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1. INTRODUCTION

Wc study the global existence and asymptotic behavior of solutions
for the nonlinear Schrodinger equation

$\mathcal{L}u=N_{n}(u)+G_{n}(u)$ , $(t, x)\in \mathbb{R}\cross \mathbb{R}^{n}$ . (1.1)

in onc or two space $\mathrm{d}\mathrm{i}$ mensions $n=1$ and 2, where $\mathcal{L}=i\partial_{t}+\frac{1}{2}\triangle$ and
$N_{1}(u)=\lambda_{1}u^{3}+\lambda_{2}\overline{u}^{2}u+\lambda_{3}\overline{u}^{3}$ .

$N_{2}(u)=\lambda_{1}u^{2}+\lambda_{2}\overline{u}^{2}$ .

$G_{n}(u)=\lambda_{0}|u|^{\frac{2}{n}}u$

with $\lambda_{0}\in \mathbb{R}$ and $\lambda_{j}\in \mathbb{C}$ , $j=1$ , 2, 3. Following our paper [2], we
construct amodified wave operator in $L^{2}$ to equation (1.1) for small
final data $\phi$

$\in H^{0,2}\cap\dot{H}^{-\delta}$ with $\frac{n}{2}<\delta<2$ , where the weighted Sobolev
space is defined by

$H^{m,s}=\{u\in S’;||u||_{H^{m,s}}=||\langle i\nabla\rangle^{m}\langle x\rangle^{s}u||_{L^{2}}<\infty\}$ .

where $\langle x\rangle=\sqrt{1+|x|^{2}}$ and the homogeneous Sobolev space is

$\dot{H}^{m}=\{u\in S’;||u||_{H^{m}}=||(-\triangle)^{\frac{m}{2}}u||_{L^{2}}<\infty\}$ .

The nonlinearity is critical between the short range scattering and the
long range one.

There are several results on the scattering theory for equation (1.1)
in one or two space dimensions. In [4] it was shown the existence of
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the wave operator for equation (1.1) with $G_{n}(u)=0$ by using the
method by H\"ormander [3], where he studied the, life span of solutions
of nonlinear Klein-Gordon equations and in [6] it was constructed $\mathrm{t}1_{1}\mathrm{e}$

modified wave operator for equation (1.1) by combining the methods in
[3] and [5]. More precisely, the following two propositions were obtained
in [6]:

Proposition 1.1. Let $n=1$ , $\phi$
$\in H^{0,3}\cap\dot{H}^{-4}$ and $||\phi||_{JI^{0,3}}+||\phi||_{H^{-4}}$ be

sufficiently small. Then there exists a unique global solution $?x$ of (1.1)
such that $u\in C(\mathbb{R}^{+}; L^{2})$ ,

$\sup_{\iota\geq 1}t^{b}||u(t)-u_{p}(t)||_{L^{2}}+\sup_{t\geq 1}t^{b}(\int_{t}^{\infty}||u(\tau)-u_{p}(\tau\grave{)}||_{L^{\infty}}^{4}rf\tau)^{1/4}<\infty$ ,

where $\frac{1}{2}<b<1$ , and

$u_{p}(t)= \frac{1}{(it)^{\frac{n}{2}}}e^{\frac{ix^{2}}{2t}}\hat{\phi}(\frac{x}{t})\exp(-i\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{\frac{2}{?\iota}}1_{\mathrm{C})}\mathrm{g}t)$.

Proposition 1.2. Let $n=2$ , $\phi\in H^{0_{7}4}\cap\dot{H}^{-4}$ , $x\phi\in f\dot{\mathrm{f}}^{-2}$ and $||\phi||_{H^{04}}+$

$||\phi||_{H}-4+||x\phi||_{H^{-2}}$ be sufficiently $s$ mall. Then there exists a unique
global $solutior\iota$ $u$ of equation (1.1) such that $u\in C(\mathbb{R}^{+} ; L^{2})$ ,

$\mathrm{s}^{\tau}\mathrm{u}\mathrm{p}t^{b}||u(t)-u_{p}(t)t\geq 1||_{L^{2}}+\sup_{t\geq 1}t^{b}(\int^{\infty}||u(\tau)-u_{p}(\tau)||_{L^{4}}^{4}d\tau)^{1/4}<\infty$ ,

where $\frac{1}{2}<b<1$ .

Throughout this article, we denote the norm of a Banach space $Z$

by $||$ $||_{Z}$ . Our p.urpose in this article is to improve the condition on $c1|$

final data $\phi\in H^{-4}$ . In order to explain tlle reason why the $\mathrm{I}$) $\mathrm{r}\mathrm{e}\mathrm{v}\mathrm{i}\mathrm{t}$) $1\mathrm{l}\mathrm{S}$

proof by [4] and [3] requires such a conditi$()\mathrm{n}$ , we give briefly the idea
of paper [6] on the $\mathrm{e}\mathrm{x}\mathrm{a}$ mple of the Cauchy problem

$\mathcal{L}u=u^{2}-$ $(t, x)\in \mathbb{R}\cross \mathbb{R}^{2}$ . (1.2)

If a solution $u$ of (1.2) behaves like a free solution $U(t)\phi$ as $tarrow\infty$

for a given $\phi$ , there $u_{0}(t, x)= \underline{1}e^{\frac{ix^{2}}{2t}}\hat{\phi}(\frac{x}{t})$ can be considered as an
$(\iota t)\tau$

approximate solution of (1.2) since

$U(t) \phi=\frac{1}{it}e^{\frac{\iota x^{2}}{2t}}\hat{\phi}(\frac{x}{t})+O(t^{-1-\alpha}|||x|^{2\alpha}\phi||_{\Gamma^{1}},)$ .

2–

By a direct calculation we find that $\mathcal{L}(u-u_{0})=u^{2}-\frac{1}{2it^{3}}c^{\frac{\iota x}{\sim)t}}|$ $|^{2}\phi(\eta)$ .
with $\eta=\frac{x}{t}$ . The last term of the right-hand side of the above equation
is a remainder term which we denote by $R$ . Hence the problem becomes

$\mathcal{L}(u-u_{0})=u^{2}-u_{0}^{2}+u_{0}^{2}+R$ . (1.3)

We find a solution in the neighborhood of $u_{0}$ . however $u_{0}^{2}$

‘

can 1l0t $\mathrm{b}(^{1}$

considered as a remainder term since $||u_{0}^{\iota}|2|_{L^{2}}=t^{-1}||\hat{\phi}^{2}||_{\Gamma^{2}},\cdot$ In order to
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cancel $u_{0}^{2}$ we try to find $u_{r}$ such that $\mathcal{L}u_{r}-u_{0}^{2}$ is a remainder term. We

put $u_{r}=t^{-b}P( \frac{x}{t})e^{\frac{\iota ax^{2}}{\circ\sim t}}$ to get $\mathcal{L}u_{r}=t^{-b}\frac{a(1-a)}{2}\frac{x^{2}}{t^{\underline{\mathcal{D}}}}P(\frac{x}{t})e^{\frac{?ax^{2}}{\underline{\circ}t}}+R_{1}\mathrm{w}\mathrm{h}\mathrm{i}\mathrm{c}_{J}\mathrm{h}$

implies that we should take $P( \eta)=\frac{2}{a(a-1)}\frac{1}{\eta^{2}}\hat{\phi}(\eta)^{2}$ and $a=b=2$ to

cancel $u_{0}^{2}\mathrm{i}_{\mathrm{I}1}$ the right-hand side of (1.3) and we note that $R_{1}$ contains

a terrrl like $t^{-4}e^{\frac{\dot{x}x^{2}}{t}} \frac{1}{\eta^{4}}\hat{\phi}(\eta)^{2}$ . Thus we get

$\mathcal{L}(u-u_{0}-u_{r})=u^{2}-u_{0}^{2}+R+R_{1}$ .

This is the reason why we require a vanishing condition of $\hat{\phi}(\eta)$ at the
origin.

Ollr main result in tfie present article is the following.

Theorem 1.1. Let $\phi\in H^{0,2}\cap\dot{H}^{-\delta}$ and $||\phi||_{H^{0,2}}+||\phi||_{H^{-\delta}}$ be sufficiently
$srr\iota all,$ , where $\frac{n}{2}<\delta<2$ . Then there exists a unique global solution $u$

of (1.1) such that $u\in C(\mathbb{R}^{+},\cdot L^{2})$ ,

$\mathrm{s}_{\iota}^{\tau}\mathrm{u}\mathrm{p}t^{\frac{\delta}{2}}||u(t)-u_{p}(t)||_{L^{2}}+\sup_{tt\geq 1\geq 1}t^{\frac{\delta}{2}}(\int_{t}^{\infty}||u(\tau)-u_{p}(\tau)||_{X_{n}}^{4}d\tau)^{1/4}<\infty$

where $X_{1}=L^{\infty}$ , $X_{2}=L^{4}$ ,

$u_{p}(t)= \frac{1}{(it)^{\frac{?1}{2}}}e^{\frac{ix^{2}}{2t}}\hat{\phi}(\begin{array}{l}x\backslash \overline{t}\end{array})$
$\exp(-i\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{\frac{2}{n}}\log t)$

$F?lrtht_{J}^{J}rrr\iota \mathit{0}re$ the modified wave operator
$\overline{W}_{+}$ : $\phi-\rangle$ $u(0)$

is well-defined.
Similar result holds for the negative time.

Remark 1.1. If we $(^{\mathrm{n}},\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{r}$ the asymptotic behavior of solutions to
the Cauc hy problem for equation (1.1) with initial data $u(0, x)=\phi_{0}(x)$ ,
$x\in \mathbb{R}^{\mathrm{n}}$ , there we see from Theorem 1.1 that for $\mathrm{a}\mathrm{n}\underline{\mathrm{y}\mathrm{i}}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{a}\mathrm{l}$ data $\phi 0$

belonging to the range $()\mathrm{f}$ the modified wave operator $W_{+}$ , there exists
a unique global solution $u\in C(\mathbb{R}^{+}; L^{2})$ of the Cauchy problem for
equation (1.1) which has a modified free profile $u_{p}$ . More precisely, $u$

satisfies the asymptotic formula of Theorem 1.1. However it is not clear
$1_{1}()\mathrm{w}$ to describe the initial data beloging to the range of $\mathrm{t}_{\mathrm{J}}\mathrm{h}\mathrm{e}$ operator
$\overline{\mathrm{I}V}_{+}$ .

Remark 1.2. If $\phi\in H^{0,2}$ and $\hat{\phi}(0)=()$ , then $\phi\in H^{0,2}\cap\dot{H}^{-\alpha}$ for
$0 \leq\alpha<1+\frac{n}{2}$ with $n=1,2$ . This follows from the fact that $\dot{H}^{0}=$

$L^{2}\supset H^{0,2}$ and the following inequalities:
(a) $|||\cdot|^{-\alpha}f||_{L^{2}}\leq C|||$ . $|^{-\alpha+1}\nabla f||_{L^{2}}$ for $\alpha>\frac{n+1}{2}$ , provided that $f(0)=$

$(]$ ,
(b) $|||$ $|^{-\alpha+1}f||_{L^{\mathit{2}}}\leq C||f||_{H^{1,0}}$ for $1< \alpha<1+\frac{n}{2}$ with $n=12[perp],$ .

Note that this implies that $\int\phi(x)dx=0$ and $\emptyset\in H^{0,2}$ , then $\emptyset\in$

$H^{0,2}\cap\dot{H}^{-\alpha}$ .



39

Remark 1.3. In the previous paper [1], we considered the Cauchy
problem for the cubic nonlinear Schr\"odinger $‘\lrcorner \mathrm{q}\backslash \mathrm{u}_{\acute{c}}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{e}$) $\mathrm{n}$

$iu_{t}+ \frac{1}{2}u_{xx}=N(u)$ , $x\in \mathbb{R}$ , $t>1$

$u(1, x)=u_{1}(x)$ , $x\in \mathbb{R}$ ,

where $N(u)=\lambda_{1}u^{3}\underline{|}-\lambda_{2}\overline{u}^{2}u+\lambda_{3}\overline{u}^{3}$ . $\lambda_{j}\in \mathbb{C}$ . $\dot{/}=1,2,3$ . It was
shown that there exists a global small solution $u\in C([1, \infty),$ $L^{\infty})$ ,
if the initial data $u_{1}$ belong to some analytic $\mathrm{f}\mathrm{i}_{1}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ space a1ld are
sufficiently small. For the coefficients $\lambda_{j}$ it $\mathrm{w}\mathrm{a}\mathrm{s}^{\urcorner}$ assunleel that $\mathrm{t}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$

exists $\theta_{0}>0$ such that

${\rm Re}( \frac{\lambda_{1}}{\sqrt{3}}e^{2ir}-i\lambda_{2}e^{-2ir}+\frac{\lambda_{3}}{\sqrt{3}}e_{J}^{-4i7})\geq C>0$,

${\rm Im}( \frac{\lambda_{1}}{\sqrt{3}}e^{2ir}-i\lambda_{2}e^{-2ir}+\frac{\lambda_{3}}{\sqrt{3}}. e^{-4ir})r\geq Cr^{2}-$

for all $|r|<\theta_{0}$ . and also it was assumed that the initial $\mathrm{d}_{(}.*\mathrm{t}\mathrm{a}u_{1}(x)$ are
such that

$|\arg e^{-\underline{\frac{i}{\mathrm{Q}}}\xi^{2}}\hat{u_{1}}(\xi)|<\theta_{()}$ , $\inf_{|\xi|\leq 1}|\hat{u_{[perp]}}(\xi)|\geq C\in$ ,

where $\epsilon \mathrm{i}$ is a small positive constant depending on $\mathrm{t}1_{1}\mathrm{e}$ size of $\mathrm{t}1_{1}\mathrm{e}$ initial
data in a suitable norm. Moreover it was $\mathrm{s}\mathrm{h}()\mathrm{w}\mathrm{n}$ that there exist unique
final states $W_{+}$ , $r_{+}\in L^{\infty}$ and $0<\gamma<1/20$ such that $\mathrm{t}1_{1}\mathrm{e}$ asynlI)toti$($

.

statement

$u(t, x)= \frac{(it)^{-\frac{1}{\underline{9}}}W_{+}(\frac{x}{t})e^{\frac{ix^{\underline{9}}}{2t}}}{\sqrt{1+\chi(\frac{x}{t})|W_{+}(\frac{x}{t})|^{2}1\mathrm{o}\mathrm{g}\frac{t^{2}}{t+x^{2}}}}+O(t^{-^{\underline{1}}}\sim’(1+\log\frac{t^{2}}{t+x^{2}})^{-\underline{\frac{1}{\mathrm{o}}}-\gamma})$

is valid for $tarrow\infty$ uniformly with respect to $x\in \mathbb{R}$ , where $\gamma>0$ and
$\chi(\xi)$ is given by

$\chi(\xi)=\mathrm{R}e(\frac{\lambda_{1}}{\sqrt{3}}\mathrm{c}\mathrm{x}\mathrm{p}(2ir_{+}(\xi))-i\lambda_{2}\exp(-2ir_{+}(\xi))+\frac{\lambda_{3}}{\sqrt{3}}\exp(-4ir_{+}(\xi)))$.

This asymptotic formula shows that, in the short range region $|x|<\sqrt{f}$ .

the solution has an additional logarithmic time decay comparing with
the corresponding linear case. Thus we can see that $\mathrm{t}1_{1}\mathrm{e}$ vanishing
condition at the origin on the Fourier transform of the $\mathrm{f}\mathrm{i}_{\mathrm{I}1}\mathrm{a}1$ data seems
to be essential for our result in the present article.

For the convenience of the reader we now state the strategy of the
proof. We consider the linearized version of $\mathrm{e}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{t}\mathrm{i}_{011}(1.1)$

$\mathcal{L}u=N_{n}(v)+G_{n}(v)$ , $(t, x)\in \mathbb{R}\cross \mathbb{R}^{n}$



We take

$u_{0}(t, x)= \frac{1}{(it)^{\frac{n}{2}}}e^{\frac{xx^{2}}{2t}}\hat{\phi}(\frac{x}{t})\mathrm{e}_{\lrcorner}\mathrm{x}\mathrm{p}(-i\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{\frac{2}{n}}\log t)$

as the first approximation for solutions to (1.1). By a direct calculation
we get

$\mathcal{L}u_{0}=G_{n}(u_{0})+R_{1}(t)$ ,

where $R_{1}(t)$ is a remainder term. Hence

$\mathcal{L}(u-u_{0})=N_{n}(v)+G_{n}(v)-G_{n}(u_{0})+R_{1}$ .

$\mathrm{W}\mathrm{c}^{\mathrm{Y}}$ define the second approximation $u_{1}$ for solutions of (1.1) as

$u_{1}(t)=-i \int_{\infty}^{t}U(t-\tau)N_{n}(u_{0})d\tau$

which implies that

$\mathcal{L}u_{1}=N_{n}(u_{0})$

and

$u(t)-u_{0}(t)=-i \int_{\infty}^{t}U(t-\tau)(N_{n}(v)-N_{n}(u_{0})+G_{n}(?[])-G_{n}(u_{0}))d\tau$

$-i \int_{\infty}^{t}U(t-\tau)R_{1}(\tau)d\tau+u_{1}(t)$ .

We define the function space

$X=\{f\in C([T, \infty);L^{2});||f||_{X}<\infty\}$

$||f||_{X}= \sup_{t\in[T,\infty)}t^{b}||f(t)-u_{0}(t)||_{L^{2}}+\sup_{\in_{\mathrm{L}}t\lceil T,\infty)}t^{b}(\int_{t}^{\infty}||f(t)-u_{0}(t)||_{X_{n}}^{4}dt)^{1/4}$,

$\mathrm{w}1_{1}\mathrm{e}\mathrm{r}\mathrm{e}$

$X_{1}=L^{\infty}$ , $X_{2}=L^{4}$ . $b> \frac{n}{4}$ .

$\mathrm{I}\mathrm{r}1$ order to get the result we need to prove the following estimate for
$u_{1}(t)$ ,

$||u_{1}(t)||+( \int_{t}^{\infty}||u_{1}(\tau)||_{X_{n}}^{4}d\tau)^{1/4}\leq C(||| |^{-\tilde{\delta}}\hat{\phi}||+||\phi||_{H^{0,2}})^{1+\frac{2}{\mathrm{n}}}t^{-\overline{\delta}/2}$ ,

$\mathrm{f}()\mathrm{r}n/2<\overline{\delta}<2$ . which is the main estimate of the present article. Note
that the choice of $u_{1}$ differs $\mathrm{f}\mathrm{r}\mathrm{o}\ln$ that used in the previous papers
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2. PRELIMINARIES

Lemma 2.1. We have for $\omega$ $\neq 1$ . $f$ , $g\in L^{1}\cap L^{2}$ and $h\in C^{2}$ ,

$\int_{\infty}^{t}h(i\tau)U(t-\tau)\triangle(e^{\frac{\iota\omega x^{2}}{2\tau}}e^{ig(\frac{x}{\tau})\log\tau}f(\frac{x}{\tau}))d\tau$

$=- \frac{2i\omega}{1-\omega}h(it)e^{\frac{i\omega x^{2}}{2t}}e^{ig(\frac{x}{t})\log t}f(\frac{x}{t})$

$- \frac{2\omega}{(1-\omega)^{2}}\int_{\infty}^{t}(\sum_{(F,k)}F(i\tau)e^{\frac{\mathrm{z}\omega x^{2}}{2\tau}}e^{ig(\frac{x}{\tau})\log\tau}k(\frac{x}{\tau})$

$-i \omega U(t-\tau)\int_{\infty}^{\tau}\sum_{(F,k)}F’(is)e^{\frac{\mathrm{i}\omega x^{2}}{2\vee\backslash }}e^{ig(\frac{x}{6})\log s}k(\frac{x}{s})ds$

$-i \omega U(t-\tau)\int_{\infty}^{\tau}\sum_{(F,k)}F(is)e^{\frac{i\omega x^{2}}{\sim \mathrm{S})}}e^{ig(\frac{x}{6})\log s}\frac{1}{s}k(g-\frac{in}{2})(\frac{\mathcal{T}}{s})ds)$
$d\tau+R(t)$ ,

where the summation is taken over $(F, k)=(h’, f)$ , $(h\tau^{-1}, f(g-ir\iota/2))$ ,

$R(t)=- \frac{i\omega}{(1-\omega)^{2}}\int_{\infty}^{\iota}U(t-\tau)\int_{\infty}^{\tau}\sum_{(F^{\gamma},k)}.F(is)R_{0,k}(s)ds^{1}d\tau$

$+ \frac{1}{1-\omega}\int_{\infty}^{t}h(i\tau)U(t-\tau)R_{0,f}(\tau)d\tau$ ,

and

$R_{0,k}(t)=e^{\frac{\tau\omega x^{2}}{2t}}k( \frac{x}{t})\triangle e^{ig(\underline{x})\log t}’+2i\frac{1}{t^{2}}\sum\partial_{j}g(\frac{x}{t})\partial_{j}k(\frac{T}{t})e^{\frac{i\omega x^{\wedge})}{\mathit{2}t}}e^{iq(^{\underline{\iota}})\log}’ {}^{t}\mathrm{l}\mathrm{o}\mathrm{g}t$

$+ \frac{1}{t^{2}}(\triangle k)(\frac{x}{t})e^{\frac{i\omega x^{\sim}\circ}{2t}}e^{ig(\frac{x}{t})\log t}$

Lemma 2.1 is proved in Lemma 2.1 in [2].
Denote

$\overline{R}_{1}(t)=\int_{\infty}^{t}U(t-\tau^{\backslash })\int_{\infty}^{\tau}F(is)R_{0,k}(s)dsd\tau$

$\tilde{R}_{2}(t)=\int_{\infty}^{t}U(t-\tau)h(i\tau)R_{0,k}(\tau)d\tau$.

where

$R_{0,k}(t)=e^{\frac{i\omega x^{2}}{2t}}.k( \frac{x}{t})\triangle e^{ig(\frac{x}{t})\log t}+2i\frac{1}{t^{2}}\sum\partial_{j}g(\frac{x}{t})\partial_{j}k(\frac{x}{t})c^{\frac{?\omega x^{2}}{2t}}.c^{ig(\frac{x}{t})\log}{}^{t}\mathrm{l}\mathrm{o}\mathrm{g}t$

$+ \frac{1}{t^{2}}(\triangle k)(\frac{x}{t})e^{\frac{i\omega x^{2}}{2t}}e^{ig(\frac{x}{t})\log t}$

Lemma 2.2. Let

$|F(it)|\leq C|t|^{-2-\frac{n}{2}}$ , $|h(it)|\leq C|t|^{-1-\frac{\mathrm{n}}{2}}$



Then

$|| \overline{R}_{j}(t)||_{L)}\sim+(\int_{t}^{\infty}||\overline{R}_{j}(t)||_{X_{n}}^{4}dt)^{1/4}$

$\leq Ct^{-2}(||\triangle k||_{I^{2}},+||\nabla k\cdot\nabla g||_{L^{2}}\log t+||k\triangle g||_{L^{2}}\log t+||k\nabla g\cdot\nabla g||_{L^{2}}(\log t)^{2})_{\backslash }$

where $X_{1}=L^{\infty}$ , $X_{2}=L^{4}$ .

Lcnlma 2.2 is shown in Lemma 2.3 in [2].

Lemma 2.3. Assume that $|G(?,\cdot t)|+|t||G’(\prime it)|\leq C|t|^{-q-\frac{n}{2}}$ , then

$|| \int_{\infty}^{t}G(i\tau)e^{\frac{i\omega x^{2}}{2\tau}}e^{ig(\frac{x}{\tau})\log s}k(\frac{x}{\tau})d\tau||_{L^{p}}$

$\leq\{$

$Ct^{-\frac{\delta}{\sim)}-q+1-\frac{?1}{2}(1-\frac{2}{p})}|||$ $|^{-\delta}k||_{\mathrm{f}^{p}}$

,

$+Ct^{-\frac{\delta}{2}-q+1-\frac{7l}{2}(1-\frac{2}{p})}$ $(||| |^{1-\tilde{\delta}}\nabla k||_{L^{\mathrm{p}}}+||| |^{1-\hat{\delta}}k\nabla.q||_{L^{p}}\log t)$,
$f_{\mathit{0}7}\cdot 0<\delta$ , $\overline{\delta}<2$ , $1\leq p<\infty$ ,

$C_{J}t^{-\frac{\delta}{\mathrm{A}\urcorner}-q+1-\frac{\prime \mathrm{t}}{2}(1-\frac{[perp]}{p})}|||$ $|^{-\delta}k.||_{L^{\infty}}$

$-\vdash Ct^{-\frac{\delta}{\circ\sim}-q+1-\frac{n}{2}(1-\frac{1}{p})}$ $(||| |^{1-\tilde{\delta}}\nabla k||_{L^{\infty}}+||| |^{1-\overline{\delta}}k\nabla g||_{L^{\infty}}\log t)$ ,

for $0<\delta$ , $\overline{\overline{\delta}}<2-\frac{n}{p}$ , $1\leq p<\infty$ .

Proof. Using the identity

$\frac{1}{1-\frac{i\omega x^{2}}{2\tau}}\partial_{t}" e^{\frac{i\omega\tau^{2}}{\underline{\circ}_{\mathcal{T}}}}=e^{\frac{\tau\omega x^{2}}{2\tau}}$

we have

$\int_{\infty}^{t}G(i\tau)e^{\frac{\tau\omega x^{\mathit{2}}}{2\tau}}e^{ig(\frac{x}{\tau})\log\tau}k(\frac{x}{\tau})d\tau$

$= \int_{\infty}^{t}G(i\tau)e^{ig(\frac{x}{\tau})\log \mathcal{T}}k(\frac{x}{\tau})(\frac{1}{1-\frac{\mathrm{i}\omega x^{2}}{2\tau}}\partial_{T}\tau e^{\frac{\mathrm{z}\omega_{\tilde{L}}^{2}}{2\tau}})d\tau$

$=G( \mathit{7},\cdot t)k(.\frac{\tau}{t})e^{\mathrm{i}g(\frac{x}{t})\log t}(\frac{1}{1-\frac{i\omega x^{2}}{2t}}te^{\frac{x\omega x^{2}}{2t}})$

$- \int_{\infty}^{t}\tau e^{\frac{\mathrm{z}\omega x^{2}}{2\tau}}\partial_{\tau}(G(i\tau)k(\frac{x}{\tau})\frac{1}{1-\frac{i\omega x^{2}}{2\tau}}e^{ig(\frac{x}{\tau})1\circ \mathrm{g}\tau)d_{T}}$ .

Wc also obtain

$||G(it)k.( \frac{x}{t})e^{ig(\frac{x}{t})\log}{}^{t}(\frac{1}{1-\frac{i\omega x^{2}}{2t}}\mathrm{t}_{J}e^{\frac{\tau\omega x^{2}}{2t}})||_{L^{p}}$

$\leq Ct^{-\frac{\delta}{2}-q+1-\frac{7L}{2}}(\int(\frac{|\frac{x}{t^{1/2}}|^{\delta}}{1+|\frac{x}{t^{1/)}}|^{2}}.|\frac{x}{t}|^{-\delta}k(\frac{x}{t}))^{p}dx)^{1/p}$

$\leq\{$

$Ct^{-\frac{\delta}{2}-q+1-\frac{\prime t}{2}(1-\frac{2}{p})}|||$ $|^{-\delta}k||_{L^{\mathrm{p}}}$ , $0<\delta<2,1\leq p<\infty$

$Ct^{-\frac{b}{2}-q+1-\frac{n}{2}(1-\frac{1}{p})}|||$ $|^{-\delta}k||_{L^{\infty}}$ , $0< \delta<2-\frac{n}{p}$ , $1\leq p<\infty$
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and in the same way we get

$||te^{\frac{\mathrm{z}\omega x^{2}}{2t}} \partial_{t}(G(it)k(\frac{x}{t})\frac{1}{1-\frac{i\omega x^{2}}{2t}}e^{ig(\frac{x}{t})\log t})||_{L^{p}}$

$\leq\{$

$C_{/}t^{-\frac{\delta}{2}-q-\frac{\mathrm{n}}{2}(1-\frac{2}{\mathrm{P}})}|||\cdot|^{-\delta}k||_{L^{p}}$

$+Ct^{-\frac{\delta}{2}-q-\frac{n}{\underline{9}}(1-\frac{2}{p})}(|||\cdot|^{1-\tilde{\delta}}\nabla k||_{L^{p}}+|||\cdot|^{1-\tilde{\delta}}k\nabla g||_{L^{p}}\log t)$ ,

for $0<\delta$ , $\overline{\delta}<2,1\leq p<\infty$ ,

$Ct^{-\frac{\delta}{2}-q-\frac{n}{2}(1-\frac{1}{p})}|||\cdot|^{-\delta}k$. $||_{L}\infty$

$+Ct^{-_{\mathrm{A}}^{\underline{\overline{\delta}}}-q-\frac{?\mathrm{t}}{2}(1-\frac{1}{p})}’(|||\cdot|^{1-\overline{\delta}}\nabla k||_{L^{\infty}}+|||\cdot|^{1-\overline{\delta}}k\nabla g||_{L^{\infty}}\log t)$,

for $0<\delta$ , $\overline{\delta}<2-\frac{n}{2}$ , $1\leq p<\infty$ .

Hence we have the result of the lemma. $\square$

Finally we state the Strichartz estimate $\mathrm{f}()\mathrm{r}\int_{s}^{t}\mathcal{U}(t-\tau)f(\tau)d\tau 0\})-$

tained by Yajima [6].

Lemma 2.4. For any pairs $(q, r)$ and $(q’, r’)$ such that $0 \leq\frac{2}{q}=\frac{7\iota}{2}-\frac{7l}{7}<$

$1$ and $0 \leq\frac{2}{q},$ $= \frac{n}{2}-\frac{n}{r},$ $<1$ . for any (possibly unbounded) $int\xi’,T’.1)(rl$ I and

for any $s\in\overline{I}$ the Strichartz estimate

$( \int_{I}||\int_{6}^{t}U(t-\tau)f(\tau)d\tau||_{r}^{q},,dt)^{\frac{1}{q}}\leq C_{J}(\int_{I}||f(t)||_{L^{\overline{r}’}}^{\overline{q}’}dt)q1$
,

is true with a constant $C$ independent of I $and,\mathrm{s}$ , $u$)$hcre_{J} \frac{1}{r}+=\tau 1=1ar\iota d$

$\frac{1}{q}+=1\overline{\overline{q}}1$ .

3. Proof OF THEOREM 1. 1

In this section, following [2], we prove TheorelIl 1.1.
We consider the linearized version of equation (1.1)

$\mathcal{L}u=N_{n}(v)+G_{n}(v)$ , $(t, x)\in \mathbb{R}\cross \mathbb{R}^{n}$ (3.1)

We take

$u_{0}(t, x)= \frac{1}{(it)^{\frac{n}{2}}}e^{\frac{lx^{2}}{2t}}\hat{\phi}(\frac{x}{t})\exp(-i\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{\sim}\overline{n}\log t))$

as the first $\mathrm{a}\mathrm{p}\mathrm{p}$-oximation for solutions of (3.1). By a direct $\mathrm{c}\mathrm{a}1_{\mathrm{C}11}1\mathrm{a}\mathrm{t}\mathrm{i}(\rangle \mathrm{n}$

we get
$\mathcal{L}u_{0}=G_{n}(u_{0})+R_{1}$ ,

where

$R_{1}(t)= \frac{1}{(it)^{\frac{n}{2}}}e^{\frac{ix^{\underline{\circ}}}{2t}}\hat{\phi}(\frac{x}{t})\frac{1}{2}\triangle\exp(-i\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{\frac{2}{n}}\log t)$

$- \frac{2}{n}\lambda_{0}\frac{1}{t^{2}}\frac{1}{(it)^{\frac{n}{\underline{9}}}}e^{\frac{ix^{2}}{2t}}\nabla\hat{\phi}(\frac{x}{t})\mathrm{c}\mathrm{x}\mathrm{p}(-i\lambda_{0}|\hat{\phi}(\frac{x}{f_{J}})|^{\frac{\mathit{2}}{\tau\iota}}\log t)$
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$\cross 2{\rm Re}\nabla\hat{\phi}(\frac{x}{t})\hat{\phi}(\frac{\overline x}{t})|\hat{\phi}(\frac{x}{t})|^{-2}n\underline{\underline’}\log t$

$+ \frac{1}{2}\frac{1}{(it)^{\frac{n}{2}}}e^{\frac{xx^{2}}{2t}}t^{-2}\triangle\hat{\phi}(\frac{x}{t})\exp(-i\lambda_{()}|\hat{\phi}(\frac{x}{t})|^{\frac{2}{n}}\log t)$ .

Hence
$\mathcal{L}(u-u_{0})=N_{n}(v)+G_{n}(v)-G_{n}(u_{0})+R_{1}$ .

By Lemma 2.4 we obtain

$|| \int_{t}^{\infty}U(t-\tau)R_{1}(\tau)d\tau||_{L^{2}}$

$+( \int_{t}^{\infty}||\int^{\infty}U(t-\tau)R_{1}(\tau)d\tau||_{X_{n}}^{4}dt)^{1/4}$ (3.2)

$\leq C\int_{t}^{\infty}||R_{1}(\tau)||_{L^{2}}d\tau\leq Ct^{-1}(\log t)^{2}||\phi||_{H^{0}}^{1+\frac{2}{\rangle n_{2}}}$

since $\mathrm{t}_{\mathrm{J}}\mathrm{y}\mathrm{t}1_{1}\mathrm{e}$ H\"older inequality wc have

$||R_{1}(t)||_{\Gamma^{2}}$,

$\leq Ct^{-2}||\triangle\hat{\phi}||_{L’}-+C/t^{-2}(\log t)^{2}||\hat{\phi}||_{\infty}^{\frac{\mathit{2}}{Ln}-1}||\nabla\hat{\phi}||_{L^{4}}^{2}+Cb^{-2}(\log t)||\hat{\phi}||_{L^{\infty}}^{n}\underline{\underline’}||\triangle\hat{\phi}||_{\Gamma^{2}}\lrcorner$

$\leq Ct^{-2}(\log t)^{2}||\emptyset||_{H^{02}}^{1+_{n}^{\underline{\underline{\eta}}}}$ .

We now define $u_{1}$ as

$u_{1}(t)=-i \int_{\infty}^{\iota}U(t-\tau)N_{n}(u_{0})d\tau$

which implies $\mathcal{L}u_{1}=N_{n}(u_{0})$ and

$u(t)-u_{0}(t)$

$=-i \int_{\infty}^{t}U(t-\tau)(N_{n}(v)-N_{n}(u_{0})+G_{n}(v)-G_{n}(u_{0}))d\tau$ (3.2)

$-i \int_{\infty}^{t}U(t-\tau)R_{1}(\tau)d\tau+u_{1}(t)$ .

Note that

$i \partial_{t}u_{1}(t)=N_{n}(u_{0})+\frac{i}{2}J_{\infty}^{t}.U(t-\tau)\triangle N_{n}(u_{0})d\tau$ . (3.4)

Now, we define the function space
$X=\{f\cdot\in \mathrm{C}([\mathrm{T}, \infty);L^{2});||f||_{X}<\infty\}$ . where

$||f||_{X}=$

$t\in[’\mathit{1}$

”

$\infty$ )

$\iota\sup_{\urcorner}t^{b}||f(t)-u_{0}(t)||_{L^{2}}+\sup_{t\in[\tau,\infty)}t^{b}(\int_{t}^{\infty}||f(t)-u_{0}(t)||_{X_{n}}^{4}dt)^{1/4}$

and
$X_{1}=L^{\infty}$ . $X_{2}=L^{4}$ , $b> \frac{r\iota}{4}$ .



45

Let $X_{p}$ be a closed ball in $X$ with a radius $\rho$ and a center $u_{0}$ . $\mathrm{L}\mathrm{C}^{\backslash }\mathrm{t}$

$v\in X_{\rho}$ . From (3.4) and Lemma 2.1 it follows $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$

$i \partial_{t}u_{1}(t)=N_{n}(u_{()})+\frac{i}{2}(\cdot),\sum_{h,g,f)}(-\frac{2i\omega}{1-\omega}h(it)e^{\frac{iaex^{2}}{2l}}e^{ig(\frac{x}{t})\log}{}^{t}f(\frac{x}{t})$

$- \frac{2\omega}{(1-\omega)^{2}}\int_{\infty}^{t}(\sum_{(F,k)}F(i\tau)e^{\frac{i\omega x^{2}}{2\tau}}e^{ig(\frac{x}{\tau})\log\tau}k(\frac{x}{\tau})$

$-i \omega U(t-\tau)\int_{\infty}^{\tau}\sum_{(F,k)}F’(is)e^{\frac{i\omega x^{2}}{\underline{\mathfrak{o}}_{S}}}e^{(\frac{x}{s})\log s}k(^{jj}-.)ds6$

$-i \omega U(t-\tau)\int_{\infty}^{\tau}\sum_{(F,k)}F(is)e^{\frac{i\omega x^{2}}{\circ_{\mathrm{S}}\sim}}e^{ig(\frac{x}{s})\log s}.\frac{1}{\mathrm{s}}k(g-\frac{in}{2})(\frac{x}{s})d_{6^{1}})d\tau+R(t)$ .

where the summation with respect to $(\omega, h, g, f)$ is taken over

$(\omega, h, g, f)=(3$ , $($ it $)^{-3/2}$ , $\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{2}$ , $\lambda_{1}\hat{\phi}(\frac{x}{t})^{3})$ ,

(–1, $(-\dot{x})^{-1/2}t^{-3/2}$ , $\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{2}$ ,
$\lambda_{2}\hat{\phi}(\frac{x}{f})\overline{\hat{\phi}(\frac{x}{t})}^{2}$ ),

(–3, $(-it_{J})^{-3/2}$ , $\lambda_{0}|\hat{\phi}(\frac{x}{t})|^{2}$ , $\lambda_{3}\overline{\hat{\phi}(\frac{x}{t})}$ )
$3$

,

when $n=1$ , and

$(\omega, h, g, f)=(2$ , $($ it $)^{-1}$ , $\lambda_{0}|\hat{\phi}(\frac{x}{t})|$ , $\lambda_{1}\hat{\phi}(\frac{x}{t})^{\mathit{2}}‘)$ , $(-2,$ $(-it)^{-1}$ , $\lambda_{0}|\hat{\phi}(\frac{x}{t})|$ , $\lambda_{2}\overline{\hat{\phi}(\frac{x}{t})}^{2})$

$

when $n=2$ , and the summation with respect to $(F, k)$ is taken over
$(F, k)=(h’, f)$ , $(h\tau^{-1}, f(g-in/2))$ . We have

$G_{n}(v)-G_{n}(u_{0})$

$=\lambda_{0}|v|^{\frac{2}{n}}v-\lambda_{0}|u_{0}|^{\frac{2}{n}}u_{0}$

$=\lambda_{0}(|v|^{\frac{2}{n}}-|u_{0}|^{\frac{2}{n}})(v-u_{0})+\lambda_{0}(|v|^{\frac{2}{n}}-|u_{0}|^{\frac{2}{n}})u_{0}+\lambda_{0}|u_{0}|^{\frac{2}{?\mathrm{t}}}(v-u_{0})$

Therefore, by the $\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}_{J}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{z}$ estimate we get

$|| \int_{t}^{\infty}U(t-\tau)(G_{n}(v)-G_{n}(u_{0}))d\tau||_{L^{2}}$

$+( \int_{t}^{\infty}||\int_{t}^{\infty}U(t-\tau)(G_{n}(v)-G_{n}(u_{0}))d\tau||_{X_{2}}^{4}dt)^{1/4}$

$\leq C(\int_{t}^{\infty}||v(\tau)-u_{0}(\tau)||_{L^{2}}^{2}d\tau)^{\frac{1}{2}}(\int_{t}^{\infty}||v(\tau)-u_{0}(\tau)||_{X\underline{\circ}}^{4}d\tau)^{1/4}(3.5)$

$+C \int_{t}^{\infty}||v(\tau)-u_{0}(\tau)||_{L^{2}}||u_{0}(\tau)||_{L^{\infty}}d\tau$

$\leq C\rho^{1+\frac{2}{n}}t^{-2b+\frac{1}{2}}+Ct^{-b}\rho||\phi||_{L^{1}}$ ,



for $n=2$ . Also

$|| \int_{t}^{\infty}U(t-\tau)(\mathcal{G}_{n}(v)-G_{n}(u_{0}))d\tau||_{L^{2}}$

$+( \int_{t}^{\propto}||\int_{t}^{\infty}U(t-\tau)(G_{7l}(v)-G_{n}(u_{0}))d\tau||_{X_{1}}^{1}dt)^{1/4}$

$\leq C(\int_{\mathrm{t}}^{\infty}|||v(\tau)-u_{0}(\tau)|^{3}||_{1}^{\frac{4}{L3}}d\tau)^{3/4}$

$+C \int_{t}^{\infty}|||v(\tau)-u_{0}(\tau)||u_{0}(\tau)|^{2}||_{L^{2}}d\tau$

$\leq C\{$ $\int_{t}^{\infty}||v(\tau-)-u_{0}(\tau)||_{L^{\infty}}^{\frac{4}{3}}||v(\tau)-u_{0}(\tau)||_{2}^{\frac{8}{L3}}d\tau)^{3/4}$

(3.6)

$+C \int_{t}^{\infty}||v(\tau)-u_{0}(\tau)||_{L^{2}}||u_{0}(\tau)||_{L^{\mathrm{R})}}^{2}d\tau$

$\leq C(\int_{t}^{\infty}||v(\tau)-u_{0}(\tau)||_{L^{\infty}}^{4}d\tau)^{\frac{1}{4}}(\int_{t}^{\infty}||v(\tau)-u_{0}(\tau)||_{L^{2}}^{4}d\tau)^{1/2}$

$+C \int_{t}^{\infty}||v(\tau)-u_{0}(\tau)||_{L^{2}}||u_{0}(\tau)||_{L^{\infty}}^{2}d\tau$

$\leq C\rho(\int_{t}^{\infty}p^{4}\tau^{-4b}d\tau)^{1/2}+C\rho||\phi||_{L^{1}}^{2}\int_{t}^{\infty}\tau^{-b-1}d\tau$

$\leq C\rho^{3}t^{-3b+\frac{1}{\circ\sim}}+Ct^{-b}\rho||\phi||_{L^{1}}^{\mathit{2}}l$ ,

$\mathrm{f}()\mathrm{r}n=1$ , where we have used the facts that $b>n/4$ and

$|G_{77}(\iota))-G_{n}(u_{0})|\leq C(|v-u_{0}|^{\frac{2}{n}}+|\tau\iota_{0}|^{\frac{2}{n}})|v-u_{0}|$ .

Similarly, we see that the above estimate holds valid with $G_{n}$ replaced
by $N_{7l}$ . Thus by (3.2), (3.3), (3.5) and (3.6)

$||u(t)-u_{0}(t)||_{L^{2}}+( \int_{t}^{\infty}||u(\tau)-u_{0}(\tau)||_{X_{n}}^{4}d\tau)^{1/4}$

$\leq C\rho^{1+\frac{2}{n}}t^{-(1+\frac{2}{\tau\iota})b+\frac{1}{2}}+Ct^{-b}p||\phi||_{1}^{\frac{2}{Ln}}+Ct^{-1}(\log t)^{\mathit{2}}||\phi||_{H^{0}}^{1\dagger\frac{2}{n_{2}}}5$ (3.7)

$+||u_{1}(t)||_{L^{2}}+( \int_{t}^{\infty}||u_{1}(\tau)||_{X_{\mathrm{n}}}^{4}d\tau)^{1/4}$

$\mathrm{T}(\mathrm{J}$ get the result we now estimate $u_{1}(t)$ . By Lemma 2.1, Lemma 2.2
and LeInIna 2.3 we get

$||u_{1}(t)||_{L^{2}}+( \int_{t}^{\infty}||u_{1}(\tau)||_{X_{n}}^{4}d\tau)^{1/4}$

(3.8)
$\leq C(||| |^{-\tilde{\delta}}\hat{\phi}||_{L^{2}}+||\phi||_{H^{0,2}})^{1+\frac{2}{n}}t^{-\frac{\delta}{2}}$ ,
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for $\frac{n}{2}<\overline{\delta}<2$ , where we have used the fact that

$|| \int_{t}^{\infty}\int_{s}^{\infty}U(s-\tau)f(\tau)d\tau d1\mathrm{s}||_{X_{n}}$

$\leq C\int_{t}^{\infty}S_{\mathrm{e}}-\alpha_{\neg}\backslash |\alpha|\int_{s}^{\infty}U(s-\tau)f(\tau)d\tau||_{X_{n}}d_{9}$.

$\leq C(\int_{t}^{\infty}s^{-\frac{4}{3}\alpha}ds)^{3/4}(\int_{t}^{\infty}s^{4\alpha}||\int_{s}^{\infty}\mathcal{U}(s-\tau)f(\tau)d\tau||_{X_{n}}^{4}ds)^{1/4}$

$\leq Ct^{-\alpha+\frac{3}{4}}(\int_{t}^{\infty}s^{4\alpha}||\int_{6}^{\infty}U(s-\tau)f(\tau)d\tau||_{X_{n}}^{4}ds)^{1/4}$

with $\alpha\geq 1$ , from which it follows that

$( \int_{\tilde{t}}^{\infty}||\int_{t}^{\infty}\int_{5}^{\infty}U(\mathrm{s} -\tau)f(\tau)d\tau ds||_{X_{n}}^{4}dt)^{1/4}$

$\leq C(\int_{\overline{t}}^{\infty}t^{-4\alpha+3}(\int_{t}^{\infty}||\int_{s}^{\infty}U(s-\tau)\tau^{\alpha}f(\tau)d\tau||_{X}^{4},,$ $ds)dt)^{14}/$

$\leq C(\int_{\overline{t}}^{\infty}t^{-4\alpha+3(}\int_{t}^{\infty}||\tau^{\alpha}f(\tau)||_{L^{2}}d\tau)^{4}dt)^{1/4}$

$\leq Ct^{-\alpha+1-\beta}\sup_{t}t^{\beta}\int_{t}^{\infty}||\tau^{\alpha}f(\tau)||_{L^{2}}d\tau$

$\leq Ct^{-\beta}\sup_{t}t^{\beta}\int_{t}^{\infty}||\tau^{\alpha}f(\tau)||_{L^{\wedge}}9d\tau$.

By virtue of (3.7) and ( $3.8\grave{)}$ , taking $\frac{n}{2}<\overline{\delta}<2$ , $b=\overline{\frac{\delta}{2}}$ , we get

$||u(t)-u_{0}(t)||_{L^{\mathit{2}}}+( \int_{t}^{\infty}||u(\tau)-u_{0}(\tau)||_{X_{n}}^{4}d\tau)^{1/4}$

(3.9)
$\leq C(||| |^{-\tilde{\delta}}\hat{\emptyset}||-1^{\mathrm{I}}-|\}\phi||_{H^{02}})^{1+_{\eta}}t^{-b}\underline{\underline{)}}$.

Since the norm of the final state $||\phi||_{H^{0,2}}+||\phi||_{I\dot{I}^{-\delta}}$ is sufficiently $\mathrm{s}\mathrm{m}.\mathrm{a}11$ ,
estimate (3.9) implies that there exists a SllHicieIltly small $\mathrm{r}\mathrm{a}\mathrm{d}\mathrm{i}_{11\mathrm{S}^{1}}\llcorner p>(\}$

such that the mapping $\mathcal{M}v$ $=u$ . defined by equation (3.1), transf$()$rllls

the set $X_{\rho}$ into itself. In the same way as $\mathrm{i}_{11}$ the $\mathrm{p}\mathrm{r}()()\mathrm{f}$ of $\mathrm{e}_{J}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{c}(3.9)$

we find that $\mathcal{M}$ is a contraction mapping in Xp. This completes the
proof of the theorem.
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