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1 Introduction
The notion of geometric crystals and unipotent crystals has been introduced by Berenstein
and KazhdanQl]) for reductive algebraic groups and it is extended to $\mathrm{K}\mathrm{a}\mathrm{c}\sim \mathrm{M}\mathrm{o}\mathrm{o}\mathrm{d}\mathrm{y}$ setting

in [11]. It seems to be a geometric lifting of the Kashiwara’s crystal base theory. They are
related to each other by “

$\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}/$ultra-discretization” procedures.
Theory of perfect crystals([6] ,[7]) plays an important role in studying vertex type solvable

lattice models and certain limit (denoted by $B_{\infty}$ ) has been treated in [5],
In the mean while, Schubert $\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}/\mathrm{c}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{s}$ associated with Kac-Moody groups have a

canonicaal $\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}/\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{p}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{t}$crystal structures([ll] ). Indeed, the geometric crystal and

the crystal $B_{\infty}$ are related by $\mathrm{t}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}/\mathrm{u}\mathrm{l}\mathrm{t}\mathrm{r}\mathrm{a}$-discretization procedures.
In this article, we review [11] and in the last section, we see some relation between

geometric crystal on an affine Schubert cell and a crystal $B_{\infty}$ .

2 Kac-Moody groups and Ind-varieties

In this section, we review Kac-Moody groups following $[9],[10],[12]$ .

2.1 Kac-Moody algebras and Kac-Moody groups

Fix a symmetrizable generalized Cartan matrix $A=(a_{ij})_{i,j\in I}$ , where I be a finite index

set. Let $(\mathrm{t}, \{\alpha_{i}\}_{i\in I}, \{h_{i}\}_{i\in I})$ be the associated root data, where $\mathrm{t}$ be the vector space over $\mathbb{C}$

with dimension $|I|+$ corank(A), and $\{\alpha_{i}\}_{i\in I}\subset \mathrm{t}^{*}$ and $\{h_{i}\}_{i\in I}\subset \mathrm{t}$ are linearly independent

indexed sets satisfying $\alpha j(h_{i})=a:j$ .

The Kac-Moody Lie algebra $\mathfrak{g}$

$=\mathfrak{g}(A)$ associated with $A$ is the Lie algebra over $\mathbb{C}$

generated by $\mathrm{t}$ , the Chevalley generators $e_{i}$ and $f_{i}(\mathrm{i}\in I)$ with the usual defining relations

$([9],[10])$ . There is the root space decomposition $\mathfrak{g}$
$=\oplus_{\alpha\in \mathrm{t}}*\mathrm{g}_{\alpha}$ . Denote the set of roots by

$\Delta:=\{\alpha\in \mathrm{t}^{*}|\alpha\neq 0, \mathfrak{g}_{\alpha}\neq(0)\}$. Set $Q= \sum_{i}\mathbb{Z}\alpha_{i}$ , $Q+= \sum_{i}\mathbb{Z}\geq 0\alpha_{i}$ and $\Delta_{+}:=\Delta\cap Q_{+}$ . An

element of $\Delta_{+}$ is called a positive root.
Define simple reflections $s_{i}\in$ Aut(t) $(\mathrm{i}\in I)$ by $s_{i}(h):=h-\alpha_{i}(h)h_{i}$ , which generate

the Weyl group $W$ . We also define the action of $W$ on $\mathrm{t}^{*}$ by $s_{i}(\lambda):=\lambda-\alpha(h_{i})\alpha_{i}$ . Set
$\Delta^{\mathrm{r}\mathrm{e}}:=\{w(\alpha_{i})|w\in W, \mathrm{i}\in I\}$ , whose element is called a real root.

Let $\mathfrak{g}’$ be the derived Lie algebra of 9 and $G$ be the Kac-Moody group associated with
$\mathfrak{g}’([10])$ . Let $U_{\alpha}:=\exp \mathfrak{g}_{\alpha}$ (a $\in\Delta^{\mathrm{r}\mathrm{e}}$ ) be an one-parameter subgroup of $G$ . The group $G$

is generated by $U_{\alpha}(\alpha\in\Delta^{\mathrm{r}\mathrm{e}})$ . Let $U^{\pm}$ be the subgroups generated by $U_{\pm\alpha}(\alpha\in\Delta_{+}^{\mathrm{r}\mathrm{e}}=$

$\Delta^{\mathrm{r}\mathrm{e}}\cap Q_{+})$ , $\mathrm{i}.e.l$
$U^{\pm}:=\langle U\pm\alpha|\alpha\in\Delta_{+}^{\mathrm{r}\mathrm{e}}\rangle$ .

For any $\mathrm{i}\in I$ , there exists a unique homomorphism; $\phi_{i}$ : $SL_{2}(\mathbb{C})arrow G$ such that

$\phi_{i}$ $((\begin{array}{ll}1 t0 1\end{array}))=\exp te_{i}$ , $\phi_{i}($ $(\begin{array}{ll}1 0t 1\end{array})$ $)=\exp tf_{i}(t\in \mathbb{C})$ .
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Set $x_{i}(t):=\exp$ teh $y_{i}(t):=\exp tf_{i}$ , $T_{i}:=\phi_{i}$ ({diag(#, $t^{-1}$ ) $|t$ $\in \mathbb{C}\}$ ) and $N_{i}:=N_{G_{\mathrm{f}}}(T_{i})$ . Let $T$

(resp. $N$) be the subgroup of $G$ generated by $T_{i}$ (resp. $N_{i}$ ), which is called a maimal torus
in $G$ and $B^{\pm}=U^{\pm}T$ be the Borel subgroup of $G$ . We have the isomorphism $\phi$ : $Warrow N\sim/T$

defined by $\phi(s_{i})=N_{i}T/T$ . An element $\overline{s}_{i}:=x_{i}(-1)y_{i}(1)x_{i}(-1)$ is in $N_{G}(T)$ , which is a
representative of $s_{i}\in W=N_{G}(T)/T$ . Define $R(w)$ for $w\in W$ by

$R(w):=\{(i_{1}, \mathrm{i}_{2}, \cdots, \mathrm{i}_{f})\in I^{l}|w=s_{i_{1}}s_{i_{2}}\cdots s_{i_{l}}\}$ ,

where $l$ is the length of $u\mathit{3}$ . We associate to each $w\in W$ its standard representative $\overline{w}\in$

$N_{G}(T)$ by $\overline{w}=\overline{s}_{i_{1}}\overline{s}_{i_{2}}\cdots\overline{s}_{i_{l}}$ , for any ($\mathrm{i}_{1}$ , i2, $\cdots$ , $\mathrm{i}_{l}$ ) $\in R(w)$ .

2.2 Ind-variety and Ind-group
Let us recall the notion of $\mathrm{i}\mathrm{n}\mathrm{d}$-varieties and $\mathrm{i}\mathrm{n}\mathrm{d}$-groups. (see [8]).

Definition 2,1. Let k be an algebraically closed field.

(i) A set $X$ is an $\mathrm{i}nd$-vaiety over $k$ if there exists a filtration $X_{0}\subset X_{1}\subset X_{2}\subset\cdots$ such
that

(a) $\bigcup_{n\geq 0}X_{n}=X$ .

(b) Each $X_{n}$ is a finite-dimensional variety over $k$ such that the inclusion $X_{n}\mathrm{c}arrow X_{n+1}$

is a closed embedding,

(ii) A Zariski topology on an $\mathrm{i}\mathrm{n}\mathrm{d}$ variety $X$ is defined as follows; a set $U\subset X$ is open if
and only if $U\cap X_{n}$ is open in $X_{n}$ for any $n\geq 0$ .

(iii) Let $X$ and $Y$ be two $\mathrm{i}\mathrm{n}\mathrm{d}$-varieties with filtrations $\{X_{n}\}$ and $\{Y_{n}\}$ respectively. A map
$f$ : $Xarrow Y$ is a $mor$ phism if for any $n\geq 0$ , there exists $m$ such that $f(X_{n})\subset Y_{m}$ and
$fx_{n}$ : $X_{n}arrow Y_{m}$ is a morphism. A morphism $f$ : $Xarrow Y$ is said to be an isomorphism
if $f$ is bijective and $f^{-1}$ . $Yarrow X$ is also a morphism.

(iv) Let $X$ and $Y$ be two $\mathrm{i}\mathrm{n}\mathrm{d}$-varieties. A rational morphism $f$ : $Xarrow Y$ is an equivalence
class of morphisms $f_{U}$ : $Uarrow Y$ where $U$ is an open dense subset of $X$ , and two
morphisms $fu$ : $Uarrow Y$ and $f_{V}$ : $Varrow Y$ are equivalent if they coincide on $U\cap V$ .

Definition 2.2. An $\mathrm{i}\mathrm{n}\mathrm{d}$ variety $H$ is called an $\mathrm{i}nd$ (algebraic)-group if the underlying set $H$

is a group and the maps

$H\mathrm{x}$ $H$ $arrow$ $H$ $H$ $arrow$ $H$

$(x, y)$ $\mapsto$ $xy$ $x$ $\mapsto$ $x^{-1}$

are morphisms of ind-varieties.

We have the following facts:

(i) A finite dimensional variety over $k$ holds canonically an $\mathrm{i}\mathrm{n}\mathrm{d}$-variety structure.

(ii) If $X$ and $Y$ are $\mathrm{i}\mathrm{n}\mathrm{d}$-varieties, then $X\mathrm{x}$ $Y$ is canonically an $\mathrm{i}\mathrm{n}\mathrm{d}$-variety by taking the
filtration

$(X\mathrm{x} Y)_{n}:=X_{n}\mathrm{x}$ $Y_{n}$ .
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(iil) Let $G$ be a Kac-Moody group and $U^{\pm}$ , $B^{\pm}$ be its subgroups as above. Then $G$ is an
$\mathrm{i}\mathrm{n}\mathrm{d}$ group and $U^{\pm}$ , $B^{\pm}$ are its closed ind-subgroups.

(iv) The multiplication maps

$T\mathrm{x}$ $U$ $arrow$ $B$ $U^{-}\mathrm{x}$ $T$ $arrow$ $B^{-}$

$(t, u)$ $\mapsto$ tu $(v, t)$ $\mapsto$ $vt$

are isomorphisms of ind-varieties,

3 Geometric Crystals and Unipotent Crystals

In this section, we define geometric crystals and unipotent crystals associated with Kac-
Moody groups, which is just a generalization of [1] to a Kac-Moody setting.

3.1 Geometric Crystals

Let $(a_{ij})_{i,j\in I}$ be a symmetrizable generalized Cartan matrix and $G$ be the associated Kac-
Moody group with the maximal torus $T$ . An element in $\mathrm{H}\mathrm{o}\mathrm{m}(T_{7}\mathbb{C}^{\mathrm{x}}$ } (resp. $\mathrm{H}\mathrm{o}\mathrm{m}(\mathbb{C}^{\mathrm{x}},T)$) is

called a character (resp. $co$-character) of $T$ . We define a simple $co$-root $\alpha_{i}^{\vee}\in \mathrm{H}\mathrm{o}\mathrm{m}(\mathbb{C}^{\mathrm{x}},T)$

$(\mathrm{i}\in I)$ by $\mathrm{a}\mathrm{Y}(\mathrm{t}):=T_{f}$ . We have a pairing $\langle\alpha_{i’ j}^{\vee}\alpha\rangle=a_{ij}$ .

Definition 3.1. (i) Let X be an $\mathrm{i}\mathrm{n}\mathrm{d}$-variety over $\mathbb{C}$ , $\gamma$ : X $arrow T$ be a rational morphism

and a family of rational C-actions $e_{i}$ : $\mathbb{C}^{\mathrm{x}}\mathrm{x}Xarrow X(\mathrm{i}\in I)$ ;

$e_{i}$ : $\mathbb{C}^{\mathrm{X}}\mathrm{x}$ $X$ $arrow$ $X$

$(c, x)$ $\mapsto$ $e_{i}^{c}(x)$ .

The triplet $\chi=(X, \gamma, \{e_{i}\}_{i\in I})$ is a geometric pre-crystal if it satisfies {1} $\mathrm{x}$ $X\subset$

$dom(e_{i})$ , $e^{1}(x)=x$ and

$\gamma(e_{i}^{c}(x))=\alpha_{i}^{\vee}(c)\gamma(x)$ . (3.1)

(ii) Let $(X,\gamma x, \{e_{i}^{X}\}_{i\in I})$ and $(Y, \gamma_{Y}, \{e_{i}^{Y}\}_{i\in I})$ be geometric pre-crystals. A rational mor-
phism $f$ : $Xarrow Y$ is a morphism of geometric pre-crysials if $f$ satisfies that

$f$ $\mathrm{o}e_{i}^{X}=e_{i}^{Y}\mathrm{o}f$ , $\gamma \mathrm{x}$
$=\gamma_{Y}\circ f$ .

In particular, if a morphism $f$ is a birational isomorphism of ind-varieties, it is called

an isomorphism of geometric pre-crystals.

Let $\chi=(X, \gamma, \{e_{i}\}_{i\in I})$ be a geometric pre-crystal. For a word $\mathrm{i}=(\mathrm{i}_{1}, \mathrm{i}_{2}, \cdots, \mathrm{i}_{l})\in R(w)$

$(w\in W)$ , set $\alpha^{(l)}:=\alpha_{i_{l}}$ , $\alpha^{(l-1)}:=s_{i_{l}}(\alpha_{i_{\mathrm{t}-1}})$ , $\cdots$ , $\mathrm{a}(1):=s_{i_{l}}\cdots s_{i_{2}}(\alpha_{i_{1}})$ . Now for a word
$\mathrm{i}=$ $(\mathrm{i}_{1}, \mathrm{i}_{2}, \cdots, \mathrm{i}_{l})\in R(w)$ we define a rational morphism $e_{i}$ : $T\mathrm{x}Xarrow X$ by

$(t, x)\mapsto e_{i}^{t}(x):=e_{i_{1}}^{\alpha^{(1)}(t)}e_{i_{2}}^{\alpha^{(2)}(t\rangle}\cdots e_{i_{l}}^{\alpha^{(l)}(t)}(x)$ .

Definition 3.2, (i) A geometric pre-crystal $\chi$ is called a geometric crystal if for any
$w\in W$ , and any $\mathrm{i}$ , $\mathrm{i}’\in R(w)$ we have

$e_{\mathrm{i}}=e_{\mathrm{i}’}$ . (3.2)
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(ii) Let $(X, \gamma_{X}, \{e_{i}^{X}\}_{i\in I})$ and $(Y, \gamma_{Y}, \{e_{i}^{Y}\}_{i\in I})$ be geometric crystals. A rational morphism
$f$ : $Xarrow Y$ is called a morphism (resp. an isomorphism) of geometr $.c$ crystals if it is
a morphism (resp. an isomorphism) of geometric pre-crystals.

The following lemma is a direct result from [l][Lemma2.1] and the fact that the Weyl
group of any Kac-Moody Lie algebra is a Coxeter group [3] [Proposition 3.13].

Lemma 3.3. The relations (3.2) are equivalent to the following relations:

$e_{i}^{c_{1}}e_{j^{2}}^{c}=e_{j}^{c_{2}}e_{i}^{c_{1}}$ if $\langle\alpha_{\check{i}}, \alpha_{j}\rangle=0$,
$e_{i}^{c}$

”
$e_{j2}^{c_{1}c_{2}}e_{i}^{c_{2}}=e_{j^{2}}^{c}e_{i}^{c_{1}c_{2}}e_{j}^{c_{1}}$ if $\langle\alpha_{i}^{\vee}, \alpha_{\mathrm{J}}\rangle=\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-1$ ,

$e_{i}^{c_{1}}e_{j^{1}}^{cc_{2}}e_{i}^{c_{1}c_{2}}e_{j}^{c_{2}}=e_{j^{2}}^{c}e_{i}^{c_{1}c_{2}}e_{j^{1}}^{c^{2}c_{2}}e_{i}^{c_{1}}$ if $\langle\alpha_{i}^{\vee}, \alpha j\rangle=-2$ , $\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-1$ ,
$e_{i}^{c_{1}}e_{j}^{\mathrm{c}_{1}^{2}c_{2}}e_{i}^{c_{1}^{3}\mathrm{c}_{2}}e_{j}^{c_{1}^{3}c_{2}^{2}}e_{i}^{c_{1}c_{2}}e_{j}^{\mathrm{c}_{2}}=e_{j}^{c_{2}}e_{i}^{c_{1}c_{2}}e_{j}^{c_{1}^{3}c_{2}^{2}}e_{i}^{c_{1}^{3}c_{2}}e_{j}^{c_{1}^{2}c_{2}}e_{i}^{c_{1}}$ if $\langle\alpha_{i}^{\vee}$ , $\alpha_{j})$ $=-3$ , $\langle\alpha_{j}^{\vee}, \alpha_{i}\rangle=-1$ ,

Remark. If $\langle\alpha_{\check{i}}, \alpha_{j}\rangle\langle$ $\alpha_{j}^{\vee}$ , a $i\rangle$ $\geq 4$ , there is no relation between $e_{i}$ and $e_{j}$ .

3.2 Unipotent Crystals
In the sequel, we denote the unipotent subgroup $U^{+}$ by $U$ . We define unipotent crystals
(see $[1],[11]$ ) associated to Kac-Moody groups.

Definition 3.4, Let $X$ be an $\mathrm{i}\mathrm{n}\mathrm{d}$-variety over $\mathbb{C}$ and a : $U\mathrm{x}$ $Xarrow X$ be a rational N-action
such that $\alpha$ is defined on $\{e\}\mathrm{x}X$ . Then, the pair $\mathrm{X}=(X, \alpha)$ is called a $U$-variety. For
$U$-varieties $\mathrm{X}=(X, \alpha x)$ and $\mathrm{Y}=(Y, \alpha_{Y})$ , a rational morphism $f$ : $Xarrow Y$ is called a
$U$-morphism if it commutes with the action of $U$ .

Now, we define the $U$-variety structure on $B^{-}=U^{-}T$ . As in Sect.2, $B^{-}$ is an ind-
subgroup of $G$ and hence an $\mathrm{i}\mathrm{n}\mathrm{d}$-variety over C. The multiplication map in $G$ induces the
open embedding; $B^{-}\rangle<U\subset-\rangle$ $G$ , which is a birational isomorphism. Let us denote the inverse
birational isomorphism by $g$ ;

$g$ : $Garrow B^{-}\mathrm{x}U$.
Then we define the rational morphisms $\pi^{-}s$ $Garrow B^{-}$ and $\pi$ : ($;arrow U$ by $\pi^{-}:=$ proj $B^{-}\circ g$

and $\pi:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{U}\circ g$ . Now we define the rational $U$ action a $B-$ on $B^{-}$ by

$\alpha_{B}-:=\pi^{-}\circ m$ : $U\mathrm{x}$ $B^{-}arrow B^{-}$ ,

where $m$ is the multiplication map in $G$ . Then we obtain $U$-variety $\mathrm{B}^{-}=$ $(B^{-}, \alpha_{B}-)$ .

Definition 3.5. (i) Let X $=(X, \alpha)$ be a $U$-variety and f : X $arrow \mathrm{B}^{-}$ be a U-morphism.
The pair (X, f) is called a unipotent $G$-crystal or, for short, unipotent crystal

(ii) Let $(\mathrm{X}, f_{X})$ and $(\mathrm{Y}, f_{Y})$ be unipotent crystals. A $U$ morphism $g$ : $Xarrow Y$ is called
a morphism of unipotent crystals if $f_{X}=f_{Y}\circ g$ . In particular, if $g$ is a birational
isomorphism of $\mathrm{i}\mathrm{n}\mathrm{d}$-varieties, it is called an isomorphism of unipotent crystals.

we define a product of unipotent crystals following [1]. For unipotent crystals $(\mathrm{X}, f_{X})$ ,
$(\mathrm{Y}, f_{Y})$ , define a morphism axxY : $U\mathrm{x}$ $X\mathrm{x}Yarrow X\mathrm{x}$ $Y$ by

$\alpha_{X\mathrm{x}Y}(u, x, y):=(\alpha x(u, x),$ $\alpha_{Y}(\pi(u\cdot f_{X}(x)), y))$ . (3.3)

If there is no confusion, we use abbreviated notation $u(x, y)$ for $\alpha_{XY}$)$‘(u, x, y)$ .
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Theorem 3.6 ([1]). (i) The morphism $\alpha x\mathrm{x}Y$ defined above is a rational U morphism

on XxY.

(i) Let $\mathrm{m}:B^{-}\mathrm{x}B^{-}arrow B^{-}$ be a multiplication morphism and $f=fx\mathrm{x}Y$ : $X\mathrm{x}$ $Yarrow B^{-}$

be the rational morphism defined by

$f_{X\mathrm{x}Y}:=\mathrm{m}\circ$ $(f_{X}\mathrm{x} f_{Y})$ .

Then $fx\mathrm{x}Y$ is a $U$ -morphism and ( $\mathrm{X}\mathrm{x}\mathrm{Y}$ , fxxv) $\iota s$ a unipotent crystal, which we call

a product of unipotent crystals $(\mathrm{X}, f_{X})$ and $(\mathrm{Y}, f_{Y})$ .

(iii) Product of unipotent crystals is associative.

3.3 From unipotent crystals to geometric crystals

For i $\in I$ , set $U_{i}^{\pm}:=U^{\pm}\cap\overline{s}_{i}U\mp\overline{s}_{i}^{-1}$ and $U_{\pm}^{i}:=U^{\pm}\cap\overline{s}_{i}U^{\pm}\overline{s}_{\mathrm{i}}^{-1}$ . Indeed, $U_{x}^{\pm}=U\pm\alpha_{i}$ . Set

$Y_{\pm\alpha_{i}}:=\langle$ $x_{\pm\alpha_{\dot{\mathrm{t}}}}(t)U_{\alpha}x_{\pm\alpha_{i}}(-t)|t\in \mathbb{C}$ , a $\in\Delta_{\pm}^{\mathrm{r}\mathrm{e}}\backslash \{\pm\alpha_{i}\}\rangle$.

We have the unique decomposition;

$U^{-}=U_{i}^{-}$ . $Y_{\pm\alpha_{\mathrm{t}}}=U_{-\alpha i}$ . $U_{-}^{i}$ .

By using this decomposition, we get the canonical projection $\xi_{i}$ : $U^{-}arrow U_{-\alpha_{i}}$ . Now, we
define the function on $U^{-}$ by

$\chi_{i}:=y_{i}^{-1}\circ\xi_{i}$ : $U^{-}arrow U_{-\alpha_{i^{arrow}}}^{\sim}\mathbb{C}$ ,

and extend this to the function on $B^{-}$ by $\chi_{i}(u\cdot t):=\chi_{i}(u)$ for $u\in U^{-}$ and $t\in T$ . For a

unipotent $G$-crystai $(\mathrm{X}, \mathrm{f}\mathrm{x})$ , we deffne a function $\varphi_{i}:=\varphi_{i}^{X}$ : $Xarrow \mathbb{C}$ by

$\varphi_{i}:=\chi_{i}\mathrm{o}\mathrm{f}_{\mathrm{X})}$

and a rational morphism $\gamma x$ : $Xarrow T$ by

$\gamma \mathrm{x}$

$:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}\circ \mathrm{f}_{\mathrm{X}}$ : $Xarrow B^{-}arrow T$, (3.4)

where $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}$ is the canonical projection. Suppose that the function $\varphi_{i}$ is not identically zero

on $X$ . We define a morphism $e_{i}$ : $\mathbb{C}^{\mathrm{x}}\mathrm{x}$ $Xarrow X$ by

$e_{i}^{c}(x):=x_{i}( \frac{c-1}{\varphi_{i}(x)})(x)$ . (3.5)

Theorem 3.7 ([1]). For a unipotent $G$ -crystal $(\mathrm{X}, \mathrm{f}_{\mathrm{X}})$ , suppose that the function $\varphi i$ is

not identically zero for any $\mathrm{i}\in I$ . Then the rational morphisms $\gamma x$ : $Xarrow T$ and $e_{i}$ :

C’ $\mathrm{x}$ $Xarrow X$ as above define a geometric $G$-crystal $(X,\gamma \mathrm{x}, \{e_{i}\}_{i\in I})$ , which is called the

induced geometric $G$ -crystals by unipotent $G$ -crystal $(\mathrm{X}, fx)$ .

Note that in [1], the cases $\varphi_{i}\equiv 0$ for some $\mathrm{i}\in I$ are treated by considering Levi subgroups

of $G$ . But here we do not treat such things.
The following product structure on geometric crystals are most important results in the

sense of comparison with the tensor product theorem in Kashiwara’s crystal theory
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Proposition 3.8. For unipotent $G$ -crystals $(\mathrm{X}, fx)$ and $(\mathrm{Y}, f_{Y})$ , set the product $(\mathrm{Z}, fz):=$

$(\mathrm{X}, f_{X})\mathrm{x}$ $(\mathrm{Y}, f_{Y})$ , where $Z=X\mathrm{x}$ Y. Let $(Z, \gamma z, \{e_{i}\})$ be the induced geometric G-crystal
from $(\mathrm{Z}, f_{Z})$ . Then we obtain;

(i) $\gamma z$
$=\mathrm{m}\circ(\gamma_{X}\mathrm{x} \gamma_{Y})$ .

(i) For each $\mathrm{i}\in I$ , $(x, y)\in Z$ ,

$\varphi_{i}^{Z}(x, y)=\varphi_{i}^{X}(x)+\frac{\varphi_{i}^{Y}(y)}{\alpha_{i}(\gamma_{X}(x))}$ . (3.6)

(Hi) For any $\mathrm{i}\in I$ , the action $e_{i}$ : $\mathbb{C}^{\mathrm{x}}\mathrm{x}$ $Zarrow Z$ is given by: $e_{i}^{c}(x, y)$ $=(e_{i}^{c_{1}}(x), e_{\mathrm{t}}^{c_{2}}(y))$ ,
where

$c_{1}= \frac{c\alpha_{i}(\gamma_{X}(x))\varphi_{i}^{X}(x)+\varphi_{i}^{Y}(y)}{\alpha_{i}(\gamma_{X}(x))\varphi_{i}^{X}(x)+\varphi_{i}^{Y}(y)}$ , $c_{2}= \frac{\alpha_{i}(\gamma_{X}(x))\varphi_{i}^{X}(x)+\varphi_{i}^{Y}(y)}{\alpha_{i}(\gamma \mathrm{x}(x))\varphi_{i}^{X}(x)+c^{-1}\varphi_{i}^{Y}(y)}$ (3.7)

Here note that CIC2 $=c$. The formula $c_{1}$ and $c_{2}$ in [1] seem to be different from ours.

4 Crystal structure on Schubert varieties
4.1 Highest weight modules and Schubert varieties
As in Sect.2, let $G$ be a Kac-Moody group, $B^{\pm}=U^{\pm}T$ (resp. $U^{\pm}$ )be the Borel (resp.
unipotent) subgroups in $G$ and $W$ be the associated Weyl group. Here, we have the following
Bruhat decomposition and Birkhoff decomposition;

Proposition 4.1 ([8], [10],[12]). We have

$G=\cup B^{+}\overline{w}B^{+}w\in W=w\in W\cup U^{+}\overline{w}B^{+}$
(Bruhat decomposition), (4.1)

$G=\cup B^{-}\overline{w}B^{+}=\cup U^{-}\overline{w}B^{+}w\in Ww\in W$
(Birkhoff decomposition). (4.2)

Let $J\subset I$ be a subset of the index set I and $W_{J}:=\langle s_{i}|\mathrm{i}\in J\rangle$ be the subgroup of $W$

associated with $J$ . Set $P_{J}$ $:=B^{+}W_{J}B^{+}$ and call it a (standard) parabolic subgroup of $G$

associated with $J\subset I$ . We denote the set of the minimal coset representatives of $W/W_{J}$ in
$W$ by $W^{J}$ . There exist the following parabolic $\mathrm{B}\mathrm{r}\mathrm{u}\mathrm{h}\mathrm{a}\mathrm{t}/\mathrm{B}\mathrm{i}\mathrm{r}\mathrm{k}\mathrm{h}\mathrm{o}\mathrm{f}\mathrm{f}$ decompositions:

Proposition 4.2 $([8],[10],[12])$ . Let $J$ be a subset of I and, $W_{J}$ and $W^{J}$ $be$ as above.
Then we have

$G=\cup U^{+}\overline{w}^{*}P_{J}w^{*}\in W^{J}$ ’ $G=\mathrm{U}U^{-_{w^{-}}*}P_{J}w^{*}\in W^{J}$
.

4.2 Unipotent crystal structure on Schubert variety
For A $\in P_{+}$ ( $P_{+}$ is the set of dominant integral weight), let us denote an integral highest
weight simple module with the highest weight A by $L(\Lambda)([3])$ and its projective space by
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$\mathrm{P}(\mathrm{A}):=(\mathrm{L}(\mathrm{A})\backslash \{\mathrm{G}\})/\mathrm{C}\mathrm{x}$ . Let $v_{\mathrm{A}}\in \mathrm{P}(\mathrm{A})$ be the point corresponding to the line containing
the highest weight vector of $L(\Lambda)$ and set

$X(\Lambda):=G\cdot v_{\Lambda}\subset \mathrm{P}(\Lambda)$ .

Set $J_{\Lambda}:=\{i\in I|\langle h_{i}, \Lambda\rangle=0\}$ . By Proposition 4.2 and the fact that $P_{J_{\Lambda}}$ is the stabilizer of
$v_{\Lambda}$ , we have the isomorphism between $X(\Lambda)$ and the flag variety $G/P_{J_{\Lambda}}$ :

Proposition 4.3 ([10],[12]). There is the following isomorphism and the decomposition;

$\rho:G/P_{J_{\mathrm{A}}}=\bigcup_{w\in W^{J_{\mathrm{A}}}}g$. $U^{\pm}\overline{w}P_{J_{\Lambda}}/P_{J_{\Lambda}}P_{J_{\mathrm{A}}}$

$arrow\mapsto\sim$
$X.(\mathrm{A})gv_{\Lambda}$

Definition 4.4. We denote the image $\rho(U^{+}\overline{w}P_{J_{\Lambda}}/P_{J_{\Lambda}})$ (resp. $\rho(U^{-}\overline{w}P_{J_{I\backslash }}/P_{J_{\mathrm{A}}})$ ) by $X(\Lambda)_{w}$

(resp. $X(\Lambda)^{w}$ ) and call it a finite (resp. co-finite) Schubert cell and its Zariski closure in
$\mathrm{P}(\mathrm{A})$ by $\overline{X}(\Lambda)_{w}$ (resp. $\overline{X}(\Lambda)^{w}$ ) and call it a finite (resp. co-finite) Schubert variety.

The names “finite” and “
$\mathrm{c}\mathrm{o}$-finite” come from the fact

$\dim X(\Lambda)_{w}=l(w)$ , $\mathrm{c}\mathrm{o}\dim_{X(\Lambda)}X(\Lambda)^{w}=l(w)$ ,

Indeed, $X(\Lambda)_{w}\cong \mathbb{C}^{l(w)}$ . There exist the following closure relations;

A $(\Lambda)_{w}=$ $\mathrm{u}$ $X(\mathrm{A})_{y}$ ,
$y\leq w,y\in W^{J_{\mathrm{A}}}$

Indeed, by $[\mathrm{S}, 7.1_{7}7.3]$ ,

$\overline{X}(\Lambda)^{w}=\cup y\geq w,y\in W^{J_{\Lambda}}X(\Lambda)^{y}$
. (4.3)

$\overline{X}(\Lambda)_{w}$ and $\overline{X}(\Lambda)^{w}$ are $\mathrm{i}\mathrm{n}\mathrm{d}$-varieties. (4.4)

Let us associate a unipotent crystal structure with $X(\Lambda)_{w}$ . Since by the definition of $X(\Lambda)_{w}$

and Proposition 4.3, we have $X(\Lambda)_{w}=U^{+}\overline{w}\cdot v\Lambda$ , the following lemma.

Lemma 4.5. Schubert cell $X(\mathrm{A})_{w}$ is a U-variety.

Next, let us construct a $U$-morphism $X(\Lambda)_{w}arrow B^{-}$ . For that purpose, we consider the

following: let $w=s_{i_{1}}s_{x_{2}}\cdots s_{i_{k}}$ be a reduced expression and set $U_{w}=U\cap\overline{w}U^{-}\overline{w}^{-1}$ and
$U^{w}=U\cap\overline{w}U\overline{w}^{-1}$ . Define

$\beta_{1}=\alpha_{i_{1}}$ , $\beta_{2}=s_{i_{1}}(\alpha_{i_{2}})$ , $\cdots$ , $\beta_{k}=s_{i_{1}}s_{i_{2}}\cdots s_{i_{k-1}}(\alpha_{i_{k}})$,

then we have

$U_{w}:=U_{\beta_{1}}\cdot U_{\beta_{2}}$ . . . $U_{\beta_{k}}$ .

This is a closed subgroup of $U$ and we have an isomorphism of $\mathrm{i}\mathrm{n}\mathrm{d}$ (algebraic)-varietics ([12])

$U_{w}\cong U_{\beta_{1}}\mathrm{x}$ $U_{\beta_{2}}\mathrm{x}$ $\cdots \mathrm{x}U_{\beta_{k}}\cong \mathbb{C}$

$k$ , (4.5)

by

$U_{w}\cdot\overline{w}=U_{\alpha_{t}1}\overline{s}_{\mathrm{i}_{1}}$
. $U_{\alpha_{i_{2}}}\overline{s}_{i_{2}}\cdots$

$\cdot U_{\alpha_{i_{k}}}\overline{s}_{i_{k}^{rightarrow}}^{\sim}\mathbb{C}^{k}$ (4.6)
$x_{i_{1}}(a_{1})\overline{s}_{i_{1}}\cdot x_{i_{2}}(a_{2})\overline{s}_{i_{2}}\cdots\cdot x_{i_{k}}(a_{k})\overline{s}_{i_{k}}\mapsto(a_{1}, a_{2}, \cdots, a_{k})$ .
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Lemma 4.6 ([12, 2.2]). For any $w$
$\in W^{J_{\Lambda}}$ (A $\in P_{+}$ ), there ecists an isomorphism of $\mathrm{i}nd$

(algebraic)-varieties

6 : $U_{w}$
$arrow\sim$ $X(\Lambda)_{w}$

$u$ $\mapsto$ $u\cdot v_{\Lambda}$

Define an isomorphism of ind (algebraic)-varieties

$\zeta$ : $X(\Lambda)_{w}$
$arrow\sim$

$U_{w}\overline{w}$

$v$ $\mapsto$ $\zeta(v):=\delta^{-1}(v)\overline{w}$ ,

where $w\in W^{J_{\mathrm{A}}}$ and $\Lambda\in P_{+}$ . Since $X(\Lambda)_{w}$ is $U$-orbit of $p(\overline{w}\cdot P_{J_{\Lambda}}/P_{J_{\Lambda}})$ , $U$ acts rationally
on $X(\Lambda)_{w}$ . We denote the action of $x\in U$ on $v\in X(\Lambda)_{w}$ by $x(v)$ .
Lemma 4.7. The isomorphism $\zeta$ : $X(\Lambda)_{w}arrow U_{w}w$ is a U-morphism.

Define a rational morphism $f_{w}$ : $X(\Lambda)_{w}arrow B^{-}$ by $f_{w}=\pi^{-}\circ\zeta$ . The follow ing is one of the
main results of this article.

Theorem 4.8. For $\mathrm{A}\in P_{+}$ and ut $\in W^{J_{\mathrm{A}}}$ , let $X(\Lambda)_{w}$ be a finite Schubert cell and $f_{w}$ :
$X(\Lambda)_{w}arrow B^{-}$ be as defined above. Then the pair $(X(\mathrm{A})_{w}, f_{w})$ is a unipotent G-crystal.

In the sense of Definition 3.5(11), $\zeta$ is an isomorphism of unipotent crystals on $X(\Lambda)_{w}$

and $U_{w}\overline{w}$ .
Since $X(\Lambda)_{w}arrow\overline{X}(\Lambda)_{w}$ is an open embedding, they are birationally equivalent. Let $\omega$ :

$\overline{X}(\Lambda)_{w}arrow X(\Lambda)_{w}$ be the inverse birational isomorphism. Thus, $\overline{f}_{w}:=f_{w}\circ\omega$ : $\overline{X}(\Lambda)_{w}arrow B^{-}$

is a $U$-morphism. Then we have

Corollary 4.9. Let $\overline{X}(\Lambda)_{w}$ be a finite Schubert variety and $\overline{f}_{w}$ be defined as above. Then
the pair $(\overline{X}(\Lambda)_{w},\overline{f}_{w})$ is a unipotent G-crystal.

Remark. Note that for all $w\leq w’$ , we have the closed embedding $\overline{X}(\Lambda)_{w}\not\subset-\}\overline{X}(\Lambda)_{w’}$

$([12])$ , and the isomorphism

$X(\Lambda)arrow 1_{\frac{\mathrm{i}\mathrm{m}}{W}}\overline{X}(\sim\Lambda)_{w}w\in^{J_{\Lambda}}$
.

Nevertheless, in general, we do not obtain a unipotent crystal structure on $X(\Lambda)$ by us ing
this direct limit since for $y<w$ , the rational morphism $\overline{f}_{w}$ : $\overline{X}(\Lambda)_{w}arrow B^{-}$ is not defined
on $\overline{X}(\Lambda)_{y}$ .

4.3 Geometric Crystal structure on $X(\Lambda)_{w}$

As we have seen in 3.3, we can associate geometric crystal structure with the finite Schubert
cell (resp. variety) $X(\Lambda)_{w}$ (resp. $\overline{X}(\Lambda)_{w}$ ) since we have seen that they are unipotent G-
crystals

By Theorem 3.7, we have

Theorem 4.10. For $w\in W$ , suppose that $I=I(w)$ . We can associate the geometric G-
crystal structure with the finite Schubert cell $X(\Lambda)_{w}$ (resp. variety $\overline{X}(\Lambda)_{w}$ ) by setting (see
(3.4) and (3.5) $)$

$\gamma_{w}:=\mathrm{p}\mathrm{r}\mathrm{o}i_{T}\circ f_{w}$ (resp. $\overline{\gamma}_{w}:=\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}\mathrm{o}\overline{f}_{w}$), $e_{i}^{\mathrm{c}}(x)=x_{i}( \frac{c-1}{\varphi_{i}(x)})(x)$ ,

where $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}_{T}$ : $B^{-}=U^{-}Tarrow T$ .
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We denote this induced geometric crystal by $(X(\Lambda)_{w}, \gamma_{w}, \{e_{i}\}_{i\in I})$ (resp. $(\overline{X}(\Lambda)_{w},\overline{\gamma}_{w},$ $\{e_{i}\}_{i\in I})$ ).

this $\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{c}/\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{p}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{t}$ crystal $(X(\Lambda)_{w}, \gamma_{w}, \{e_{i}\}_{i\in I})$ is realized in $B^{-}$ in the following

sense.

Proposition 4.11. For w $=s_{\mathrm{i}_{1}}\cdots$ $si_{k}$ , define
$B_{w}^{-}:=\{Y_{w}(c_{1}, \cdots, c_{k}):=Y_{i_{1}}(c_{1})\cdots Y_{i_{k}}(c_{k})\in B^{-}|c_{i}\in \mathbb{C}^{\mathrm{x}}\}$.

where $Y_{i}(c)=y_{i}( \frac{1}{\mathrm{c}})\alpha_{i}^{\vee}(c)$ and $U$ -actions on $B_{w}^{-}$ by

$u(Y_{w}(c_{1}, \cdots, c_{k})):=\pi^{-}(u\cdot Y_{w}\{c_{1}, \cdots, c_{t\dot{v}}))$ $(u\in U)$ .

Then $X(\Lambda)_{w}$ and $B_{w}^{-}$ are birationally equivalent via $f_{w}$ and isomorphic as unipotent crystals.
Moreover, they are isomorphic as induced geometric crystals.

5 Tropicalization of Crystals and Schubert Varieties

5.1 Positive structure and Ultra-discretizations/Tropicalizations

Let us recall the notion of “positive structure” $([1],[11])$ .

The setting below is simpler than the ones in $([1],[11])$ , since it is sufficient for our
purpose.

Let $T=(\mathbb{C}^{\mathrm{x}})^{l}$ be an algebraic torus over $\mathbb{C}$ and $X^{*}(T)$ ; $\mathbb{Z}^{l}$ (resp. $X_{*}(T)$ ; $\mathbb{Z}^{l}$ ) be the

lattice of characters (resp. $\mathrm{c}\mathrm{o}$-characters) of $T$ . Set $R:=\mathbb{C}(c)$ and define

$v$ :
$R\backslash \{0\}f(c)$

$arrow$ $\mathbb{Z}$

$\mapsto$ $\mathrm{d}e\mathrm{g}(f(c))$ .

Here note that for $f1$ , $f_{2}\in R\backslash \{0\}$ , we have

$v(f_{1}f_{2})=v(f_{1})+v(f_{\mathit{2}})$ , $v( \frac{f_{1}}{f_{2}})=v(f_{1})-v(f_{\mathit{2}})$ (5.1)

Let $f$ $=(/\mathrm{i}, \cdots, f_{n})$ : $Tarrow T’$ be arational morphism between two algebraic tori $T=(\mathbb{C}^{\mathrm{x}})^{m}$

and $T’=(\mathbb{C}^{\mathrm{X}})^{n}$ . We define a map $\hat{f}$ : $X_{*}(T)arrow X_{*}(T’)$ by

$(\hat{f}(\xi))(c):=(c^{v\{f_{1}(\xi\langle \mathrm{c}\})}, \cdots, c^{v(f_{n}(\xi(\mathrm{c}\rangle))})$ ,

where 4 $\in X_{*}(T)$ . Since $v$ satisfies (5.1), the map $\hat{f}$ is an additive group homomor-

phism. Identifying $X_{*}(T)$ (resp. $X_{*}(T’)$ ) $\mathrm{w}\mathrm{i}\mathrm{t}\mathrm{h}\mathbb{Z}^{m}$ (resp. $\mathbb{Z}^{n}$ ) by $\xi(c)=(c^{l_{1}}, , , . , c^{l_{n\tau}})rightarrow$

$(l_{1}, \cdots, l_{m})\in \mathbb{Z}^{m}$ , we write

$\hat{f}(l_{1_{7}}\cdots , l_{m}):=(v(f_{1}(\xi(c))), \cdots, v(f_{n}(\xi(c))))$ .

A rational function $f(c)\in \mathbb{C}(c)(f\neq 0)$ is positive if $f$ can be expressed as a ratio of

polynomials with positive coefficients.
Remark. A rational function $f(c)\in \mathbb{C}(c)$ is positive if and only if $f(a)>0$ for any $a>0$

If $f_{1}$ , $f_{\mathit{2}}\in R$ are positive, then we have (5.1) and

$v(f_{1}+f_{2})= \max(v(f_{1}), v(f_{2}))$ . (5.2)
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Definition 5.1 ([1]). Let f $=(f_{1},$\cdots ,$f_{n})$ : T $arrow T’$ between two algebraic tori T, $T’$ be a
rational morphism as above. It is called positive, if the following two conditions are satisfied:

(i) For any $\mathrm{c}\mathrm{o}$-character $\xi$ : C’ $arrow T$ , the image of $\xi$ is contained in dom(f).

(ii) For any $\mathrm{c}\mathrm{o}$-character (: $\mathbb{C}^{\mathrm{x}}arrow T$ , any $f_{i}(\xi(c))(\mathrm{i}\in I)$ is a positive rational function.

Denote by $\mathrm{M}\mathrm{o}\mathrm{r}^{+}$ (T,$T’)$ the set of positive rational morphisms from T to $T’$ .

Lemma 5.2 ([1]). For any positive rational morphisms f $\in \mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{1}, T_{2})$ and g $\in \mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{\mathit{2}}, T_{3})$,
the composition $g\circ f$ is in $\mathrm{M}\mathrm{o}\mathrm{r}^{+}$ $(T_{1}, T_{3})$ .

By Lemma 5.2, we can define a category $\tau_{+}$ whose objects are algebraic tori over $\mathbb{C}$ and
arrows are positive rational morphisms.

Lemma 5.3 ([1]). For any algebraic tori $T_{1}$ , $T_{2_{\lambda}}T_{3}$ , and positive rational morphisms f $\in$

$\mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{1}, T_{2})$ , g $\in \mathrm{M}\mathrm{o}\mathrm{r}^{+}(T_{2}, T_{3})$ , we have $\overline{g\circ f}=\hat{g}\circ\hat{f.}$

By this lemma, we obtain a functor

$\mathcal{U}D$ :
$\mathcal{T}_{+}T$ $arrow\mapsto$ $X_{*}(T)\mathfrak{S}e\mathrm{t}$

$(f : Tarrow T’)$ $\mapsto$ $(\hat{f}:X_{*}(T)arrow X_{*}(T’)))$

Definition 5.4 ([1]). Let $\chi=(X, \gamma, \{e_{i}\}_{i\in I})$ be a geometric crystal, $T’$ be an algebraic
torus and 0 : $T’arrow X$ be a birational isomorphism. The isomorphism & is cailed positive
structure on $\chi$ if it satisfies

(i) the rational morphism $\gamma\circ\theta$ : $T’arrow T$ is positive.

(ii) For any $\mathrm{i}\in I$ , the rational morphism $e_{i,\theta}$ : C’ $\mathrm{x}$ $T’arrow T’$ define$\mathrm{d}$ by $e_{x,\theta}(c, t):=$

$\theta^{-1}\circ e_{i}^{c}\circ\theta(t)$ is positive.

Let $\theta$ : $Tarrow X$ be a positive structure on a geometric crystal $\chi=(X, \gamma, \{e_{i}\}_{i\in I}\})$ .
Applying the functor $\mathcal{U}D$ to positive rational morphisms $e_{i,\theta}$ : $\mathbb{C}^{\mathrm{X}}\mathrm{x}$ $T’arrow T’$ and 70 fl :
$T’arrow T$ (the notations are as above), we obtain

$\tilde{\epsilon}_{i}$ $:=$ $\mathcal{U}D(e_{i,\theta})$ : $\mathbb{Z}\mathrm{x}$ $X_{*}(T)arrow X_{*}(T)$

$\tilde{\gamma}$ $:=$ $\mathcal{U}D(\gamma 0\theta)$ : $X_{*}(T’)arrow X_{*}(T)$ .

Now, for given positive structure 0 : $T’arrow X$ on a geometric pre-crystal $\chi=(X, \gamma, \{ei\}_{i\in I})$ ,
we associate the triplet $(X_{*}(T’),\tilde{\gamma}, \{\overline{e}_{i}\}_{i\in I})$ with a free pre-crystal structure (see [1, 2.2])
and denote it by $\mathcal{U}D_{\theta,T’}(\chi)$ . By Lemma 3.3, we have the following theorem:

Theorem 5.5. For any geometric crystal $\chi=(X, \gamma, \{e_{i}\}_{i\in I})$ and positive structure &:
$T’arrow X$ , the associated pre-crystal $\mathcal{U}D_{\theta,T’}(\chi)$ $=(X_{*}(T’),\tilde{\gamma}, \{\tilde{e}_{i}\}_{i\in I})$ is a free W-cr ystal (see
$[\mathit{1}, \mathit{2}.\mathit{2}J)$

We call the functor &C $‘ {}^{t}ultra$-discretization” instead of “tropicalization” unlike in [1].
And for an object $B$ in $\mathfrak{S}$ et, if there exists a geometric crystal $\chi$ , an algebraic torus $T$

in $\mathcal{T}_{+}$ and a positive structure 0 on $\chi$ such that $\mathcal{U}D_{\theta,T}(\chi)\cong B$ as crystals, we call $\chi$ a
tropicalization of $B$ .
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Now we define certain positive structure on geometric crystal $B_{w}^{-}(I=I(w)$ , and $w\in$

$W^{J_{\Lambda}})$ and see that it turns out to be a tropicalization of (Langlands dual of) some Kashi-

wara’s crystal.
For $\mathrm{i}\in I$ , let $B_{i}$ be the crystal defined by (see $e$ . $g.[4]$ )

$B_{\mathrm{i}}:=\{(x)_{i}|x\in \mathbb{Z}\}$ ,
$\tilde{e}_{i}(x)_{i}=(x+1)_{i},\tilde{f}_{i}(x)_{i}=(x-1)_{i},\tilde{e}_{\dot{f}}(x)_{i}=\tilde{f}_{j}(x)_{i}=0(\mathrm{i}\neq j)$

u# $(xx)_{i}=x\alpha_{i}$ , $\epsilon_{i}(x)_{\mathrm{t}}=-x$ , $\varphi_{i}(x)_{i}=x$ , $\epsilon_{j}(x)_{i}=\varphi_{j}(x)_{i}=-\infty(\mathrm{i}\neq j)$ .

For $w=s_{i_{1}}s_{i_{2}}\cdots$ $s_{i_{k}}\in W$ and $\mathrm{i}=$ $(\mathrm{i}_{1}, \mathrm{i}_{\mathit{2}}, \cdots, \mathrm{i}_{k})\in \mathrm{R}(\mathrm{w})$ , we define the morphism
$\theta_{\mathrm{i}}$ : $(\mathbb{C}^{\mathrm{x}})^{k}arrow B_{w}^{-}$ by

$\theta_{\mathrm{i}}(c_{1}, c_{\mathit{2}2}\cdots, c_{k}):=Y_{i_{1}}(c_{1})\cdots Y_{i_{k}}(c_{k})=y_{i_{1}}(\frac{1}{c_{1}})\alpha_{i_{1}}^{\vee}(c_{1})\cdots$
$y_{i_{k}}( \frac{1}{c_{k}})\alpha_{\dot{f}}^{\mathrm{v}_{k}}(\mathrm{c}_{k})$ {5.3)

Proposition 5.6. (i) For any $\mathrm{i}\in R(w)(w\in W, I(w)=I)_{t}$ the morphism $\theta_{\mathrm{i}}$ defined in

(5.3) is a positive srructure on the geometric crystal $B_{w}^{-}$ .

(ii) Geometric crystal $B_{\overline{w}}$ is a tropicalization of the Langlands dual of the crystal $B_{i_{1}}\otimes$

$B_{i_{2}}\otimes\cdots\otimes B_{i_{\mathrm{k}}}$ with respect to the positive structure $\theta:(c_{1}, c_{\mathit{2}}, \cdots, c_{k})$ , or equivalently
$\mathcal{U}D(B_{w}^{-})\cong$ Langlands dual $(B_{i_{1}}\otimes\cdots\otimes B_{i_{k}})$ as crystals.

Indeed, we have

$\gamma$ ($y_{i_{1}}( \frac{1}{c_{1}})\alpha_{i_{1}}^{\vee}(c_{1})$ . . . $y_{i_{k}}( \frac{1}{c_{k}})\alpha_{i_{\mathrm{L}}}^{\vee}.(c_{k}))=\alpha_{\check{i_{1}}}(c_{1})\cdots\alpha_{i_{k}}^{\vee}(c_{k})$ ,

and the explicit action of $e_{i}^{c}$ on $Y_{w}(c_{1}, \cdots, c_{k})$ :

$e_{i}^{c}(Y_{w}(c_{1}, \cdots, c_{k}))=x_{i}(\frac{c-.1}{\varphi_{i}(Y_{w}(c_{1},\cdot\cdot,c_{k}))})(Y_{w}(c_{1}, \cdots, c_{k})))=:Y_{w}(\mathrm{C}_{1}, \cdots, \mathrm{C}_{k})$
,

where

$\mathrm{C}_{j}:=c_{j}\cdot\ovalbox{\tt\small REJECT} 1\underline{<}m\underline{<}j,i_{m}-\sum_{-i}\frac{c}{c_{1}^{a_{i_{1},i}}\cdots c_{m-1}^{a_{i}}c_{m}m-1’ \mathrm{q}}+\sum_{-,g<m\leq k,i_{m}-,i}\frac{1}{c_{1}^{a_{i_{1},i}}\cdots c_{m-1}^{a_{i_{\eta\iota-1}},i}c_{m},1},$

. (5.4)

$\sum_{1\leq m<j,i_{m}=i}\frac{c}{c_{1}^{a_{i_{11}i}}\cdots c_{m-1}^{a_{i_{n\iota-1^{i}}}}c_{m}1}+\sum_{j\leq m\leq k,i_{\mathrm{m}}=i}\overline{c_{1}^{a_{i_{1},i}}\cdots c_{m-1}^{a_{i_{\mathfrak{n}\mathrm{u}-1}}}’ c_{m}l}$

Furthermore, we describe the action of $\tilde{e}_{\dot{x}}^{c}$ on $B_{i_{1}}\otimes\cdots\otimes$ $B_{i_{k}}$ . Take $b_{i}=(b_{1})_{i_{1}}\otimes\cdots$ $\otimes(b_{k})_{i_{k}}$

$(\mathrm{i}= (\mathrm{i}_{1}, \cdots, \mathrm{i}_{k}), b_{j}\in \mathbb{Z})$. Since the action of $\tilde{e}_{\mathrm{t}}$ on tensor products is described explicitly

in [4], we obtain
$\tilde{e}_{i}^{c}(b_{i})=(\beta_{1})_{i_{1}}\otimes\cdots\otimes(\beta_{k})_{i_{k}}$ ,

where

$\beta_{j}=b_{j}+\max$ $(1 \leq m\leq j\max_{i_{m}=i},$
$(c-b_{m}- \sum_{l<m}b_{l}a_{i,i_{l}})$

,
$j<m \leq k\max_{i_{m}=i}$ ,

$(-b_{m}- \sum_{l<m}b_{l}a_{i,i_{l}}))$

$- \max\{$ $\max$ $(c-b_{m}- \sum_{l<m}b_{l}a_{i,\mathrm{i}_{l}})$
,

$j\leq m\leq k$ , $l<m$
$1\leq m<ji_{n\iota}=i$

’
$\max i_{\mathfrak{n}\tau}=i$

$(-b_{m}- \sum b_{l}a_{i,i_{\mathrm{t}}}))$ (5.5)
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Now, we know that (5.4) and (5.5) are related to each other by the tropicalization/ultra-
discretization operations:

$x\cdot y-x+y$
$\frac{x}{y}-x-y$

$x+y- \max(x, y)$
$a_{i,j}-a_{j,i}$Langlands dual

6 Affine perfect crystal Aff(B\infty ) for $\hat{g[}_{n+1}$

In this subsection, we see an application of ultra-discretization of geometric crystal on Schu-
bert $\mathrm{c}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{s}/\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$ defined for $\overline{SL_{n+1}}$ .

6.1 Perfect crystals and their limit

Perfect crystals are defined for quantum afine algebras and they play an important role in
studying solvable lattice models([6],[7]). In [5], certain limit of perfect crystals are intro-
duced, which is denoted $B_{\varpi}$ .

Let $\mathfrak{g}$ be an affine Lie algebra and Pcl be a classical weight lattice and set $(P_{cl})_{l}^{+}:=\{\lambda\in$

$P_{cl}|\{c, \lambda\rangle=l, \langle h_{i}, \lambda^{\backslash }/\geq 0\}(l\in \mathbb{Z}_{>0})$ .
Definition 6.1. A crystal B is a perfect of level l if

$(\iota^{d})\urcorner B$ (&B is connected,

(ii) There exists Ao $\in P_{cl}$ sucht that

$wt(B) \subset\lambda_{0}+\sum_{i\neq 0}\mathbb{Z}\leq 0\alpha_{\iota}$
, $\# B_{\lambda_{0}}=1$

(222) There eists a finite dimensional $U_{q}’(\mathfrak{g})$ -moiule $V$ with a crystal $pseudo$-base $B_{l^{2S}}$ such
that $B\cong B_{ps}/\pm 1$

$(\mathrm{i})$ We have $\Xi$ , $\varphi:B^{\min}:=\{b\in B|\langle c, \epsilon(b)\rangle=l\}arrow(\sim P_{cl}^{+})_{l}$ (bijective).

Now let us define the limit of perfect crystals. Let $\{B_{l}\}_{l\geq 1}$ be a family of perfect crystals
of level 1 and set $J:=\{(l, b)|l>0, b\in B_{l}^{\min}\}$ .

Definition 6.2. A crystal $B_{\infty}$ with an element $b_{\infty}$ is called a limit of $\{B_{l}\}\iota\geq 1$ if
(i) $wt(b_{\infty})=\epsilon(b_{\infty})=\varphi(b_{\infty})=$ Cl

(ii) For any $(l, b)\in J$ , there exits an embedding of crystals:

$f_{(l,b)}$ : $T_{\epsilon(b)}\otimes B_{l}\otimes T_{-\varphi(b)}\mathrm{c}_{-arrow B_{\infty}}$

$t_{\epsilon(b)}\otimes$ $b\otimes t_{-\varphi(b)}\mapsto b_{\infty}$
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(iii) $B_{\varpi}= \bigcup_{\langle l,b)\in J}{\rm Im} f_{(l,b)}$ .

Let $B(\propto))$ be the crystal of the subalgebra $U_{q}^{-}(\mathrm{g})$ . Thene we have the isomorphism of

crystals:

$B(\infty)arrow B(\sim\infty)\otimes B_{\infty}$ .

In the case $\mathfrak{g}$
$=\epsilon \mathrm{I}_{n+1}$ , $B_{\infty}$ and its affinization Aff(B $\infty$ ) are given as follows ([5]):

$B_{\infty}:=\{b=(l_{1}, l_{2}, \cdots, l_{n})|l_{i}\in \mathbb{Z}\}(\cong \mathbb{Z}^{n})$

$\mathrm{A}\mathrm{f}\mathrm{f}(B_{\infty}):=\{b=(k, l_{1}, l_{\mathit{2}}, \cdots , l_{n})|k, l_{i}\in \mathbb{Z}\}(\cong \mathbb{Z}^{n+1})$

$\{$

$\tilde{e}_{0}(b)=(k+1, l_{1}-1, \cdots)$ ,
$\tilde{e}_{i}(b)=(\cdots, l_{i}+1, l_{i+1}-1, \cdots)(i=1, \cdots, n)$ ,
$\tilde{f}_{i}=\tilde{e}_{i}^{-1}$ ,
$wt(b)=k \delta+(-2l_{1}-l_{2}-\cdots -l_{n})\Lambda_{0}+\sum_{i=1}^{n}(l_{i}-l_{i+1})\Lambda_{i}$,

where $\Lambda_{i}$ is a fundamental weight and a is a basis of null roots.

6.2 Alternative positive structure on certain affine Schubert cell

Now, for $G=\overline{SL_{n+1}}$ , let $w^{*}=\mathrm{s}\mathrm{o}\mathrm{s}\mathrm{i}\cdots$ $s_{n-1}s_{n}$ and set

$B_{w^{*}}^{-}=\{Y(c_{0}, c_{1}, \cdots, c_{n}):=Y_{0}(c_{0})Y_{1}(c_{1})\cdots Y_{n}(c_{n})|c0, \mathrm{c}_{1}\cdots, c_{n}\in \mathbb{C}^{\mathrm{x}}\}$ ,

as in Sect.5, which is isomorphic to the Schubert cell $X(\Lambda)_{w}*$ as a geometric crystal. We

define the following positive structure on $B_{w^{*}}^{-}:$

$$ : $(\mathbb{C}^{\mathrm{X}})^{n+1}$ $arrow$ $B_{w}^{-}$

$(k, l_{1}, l_{2}, \cdots, l_{n})$ $\mapsto Y_{0}(k)Y_{1}(kl_{1})\cdots Y_{n}(kl_{1}\cdots l_{n})$ .

Through this $\mathrm{O}-$ , on $(\mathbb{C}^{\mathrm{x}})^{n+1}$ we obtain

$\{$

$e_{0,\Theta}^{\mathrm{c}}(k, l_{1}, \cdots)=(ck_{7}c^{-1}l_{1}, \cdots)$

$e_{i,\Theta}^{c}(\cdot\cdot, l_{i}, l_{i+1}, \cdot\cdot)=(\cdot\cdot, cl_{i}, c^{-1}l_{i+1}, \cdot\cdot)(i=1, \cdots, n)$ .

On the other hand, on Aff(Boo) we have

$\{$

$\tilde{e}_{0}^{\mathrm{c}}(k, l_{1}, \cdots)=(k+c, l_{1}-c, \cdots)$

$\tilde{e}_{i}^{\mathrm{c}}(\cdot\cdot, l_{i}, l_{i+1}, \cdot\cdot)=(\cdot\cdot, l_{i}+c, l_{i+1}-c, \cdot\cdot)$ $(i=1_{7}\cdots, n)$ ,

which imply

$\mathcal{U}D_{8}(B_{w}^{-})\cong$ Aft $(B_{\infty})$ . (6.1)

Note that ultra-discritization of the function $\varphi_{i}$ on L.H.S. of (6.1) does not coincide with $\epsilon_{i}$

on R.H.S. of (6.1), which will be resolved in a forthcoming paper
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