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Functional differential equations of a type similar to
fl(z)=2f(2x+ 1) — 2f(2x — 1) and its application.

KBREEXRF AH Hl (Tsuyoshi Yoneda)
Department of Mathematics

Osaka Kyoiku University

Frederickson [1], [2] (1971) investigated functional-differential equations of ad-
vanced type

(0.1) f(z) = af(Az) + bf(z),
where A > 1, and provided several properties of solutions. Kato and McLeod [4]
(1971) and Kato [3] (1972) studied asymptotic behavior of solutions of (0.1).

By using another method, the author [6] constructed one of the solutions for the

equation

(0.2) {f'(‘”) =af(2z), ©€R=(—00,+00),

)=

where a is a constant with e # 0. The solution is not unique. If f is a solution,
then a constant times f is also a solution. Our solutions are infinitely differentiable
and bounded on R. In [6], the author gave the graph of the solution f{z} of (0.2)
with a = 4 (Figure 1).
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FIGURE 1. f'(z) = 4f(2z)
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In this paper, we construct a solution for the functional differential equation;

(0.3) ﬂﬂ@)=xm4§:%5“§:(1y( )ﬂA ___E%%tﬁﬁ)

=G

where 3. ¢; = 1,3, ;8 < 00,¢; 2 0,inf; 8; > 0, sup; |k;| < oo and 2., is finite
sum or infinite sum. The solution is unique in L*(R) up to a multiplicative constant
and it is in C%,,,(R)NLY(R). (Some special cases were treated in [5].) We also give
the method of caluculating numerical data. For example, the following is a special
case of {0.3).
(0.4) fi(z) =4f(2z) - 4f 2z — 1).
The graph of the solution of (0.4) is in Figure 2, which is a component of the graph
of Figure 1. Our main result is as follows.
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FIGURE 2. The solution of (0.4).

Theorem 0.1. The equation (0.3) has a unique solution in L'{R) up to a multi-
plicative constent and if is in Cg,, (R) N L'(R).

We give some examples of (0.3).

(B1) f(z) = 2/(2 +1) — 2 (2 — 1),

(B2) f'(z) = 16f(4a) - 16f(4s — 1),

(E3) f'(z) = (9/4)f(32/2) — (9/4)f(3z/2 - 1),

(E4) f'(z) =3f(2z) — 2f(2z — 1) - f(2z - 2),

(E5) f'(s) = 3f(20) -3 f(2m ~ 1)+ f(22 — 2) — f(22 - 3),
) =135k Y s 1

k=0 j=1 {=—2,—1,1,2
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(E7) f"(z) = 8f(2z + 1) — 16(2z) + 8f(2z — 1).
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(B2), suppf =[0,1/3]  (E3), supp f = [0,2]
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(B4), supp f = [0,2] (B5), supp f = [0,3]
FIGURE 3. Solution of the equations (E1)-(E5).

(E6) and (E7), supp f = [0,2].

FIGURE 4. Solution of the equation (E6) and (ET7).

We have considered application of the function (E1) by using "Quark theory” es-
tablished by H.Trebel. Next section, we introduce the result of application. This

application is considered with Yoshihiro Sawano who belongs to Tokyo University.

1. RESULT OF APPLICATION

Definition 1.1. Let p > 1.
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Let 0 < p,q < oo and s > 0. B3 (R) is a set of Schwartz distributions f for which

f can be written as

(1.1) F=3 i 3272 e — m)P g2 — m)

geng r=0 me7d

where, the finction ¢ satisfies ¢'(z) = 26(2z + 1) — 2¢(2x — 1).

Theorem 1.1. The equation
fi(z) = flz-1)

can solve explicty with following initial data

flo = (Z Z Z )\f,mil‘"(‘"d/")(?”m —myP 2z ~ m))

R Ry, P
BENY ¥ENy meE: Qu mN{B,1]#8 w€[6,1]

The solution fl 2 can be written as follows;

@) = fO+d.% > XL

BENg ¥ENp mEZ: @y, mN[0,1]#8

-}-([LFD o §(x) dz) Z Z (’”2': /\2,,2””) #(2"z —m — 1).

vENG 2<2¥ \ I=0
where
B
* e —1\7 g e —m)PT Voo —
i) (;< 7(F) e - P m)))
_g 3 [ Po(z)da) ¥ $(2" (2~ 1) - m),
x =2
o0 o0 o0 +t - A1 Bg+1
L= 3 3 ..y 27 ¢ (-—-——22-,;—“—“—1— ;;11)
Jp1=0jg=0  j1=0 ¥=1
and

> z—1-27
Lig)(z) =) ¢ (—2;———3') -
=0
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