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1 FEU®IC

2T Fy LD n RITR7 P VERER O k XoHn%EfE £ S n, XIT k @ binary code
& & B (R BARFRFTD code 12T binary &5 3%). £ n, XJG k T minimum weight
d @ code % [n,k,d] code & &&. code C I L TREDOHNE «” 2FXATC=0 &
%5 EEIself-dual LXK B LCH={zecFz-y=0{(WeO)} TH3. £/, &
T D codeword z € C D weight wt(z) 2% 4 DEHTH % £ ¥ C % doubly-even & k5.
F & n O doubly-even self-dual code @ minimum weight d & d < 4[n/24] + 4 27 L
d = 4[n/24] + 4 DBE extremal & XiTN 5.

. KBTI extremal doubly-even self-dual code & #3115 IZBHE L 7= design 12DV TD
survey 21T o7, AFEBETE, BEASZEBIIE LD TR =Y HDHRLH-
TRTOBRICEHERAZMT 2 2 & dHRR DT, BEPICHA L 22 b 02 hLIZEEAZ
BEzpZlicd s, —RINCESCEOR TR AEEZHV TV 28, AL Tw R0l
ZWTUE [11], [12], [14], [21] B EZ R TW R E k.

BEFROBBIZETOBEY TH 5. 2 2 #iTik doubly-even self-dual code @ weight
enumerator DFEANLEE 2T, REMNFSHRICB T 2HEFICFLLBERTH 3
Gleason DEBEZHENT 5. 7 Gleason DEHED» SEPILZ ROV DFEREZBRS. T
i doubly-even self-dual code @ minimum weight {29 % RfR% 5 2 extremal % EFH
T 5. % 37T, £F extremal doubly-even self-dual code DIEFEDFERZMNT 5.
ZOFERD Gleason DEBELSHEHIPNBHERDO—DOTH 2. ZD# doubly-even self-dual
code DTEICET 2R E X U extremal doubly-even self-dual code DFELEIC DT HIRE
BTRIONTVWAI LR ZNEFNRICE LD, TNGICHTAHEDEALI LILT 5.
% 4 BiTIZ extremal doubly-even self-dual code IZBR L 72 design 122 W THE LT (.
%3 Assmus-Mattson DEHZHENL, TNE2HAWTREZ S 24m DEBEAEITIZHE weight D
codeword 28 5-design 1273 Z EBRT. 6T D 5-design ERLATA—-FZ2HD
self-orthogonal design ¢ incidence matrix DITAIELT 5 code 43 extremal doubly-even
self-dual code 1% %7, L WIHIMEEEZZ 2 BIEDLZIA m<4 EFTRELWI LN
BpoTn3, 22T m=1DERDOHH2ZE5 2 5.

7 self-dual code 122> T D survey & L Tl Rains-Sloane 12X 2 D35 % [21].
HBIA C a4 REEEICOWTRREN TV BT, BROH 5 HEHEEL T(ASZILEZE



B Lo 7, FICF,, Fs, Fy LD self-dual code D43% & FLEIZE L ¢ Huffman [14]
2 & % survey D OEIEHR I N IE» D TH 5. HIRIN T TEReEKICHZ
LTV, 25632 FBIlksLEADNS.

2 Gleason DEHE & extremal doubly-even self-dual code

Z OHITIE doubly-even self-dual code @ weight enumerator IZB89 2 IEH ICHE /LA
HtH 2 Gleason DEBEENT 3. 72 Gleason DEESE L Z EHH¥ES doubly-
even self-dual code ® minimum weight @ _EFRZ#F/L extremal doubly—even self-dual
code 2 EERT 5.

C @ weight enumerator X We(z,y) ZA 2"y TEREING. 2L A ={ce
=0

Clwt(c) =i} TH 5. RIZRCHoN T 5
Theorem 2.1 (MacWilliams identity). C,Ct @ weight enumerator 123 LT

1
Weil(z,y) = |—G_|WO(33 +y,z—y)
BIEE O 3.

Theorem 2.2. C % £ n @ doubly-even self-dual code &9 % &, Z®D weight enu-
merator We(z,y) &RZ2H T

x+ y T - y
(2) WC(Z‘,Z}) —WC(CC,%y) T Z:\/—q.
PT'OOf- (1) C %% self-dual VC‘% 5T L6 Wc(x, y) = WCL (.’,C, y) i]i‘};ﬁ b 12%’ MacWilliams
identity & 9

(x+y a:—y)

1
Wcl@,y) = WWG@“{“%CE“U) = Wc¢ —"\/——2—,——\/2?
ERhBZESBONS.

(2) C I doubly-even 72D T4 TP codeword D weight i 4 DEFTHS. 2D &
5 Wolz,y) i& y* DMRETZELI L300 5. LidisT Welz,y) = Welz, iy).
BLETmE 7. O

DI Lo Welz,y) ERO—REH:




WESTARABTHB EXTh 5. CNHICkoTERINDGE

G=<%(1 “i)(é 3))«:@(2,«:))

RERD. :@ﬁtiﬁi%& 192 DERETH B I EBHoNT VS, RIT G IZE>TARE
RHEHAEEREEZ 5: "

Clz,yl® = {f(z,v) €Cla,yl | Ao flz,y) = f(z,y) (VA € G)}

22T Ao flz,y) & flz,y) € Clz,y] D AWk BERERT 5. 42 TOHRD S RH
B2 ENTh 5,

Proposition 2.3. doubly-even self-dual code C' @ weight enumerator We(z,y) & A€ G
Lo TARETHD. WAIC We(r,y) € Clz,y]¢ £ 3.

X 51T Gleason [5] RRXD I L zRL T,

Theorem 2.4 (Gleason [5]). C % doubly-even self-dual code £ 5. ZDEE

We(z,y) € Clz, 4] = Clds, ¢l
7L g = 2° + 1day* + 18, dog = 2yt (2 — )% 72, HBER o; ZHVT

[n/24]

Wel(z,y) = Z a;05™ ™% goy? (1)

=0
LRED.

Z® QGleason DEHEP 5% ODERLEREBEIPNTVWE, ZITIRZOE2LZH
5 5.

Corollary 2.5. £& n @ doubly-even self-dual code 23FHET 5 72 D DUBETDHEMF R
n=0 (mod 8) TH 3.

Proof. Gleason DEF LD & LEX n @ doubly-even self-dual code BSFET 57 5 i
n=0 (mod 8) THFNEAE LRV I LWNH5. RICEE m,n D code C,D IZHLT

C®D={(z,y) eFy™|z € C,y € D}

YiE%T 5. BX 8 @ doubly-even self-dual code RAEZBRWT—2RIEFLET S (K
1) TDcode & eg ERTILILTHL esDesD - Des ME X 8k @ doubly-even
self-dual code 2% 5% (k=1,2,...). O



Theorem 2.6 (Mallows—Sloane [18]). doubly-even self-dual [n,n/2, d] code {ZXf LT
d < 4fn/24] + 4

S A/ RVAS)

Proof. ZITREE 4 OBADOHHEEEZL S it 5. Gleason DEHD S

Welz,y) = aods + a1das
= agz™ + (4200 + 01)*y* + (59100 — 4ar)z"®y° + (2828ag + Bar)w '’y + - -

Lo Tay=1TRiTNEzekw 5
Weolz,y) = 2% + (42 + a1)2Py" + (591 — 4a;)2'%y® + (2828 + 6a1)z Y™ + - --

L5, J2Td>8LT2L sy ORBEEZEZASIETa=-20/oND. LK
BoT

Wel(z,y) = 22 + 7592%% + 257622y + 75928y + ez

THN d<8 2/A.
— B DGFAE D AERICIEE U C minimum weight 225 (1) I8V T ag, a1,... , /24 2
WDz TER2ES. O

Definition 2.7. doubly-even self-dual [n,n/2,4[n/24] + 4] code % exstremal & X 5.

3 Extremal doubly-even self-dual code D¥EE LK UF=F
FEICDOWT

ZOETIRETIHRDICRE n MIERIZKE % extremal doubly-even self-dual code DI
FLEIZ DWW TN 3. RIZ doubly-even self-dual code DFEIZDOWTOHREEZ T,
8 12 extremal doubly-even self-dual code DHFFEI DV THED L Z AT -> T35 Z
EEFLHTES.

3.1 FFEIDWVWT

Zhang [26] 1% Gleason DEH % V> T extremal doubly-even self-dual code @ weight
enumerator 2R ® T Ay oa4s (weight 4(n/24] + 8 D codeword DEEL) B3BIZAR B T &
PO DI ETREBT.

Theorem 3.1 (Zhang [26]). n = 24m (m > 154), n = 24m + 8 (m > 159), n =
24m+16 (m > 164) D & F, £ n D extremal doubly-even self-dual code IZFFE L 721>,



Problem 1. FlI® weight 2% 2 5 2 CLIEZONEEBILNVNILEZATOHEE
FEERNT I EHES .

WREDEZ A, EOFERBANT extremal doubly-even self-dual code DIEFELEIZDWT
BEISNTW»Rn,

3.2 SDREICDOWT

£ X 32 BUT® doubly-even self-dual code IZDWTOSENTR L T3, ERZT
THEVBR 1ICEZBIEILTE. L, RFOE 2 5 T(Extremal)) 1ZFEHEMEL
extremal doubly-even self-dual code DIEE %, 5 4 #] T#(4T)1 12 extremal 2 EDHTE
TOIERE doubly-even self-dual code D ZRT. FLE 3 FIZIZER{Bwons
code DELHFEE A THE . e L extended Hamming [8, 4, 4] code, go4 1& extended Golay
(24,12, 8] code & Xi¥N 5 code TH 5.

# 1: doubly-even self-dual code D3R

R & | #(Extremal) code #(&T) | XM
8 1 o8 1 | [19]
16 2 dis, €3 2 [19]
24 1 924 9 | [20]
32 5 C81,...,C8 | 8 | [3]

self-dual code D EEIZEI L Tl mass formula & XIXNBZHERDWY DT L5
NTW3. ERCHHVERTH ZBETICOHAN LI -72DT, T2V TRER
LiwnzZ i eds Bl 3] 25H).

3.3 Design ZBWEBRAE

doubly-even self-dual code DR AEIC 2V TRBELLZLOBFLNTVS,. 22T
1% design BSAMAEZDER 2R TH > 7D T design Z V272 doubly-even self-dual
code DR FEZEZ 5.

Proposition 3.2 (Tonchev [24] £8). A % symmetric 2-(v, k, ) design @ incidence
matrix £§ 5.

(1) k=3 (mod 4), A=0 (mod 2) THBLE G= (I A)IFRS 2v D doubly-even
self-dual code Z KT 5.



(2) k=2 (mod 4), A=1 (mod 2) THB L &

B 2u+2 @ doubly-even self-dual code 24T 5.

Proof EBHLDBED, G DEITD weight 254 DERTHZI L LG DERD 278
BT 5 2 LH 5 doubly-even self-dual code I27% % Z L DELIZTHP 5. O

Remark 3.3. o HEEB SN S symmetric 2-(v, k, A) design DIFELEIC D TDRERZ
SERICIEA L 7208, 7 OFERIZFERIC Bruck-Ryser-Chowla DEBICEENH I L 25E
SC FIEERK (BAK) L FBIEAR GEILR) 26 T v, BIFICESHE L
%7

% Z\¥ Hadamard 2-(11,6,3) design Z# 2 % & (2) 1T & > T extremal doubly-even self-
dual [24,12, 8] code gos D3HF 5N B. E 7= symmetric 2-(31,10,3) design %5 4 D DIER
7B & 64 D extremal doubly-even self-dual code 3515 Z EBE SN TV 5 [15].

Proposition 3.4 (Tonchev [25]). H %Z{i# 8 + 4 ® Hadamard f750&§%. H D%
701 O 4k +3 THB L &

(1 =)
2B ¥ 16t + 8 @ doubly-even self-dual code 2T 2. L L J X2 TORZH 1T
b HTHRFT.

fir# 28 BT Hadamard F5I0BEIZER L TW 3. LA X o THEL 20,28 @
Hadamard 771 & © 20 Z#1 118, 5 D FEMEEZ extremal doubly-even self-dual code 23
Bon3d I EBThoTw3 2], [16].

3.4 FEICDOWT

“extremal doubly-even self-dual code DFEFEILDWTER 2 ICF LD TEL. RIZBWVT
4 ZBED E AR5 NT W BIEEIE extremal doubly-even self-dual code DEE % &
T, 2B, LEBRIBL TREFRD L DE—DFE BT T3, 2T extremal doubly-even
self-dual code IZDWTIREF o N TV A XHMOSE X Z R L T X & v, K
SEIEDoTVEREZ R2UTERVWTRODBEDAGTEPTR L TwE I L2ERL
TEL.

Theorem 3.5 (Houghten—Lam—Thiel-Parker [13]). £TD&E X 48 D extremal doubly-
even self-dual code 1 extended quadratic residue code & FfEIZ% 5.



# 2: extremal doubly-even self-dual code @??%E

B3 # XHh | B # SCHIR
40 | >12579 | [17] || 96 ? -

48 1 [13] 104 >1 | [21] &H
56 | > 1151 9] 112 ? -

64 | > 3270 [10] 120 ? -

72 ? - 128 ? .

80 >15 | [7] 136 >1 |21 &%
88 | >470 6] 144 ? R

HLIKRDEIBRIEPEILGNS.

Problem 2. FEDHEE > TR WBEIIZE VT extremal doubly-even self-dual code %3
FETHZNE) prIREY X.

Problem 3. £ & 40 @ extremal doubly-even self-dual code D73 EHIEF[EED>.
Problem 4. FEIICEHL T, X2 2HEY £.

E X100 #8A 2 L 2 A TREERS o TORLBEE L. ZHUds E OHEN
FLENTERP»- I L L minimum weight ZIRET 5 DPRETH 5 L) FHEE
OFETH B EBbND. extremal DEFE L ZDOHIBRORIALLELTRE 112 D
TIE extremal DHET 2 LEARICBEL TR B2, BHED & 2 AR IR Tk
(EOHOHETHELF Ly I LT 20K, Fig, ORI IMEL LCHEHAL
k<.

Problem 5. & 112 ® extremal doubly-even self-dual code ZHE¥ K.

¥, BEX 96 UTTHEMRES TRV DOIRR I 24 OFERDBADOAT, FIKE
X7 OBEICEEEERDZDREL PSRN TV EELLRIETH S [22]. KET,
B X 24m @ extremal doubly-even self-dual code IZBHfR L 7 design IZ 2V TEZ T L.

3.5 RE 72 0%H

ETRREEHYE X 72 @ extremal doubly-even self-dual code DFEAEIC DV TIZAKRM
WCH B, B0 TwEEOLOWEILDWTI 2 THRTEL.

e weight enumerator:



Gleason DEH D & weight enumerator Wo(z,y) IBREINS. T I T We(l,y)
252 TEL: '

We(l,y) = 1+ 249849y + 18106704y + 462962955y + 4397342400y
+ 1660271589942 + 257567211209%¢ 4 - - - + y™2.

e fLDE I D self-dual code & DEFHFR:

Proposition 3.6 (Dougherty—Harada [4]). (1) & 72 D extremal doubly-
even self-dual code DFEFE & self-dual [70, 35, 14] code DETEIZFHETH 5.

(2) & LEE 72 @ extremal doubly-even self-dual code Z3FFHE T 1UE Wo(l,y) =
1+ 442y'% + 14960y'4 + 174471y*6 + ... TH % self-dual [68, 34, 12] code IFF
FY 5.

Problem 6. (2) DI D 22D

o HOEBIZOWT:

£ X 72 D extremal doubly-even self-dual code ® B2 EEIZOWTHEH{ 5%
BT bN TV DT, BRETEBENTEILICTS. BEAREZNVEHR
BOMBEOTEEEIE 3,5, 7 2 TH D, 18 5,7 DIBEIE 2 DOEERZRDL, L
3 OEAIEERZR LRI ENgr>TwS (FL LI [14] 22K,

4 RE 24m D extremal doubly-even self-dual code &
5-design

BifiCiE m=1,2 DBEDAEZX 24m D extremal doubly-even self-dual code 23[EfE
BROT—2RIEFEEL, m=3,4,5,...,153 DEBREFEEVPRD SN TRV LR
B, ZOECIE, Z0S IR L 7 design IEDWTEZTnL,

4.1 Assmus—Mattson DOEE

Theorem 4.1 (Assmus-Mattson [1]). C % [n,k,d] code &L 0 <t < d &7 5.
Bi=#{zecCt | wt(z) =i}, s=#{i | B;#0and 0 <i<n—t} ELRELE bL
s<d—t THE

(1) C @ weight d @ codeword (? support) I3 t-design 127 5.
(2) C+ DEEED weight i (i <n—1t) D codeword (D support) 1& t-design 1272 3.
Assmus—Mattson DEE L DELICRPEFESNS.



Corollary 4.2. C 2£& 24m O extremal doubly-even self-dual code & § 5 &, & weight
? codeword 13 5-design 1272 5.

Proof. t = 5 ERETS. C D 24m — 5 BT D codeword BHEET 2 H[EEHED H %
weight 1%

dm+4,4m +8,4m + 12,... ,24m — (4m + 4).
Lo T s<4m—1TH5DT Assmus-Mattson DEEDREZ M~ T. |

m=1,2,3,4 DHED minimum weight D codeword #3787 5-design D7 A —F %
F3IWCHEATEL . Aypnes 1E weight 4m + 4 D codeword DEEL, 2% 1 design @ block
DA ZERT.

#< 3: 5-design D/NT X —F

Agpys | B-design DI8T X —%
759 (5,8, 24)
17296 5-(48, 12, 8) design
249849 | 5-(72,16,78) design
3217056 | 5-(96,20,816) design

#-ww»—-\g

Assums—Mattson OFEIZ & - TH L extremal doubly-even self-dual code 31§ 4L
12 5-design 2B 5N B, TE, ZOWIEI BoTRBEDTHA I UTIDI &L
WTEZ TS,

4.2 m=10DHFE
Steiner system S(5,8,24) 13 s-(24,8, );) design i127%2% (s <5), 2 I°T
b=X =759 A1 =203, Ao =77, A3 =21, 4 =3
& 5.

Lemma 4.3. Steiner system S(5,8,24) DEEDEL % 2 2D block DB T DIRE
(block intersection number &FEE) 1T 0,2,4 TH 5.

Proof. B % 5(5,8,24) DIEED block & L, m; # B DR YA i point THS B U
D block DEEET 5. Z 2 TRL block BRFELBRVDT0<i <7 TH%. 5-design
THBIENSRTHYDESD point DESE EH ICHA L Z LILK o TROEVGE

AP SNS:
7 .
> C)mz =(\— 1)@) (j=0,1,...,5).

=0
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ZOEVAHBAOMEIL

mg = 30 + mg + 6my, m; = —6mg — 35m7, Mo = 448 4 15me + 84my,

ms — -—20m6 - 105?72-7, my = 280 + 15m6 + 70m7, My = —6m6 - 217?’&7

snb. Ldi->T

mg = 30, m; = 0, my = 448, m3 = 0, m4 = 280
L5, ' O

RIZICAONTBBHERTHEH, 22Tl (FEWH->TWBIRD TZH 55 EiL
HERZ T 2E 2 0EFEGH L CEHZENT 5.

‘Theorem 4.4, Steiner system S(5,8,24) @ incidence matrix DfTHER T 3 code X
extended Golay [24, 12, 8] code IZ[EMEIC 5. |

Proof. Steiner system S(5,8,24) @ incidence matrix A £ B E A OFTIVERKT % code
Z C TETIEILTS. Lemma 4.3 & block size 738 TH B Z & X D C I3 doubly-even
self-orthogonal IC# % Z 32 B I 3d 5.

RIiZwe Ct % weight m >0 D codeword £ T 5. w L DXHYI 5 THS AD
TOREE n T35, ZDLE, 5design THL I EDLRODENAFBRAZES:

%%(?)mf=%<?) (=0,1,...,5). (2)

i=0
SITny=0(>5) & npy =0 THBEZLIERELTEL. Zo#EZAER (2) 28
B b o5t

m(m? — 60m® + 1280m? — 11520m + 36864)
=m(m — 8)(m — 12)(m — 16)(m — 24) =0

THDHIEBTD S,

HER (2) DEIE m =0,8,12,16,24 TH B Z L Xk h CL IZEWT codeword VSFHFE
T2UEEMED H B weight 1 0,8,12,16,24 I THB I L2955 (I 2T Lemma 4.3
& C %3 self-orthogonal TH 5 Z & & D HERIC C* 1T weight 8,12, 16,24 D codeword %
LI EPah5). LT CL i doubly-even code 127 %. doubly-even code I
self-orthogonal code KN TCH C (CLHYL =C L% %. 2% D C 13 self-dual 2% 5. C*
TP weight DTEEME X D minimum weight i 8 THB I EDELICTH 5.

PlEX Y C i extremal doubly-even self-dual [24,12,8] code 2% 0, WEER LD C
1% extended Golay code gos IWZ[HIMEIZI B Z L2303 H 5. O

extremal doubly-even self-dual [24,12,8] code D—EM¥EX DEL IR %25 5:
Corollary 4.5. Steiner system S(5,8,24) ZABZ R E—2TH 5.
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4.3 —ROBE (m>2)

C 2EE 24m D extremal doubly-even self-dual code & T % &, BICHBRARAED
Assmus-Mattson DEERIZ X > T minimum weight @ codeword 1% 5-design D % 7% 7.
X 52 C B self-dual THBZ EDS, TD design D 13 self-orthogonal 272 %, —#%
i t-(v,k, \) design %% self-orthogonal "TH % & i%, 2T D block intersection number &
block size k DBFII—KTHBEZ V) 23] ROX IR I L 2EZTAHRL .

Problem 7. C 2& & 24m @ extremal doubly-even self-dual code &L, D 2 C @
minimum weight @ codeword #3723 self-orthogonal 5-design €3 %. E 2 D &EHU S
5 X — % % Y MTED self-orthogonal 5-design & L7z & ¥ E @ incidence matrix DfT23
H T % code IE extremal doubly-even self-dual code 127 % %>

m=10D% % Theorem 4.4 X HDIELWI L3095, ZnFhim=2,3,4 DEHIC
HSELWI EBRDBELDBXDHF TR INT:3 [12], [11], 8] (Z D&Y icDw»ToOH
REEDFTHIL [27], [28).

Theorem 4.6 ([8], [11], [12]). (1) fEE D self-orthogonal 5-(48,12,8) design ® inci-
dence matrix DfT1Z extremal doubly-even self-dual [48,24,12] code 2R T 5. X
7= self-orthogonal 5-(48,12, 8) design IFHEZ RV T—BNICHEFET 3.

(2) & L self-orthogonal 5-(72, 16, 78) design 2SFF7E S #1id incidence matrix DIFASERL
T % code % extremal doubly-even self-dual [72, 36, 16] code 1275 5.

(3) b L self-orthogonal 5-(96, 20, 816) design HSHHET 4L incidence matrix DITH4E
BT % code iF extremal doubly-even self-dual [96, 48, 20] code 1274 5.

m<4DBEIRELYI EBDDo7Bm > 5 KBV TELWORES ) 2 (EEE
ELL o THLVEVIFEELZ - TV EY). SEHOPTERLEA L I L IEN AR
R (2) 2HVBILETHoT. THEFEZL TS design E 23 5-design TH2EEZ+I7
KMZETWB EES. LaLeds IofES - BRWICEZ 510, $EF2A0r8E
DHVEIICELZDT, SHREDUYBEZELITE V. £, LHOMEEZEZSL L
i3 extremal doubly-even self-dual code DEEEEZRET ZDILER LT 70 —FTH-
TERLWEFHSTWAY, S0 LA, & a5k, lLrRE 12 DEADOHFERED
WREANDEHEH»P D ICANITER ST 3.

Bl AREELOMERBEOERRKO 5\ TR . 2004 4 Hall X ¥ 1V3%
HOAHEALIVTEVELE. 20X B2 TS LBRRRICLISBHLET.
I EATEBHOOBERHITTCT I oERICD Z0B2HED THILERRIET
WEREEET BERPEATIAV F2ANEFABK L ERERRICOEH L 7.
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