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This article is an announcement of the preprint {11]. A rational map f is a
holomorphic endomorphism of the Riemann sphere C.

Notation. Rat denotes the set of all rational endomorphism of C. € is identified
as the set of all constant functions of C.

In the cases f is non-invertible, the Fatou and Julia strategy for studying the
complex dynamics (C, f), which treats forward-images under iterations, is the
separation of C into two completely invariant complementary subsets, one of
which is the Fatou set F(f), the region of normality of {f* := £°¢}, and the other
the Julia set J(f). In other words, the restricted dynamical systems (F(f), f) and
(J(f), f) are tame and chaotic respectively. Consequently, the dynamical system
around J(f) has an almost covering feature: There exists E(f) C € such that for
every neighborhood U of a point of J(f), the union of the forward-images of U
under iterations covers € — E(f).

Definition 1 (dynamical exceptional set). E(f) is called the dynamical excep-
tional set of f.
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From this almost covering feature, naturally arises the Nevanlinna theoretical
study, which treats preimages under iterations.

Definition 2 (value distribution). For f,g € Rat, the value distribution u(f, g)
of f for g is defined by the mass distribution on the (deg f + deg g)-roots of the
equation f = g.

The spherical area measure and the chordal distance on C are

___.@_.. and [z,w] = Iz-w[
(1 + [w?)? ’ VI+ P T+ P

o(w) =

respectively. We note that they are normalized as o+(€) = 1 and [0, o0] = 1.
Definition 3 (dynamical Nevanlinna theory [13]). For f, g € Rat, the pointwise
proximity function is defined by

(w(g, FH(2) = log € - [0, o0},

1
9@, f1

and the mean proximity by
m(g, f) = fw(g, Hdo € [0, 00).
¢
Let  be a rational sequence {f}?, < Rat with increasing degrees {d; :=

deg fi}. For g € Rat, the dynamical Nevanlinna and Valiron exceptionalities are
defined by '

NE(g; ) := lim inf ”’(Z’ 19 ¢ (0,00,
00 k

VE(g; ) := lim sup T—gi’—ﬁ‘) € [0, 0]
k-—>co k

respectively.

From now on, we consider the iteration sequence { f"},‘("’:1 of a rational map f
of degree d > 2.

Definition 4 (dynamical Nevanlinna and Valiron exceptional sets). The dy-
namical Nevanlinna and Valiron exceptional sets of f in C are defined by

En(f) := {p € C;NE(p; (f*) > 0},
Ey(f) := {p € C; VE(p; {f*]) > 0}

respectively.
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We shall use several notions from the geometric measure theory and the po-
tential theory. For the details, see, for example, [3], [10], and [7].
It is known that {(f*)*o"/d*} converges weakly. The limit is also known as the

unique maximal entropy measure (see [8] and [9]).

Definition 5 (the maximal entropy measure).

Definition 6 (accumulation and convergence loci). The accumulation and con-
vergence loci of the averaged value distributions of f in C are defined by

A(f)y=1{pe & a subsequence of {( 75, p)/a”"} converges to uy},

H(fk j2)

Conv(f):={pe €; hm = py}

respectively.
Now we state Main Theorem.

Main Theorem 1 (characterizations of exceptional sets). For f € Rat of degree
>2,
C - Ey(f) = Conv(f) c A(f) = C - Ex(f) c C - E(f).

Independently, known is the following remarkable theorem which was first
proved for polynomials by Brolin [1] and later for rational maps by Lyubich [8]
and independently by Freire-Lopes-Mafé [5]. See also [2], [6], [4] for the other
proofs.

Theorem 1 (convergence of averaged value distributions). For f € Rat of de-
gree > 2,
¢ - E(f) = Conv(f).

Combining them, we have the following.

Main Corollary 1 (All exceptional sets are same.). For f € Rat of degree > 2,

En(f) = Ev(f) = E(f) = C - Conv(f) = C - A().
Remark 1. In [12], Main Corollary 1 has been already implicitly applied to the
Siegel-Cremer linearizability problem of rational maps.

The important consequence of Main Coroilary is a convergence theorem of
the potentials of the averaged value distributions.



Definition 7 (spherical potential). For a regular measure i on C, the potential is
defined by

V, = f —log[-, wlpw) : € > [0, co].
C

Remark 2. In the potential theory, the potential is usually defined as -V, but the
definition will be more convenient in our study.

The (axiomatic) potential theory implies that when regular measures p; con-
verges to u, then
Hg (i;]f Vi =V,

quasieverywhere on C. For the averaged value distributions, we obtain the stronger
conclusion.

Main Theorem 2 (convergence theorem of potentials). Let f € Rat be of degree
d > 2. If p e C—~ E(f) is not a fixed point, then

likm inf Vs pyae = Vi (1)
on €. Otherwise (1) holds on C — U 5 (p).

We also characterize such points that the potentials actually converge there.

Main Theorem 3 (convergence of potentials and pointwise behavior). Let f &
Rat be of degree d > 2. Forpe C— E(f)and q € C,

1!22 Vurtpya@) = V(@) (2)
if and only if
lim — lo ! 3

- =
oo &8 [p, FH]

ACKNOWLEDGMENT. This work was partially done while the author was a
long term researcher of International Project Research 2003 “Complex Dynam-
ics” of RIMS of Kyoto University. The author is very grateful to Prof. Mitsuhiro
Shishikura, who is the chair of the project, and the staff of RIMS of Kyoto Uni-
versity for their hospitality.

179

He would like to express his gratitude to Prof. Masahiko Taniguchi and Prof. Toshiyuki

Sugawa for many invaluable discussions and advices, to Prof. Vincent Guedji for
helpful discussions, and to Prof. Peter Haissinsky and Prof. Mitsuhiro Shishikura
for useful comments.



180

References

[1] Brouw, H. Invariant sets under iteration of rational functions, Ark. Mat., 6
(1965), 103-144 (1965).

[2] ErEmEnko, A. E. and Sopw, M. L. Iterations of rational functions and the
distribution of the values of Poincaré functions, Teor. Funktsii Funktsional.
Anal. i Prilozhen., 53 (1990), 18-25.

[3] Feperer, H. Geometric measure theory, Die Grundlehren der mathematis-
chen Wissenschaften, Band 153, Springer-Verlag New York Inc., New York
(1969).

[4] Fornakess, J. E. and Smony, N. Complex dynamics in higher dimension. II,
Modern methods in complex analysis (Princeton, NJ, 1992), Vol. 137 of Ann.
of Math. Stud., Princeton Univ. Press, Princeton, NJ (1995), 135-182.

[5] Fremrg, A., Lopes, A. and MARE, R. An invariant measure for rational maps,
Bol. Soc. Brasil. Mat., 14, 1 (1983), 45-62.

{6] Husearp, J. H. and PapaporoL, P. Superattractive fixed points in C", Indiana
Univ. Math. J., 43, 1 (1994), 321-365.

(71 Kimvek, M. Pluripotential theory, Vol. 6 of London Mathematical Society
Monographs. New Series, The Clarendon Press Oxford University Press,
New York (1991), Oxford Science Publications.

[8] Liusich, M. J. Entropy properties of rational endomorphisms of the Riemann
sphere, Ergodic Theory Dynam. Systems, 3, 3 (1983), 351-385.

[91 MaRE, R. On the uniqueness of the maximizing measure for rational maps,
Bol. Soc. Brasil. Mat., 14, 1 (1983), 27-43.

[10] Nocucw, J. and Ocuial, T. Geomerric function theory in several complex
variables, Vol. 80 of Translations of Mathematical Monographs, American
Mathematical Society, Providence, RI (1990), Translated from the Japanese
by Noguchi.

[11] Oxuyama, Y. Complex dynamics, value distributions, and the potential the-
ory (preprint).

[12] Oxkuvama, Y. Nevanlinna, Siegel, and Cremer, Indiana Univ. Math. J. (to
appear).



181

[13] Sopmw, M. Value distribution of sequences of rational functions, Entire and
subharmonic functions, Vol. 11 of Adv. Soviet Math., Amer. Math. Soc.,
Providence, R1 (1992), 7-20.



