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Competition Model (FE D% & HEH)
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1. MERER

i R* _FOBMER D ROZF 0 LoERKEEREK f BExbh L&, &
Gl =5
(#) xn+1=f(xn—lvxn)’ (x-l, XO)ED (n=0, 1; 29 "')
ko TEZLNBEH {(x):. , ORBIBNEMETIZLREETHA .
42T Gibbons-Kulenovic-Ladas [1] 13, BOBATMELEETIEN HERX :

n—1

X
Xnr1 = T+x X_1,%>0, (n=0,1,2, -)

O {x} OHIZENBIRT D SONBFETHPEVSHEEREI L. HES.
Stevic [2] 12 Z ORIEA B ENICHE, Hizb - & —ROESHERX :
' ;‘(x') X %>0 (n=0,1,2,)

OBEITHEE LTz, BIERAIZHE Iz —DES SR
Xps1 = f(xn—-l’ xn)s X_ys x0>0 (n = Oa 1, 2s "') .
DBELIZ EOBERER L. Stevic £V b o EIEWEREZHRTVS (OUEK 13| /).
LZAT, ZRHORERIZ D=[0,) x[0,) DFETHY. ERBED HRAZ

EHELEV. TRTIRENFER@® 2ERAERRZL LHSIERHRRAMERE £
O _EOEEEBEGBBOEIET D 20 5 FEMEPT LA > TL 5o BAIET
wEC—amE B L. RRETLOMER Rz o2 AN peE5x25.
OFHBEEHD THEOBANE LEETILEORTH S,

Xyt =

2. —RRiE

0D % R* LOBMER. f % D ETEHE SN T ORM 2ot SR

feRRf L 45 .
@) (y, f(x,y) €D foreach (x,y)ED;

(b) f(x,y) <x foreach (x,y)ED;
(c) If (x, y) €D and f(y, f(x, y)).< f(x,y),thenx = y.
ZDEE, HAZRRIC L > TERENBIHRBIBNIET] {x,} OBREZER

35 :
(l) x,,+,=f(x,,‘_,,x,,), (-x—l’xo)ED (n=0a 1, 2; "')

HF () 1IT & o TZ OEFNL "well-defined” THDZ LIZERT S, RiZa=x,,
b=x,,x,=x(ab) (n=1,2,-) L &5, #£->T {x,a,b)} &Y x =a,
x,=b BWETESFER ) OERTZ LIRS, Bz x, 3EEE (,b) &F
2D FORKEEEERE RaTENTES, LZAT. &4 0 385 {x,} &
O {xy_ 1} BEFABRDPITHEZ L8, #oTp=limx, BD q=limx, &
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BLZERTED, ZHEBBS {x,} BPKT 2720 OBE+2EMIE -0<p=g
Thd. 2ZTp,q% D ODEBLEEZD L., ROX S RBENHRIZEREENS -
(2) Is there (a, b) € D such that — © < p(a, b) = g(a, b) ?
ZOMEEBLTZDIROL S REBEEALLS ¢
A;={a€R:b< f(a,b) forsome b E R with (a, b) E D},
B;={bER:b< f(a,b) forsome a ER with (a, b) E D},
Cby={a€ER:b=f(a,b) and (a,b)ED} (bER),
Dfa)={bER:b=f(a,b) and (a,b)) ED} (¢ER).
;gg EHAIX. HDE&HOD L THEQ CHENMEEFZDRDE 5 2R
1Theorem l. (i) Let a € A, be such that {(a,v) ED:a<v} = and Dfa) is lower
bounded in R. Then there exsits a solution {x,} of the equation (1) such that
a=x_zxzx zx,z-z0.
(ii) Let b € B, be such that {(u, b) €ED : u < b)} » & and C (b) is upper bounded in R .
Then there exists a solution {x,} of the equation (1) suchthat x_ 2b=x;2x,2x,2 -+ 20.
Outline of Proof. Let a € A, and b € B, be such that D(a) is lower bounded in R,
{(@a,vyED:a<v}= T, CLb) is upper bounded in R and {(4,b) ED:u<b)} = . For
eachn=-1,set
D(*,b)={(w,B) ED(* ,b): x,(u, b) = x,, (s b)} ;
D(a,-)={(a,v) € D(a,"): xa,v) 2 x,, (a,V)},
where D(+,b)={(u,b)ED: uE€ER} and D(a,*)={(a,v)ED:vER}. Then D,( -, b)
isaclosed setin D(+, b) and D,(a, *) is a closed setin D(a, - ). Note that
(3) D,,(,b)CD,(-,b) and D, a,-)ED,a,").
Now set
D'(-,b)=D,(-,b)ND,, (:,b) and D(a,*)=Da,")ND,, (a,*).
Then D"( -, b) isaclosed setin D( -, b) such that |
| D™'(-,b)2D'(",6) 2D*( ", b) 2
and D"(a, - ) is a close sets in D(a, ) such that
D '(a,")2D'(a,")2D%a, )2 -
by (3). Note that D*'*'(-,b) # & and D**'(a,*) = J. Since
D 'a,-)CD_(a,")={(a,v)ED(a,):azv},
it follows that D™ '(a, - ) is upper bounded. Also since
D a,-)C Dya,")={(a,v)VED(a,-):vE D{a)},
it follows that D™'(a, - ) is lower bounded and hence bounded. Since
D'(-,6)CD_\(-,b)={(u,b)ED(,b): u=zb},
it follows that D™'( -, b) is lower bounded. Also since
D'(-,b)C Dy, b)={(u,b)E D(- D) :uECYb)},
it follows that D™'( -, b) is upper bounded and hence bounded. By the Heine-Borel covering
theore;n, we have

@ 1 D"'@a-)=2;

5) ﬁl D¥*'(- =D,

F';r—lz;lly, we can easily see that (4) implies the assertion (i) and that (5) implies the
assertion (ii). Q. E.D. '
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@) (y, f(x,y)) €D foreach (x,y)ED;
(b") f(x,y)zx foreach (x,y) ED;
(c) If (x,y) €D and f(y, f(x,y) = f(x,y),thenxsy.
TDEE, HABZRAC K - TER SN D IEHRBIFNES] {x,} DBUREZZE

15
(1‘) Xnsi =f(xn—l’ xn)’ (x_l’xo) € D (n = O’ 1, 2a "')

3 @) 1T & 5 TZ OB "well-defined" TH D Z LICERT D, RiT a=x_y,
b=x,, x,=x(ab) (n=1,2,) 2L XS, #-T {x,a b)} ZHHEME x_,=a,
Xo=b BT ENFRR () ORERT I LIZRD, BT x, 3EBE (a.b) LT
% D bOEBEEGEREE L RAdTHNTES, LZAT. &4 O)ITEI {x} &
O {xy,_,} DEFAEMITHEZ LE2EL, E-Tp=limx, HDg=])imx,_, &
BLZENTED, FRHEF {x,} BBKRT DD DOBEFDFEBT p=g<e T
»B, £ZTp,q %D OBKLEZD L. ROX S REENHRICEREIND :
(2" Is there (a, b) € D such that p(a, b) = g(a, b) < ®?
ZOMBEEBL TeDIZROEL S BRRTEEAL LS ¢
A;={aER:b> f(a,b) forsome bE R with (a, b) € D},
B,={bER:b> f(a,b) forsome a €ER with (a, b) €E D},
C{b)={aE€ER: b= f(a,b) and (a,b) ED} (b ER),
D}(a) ={bER: b= f(a b) and (a,b)E D} (aER).
éggéﬁku‘&5%#@%&?%%@3mﬁi%%géﬁiém@;5&ﬁ%
i : '
Theorem 2. (i) Let a € A, be such that {(a, v) € D: a>v} = & and D(a) is upper
bounded in R. Then there exsits a solution {x,} of the equation (1') such that
A=X | SXgSX SX S,
(i) Let b € B} be such that {(u, b)) € D : u>b)} = & and CAb) is lower bounded set R.
Then there exists a solution {x,} of the equation (1) suchthat x_; sb=x,sx; S X, < ==~ .

EORBOIRIZ 1) OHELELFARIZLTRENS.

B a>0,B>1 2R LT, ROEEEEGEREE f U2 DOAM®EK D, D_
EZD .
Px
1) = oy ®Y=0),

D,={(x,y) E10,®) x [0,): x+y= L1}

D.={(x,y) €10, ) x [0,) : x+ys L1}
TDEEROHERINETHENTE S,
Lemma 1. (i) (y, f(x, y)) € D, foreach (x,y) €ED,.

@) (y, f(x, y)) € D_ foreach (x,y) € D_

(iii) f(x, y) = x foreach (x,y)ED,.

(iv) f(x, y) = x foreach (x,y)E D_.

) If (x,y) €D, and f(y, f(x,y)) < f(x,y),then x=y.

(vi) If (x, y) €ED_ and f(y, f(x,y)) = f(x,y),then xsy.
LOWERP S, BAIIM (D, f} KD, f} BENTNANHER ¢) ZEETHE
BHLY., BB f IZLIDREEHE2HMETZ L5,

ITROESRIAEFEZEALLS
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A;={a€R:b< f(a,b) for some bER with (a,b)ED,},
B;={bER:b< f(a,b) forsome a ER with (a,b) ED,},
Cib)={a€ER:b= f(a,b) and (a,b)ED,} (bER),
Dia)={bER:b= f(a,b) and (a,h) ED,} (@ER).
ZDLEROHEEEINHTIENTE S,

o a+_(B-1 pe_1a B

Lemma 2. (i) Af"(—‘f&-9 °°). (i)B;=[0,g).

Lemma 3. Let b=0. Then

(i) CHb) = [0, ©) whenever g <b.

. -1 b(1 + ab) -1
(i) Cy(b) = [ﬁa - b, B ob whenever ﬁza sbhb< g,
~1
(iif) Cj(b) =D whenever 0= b < %—-&— .
Lemma4. Leta=20.
1+ aa)’ +4afa - (1 + aa) -1
(i) Dj(@) = [\/w Zaﬁ ; ) whenever ﬁ2a sa.

(ii) D}'(a) = [Ea— -a, °°) whenever ﬂ2a >az20.
FOREE LA Theorem 1 AHROEBLIAFTHZ LB TE B,

-1
Theorem 3. (i) If —ﬁz—a—— < a , there exsits a solution {x,} of the equation

- ﬁxn—l —
Xpe1 = 1+a(x, I+xu) (n—-O, 1’29 ")
-1

such that @ =x_, 2 X,2 X, 2 X, 2 -+ with lim x, =5~

1
(i) If E—— <b< E , then there exists a solution {x,} of the equation

—_ ﬁxn—l —_
Xpv1 = 1+a(x"_‘+x") (n"oa 1,23"')
-1

suchthat x_, =zb=x,zx 2x,2 - with lim x,="5—~
WIZETOHEZEALLS ¢
A;={a€R:b> f(a,b) forsome bE R with (a,b)E D},
B;={bER:b> f(a,b) forsome a ER with (a,b)E D},
Cib)={a€ER:b= f(a,b) and (a,b)ED_} (bER),
Dia)={bER:bsf(a,b) and (a,b)ED } (aER).
TDEEROMEELIAATIENTED,
Lemma5. (i)A7=]0, %——3). Giiy B7=(0, 1

Lemma 6. LetOsbsﬁ 1 . Then
. b(l + ab) -1 -1
(i) C4b) = [ B_ab ﬁa —b] whenever 0 < b < ﬁZa )
(i) C}(b) =& whenever ﬂz_al <bs ﬁ; L .
Lemma?7. Leta=0.

1 *+4apa - (1 _
(iyDia) = [0, Y1+ a0 +23ﬁq (1+ aa)] whenever 0 <a = ﬁZal

i it =[o, 2 S iy

- a] whenever P <as
20,

EOFHREE L HIHID Theorem 2 2 HRDEHEIHTHZ LB TE B,
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Theorem 4. (i)If 0<a< %—— , there exsits a solution {x,} of the equation

- Bx, -
Fns 1 =TT alx,_, +x,) (n=0,1,2,-)
B-1

suchthat a=x_ | Sx,SX SX, < s —5

-1 .
3o > then there exists a solution {x,} of the equation

—_ ﬁxn—l —
x"+]_ 1+a(‘xn—l+xn) (n—-o’ 1,2, )

(i) If O<b<

a
Remark . Let a=x_, and b =x;. We see easily that

O If (a,b)ED, anda+b—p_—1 then x,,_,=a,x,=b (n=0,1,2, ).
(iDIfa= 0and0<b<ﬂ (resp. E———l<b) then x,,_,=0 (n=0,1,2, -:+) and

suchthat x_ zb=xy<x,sx, s+ <

X .
x2,,=——b’;~— forn=1,sothat b=x,<x,<x,<- (resp. b=ux,>x,>x,> ) with
1+ax2n—2 -
. B-1
Him, X, =g

ﬁ (resp ﬁ———1—<a) then x,,=0 (n=0,1,2, ---) and

(iif) b=0 and O <a <

ﬁ 2n-|
Xome1 =
U1+ axy,
p-1
with lim Xy, = —a -

n—>®

B51%17 Theorems 3 and 4 IZE L TR D & 5 RO DOFEE VTR,

P ()Let (@, H)ED, and x,,, = 1+a€; ,+x)

Then {x,} convergesifandonlyif azbzx, 2x,2 _
— ﬁxn— 1 — — — .
(2) ]_zet (a, b) E D_ and x/,+| - 1 + a(.x"_| +x”)9 x..] =a, -x() - b (n = O) 19 2; )- Then
the sequence {x,} convergesifandonlyifasbs<sx sx,s

(3) The set of all (a, b) € R? such that a, b = 0 and the sequence {x,} defined by -

fornzl,sothata—x_,<x,<x3 e (fESp. A= X_ D> X > Xy > )

Xar1 = T3 a/?;""_,_ Xy 1= K= b (n=0,1,2, ) converges denotes a C* -curve in
R2 n-1 "
BE R
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