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A conjugate-set game induced from the conjugate point
H. KAWASAKI, Kyushu University, Fukuoka, Japan

Abstract In some nonlinear diffusive phenomena, e.g., grain growth in annealing
pure metal and segregation between biological species, the systems have three or more
stable states, see the left picture of Fig.1. Sternberg and Zeimer(Ref. 1) established
the existence of local minimizers to the problem of partitioning certain domain QcC
R? into three subdomains having least interfacial area. Further, Tkota and Yanagida
investigated stability for stationary curves with one triple junction in Ref. 2 and stability
for stationary binary-tree type interfaces in Ref. 3. In this paper, we consider a static
version of their diffusion problem, which is formulated as an unconstrained nonlinear
programming problem. We consider second-order optimality conditions and discuss
stability and instability for stationary curves with one or two triple junctions. The
great difference between the previous researches and ours is that our main concern is
not stability but instability. We give a new insight to this problem from the viewpoint
of game theory.

1 Introduction

In this paper, we consider a static version of the diffusion problem, see the right picture
of Fig.1. It is formulated as follows. Let {2 be a bounded domain in R? with a smooth
boundary, X; = (;,%:) (¢ = 1,2) be in the interior of , and X; (i = 3,4,5,6) be on
the boundary . Then our problem is to minimize the sum of the lengths of five line
segments. We call this extremal problem the 4-phase partition problem.

Figure 1: Dynamic version and static version.

By using arclength parameters, it can be formulated as an unconstrained nonlinear
programming problem with eight variables. The main purposes of this paper are to
discuss stability and instability of stationary solutions for the extremal problem in terms

1This research is partially supported by the Grant-in Aid for General Scientific Research from the
Japan Society for the Promotion of Science 14340037.
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of the curvatures of the boundary and to give a new insight to the instable case from
the viewpoint of the cooperative game.

This paper is organized as follows. In Section 2, we give a first-order optimality
condition for the 4-phase partition problem. In Section 3, we analyze stability and
instability of the stationary solution for the 4-phase partition problem. They are stated
in terms of the curvature of the boundary. In Section 4, we define strict conjugate sets
and a cooperative game that is called the conjugate-set game. In Section 5, we compute
the Shapley value and the core for the 4-phase partition problem.

2 First-order optimality conditions

In this section, we give first-order necessary optimality conditions for the 4-phase par-
tition problem. First, we deal with the nondegenerate case X; # X». Since X;’s on
the boundary can be locally represented as X;(s;) = (z:(s:),¥i(s:)), where s; denotes an
arclength parameter, the objective function is given by

f(mlayla T2,Y2,83,.. -, ‘96)
4 ]
= 1 Xg = Xall + 3 I1Xa(s:) = Xall + D 1 Xi(si) - Xal, (1)
=3 i=5
where || - || denotes the Euclidean norm.
Theorem 2.1 If (X1,...,Xg) is a nondegenerate local minimizer of the 4-phase par-

tition problem, then, (a) the angle between any two adjacent line segments equals 27 /3
and (b) any line segment X;X; with X; € int Q and X; € 0Q orthogonally intersects
the boundary.

By using the following lemma, we see that X # Xs for any local minimizer (X4,. .., Xg).

Lemma 2.1 Let f(z1,y1,22,92) := {(z2 — 21)% + (2 — 11)*}!/2. Then

af1($1,y1,$17y1) = {(~§$—no§an)’ 52 + 772 < 1}

3 Stability and instability

In this section, we discuss stability and instability of stationary solutions for the 4-phase
partition problem. By virtue of Theorem 2.1, there is no loss of generality if we assume
that the stationary solution is given by

X1 =(0,0), Xo=1£(—1,0), X3=1~3(1/2,-v3/2), X4 =24(1/2,v/3/2),
X5 =05(~1/2,V3/2) + X2, Xe = le(—1/2,—V3/2) + Xa. (2)

Hence, from the transversality condition (b) of Theorem 2.1, we may assume that the
tangent vectors at Xj’s, say X}, are given by

X:’i = (\/§/2a 1/2), X:i = ("\/5/2’ 1/2),
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Xt =(-V3/2,-1/2), X&=(V3/2,-1/2).

As is well known, if the Hesse matrix of the objective function A := f"(zy,..., s6)
is positive definite, then (Xi,...,Xs) is a local minimizer. According to Sylvester’s
criterion, A is positive definite if and only if its leading principal minors are all positive.
Let Ax denote the k-th leading principal submatrix of A. Then the first four leading
principal minors are always positive, and

|As| = 9(1 + h3f)/16L, |Ag| =9(hs + hq + h3he?)/16L,

|A7| = 9(hshs + hshs + hahg + hahghs{)/16L,
lfﬂi = |A8| = g(h'4h5h6 + hzhshg + hahghg + hshahs + h3h4h5h6£)/16L,

where
E' [ |}X1~—'X1Hﬂ i:273345
v 1X: — Xafl, i=1,5,6, °

hi == XL X! /|| Xi|| denotes the curvature of the boundary at X, £:= {3 + L3+...+ ¥
and L := £of3-- - ls.

Theorem 3.1 The Hesse matriz of f at a stationary solution is positive definite if and
only if Ds := 1+ h3tl, Dg:= hs+ hs + hshyl, D7 := hahs + hahs + hahy + hshahsf, and
Dg := hghshg + hahshe + hshahe + hahshs + hshshshef are positive.

Theorem 3.2 If at least two of hy’s are negative, then the stationary solution is insta-
ble, that is, at least one of the leading principal minors is negative.

Theorem 3.3 When just one of hy’s is zero, f" is positive definite if and only if three
other hy’s are positive.

Theorem 3.4 When one hy is negative and others are positive, f" is positive definite
if and only if

hk>—th/( Z hihj—{—énhj)‘ (3)

J#k i#k, j#k J#k

Theorem 3.5 When at least two of hi’s are zero and others are positive, f" is non-
negative definite.

Table 1 summarizes Theorem 3.1- Theorem 3.5. The numbers 0,1,...,4 in the first
column (row) stand for the number of negative (positve) curvatures, respectively. ”S”
means stable, that is, f” is positive definite. "IS” means instable, that is, a certain
principal minor of f” is negative. ”+0” means f” is nonnegative definite. * corresponds
to Theorem 3.4.
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L{he <O} \#{Re >0} O [T [ 2 [3]4]
0 +0}+0|+0]15; S
1 IS | IS IS | *|x
2 IS}IS IS |x|x
3 IS | IS x | x|x
4 IS | x | x | xix

Table 1: Stability and instability of the 4-phase partition problem.

4 Conjugate-set game

Stability of stationary solutions is deeply related to the conjugate point. The conjugate
point was defined by Jacobi for a variational problem to give sufficient optimality condi-
tions, see e.g. Gelfand and Fomin (Ref. 5). Recently, the author defined the conjugate
point for an extremal problem of a smooth function f(z) with n variables and described
stability in terms of the conjugate point, see Kawasaki (Refs. 6-8). As we have men-
tioned in Section 3, an n x n symmetric matrix A = (a;;)1<s j<n IS positive definite if and
only if the leading principal minors |Ag| = |(aij)1<i <kl (K =1,...,n) are positive. We
say that a number 1 < k < n is conjugate to 1 if |A;| > 0,|A42| > 0,...,|Ag—1]| > 0 and
|Ak| < 0. On the other hand, we have to check all principal minors to test whether A is
nonnegative definite or not, see e.g. Strang (Ref. 9). So, A4 is not nonnegative definite
if and only if there exists a subset T of N := {1,...,n} such that |A7| = |(ai;); jer| is
negative. When a subset S of N contains such a subset T, we call S a strict conjugate
set.

Definition 4.1 (Kawasake, Ref. 10) Let A = (a;;) be an n X n symmetric matriz, and
S a subset of N = {1,...,n}. If a submatriz (aij)ijes of A has a negative principal
minor, then we call S a strict conjugate set. For the sake of convenience, we call the
corresponding set of variables {zk}res a strict conjugate set. When any proper subset
T of a strict conjugate set S is not a strict conjugate set, we call S (and {Tk}res) a
minimal strict conjugate set.

It is clear that if there exists a strict conjugate set S, then we can improve a solution
by suitably changing the variables of §. This leads us to a cooperative game.

Definition 4.2 (Ref. 10) For any subset S of N, we define a characteristic function
v(S) by the mazimum number 0 < k < n of disjoint strict conjugate sets contained in
S. Let X denote the set of all variables {z1,...,z,}. For any subset Xg := {z; | i € S}
of X, we define v(Xs) := v(S). We call this cooperative game the conjugate-set game.

Then it is easily seen that v is superadditive, that is, v(S)+v(T") < v(SUT) whenever
SNT = ¢.



Game theory provides mathematical tools to analyze cooperative games. In this
section, we use the Shapley value and the core to evaluate the contribution of each
variable to decreasing the objective function. Namely, they answer the question: How
much does each variable of the strict conjugate set contribute to decrease the objective
function?

The Shapley value of player 3 for the cooperative game with the characteristic func-
tion v is defined by

¢i(v) =Y {v(8) —v(S — {iPh}n!/(n - 5)i(s = D, (4)

eS8

where s denotes the cardinal number of S. Then it holds that ¢; +-- -+ ¢n = v(N), see
e.g. Aumann and Hart (Ref. 11). Since the conjugate-set game is superadditive, the
core is defined as follows.

{zeR"| > z;>v(8)VSCN, z>0} (5)
€S

In the next two sections, we compute the Shapley value and the core for the 4-phase
and 3-phase partition problems.

5 Game theoretic aspect of the 4-phase partition problem

In this section, we consider a special case of the 4-phase partition problem that I = 1
and h := hg = hg = hs = hg < 0. We first list off the strict conjugate sets. Next, we
compute the Shapley value (4) and the core (5). In the following examples, for a vector
(v1,...,vm) and a constant ¢ # 0, we simply denote (v1/c,...,vn/c) by (vi,...,vm)/c.

Figure 2: l’s and hy’s are constant.

Although this problem has eight variables zy, y1,...s5 and sg, we regard two vari-
ables zj, and yx (k = 1,2) as a pair X in this section. Because, the conclusion delivered
from the former way depends on the coordinates. Then, the (instable) stationary point
(2) reduces to

X1 = (0a0)3 Xo= ("170): X3 = (1/29 _\/’?;/2)5

Xy = (1/27 \/5/2), X5 = ("3/2v \/5/2)’ X6 = (‘"3/23 '_\/5/2)
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Example 5.1 We consider the case of h = ~1/4. Then, since the principal minors of
the Hesse matriz corresponding to two points X; and X; (i # j) are positive, any subset
{Xi, X;} is not strict conjugate set. It is easily seen by computing principal minors
that minimal strict conjugate sets have forms of {X1, X2, X3} or {X2, Xs,Xs} up to
symmetry. Then the Shapley value is given by

Figure 3: Minimal strict conjugate sets when h = —1 /4.

¢ = (¢X1 s ¢)X2a ¢’X3) ¢X4 3 ¢X5 ) Q')Xs) = (77 7: 45 4a4: 4)/15 (6)
Next, let us comnpute the core. Following the standard notation on the core, we denote by
x, the imputation of player Xj (k =1,...,6). Since z{+---+z¢ = v({X1,...,X6}) = 2,
Ty+r3+2421, andTo+ 15+ 26 > 1, we have Ty + T3+ T4 = 2o+ 25+ 26 = 1. On
the other hand, since z; + x5 +13 > 1, we get T3 > z4. Similarly, we have o > z3 and
T > max{zs,rg}. So the core is given by

{CCZO|.T1+$3+l‘4=1‘2+$5+$6=1, 125V g, Ty > T3V T4},

where a V b := max{a,b}, and the Shapley value ¢ belongs to the core.

6 3-phase partition problem

It is easy to discuss stability and instability of stationary solutions for the 3-phase
partition problem, see Fig. 4. So, we only describe the conclusion.

X2 Xa

X3

Figure 4: 3-phase partition problem.

In the following, let f := %, || X — Xu||, & = | Xk — X1ll, and € := &y + £3 + £4.



Theorem 6.1 (Kawasaki, Ref. 12) If (X1,...,X4) is a local minimizer of the 3-phase
partition problem, then (a) the angle between any two adjacent line segments equals 27/3
and (b) any line segment X1X; with X; € S orthogonally intersects the boundary.

Theorem 6.2 (a) The Hesse matriz of f at a stationary solution is positive definite if
and only if 14+ hol, hg + h3 + hahst, and hghg + hahg + hahs + hohzhsl are positive. (b)
If at least two of hy’s are negative, then the stationary solution is instable. (c) When
just one of hy’s is zero, f" is positive definite if and only if other hy’s are positive. (d)
When hy, s negative, and h; and h; are positive, f" is positive definite if and only if

hy > —hihj/(hi -+ h]' + h,;hjf). (7)

(e) When at least two of hy’s are zero and the other is positive, f” is nonnegative definite.
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