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Abstract

We show that the monoid of all n x n upper triangular boolean
matrices has no finite identity basis whenever n > 3. The identities of
its submonoid consisting of matrices in which all diagonal entries are 1
possess a finite basis if and only if n < 4.

1 The finite basis problem for matrix monoids

An algebra A is said to be finitely based if all identities holding in A follow
from a finite set of such identities (an identity basis of A); otherwise A is
called nonfinitely based. While every finite group is finitely based (Oates
and Powell [5]), among finite monoids there exist nonfinitely based ones.
The first example of a nonfinitely based finite monoid (due to Perkins [6])
was the Brandt monoid Bl formed by the six matrices

69 (9 (9 6D 6 69 o

under the usual multiplication of n X n-matrices:

(o) () = (000 ®
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We have not yet specified where 0 and 1, the entries of the matrices in (1),
come from and how they add and multiply. In fact, there is a certain degree
of freedom here: since the above matrices have at most one non-zero entry
in each row, the multiplication (2) works just the same provided that the
symbols 0 and 1 obey the following rules:

00=0-1=1-0=0+0=0, 1.1=140=04+1=1,  (3)

whereas the value of the sum 1+ 1 does not matter at all. Therefore, one
may conveniently think of Bj as of a submonoid of the monoid Mo(F) of
all 2 x 2-matrices over an arbitrary field F and, in the same time, as of a
submonoid of the monoid %, of all binary relations over the 2-element set
because the latter monoid can be identified with the monoid of all 2 x 2-
matrices over the boolean semiring & = ({0, 1};+, -) in which the operations
satisfy the rules (3) and in addition 1 +1=1.

The twofold nature of Bi is important in view of Sapir’s powerful re-
sult [8] revealing that this monoid is inherently nonfinitely based. We recall
that a finite monoid is said to be inherently nonfinitely based if it is con-
tained in no locally finite finitely based variety. Since the variety generated
by a finite monoid is locally finite, every inherently nonfinitely based finite
monoid automatically is nonfinitely based; moreover, if the variety var M
generated by a finite monoid M contains an inherently nonfinitely based
monoid, then M itself is inherently nonfinitely based and so M is non-
finitely based. Therefore the fact that Bi is inherently nonfinitely based
immediately solves the finite basis problem for both the monoid My (F) of
all n x n-matrices over a finite field F and the monoid %, of all binary rela-
tions over the n-element set: for n > 2 these monoids are nonfinitely based.
(Indeed, one only has to take into account that if n > 2 then Mnp(F) and
B, contain submonoids isomorphic to #5(F') and respectively P, , whence
they both possess submonoids isomorphic to B% —then Sapir’s theorem ap-
plies.) An alternative proof of this result which does not depend on the
notion of an inherently nonfinitely based monoid has been published in [12];
again, this proof is a byproduct of a more general approach.

Since a complete solution of the finite basis problem for full matrix
monoids has been found, the next logical step in the general programme
of classifying finite monoids with respect to the finite basis property may
consist in investigating certain distinguished submonoids in .#,(F) and
%,,. Here the monoids of triangular matrices naturally come into the play.
Let Z,(F) denote the submonoid of all upper triangular matrices in M (F)
and let Z%,, be the monoid of all upper triangular boolean n x n-matrices.
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In [14] we have studied and partially solved the finite basis problem for the
monoids J,(F) where F is a finite field. We note that these monoids gen-
erate varieties which do not contain the monoid Bl so Sapir’s result does
not apply here; neither does the approach from [12]. Nevertheless, we have
proved that Z,,(F) is nonfinitely based (and even inherently nonfinitely
based) provided that [F'| > 2 and n > 4. The cases when the field F' has
precisely 2 elements or when |F'| > 2 but n = 2,3 still remain open; we can
only prove that under these conditions the monoid 7, (F’) is not inherently
nonfinitely based but we do not know whether or not it is finitely based.

The first main result of the present note is to some extent similar to the
cited result of [14]: we show that the monoid J4%, is nonfinitely based (and
even inherently nonfinitely based) provided that n > 4. The reason behind
this fact is that in the boolean situation the monoid Bj does belong to the
varieties generated by the monoids of triangular matrices of sufficiently big
size. Again, in the cases when n = 2,3 we only know that %, is not
inherently nonfinitely based but we do not know whether it is finitely based.

Our second main result solves the finite basis problem for a closely related
family of submonoids in %, , namely, for the monoids % 7%, of all upper
unitriangular boolean mn x m-matrices, that is, upper triangular boolean
matrices in which all diagonal entries are 1. We show that the monoids
U TR, are nonfinitely based whenever n > 5 and provide an explicit finite
identity basis for each monoid 9%, with n = 2,3,4.

For the sake of completeness we mention that the monoids of all upper
unitriangular n X n-matrices over a finite field F' are finitely based. Indeed,
these monoids are groups, and Qates—Powell’s theorem [5] applies.

We summarize this mini-survey of the current state of art in studying
the finite basis problem for finite monoids of matrices in the following table.

Table 1: The finite basis property of some finite monoids of n X n-matrices

The underlying Type of matrices:

structure: arbitrary triangular unitriangular
: nonfinitely based

a finite nonfinitely if |F|>2 and n > 4; | finitely based

based
field F' for all m > 2 unknown foralln > 2
- if |F|=20orn=2,3

nonfinitely nonfinitely based

based if n > 4;

for alln > 2 | unknown if n = 2,3

nonfinitely based
if and only if n>5

the boolean
semiring %
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The reader who wants to place the results listed in Table 1 into a broader
context can find a comprehensive report on the finite basis problem for finite
monoids in [13].

2 The identities of the monoid 4%,

Theorem 2.1. The monoid T8, is inherently nonfinitely based if and only
if n>4.

Proof. First observe that for each n > 4 the monoid J%, contains a
submonoid isomorphic to J%,. Therefore, as explained in Section 1, it
suffices to verify that the Brandt monoid Bj belongs to the variety var 7% .
Consider the submonoid B in %, generated by the following two matrices:

1100 1010
_looo| o, _lo0o0 0]
0000 000 1
000 1 000 1

Since for each matrix ('yij) € B one has 731 = 44 = 1, the set [ of all
matrices (52-:,-) € B such that d;4 = 1 forms an ideal in B. A straightforward
calculation shows that, besides a, b, and the identity matrix e, only the
two matrices

1010 1100
1o o o1 oo o0 o
ab=10 00 o| 2 =159 0 1

0001 000 1

belong to B\ I. This allows one to organize the following bijection between
B\ I and the set of non-zero matrices in Bj:

S L0 ale‘o dn (O 5 (0 0) (00
0 1/’ 00/’ 0 0/’ 10/’ 0 1/’

and one easily checks that this bijection extends to an isomorphism between
the Rees quotient B/I and the monoid Bj. We see that Bj turns out to be
a morphic image of a submonoid in F%4 whence Bi belongs to the variety
generated by J%,.

It remains to verify that the monoids J %y and T %3 are not inherently
nonfinitely based. Since %, embeds into I s, it suffices to consider the
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latter monoid. With a little help of a computer programme, we have checked
that J %3 satisfies the identities

=2 and (ey)’(y2)(ay)® = (2y)°.
Clearly, the first of these identities fails in any non-trivial group, and the

second one can be shown to fail in the monoid Bi: just substitute (8 0)

1 8 for y. Hence the variety var %3 contains neither Ba
nor non-trivial groups. From [9, Theorem 2] we conclude that the monoid
T %3 is not inherently nonfinitely based. n

for z and (0

Remark 2.1. The monoids J%,, have been extensively studied by Pin and
Straubing [7]. Using the techniques of formal language theory, they have
proved that the pseudovariety generated by these monoids coincides with
the well known pseudovariety PJ generated by power monoids of _# -trivial
finite monoids. Since the Brandt monoid Bj is known to belong to PJ (see,
for instance, [1, Section 11.6]), this result implies that Bl belongs to the
variety var %, for some m, and thus, the monoids %, with n > m are
inherently nonfinitely based. Our direct and rather simple approach gives
the exact value of this m, namely, m = 4.

3 The identities of the monoid‘ UTA,

We obtain the main result of this section by identifying the collection of all
identities of the monoid % 7%, with a set of identities previously studied by
Blanchet-Sadri [2-4]. Let us first define the latter set. We fix a countably in-
finite alphabet ¥ = {z,y, 2,t,z1,%2,...,¥1,¥2,- - }; as usual, X* stands for
the free monoid over X. If u,v € X* are two words, we say that u is a scat-
tered subword of v whenever there exist words u1,. .., Un, Vg, V1, ..., Un_1,Vn €
3* such that

U=1Uy U, and v = vguUiV1-"*Un—_1Un¥n;

in other terms, this means that one can extract u treated as a sequence of
letters from the sequence v. We denote by Ji the set of all identities u = v
such that the words u and v have the same set of scattered subwords of
length < k. Clearly, we have

J12J32- DT 2....
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Blanchet-Sadri [2-4] has established the following facts about the identity
sets Ji:

Proposition 3.1. a) The identities
=z, zy=yx (4)

form a basis of the set Jy.
b) The identities

syzsz = ayzz, (oy)’ = (y)’ (5)

form a basis of the set Jo.
c) The identities

a:y:z:zz:z: = TYT2T, a:yz:cgtz == a:y:xzmztz, zy:c2zt:c = zyac2z:1:ta:,
3 3
(zy)” = (yx) (6)

form a basis of the set Js.
d) The sets Ji with k > 4 are not finitely based.

It should be stressed that speaking about identity bases we always mean
bases in the sense of monoid identities. For instance, we have not included
in the above base for Jo the identity z3 = 22 (which certainly belongs
to Jo) because in the monoid setting it can be deduced from the identity
ryzze = ryzr by substituting 1 for y and 2. However, as observed in [13,
p.173], the property of a monoid to be finitely based or nonfinitely based
does not depend on using the semigroup or the monoid deduction rules.

The following proposition relates the identity sets J, and the monoid

UT By, :

Proposition 3.2. For each positive integer k, the set Ji coincides with the
set I, of all identities holding in the monoid U TP 1 -

Proof. In order to prove the inclusion Iy C Ji we use an argument due
to Straubing [10]. Given a word w = z1 - Ty Wwith z1,...,2m € ¥ and
m < k, we define the morphism ¢, : ©* — %7 %41 by the rule

1 ifi=j,
(Tpy)ij =4 1 ifrx=2x;and j=1i+1, (7)
0 in the other cases.



211

For instance, if w = zyxz and k = 3, then

1100 1000 1000
oy =0 L OO 0L L0 o, =01 00
00 1 1f 001 0] 0010
0001 000 1 000 1

for all letters z # x,y.

Lemma 3.3. For each word v € ¥*, the word w is a scattered subword of v
iof and only if (wpw)lmH =1.

Proof. Let v = y; -y, for some y1,...,yn € X, and let yspy, = (az(;))
Then, using the multiplication rule (2) n—1 times, we arrive at the following

expansion of the element (vcpw) Lmal’

_ 1 @ ()
(vow) 1 pys = > 01 Q5,0 g (8)
1<j1<me 1 STt

If w=2x; - 2, is a scattered subword of v, then there exists a sequence
1<s;<:-+< 8y, <n such that z; = y,, for every i =1,...,m. Then all
factors in the product

(1) (s1=1) (s1) (s1+1) (s2-1) (s2)

Qyp - Gyp Qqp Qg TtQgy Qg
o (smar ) L (sm~1) (8m) (smtl) ()
O‘m?n O‘mzrln, Cl‘m'nH-lO[m—{»lm-H am-{-lm—{-l (9)

are equal to 1, whence the product itself equals 1 and so does the sum in the
right hand side of (8) of which this product is one of the summands. Thus,
(vapw)lm+1 =1.

Conversely, if (vgow) Ima1 = b then at least one of the summands in the
right hand side of (8) is equal to 1. Let

(1) (2) (n) —
X151, ¥nge " Fgpoamtl T L.

By the definition of the mapping ¢, , we have az(;) = (0 whenever i # j,j+1.

Therefore the increasing sequence jo =1 < j1 < ++- < Jp-1 S m+ 1=J,

contains exactly m “jumps” of the form j. < jr+1 = jr + 1. If we denote

by si, i = 1,...,m, the position of the *"® such jump, then the product
oz%i ozg;-z S Ozg:)_ m+1 can be written in the form (9), and since all the factors

O‘z(?:t)-l are equal to 1, we conclude from (7) that ys, = z; for every ¢. Thus,
w =TIy 1s indeed a scattered subword of v = y1 - Yn- ]
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Now in order to prove that I C Ji, take any identity u = v holding
in the monoid 9 %By+1. Then uwp = vy under an arbitrary morphism
0 X — YTPBri1. In particular, upy, = vy for every word w € ¥
of length m < k, whence (u<,0w)1mJrl = (Ugou,)lmH. By Lemma 3.3, the
latter equality means that w is a scattered subword of u if and only if it is
a scattered subword of v. Therefore the identity u = v belongs to set Ji.

The converse inclusion Ji, C I, amounts to saying that for every identity
v = v in Ji and for every morphism ¢ : ¥* — % T %)+1 one has

(U‘P)em = (“‘P)em

for each £ < m. By symmetry, it suffices to verify that (wp) om = 1 whenever
(mp)em = 1. Thus, consider v = y; - - -y for some yi1,...,yn € X, and let

Ysp = (ag)). Then

_ (1) _(2) (n)
(U(p)tfm - Z g Qj) 3o Qs 1mo
<1< <gn-15m

and since the sum on the right hand side is equal to 1, one of its summands

is equal to 1. Let the product ag.z aﬁ} , 'O‘;:)_lm be such a summand. The
number p of “jumps” j, < jr4+1 in the increasing sequence jp = £ < j; <
o+ < Jp_1 < m = j, does not exceed m—¥¢ < (k+1)—1=Fk . If we denote
the position of the i!” such jump by s; and its increment j.+1 — jr by d;,

i=1,...,p, then the chosen product can be written as

(1) _(s1—1) (s1) (s1+1) (s2—1) (s2)
Qyy Opp "CQp ol Cpidyb4dy " Xotdy 04d; Ptdy 0+di+dy

(S$p-1+1) ‘a(sp—l_l) (sp) a(SP+1) cooolm)

CCm—dym—dy, " %m—dp, m—d, Ym—d, mO¥mm Cmm>

whence we conclude that

(s1) __ _(s2) _ _ (sp) _ 4
Q, f+dy C“£+d1 L4di+dy — T T amzdpm = 1. (10)

Consider the scattered subword ys, ys, - - - ys, of the word v. Since the length
of this subword is < k and since the identity u = v belongs to Ji, the word
u also has ys,¥s, - -+ Ys, as a scattered subword. Thus, we can write u as

U = UQYs ULYs U2 * * Up—1Ys, Up
for some suitable words ug, u1,...,up € £*. Therefore the entry ('u,cp) P of

the matrix up has in its expansion the summand

(uo)lé’ags;-)l-dl (ul)i+d1 f+dy aéji%l l+di+dy (up_l)m.~dp m—dpagf—)dp m (up)mm
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which is equal to 1 in view of (10) and of the fact that all diagonal entries
of matrices in % F %41 are 1. Hence (up) om = 1 as required. (]

From Propositions 3.1 and 3.2, we immediately obtain

Theorem 3.4. The monoid % TR, is nonfinitely based for all n > 5. The
monoids U T By, UTHBs, and UTRB4 are finitely based, and the identity
systems (4), (5), and respectively (6) may serve as their identity bases.

Remark 3.1. It is fairly easy to see that for each n the variety var % 7%,
contains neither BJ nor non-trivial groups whence none of the monoids

UT R, are inherently nonfinitely based by [9, Theorem 2].

Remark 3.2. The approach used in our proof of Theorem 3.4 can be also
applied in order to provide a partial answer to Problem 6.3 in [13], namely,
to solve the finite basis problem for the monoids %, of order preserving
and decreasing transformations of a chain with n elements. (Recall that
a transformation a of the chain (X, <) is called order preserving if i < j
implies {.a < j.a for all 4,7 € X and decreasing if i.o. < ¢ for every i € X .)
It can be shown that the monoid %, satisfies precisely the same identities as
the monoid %%, , and therefore, %, is finitely based if and only if n < 4.
The proof of this result will be published elsewhere.

Remark 3.3. Using Simon’s celebrated characterization of piecewise testable
languages, Straubing [10] has shown that the monoids % 9%, generate the
pseudovariety J of all ¢ -trivial finite monoids. This nice result, however,
does not seem to shed any extra light on the finite basis problem for the
monoids %%, (compare with Remark 2.1).

Remark 3.4. Straubing and Thérien [11] have observed that the monoid
U T %y admits the following compatible partial order: (ay;) < (8;;) if for
i,j either a;; = B;; or ay; = 1 while f#;; = 0. On the other hand, from their
elegant proof of Simon’s theorem [11, p.397] one can extract the following

Proposition 3.5. Let M be a monoid with a compatible partial order <
under which 1 1is the greatest element. If k + 1 is the length of the longest
chain in (M, <), then M satisfies every identity in the set Ji.

It is easy to calculate that the length of the longest chain in the monoid
U T By with the above ordering is + 1 so the application of Propo-
sition 3.5 yields that 7%, satisfies all identities in Jpn-1). Our Propo-
sition 3.2 shows that in fact % 7%,, satisfies all identities %n Jn—1 and this
is the best possible result.
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