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On subriemannian contact manifolds
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1 [FL®IC

BLNREEE M LoBESH D (Tihbbh M OBROBI~NZ MK D C
TM) & D OEDY—< 3R g REXLRTVWHEE, M (M,D,g) 2V 7
YJ—wBEEL NS, D=TM OLEZE, ZThEY - 2REICHRDL
U, BT, (M, D) BEREREDLE (T D BRKRT 1 THREET
BB EE), (MD,g) 297V —<rEMERELNS. Thi3TT Y —-v
BEOPCLEAFTHOELRENRLOTHD. Zo0OY 7Y —v U EiKAE
(M,D,g) & (M',D',g") BREITHD &1L, MaFBER o M > M BEEL
T D=D, o =g T EEERND. BIZ (M, D,g)=(M',D,g) DL
X TOEYR o ¥ ARARERL L, INSEEORTHEY T ) —< SR
K (M,D,g) PHEEEREL V). J—<vrE2REORCRBEFEIFRRTO Y —
BA e m LIZECHBRTVAR, 37 Y —v L SEED B DREEHC OV T,
THETEEHLE ORI TR, 22T, 7 U —v U EMEREo 8 5
RBIBICOWCEET S, 28, BCRABERZOLOL ) LEAMLT LU -
Bizhi-5b0, Tiith, ERNEERBEOFEORT Y —REOBE L 2HD.
IR - REO#ERES. M ORI v X TLxD CD,Lxg=0
RH7ETH0R (M, D, g) OERNECHAMEEALTND. £, HaeMITE
33 L 0EEF L, ThobT. BB L, 3[X],—» X, e T,M BT TDae M
CEWLTEHTHD X, LIIHBNTHD, £k (M,D,g) 3EHTHD
PN (Do T[X], B ee MITRBITD X OFETHY, X, ZX DaeM T
BIIBETHD) . L, MBEMOPELAVTHE~AL., TO/RR, 2n+1 KT
DEG YT ) — AR B ERRBITERRT T, BRKT (n+1)°
B0, FRLEREFREIZL-CERT AL, 3OO HMPNS I ERZPo
. XblT, 3ODERFRICOWT, TOEMNMERTIRENRY T Y —v
R Y BAICERLE. ZOBRICOVWTELIE~DZLIZTD.
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2 Subriemannian contact transitive filtered Lie

algebras

(M,D,g) & 2n+1 KmOFEHLYTY — SRR L L, L% (M,D,g)
DEFR/NECREO Y —REOEORTE LTS, £, UTOX S ITHEMRNIC
DL L, ® filtration {L2},ez FEALTEL ¢

(i) L2=L, (p<~2)
(il) £5' = {[X]a € Lo; Xa € D}
(iii) £2={[X]. € Lo; X, =0}
(iv) £r+! = {€ € L7;]¢,m) € L2T7 for all n € £,¢ < 0} (p 2 0).

IDLE,
(LR LI} C LT forallp,g€Z

Thdiie,
dim £2/LP < 00

CHB T ERGIND. E, ROL D CENTNEEERE & 3

L =1lm Lo/CE,
—k

IP = lim LB/LCE.
—k

TDEE, V¥ L &% filtration {LP}yez BELND. 612, M (L, {L*})
X “¥REDR 2 O transitive filtered Lie algebra” & 725 (FA[2] #BMW) : S p
O transitive filtered Lie algebra (TFLA) &1, V—RE& L ¢, UTD 6505
HEWET L OBSF {7}z 2RO OTHD (22 Tu HEEK).

(F1) L= L*,
(F2) I? O P+,
(F3) [L?,14 C L+,

(F4) NLP =0,
peZ

(F5) dim L?/LF+! < o,

(F6) LP* = {X e L [X, L°] C LP***! for all @ < 0}, for any p > 0.



TFLA (L, {L?}) i¥ /& a IZB1T 5 L D formal algebra & FHIN 5.
&T, =@, = LP/LPH % TFLA (L, {L*}) ZftHEY 5 graded Lie algebra
¢T3, ZoEE, =@, RFROFEERmELT

(i) I_ = @1, iX (2n+1) IKTTD Heisenberg Lie algebra ¢_(n) = ¢_o(n) @ c_1(n)
p<0 .
WEE, 22T oyn) =R, (n)=R" T77 7y MIUTTEZDN
TG ¢ e 6] = O yif fori < j, T2 T{f}, {en,ea,.. ., €2} ITEREN
c*-2(n)v C-I(n) DIRBEEIE.

(i) DI, THBY, TREDROEHEELT :p20 75L&,z el ITH
LT[z, ] =0%2bTz=0.

(ill) Eﬁ’f’lﬁﬁ?ﬁ g: X [y — R T
g([A,z],y) + 9(z,[A,y]) =0 forallA€lyandz,y€ly
R THOBEFEET S.

FOZ&BERE-T L 57 graded Lie algebra 2 & % subriemannian contact
transitive graded Lie algebra (TGLA) & FELY, ZL% associated graded Lie algebra
128> filtered Lie algebra (L, {LP}) % subriemannian contact transitive filtered
Lie algebra (TFLA) & FEE 5.

3 Subriemannian contact graded Lie algebras

ST, I = [, ®I; # Heisenberg Lie algebra ¢_(n) [CRZTg 28 [, £ED
WNETH S L 572 (,g9) %%, subriemannian Heisenbery Lie algebra &FF
A, bk, UTOLITEESTEN2 in B OFEFA=(N,...,A) T
)\1 2 T ?_ /\'n A3 AI"'AH =1 %Zﬁfij‘%a)i:ﬁbf C.q(?l) L@W% gx %D\
TTEDS.

gr(ene) =0 (i # 5), galer ex) =1, rlensh enss) =X (1 Sk < n),

T2, {en,... em} Eci(n) OE. ZOL X, ERBOTTOENFHTIIOR
BRI L D IRB DD

Proposition 1 {£&® subriemannian Heisenberg Lie algebra (I, g) <X LT,
EPEOE SOERDBEN = (A, .., An) T (I,9) B (c_(n),g\) KRABERB LD
Y DPFET D,
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2, coln,g) & FO&HR BT o € Hom(l, L) 2EORTEE LTS :

@) al) Cl, p<0
(i) a([z,9]) = [a(z),y] + [z, a(v)], z,y € I-
(iii) gle(z),y) +9(z,a(y)) =0, z,y € L.

Stk (1) & (i) 2B X € qo(nogn) @ {fren..., e} R DITFIBRITROBI
BB,

[
[
3

A= (Au Am) € sp(n,R),

App = ~tAy C, A & Ag HEn ROFHTF. Zob, & (i) »bR%

=)
tAK + KA =0,
IIT .
(1 \
., 0
1

A=A+ch, K=

A1

\ Y

ADML—RIH2 30, Acsp(n,R) DPL—RAbLELBITVEOT, EX
c=0,RABTERGNE. ZOZ Lk, ROMEEED

Proposition 2 | = @I, % subriemannian contact TGLA £ 35L&, p21 il
P
HLT, [ =0 Thd. TRIILIERRETHS.

A EBD 2 € 1KOWT, 5 =0%R%E5. Y, EROEH c BHADZ
EMD, 3 €l g KWL T ng,2-0] =0 £ERBZEIWILKEDITH. KIS,

[1?1,.’13_.2} =0



EREH. EE, YoaroESHLY

[{331,33_2],&‘-1} = [[mla '734}137_2} + {'7"1! ["I;-273’-1H

Thsd. Ll, [.’L‘l,.’ﬁ_ll el D [.1?_2,117_1] =0Thar1bH zq €l KZnwl
THEBIIHEAS. WwxiT,

[{.’131, 33‘..2],.’1?-1] = () for T € [_1

BRRYILD. ZOLE, [ BEBHNTHLIZEND
[z1,2_9] =0
WD, 8T, BRU: L xlyxl +R%
U(u, v,w) = g({[z1,u],v],w) foru,v,wel,

WD ERTA. ZoLE, [7,u € gn,g) £,

Ty, v, w) = -¥{(u,w,v)
/L. —F,
([e1, u],v] = [[z1, 0], 4] = [z1, [u, 0]} = 0
Thohb
U(u, v, w) = ¥(v, u, w)
Boahd, ¥,

U(u,v,w) = ¥(v,u,w)
= —W(v,w,u)
= —W(w,v,u)
= Y(w,u,v)
= W(u,w,v)

= —¥(y,v,w)

U(u,v,w) = 0.

1, u},v] =0.

EoT, IBHBHTHEZ LMD 2, =0 3HBb0k. ZOZ &5, [ =0for
p>1HBeNnS. D



38

T, TRTOEBEER—ETBLE, TRIZL, A= (1,...,1) THDHEZE
co(n, gp) IFBRRKITLE ED.
IDEE X €gng) FUTOLIEREIND @

~Awn An

TIT Ay HERHT, A R Z0LE, on,g,.y) B ouln) KRBE R
5. WRIRBRENE

Proposition 3 subriemannian contact TGLA U {IXHAWTE (n+1)? 2& D, U
TTRED TGLAt =t 0t @8 (CFERLLS. ZIT, t,=R, t,,=C"%
R, t,=u(n) THY, 777y FOERILUTORY.

]Zf_g)(eg-%o
|l xt =ty [4Az]:=Ar (Act,z €t )
(iii) [,]:ﬁ)x%“‘)ﬁ); [X,Y] =XY-YX (X,YEE())

(iv) []: by x by 2t [Z,W]:=Imh(Z, W), 22T h(,) iZ C* LOFE
BRI — MR

4 Cohomology group H(t_, )

T, ¢ ICABITHD b D% associated graded Lie algebra iIZH2 & 572
TFLA # 2R ETHLOOEERELEL AR e U—# H(k_ b)) 25,
— & ® TGLA g {22\, Hom(APg_,g), & ¥ r @ homogeneous p-cochain
w BEORTERS LTS, (TRITE, w(ge A - ABa,) C Baytotaptr fOT aDY
ai,...,a, < 0), 7, coboundary operator 8 : Hom(APg_, g) — Hom(AP*'g_, g)
BEZ, FORER DS HP(g_,g) &RT. FITEL Ot ~DOEERBIC
fHRET % AR —aRkETr OO TEX D L, & = u(n) 6 HP(g-,g9) ~
DEARRERANEMINL. FORBAE p LTHLE, ¢ TRERT2BOESE
UTFTEZS

IH?(g_,9) = {a € HP{(g_,g); p(A)a = 0 for all A € h}.
ZOkE, (n+1)? RO subriemannian contact TGLA ¢ I oW TREES.

Proposition 4 (i) TH¢.,8) =0.
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(i) TH3(E_,8) iX 1 RITET, LT TEHER BN cocycle w € Hom(A%E_y, &) D
B W] KX VAERSNTNS .

w(es A enyj) = V—1{E; + Eji + 20ii15),
ZZT {81,62, PN ,Sgn} b E.,l @%@%EET, Eij 34 gl(n,C) @ﬁ?ﬂﬁ’fi
B, EBIL,w BE b TRETHS, 2EV, p(A)w=0for A€t T
HBH. ZIZTpitl O Hom(t E) ~DRETHD.

{ w(ei A ej) = w(enﬂ- A erz+j) = -—Eij + Eji

(i) H2(e.,&) =0 for r>3.

5 Maximal subriemannian contact transitive fil-
tered Lie algebras

5.1 Main theorem

Zece Rz LT TFLA K, 2D L3 ICEDS: K, © underlying vector
space % graded vector space E=¢_, @t D & L, K, O filtration {KP}pez &
KP = @Ei 5. F, 795y b Kex K, > K. %

i>p

[z,9]. = [z,y]e + cw(z,y) forz,y e K,

&35, ZZT[z,yl I3 graded Lie algebra € 075 v b Tw X EIRD Hom(A2E_,, &)
@ cocycle.

2T, EEBEUTOL I ILBROND :
Theorem 1 K % TFLA &% 5. graded Lie algebra & L TD FHEER ¢ :
grK » ¢ BWEET DL %, kO DDFES ¢ & filtered Lie algebra O RHEFE
®: K — K. TF®D associated map grd 2% ¢ W—HTHLOREFEETD.

ERBOERICOV T, BEXR [ 2BEEALL.

5.2 Realizations

= 2T, filtered Lie algebra K, #18, FO LW T I —< o EiRkiEL LTE
HENAPERTHID.

=0 D& X, filtered Lie algebra K. 12 t .0t & A LS. Thid,
[ (R™1, D, g) © BRVNEERMOY —RE&E LCERSND. 22T, D

n+1

1 .
dz — § jgl(mjdyj - yjda:j) =0
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TEBEIND R Dy, .. &y Y1 -, Uny 2) OERREETHY, D LORE g 13,
g = (do1]p)® + -+ + (dza|p)? + (dyr|D)* + - - + (dYal D)’
THEZ LTV,

e DIETH S & %, filtered Lie algebra K, X (uw(n + 1), {FP}pez) AR L 2D,
LT {FPlpez 13 BFCEESND u(n+ 1) @ filtration TH D :

AeR,E=(6,....6)EC Acun)} (<-2),

!5 = (&,.. &) €CAcun) o,

Aculn)y, Fi=0 (¢>1).

Zhig, B (S D, glp) @ BR/MBEEEOY —-REL LTERSNS.
:_C:‘) SZn—i—l éj: (wlyyh con sy Tpdd, yn+1) € R2n+2 T

(@) + ()2 + o + (Tna)® + W) =1

RPRIETLOLEOESTHS, DI

-1

Z.’L‘zdy, - yidmi{szna =0
i

TED LN HERIEE T,
g={dz)*+ (dy1)? + -+ + (dzpn11)? + (dYny1)?

e BRTHD & X, filtered Lie algebra K, 1% (u(n, 1), {FP}pez) CRBIE 25,
I T {FPlyez BUTTEDLILD uln,1) O filtration THD :



AERE=(£E,....6)€C L Acu(n) b (p< -2),

o &

Fr=alil 4 lf:@lp.-,&n)ec’*,fleu(n),
o] o©

F = ol 4 Aecun)py, F1=0 (¢g=>1).

:j’wj:, %E’JE (2211.-!—1, D,gID) @ﬁﬁﬁd\% E[’E}‘}@@ ]/] _{ﬁﬁk L—C%ﬁéj’b%} -
Z T, y2n+l (xl,yl, cen ,xn+l’yn+l) c R?+2 ¢

(331)2 + (3/1)2 +o— ($n+1)2 - (yn+1)2 = -1
POl THOLEOES. £/, D13

n
Z(yjdxj - xjdyj) — (Yn+1GTny1 — xn-&-ldyn-f-l) =0
j=1

TEZONDEMBETHD.

g = (dz1)> + (dy)? + -+ + (d20)? + (dyn)? — (dTn11)* — (@Yns1)?
i R™2(2y, 91, .., Tay1, Unsr) L0 pseudo-riemannian FHETH Y, 3% Bk
ME D IHIBLE gp 1T EEENEELRD.

INETOBREENTD L, BICKERDS

Theorem 2 K % BRKRTE & B subriemannian contact TFLA L35 & %,
e=~1,01 W LT KX K, \ZENERRE LS.

22T BE T [2) TREENR TN TFLA (LW TO—#ERICHE~> T, sub-
riemannian contact TFLA (¥ £, OBRE Y —RE) oW THE LA~ HS
Lk 4] 12X Y, HAIERGHRBETY 7Y —< L SRECIN LTINS
B SR AN L E R BN TWT, TOINE VERERANVDSZEICLY, &
T L, T OBRE Y R L ICABRE 25 2885005, wAKERM Y —R
B LIZOWTRY LoRRIZ, L, OV THRIRICR Y 32
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Theorem 3 (M,D,g) % 2n+1 RTDEERTT Y — VR EARE L L, L,
%(MJM”@%W¢§Eﬁ@®%®ﬁﬂ%ﬁ@%aeﬂlﬁ%ﬁé%k?%.
Lo BERKTE (n+1)2 REERELDEE, L, e=~101KXHLT, K, iz [EE
Lies.

S HIERET ARBBICIOWTOLERENNDS:

Theorem 4 (M,D,g) % 2n+1 REDERRY T ) —< EMEHRELTIL
%, ZOEDEREBECEAAT h+1)2 25 b070bid, BFRARICL->THE
BB L 3 HDEIZHHinD.

SE Rk
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