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Asymptotic Analysis of Confluent Hypergeometric Partial
Differential Equations in Many Variables

Hideyuki Majima, Ochanomizu University

1 Introduction

The confluent differential equation in one variable, known as the Kummer differential equation
d? d
zd_z?w+ (v - m)a;w - Bw =0,
is studied by several authors in various ways. Among those, the so-called Borel-Laplace-Ecalle method
is a powerful one, which is explained for example in [1]. This method is applicable to an analysis of the
Humbert confluent hypergeometric differential equations ®, in 2 variables
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w+y—é—§%w+(7—m)-ﬂw—ﬂw = 0,

and we can obtain formal solutions, asymptotic solutions and so-called Stokes multipliers (see [2], [3]).
It is also applicable to an asymptotic analysis of the Humbert confluent hypergeometric partial dif-
ferential equations in m(> 2) variables. Here, the author gives an overview of it.

2 Humbert confluent hypergeometric partial differential equa-
tions &p

The system of Humbert confluent hypergeometric partial differential equations ®p is as follows:

6%u 0%u du
wkm +1¢kalm + (v—zk)gz—k' - Bru=0,
where B (k =1,---,m) and % are not non-negative integers.

We consider this system in M = (P1(C))™. The system has irregular singularities on H = i, Hk,
where H, = P}(C) x --- x {00} X --- x P}(C).

For simplicity, let p be a point in H\ Uk;é,(Hk N H;), we consider the formal solutions and asymptotic
solutions to ®p near the point.
Proposition 1. We have (m + 1) linearly independent formal solutions. Among them, (m — 1) formal
solutions are convergent and 2 formal solutions are divergent.

Near a point (00, Z3,...,&y) With bounded z,...,2m,, we have divergent solutions of the following
forms R

exlel—’yv(ﬂliﬂZa s S;Bm’ Y2y xm»xrl))
and .
zl,ﬂlU(rBI’ ﬂ?; v ;ﬂmv Yy &2,y Tm, zl_l)

Here, we put
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with the polynomials

Pn(ﬁlv,@m---;ﬂm77v$2;"‘u$m)
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where 8771 (By, ..., Bn; Y= Br1—n; 2, Tm
variables with the parameter (f,,. ..

@m-l(ﬁz,...

s By — ,31 —n;za,---,xm)

E Z (7 b" Jz ) zg’ "m%;m!.

J2=0  jm=0

Br = 1) jat ot J2!

In the above, we use the Pochhammer symbol (b), = (b+ 1) --- (b+ s — 1).
Proposition 2. The divergent formal series

V(ﬁl:ﬂzs . 'aﬁm)7’w2) Tt »wmsml—l)
and A

U(ﬁl:ﬂz) -~-xﬁm;71$2y“‘;wm;x;1)

are of Gevrey order 1 as £y — oo uniformly on a bounded domain D in the (z,,...,

Z,, )-space.
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) is the Humbert confluent hypergeoetric function in (m—1)

7/3m;7_ﬂ1 "ﬂ),

Definition. For a formal expression e’*z]*p(z) with a complex number p, a non-negative integer A

and a formal series p(z) = Y o cn(z2,...,Zm)2] ",
00
Bi(ef™ Y enzy M) (&
n=0

we define the Borel transform as follows,

- Cn &)L
) ,; r(n +/\) (p 1)

Proposition 3. The Borel transforms of divergent solutions are holomorphic functions in a domain in

C™, which are analytically prolongeable.
In fact,

By(e®af "V (By, B, . ..
- —1___(_61)ﬁ1—1(1 +§1)’Y—ﬁx—1

y By — Brs (1 + &1 )xa, -+,

T(y-51)
x Op 7 (B,...

By (2770 (81,8, -

)ﬁm,7)z27"'1

yﬂnﬂ‘y)r?: o '7mmax;l))(£l)

(1 + &1)1:"1))

xmvzl_l))(sl)

= ﬁ%ﬁ P14 gy
X 5 NBay..., Bmiy = B (L+E&)za, -, (1 +E1)Tm).
Between i .
Bi(9)(¢1) = Bu(e™ o TV (B1, Ba, -, By 7, B2, Bmy 27 1)) (1)
and i )
Bl('&)(ﬁl) = Bl(wi—ﬂlU(ﬂl)ﬁ2> R 15"1:77227 e ;-'L'ma‘l';l))(fl);
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we have a relation

L(61)B1(4)(&) =T(y — B1)(=1) "7+ By (9) (&),

Definition. Consider a function f(£,2s,...,2m,) which is holomorphic and exponentially small in a
tubular neighborhood in the first variable and a bounded domain in the other variables. We define the
generalized Laplace transforms of f(€;,z3,...,2m), as follows

/ exp(—z1&1)f (&1, 22, ..., 2m)dE1,
C(q,6)

where C(g,8) is a following path of integral. For a point ¢ in the tubular neighborhood, C(g,6) is a path
on which arg(£; — ¢) is taken to be initially 8 and finally 8 + 2.

Proposition 4. The Laplace transforms of Borel transforms of divergent solutions are holomorphic
functions in a suitable angular domain with the summit p in P!}(C) x C™~1, where they are actual
solutions to the sysytem ®p with asymptotic expansions of Gevrey order 1. Here, the asymptotic
expansions coincide with the divergent solutions, respectively.

In fact, for
-21 <6 <0,

the Laplace integral

—1—— - - -1 ~p1-1
T(y - 1) fc(_lie)exP( 2:16) (=67 (1 + &)

x P By Bmiy — Bus (L4 E1)za, o, (L4 €1)2m)dE

is defined and represents a holomorphic function in the first variable z; in the angular domain (mod. 27)
3
g— < arg(—-€1z1) < %r’

ly,
namely S <£—0
2 g 1 2 b4

because exp(—z1£1) tends to 0 as £; tends to the infinity. By considering the analytic prolongation, we
obtain an actual solution v in the angular domain

L <z
2 arg ri R
For
—-r<f<m,
the Laplace integral

_1._ _ p1-1 Y~pB1-1
) C(O,o)exp( r161)E0 (14 &)

X @g_l(ﬂ% teey ﬂm;7 - ﬂl; (1 + 61)"32: T (1 + £1)zm)d£1
is defined and represents a holomorphic function in the first variable z; in the angular domain (mod. 27)

i

3r
5 < arg(—€1z1) < 5

namely,

T ™
——§-—9<argx1<-2——0,

because exp(—=z1£1) tends to 0 as £; tends to the infinity. By considering the analytic prolongation, we
obtain an actual solution u in the angular domain

_31r

2

3

<argz .
51<2
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Proposition 5 We have fundamental systems of solutions
(e1u, eav,wa, ..., W)

in the angular domain
3m ™
BE) <argzr; < 7

and
(eru, eav(zy e M) e2m(=V4PY) y L wyy,)
in the angular domain
i 3r
-3 <argz; < 5
where
wy =277 2 T Ry, wy = 2] P 2B Ry,

with holomorphic functions hy,. .., h, at the point p.
Then, we have the relations

(e1u, egv(zle“z"")ez"”("ﬂ'ﬁ‘))

1
= (e1u,e3v) ( 0 Ciz )

s

5"

in the angular domain
™
—-2" <argzr <

and
(elu(mle—2f‘n‘)62iﬂ'(—ﬂl), ezv(zle—ﬁx)ezin(..q.;.ﬂl))

o o 1 0
_ (el'u,ez‘v(icle 217!’)621‘"( “/'Hh))( e 1 )

in the angular domain
<argr; <
9 gT1 9 "

In the above, we use the following constants

ey = (CZivrﬁl _ 1)—1,
e = (eziw('y-ﬁx) _ 1)—1,
—2im

‘2 = I(1-p)T(y - B)’
—2meim(Y=281)
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