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Stability of Standing Waves for Nonlinear
Schrodinger Equations with Double Power Nonlinearity
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1.
FHRETIE, FREY 2L T 1 v —FER
O = —Au — [ufflu — aful? 1, (t,z) € RH*" (NLS)

DEFEIE (standing wave) f# eto,(z) D VYT ) 7 DBRTORERIZONVWTER 5.
(NLS) i2BVT u=u(t,z) IERBEO XA, ac R, neN, 1<p<g<oo T,
n>3NL A, SHLITVRVTEE H(R) ICBTAEEREMEp < g < 14+4/(n—2)
ZIRET 5. BIEEK ¥, (z) I2BVT,w e RIBED/NRT XA=F5TH Y, e, (x) AF
(NLS) DRI % 57-81213, ¢, (z) T EHRIE

~Ap+wd— |9 ¢~ al|p|"'¢p=0, TER" (SP)

DIETLRITIUT % 5208, BTTR, ¢,(z) 1, w 2 1 DEEL & X, (SP) DIEH
BfED ) 6, ER B/ T 5 (BRIEREMR) THLH L T5. BEERREHRIIHIET S
TR BECEREBRL PRI LIZT 2. a=0 DA, (NLS) i3 ERELERT 5
AYEZEDEFNVERRAE L CTHA, BEEEERO ) YT/ 7RE®RICDONT
32 0 ERANCHARONTERIISH, > T W5 ([2, 6, 28] BE). 20#%, TS DK
RIS, S T4 - INF U HBRR L2 EUHRNENINVE Y RICHT A
VIEBOZEMICET 5 —#kiw L L T, Grillakis, Shatah and Strauss [16, 17] i2 % &
DHNTVE., KRETHE) a#0 OHEE, 2HKFHHEERL SBFROHEER
TV AER-ANFROEFNVFBRRL LT, a<0,n=p=3,¢=>5 DHPAD (NLS)
KHEbh L (FzIT (1), [27] BK).

Grillakis, Shatah and Strauss [16, 17] IZ £ > T5- 2 b N LBEMH - AEEHEDHE
FEZBIZLETFEBFIEL, BB LLTEERERLLE TR, LAL, &
RICENOMBICERT 2L 258, B, AANCHEIO L0 HETH B4
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%, RARTRPDLEICR B, a#0 DFED (NLS) ICBHRT 2 EREEERFED Y
Y7 TREBIINET (8,9, 22, 23, 24, 25, 26] LE TEEINTWA. 4L,
[22, 23] DFEREHFE L /-3 L & b 12, Grillakis, Shatah and Strauss [16, 17] IZ £ %
LEBD+HEH T EEEIO L ESNELZMEICHL T, LD L) 2ITRIFER
LNED, FOEBRDO—2EFAHL V.

2. MIEDRE
SOBE, VRV 7L HY(R) CBT25HREH p<g<1+4/(n-2) IH T
ANVF -
1 1 a
E(v) = -Z-IIVvII%z - mllvll’}ﬁl - mllvllﬁh
i3 H'(R*) EE&SH, ZOZMT (NLS) ¥ EX 52 LIRERTH 2.
(NLS) 12349 2 AI3ERMEI: HI(R?) KBV THEBINICENTS Y, BHiFE

FHED, TRVF - EHFH Q) = 5llvlls OREMIMY Lo LAASAT
V5,

Proposition 1.  ([5, 7, 15, 19] ) For any ug € H'(R"), there exist T > 0 and a
unique solution u(t) € C([0,T), H'(R")) of (NLS) with u(0) = ug such that T' = +o0,
or else T' < 400 and lthrTn IVu(t)||2 = +oo. Furthermore, u(t) satisfies

E(u(t)) = E(w), Q(u(t)) = Qu), t€[0,T).

RIZ, (SP) DEEREMZ EHRT L7010, fEH LTINS H(R") OB S,
e

w 1 w 1 a
Su(v) == E(v) + ‘gllvlliz = §||VU“%2 + 5“”“%2 - ml!vu'iﬁl - mnvll‘}ﬁl

LEHT D, ERME (SP) A S, A AT — T 77V akBR G, (9)=0¢
FETH 5 LICERET 5. |

Definition. (SP) DI EHHBELLOEE

{ve H'(R*): S,(v) =0,v #0}
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z X, TEL, BEEREREEOES
{peX,: S,(¢) < S,(v) forallv e A,}

z G, TEY.

(SP) DEERBMEDIFIEIL, MR £ 2, Concentration compactness % fvy
T,[3,4, 2] KL o TRENT WV B, |

Proposition 2. ([3, 4, 21]) Let

wp := sup {w>0: Y2 L.s-”““—-—aw—s""'1 <0 for some s>0}.
2 p+1 g+1 )

Then, G, is not empty for any w € (0, wy).

¢ € G, £3 5. [5] D Theorem 8.1.1 % [8] ® Theorem 2.4 & FHEIZL T,
limjg 500 {|¢u(2)] + |V ()]} = 0 R, r € [2,00) IKHL T ¢, € W (R?) 2L D
b DR DL, 610, BREREICEY, ¢u(z) >0,z € R* THHI LIS,

BRI, RERDERE S5 2 THL.

Definition. For ¢, € G, and § > 0, we put

Us(¢y) := {v € H'(R"): inf |lv—e?r,d,|lm < 5},

0€R yeR"
where 7,v(z) = v(z — y). We say that a standing wave solution ¢, (z) of (NLS) is
stable in H'(R") if for any & > 0 there exists § > 0 such that for any u, € Us(¢,,), the
solution u(t) of (NLS) with u(0) = u, satisfies u(t) € U.(¢,) for any ¢t > 0. Otherwise,
e“*¢,(z) is said to be unstable in H'(R").

3. BEHIO#ER
£ 0 =0 OBAITHT ZBMORRIIOVTHEICIED ES. T2bb,
iOu=—Au— |uf~lu,  (t,z) € R+ (NLS0)
BRUHIES 5 8 R |

~AY+wip— [P~ =0, zeR" (SP0)
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IOV TEZS. ZZT,neN,1<p<ooT,n>30LZIZZHITp<1+4/(n-2)
PIRETH. CDOLE, FED w> 0L T (SPO) DVHRL 72EM H(R) IZ/&
T B FAEBRMN R o, (2) —BRICHEEL, FARNMRL 2o T b (—EMHICEL
Tid [20) 28M). 610, BEEEERE e“lyu(z) i3, p <1+4/n DEEERD
w>0 IR LTEE (6] BHW) THY,p21+4/n DL EEEO w>0I1THLT
REETHSD (p>1+4/n OB 2, p=1+4/n OB 28] £ 5E). b
b,p=1+4/nid (NLSO) DEECHEEBROREN - AREEICETIBRAETD
52 2:753‘5}75‘2;. Grillakis, Shatah and Strauss [16, 17] 12 & 2 —#&& T3, REBR
UARRERICET A TR TFEERT L / VA Y THVWTEZLNA.
ThbH, O,)t2lomw >0 THNFEEBERBI w =w TRETHY, HI,
BulltullZelumw, < 0 THIUTHERIERERE v =w, TARETH 5. (NLSO) E 27—
Vs AV P-Dy(Az, A2t), A > 0, KL TARETH 255, ¥,(z) = w0 Dy (Jwz)
BB D, o2 = W ED2)y |2, BRY LD, Thph, w > 0 KED T,
p=1+4/n BHERBEICRLI LGN D, TRIIHLT, a#0 DHEIE, 2OLH
RATF—VAERIHEELZVOT, ERIZEDIHIC L2 /VvADHBEEE T
T Ewd, v ) HEPEL 5.

a# 0 DHEI, ||l PHEIRE BARKICTHRL 0 —KICIGHETSH 275, Ohta
[22] 13 n =1 DHFAIIE (SP) OHEIBINHET 52 L 2 FIAL T, |4.]13. & ABH
IZEHE L 7z (18] BEBH). $7:, Ohta i n=1 DFEITH/OLNLKERE, (23, 24, 25,
26] BV TERTZEMICIRL TV 525, REBZIEHL 2 [23] TR, w i ¢, B°
CY(0,wo), H'(RY)) TH B LR REL RN R bR h o7 E5IT, p<1+4/n
DEEIC, wBFNETNITREETERBILEIC LI LZRBLTVAEY, w0
DEE ||@|2, PHREIL 2255 0 ICPUET 2L HERRL 2 TV,

¥ 72, 37C [23, 24, 25, 26] 13 Davey-Stewartson system (ZB8¥ 2FR3C724%, LIk
BAEICED, a>0 D EREETERBORKEMNRELZ L2 ERL THL.
FRECIE, w e (0,00) 2D p> 1+4/n DFELw > 0BT TREL, p<1+4/n<gq
DHE, EEEEREBOARERIVZ 5.

DT ETRMIZL,acRnEN,1<p<qg<ooTn>30LEIZ
p<g<l+4/(n—-2) 2IRET 5.



4. TR

Theorem 1. ([12]) Assume n > 3 and p < 1+ 4/n. Let ¢, € G,. Then, there
exists w* € (0,wp) such that the standing wave solution €@, (x) of (NLS) is stable
in H'(R") for any w € (0,w*).

Theorem 1 1%, ¢, D w (ST 2WTTEMOEREZL L2 TH LY, 42,0108
i CEBBOF {wi} 2O TICHREELEBEBIREICRAI LN VLD, LI A
T Ohta (23] DEFEL 2> T\ 5. T/, Theorem 1 13 & ) —#A R IERLIHICH L
TREBIT & %. Theorem 1 DREM % EHT 2 DI L E L IR T B IREIC
DWTIE[12] ZBHL TIEL W, E512,a>0,n>3,¢<1+4/n T w HF+oKE
V58S Theorem 1 DFEHFELFAL L HICL T, BEEEEBOLERI VL 5,

n=20REFEARBHITHS. %¥% 5, Theorem 1 DIEBHIX, H L HIREHT &
B/MERIEE Z 2, £ DBR/METLO RS ERFRAT 2 A TITDR LD, n=2
DHEZEDR/METLYS (SP) DRI L B2 HE IR LRVHRLTH S (12 D
Lemma 3.2 (ii) £§&).

&T, BIEiTH~7: & 912, Grillakis, Shatah and Strauss [16, 17] O —#&FHiZHE -
T lguli2. DERE EERARLDIZESOHEIIIHBETSH 2D T, Theorem 1 Tid,
(NLS) ORFETH 2N TN —E0EME LT, =5 VF — K ¢,(z) KBV
TBAEZNERETHLEV ), RO+F&HEEHVS.

Proposition 3. Let ¢, € G,. If there exists § > 0 such that

(S (), v) 2 dl|v]|%n | (1)

for any v € H'(R") satisfying Re(@,, v)z2 = 0, Re(id,, v) 2 = 0 and Re(8;¢,,v)z2 =0
for | = 1,.--,n, then the standing wave solution e“!¢,(x) of (NLS) is stable in
HY(R").

COTFREE, w ITBEL TS T 5LEHN % {, Grillakis, Shatah and Strauss
[16, 17] D—BFRIZBIT 5 8,)|du]2: > 0 L D D SOMEICHEL Tw5b. T, 2D
i3 [17) O Lemma 4.5 L3P LB L2 BRRTBEZ . EBI, 17 @
Lemma 4.5 ¥ 4DHAITHEHRL £ 5 £ 32L&, Re(idy,, v)12 = 0, Re(Oidy, v) 2 = 0 for
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l=1,---,n &) ZMHid Re(id,, v)m = 0, Re(di¢,v)m =0forl=1,--- ,n IZE&
EWion, bL, COBEMI SN/LKHT Theorem 1 DAFZRE ) &FhiZ, B
TOSEICBOTHERT 2, du(z) D w T IEEEEIOVT, BIPLFELY
EZEFLECLLERbLS. ‘

Proposition 3 {281} % Re(¢y,v)2 = 0 &9 &3 (NLS) DR FEORFERIC
BARL TV 3. EEE, (Q'(6u),v) = Re(du,v)12 THB. 51T, S (¢%,) =0,0 € R
E S (Gul+3) = 0,y € K" 5, SU(B)idw = 0, SUB)AGu = 0, L =1, ,n
THAb. LIAH>T, Proposition 3 D (1) i3, v € HY(R") A% Re(idy,v)r2 = 0,
Re(8i9,, )12 =0,1=1,--- ,n BT, LW IHHRE L 23 TRELL Zv.

B#IC, v e HY(RY) I24L T vi(z) = Rew(), vo(z) = Imu(z) & BVTEMKEIC
(1) Rokdz&EL L,

(S10uI0,0) = (Lnavn,0) + (L ),
(s, ) = 1Vl +wllls =5 [ & @o@)ds = oq [ 67 @) do,
. R Rn

(Lawvz, v2) = [|Vs||72 + wllvzllZ2 —/R ¢} (x) |va(z) *dz — G/R ¢%7} (z) |v2(x) |? dz,
Re(¢w,v)L2 = (¢wav1)L2a Re(i¢w, 'U)Lz = (¢w; U2)L2,
Re(al¢w, ’U)Lz = (61¢w,v1)Lz, forl = 1, e,

L%,
5. EEH DI D LM

b € G, I2XFL T, dy(z) >0 DD Ly, =0 THSDT, Proposition 3 Z7R§ 7
DI, ROFHEE RV,
Lemma 1. Let ¢, € G, and p < 1+ 4/n. There exists wi > 0 with the following
property: for any w € (0,w}), there exists 6, > 0 such that

(L1, ) > 6] lv]3n
for any v € H*(R*, R) satisfying (v, ¢,)z2 = 0 and (v, 6¢¢W)L2 =0forli=1,---,n.

Lemma 1 2WHETH007 47T, ¢,(z) DEFEHFHNTEZHVT, w i
M52 d(z) DEEEB RN, REEN L P o TV IBRETOBTICHRESE
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HZETHAE 2%V, ¢,(z) ERAT—VERL -EHK
bu(z) = OV (VED), w € (0,w0)
REZDL, ¢(0) BUTOFBRR L W7
~A6y + by = |$u P by — aw@P/ED|G 171G, =0, z R

L7dtsT, R, w s 0DLE g ROFOHENBLLLIIICERZSL. =20
EEPL, w2 0DLE ¢,(z) ik a=0DHED (SP) D () iTH D DEKTIL
RIBDOTREWHPETFETEL. Lo T, BEEHEER et (z) 13 p<1+4/n
DEIRETHD BE BRHAOKERE BB) 0T, w>0dVNEVEE p<l1+4/n %k
HiX, (NLS) OEEEERE g, (z) BEBICRADTIRAVIEELON D, £
B UTOMEICLY, PUEMNVZ 5.

Lemma 2. Let n > 3, ¢, € G, and ¥,(z) be the unique positive radial solution of
(SP0) with w = 1. Then, for any sequence {w;} with w; — 0, there exist a subsequence

of {qzwj (z)} (still denoted by the same letter) and a sequence {y,;} C R* such that
Jim 16; (- + ) = il = 0 (2)

RIECERM ety () B p< 1+4/n DEEZRETH D L2 ALEL (BT 2
L, Lemma 2 2813 ¢,(z) DERMAKTS 5, a =0 DHAED (SP) O —FEMER
THFRIE o (z) 1HHE L 22 BB e 3

(L0,) = ol —p [ A @lo(a) da,
(L30,0) = ol — [ @l da

WKALTR, LToZ eimosntns,

Lemma 3. ([16, 17, 18])

(i) If p < 1+ 4/n, then there exists §; > 0 such that (L9v,v) > MIvHi, for any
v € H'(R", R) satisfying (v,41)12 = 0 and (v,0%)2 =0forl =1, ,n.

(ii) There exists d; > 0 such that (L3v,v) > d,||v||2, for any v € H*(R", R) satisfying
(v, %1)12 = 0. a
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Z® Lemma 3 VT, w —» 0 DERICHB VT Lemma 1 2737, TabbH, #E
1LV Ly, OEMEYEY BIRICBVTRT 2 & T Theorem 1 472 5.

> &, Pohozaev LA & MHEN LB KD & K, 2 LT TEHT 5.

1 1 1 1
K0 = (3= 1) 190l + 5ol = ool
. 1 1 1 1 o /(p—1) @
Ky(v) = (5 = 5) IVollzs + 5llvlizs - Im“”l B —wle/e l)mllvllﬁix-

ROFHED Lemma 2 ZRTODOREL 5.
Lemma 4. Let ¢, € G, and n > 3. Then we have,

(i) lim IVl = Vel (i) lim K7(s) =0.

Lemma 4 OFFBRICBL T, du(z) MBI &M & OR/MERE
inf{||Vv|} : v e H'(R")\ {0}, Ku(v) < 0}
DBMETETH B 2 &, R ¢y (z) 35
inf{||Vo[f: : ve H'(R")\ {0}, K?(v) < 0}.

DEMETETH B EEFHNT, do(z) & di(z) D/ NV AEBEVICHETSZ LI
£, (30 & (i) FEHINS.

E#D 7 47 713, Esteban and Strauss [11] i2 & 9, a = 0 DFED (NLS) DHHER
A BBAOEECERBORERDERIC, £10, K7V V¥ VREMH o2 a=0
DHAD (NLS) i2BNTHTTIIEREN T2 (Fukuizumi and Ohta [13] Z SH).
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