem
2.1. Then the iterative sequence {z,} converges to a fized point of T if and only if

lirgl_}inf Dy(zy,, F(T)) =0.

Proof. Since F(T) is a nonempty set, by Definition 1.1, an asymptotically nonexpansive
mapping is asymptotically quasi-nonexpansive mapping. Thus, the conclusion can be
obtained from Theorem 2.1 immediately. O

From Theorem 2.1, we can also obtain the following result for the Banach space.

Theorem 2.4. Let E be a real Banach space, T : E — E be an asymptotically
quasi-nonezpansive mapping satisfying the condition (i) in Theorem 2.1 and F(T') be
a nonempty set. Let {z,} be the three-step iterative sequence with errors defined by

(1 € E,
$n+i = QpTn + bnTnyn + Cnlin,

Yn = GnTn + b_nTnzn =+ CnUn,

| Zn = dpZn + b T™z, + Gwn, VneEN,
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where {un}, {vn}, {wn} are three bounded sequences in E and {an}, {bn}, {cn}, {dn},
{6}, {cn}, {dn}, {b }, {¢.} are nine sequences in [0,1] satisfying a, + b, + ¢, =
Gn+bp+Cr = dp+by+6, =1,Vn € N and Y o 1Cn <00, Yoo & < 00, Yoo 1 Cp < 00
Then the iterative sequence {mn} converges to a fized point of T' if and only if

liminf D(z,, F(T)) =

where D(y, S) = inf{|ly — s|| : s € S}.

proof. Since E is a Banach space, it is a complete convex metric space with a convex
structure W(z,y, 2 : a, §,7) := az+0y+7z, for all z,y, 2z € F and for all a, 3, € [0, 1]
with a + 8 + v = 1. Therefore, the conclusion of Theorem 2.4 can be obtained from
Theorem 2.1 immediately. . (]

Remark 2.1. (1) Theorem 2.1, 2.2 and 2.3 are three new convergence theorems of
three-step iterative sequences with errors for nonlinear mappings in convex metric
spaces. These three theorems generalize and improve the corresponding results of [7-9]
and [1-3, 5, 11, 14].

(2) Theorem 2.4 generalizes and improves the corresponding results of Kim et al. [6],
Liu [8, 9] and Xu-Noor [14].
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