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1 Introduction

Lookback options are path-dependent options whose payoff at {or prior to) expiry depends on the
realized extremum of the underlying asset price attained over the options’ lifetimes. Lookback
options can be classified into two types: fized strike and floating strike. Let (S;)i>0 be the price
process of the underlying asset, and let m; = minp<u<s Sy, and M; = maxo<u<t Su- Assume that
the price process is monitored continuously; see Heynen and Kat [14] for discrete monitoring.
Then, a fixed-strike lookback call (put) is defined as an ordinary option written on the process
(My)t>0 ((me)i0) instead of (S;)¢>0. For European-style lookback options with maturity date T
and strike price K, payoffs at the maturity for fixed-strike lookback call and put are respectively
given by
(Mr— K)* and (K —mr)T,

where (z)* = max{z,0} for z € R. These payoffs mean that a fixed-strike lookback call (put)
option entitles the holder to the difference between the highest (lowest) realized price of the
underlying asset over the trading period and the strike price. Closed-form pricing formulas
for European fixed-strike lookback options have been derived by Conze and Viswanathan 171
Russian options [12, 22] can be considered as a perpetual (i.e., T = co) American fixed-strike
lookback call option with X = 0. On the other hand, a floating-strike lookback call (put) depends
on the processes (St)i>0 and (my)i>o ((My)iz0), and it always gives the option holder the right
to buy (sell) at the lowest (highest) realized price. For European floating-strike lookback call
and put with maturity date T, their standard terminal payoffs are given by

(St — mT)+ =8r—mp and (M- ST)+ = Mt - Sp,

respectively. Goldman et al. [13] provided closed-form pricing formulas for European floating-
strike lookback options and analyzed their properties for some particular cases.

Clearly, standard floating-strike lookback options are not genuine option contracts since
they are always exercised until the maturity, finishing in-the-money. This means that high
premiums are charged for the standard floating-strike lookback options, being less attractive
to investors. Conze and Viswanathan [7] introduced a more general and less expensive variant
called a fractional or partial lookback option, where the strike is fixed at some fraction over (for
a call) or below (for a put) the extreme value. Specifically, the payofis for European lookback
call and put with fractional floating strikes and maturity date T" are respectively given by

(Sp — amp)t and  (BMr - Sr)7,

where o and § are positive constants, allowing flexible adjustment of option premiums. To
reduce option premiums, we assume that o > 1 and 0 < B <1 Whena = 8 =1, the
fractional floating-strike lookback option agrees with the standard one as a special case. Closed-
form valuation formulas for European fractional floating-strike lookback options can be found
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in Conze and Viswanathan [7]. For American fractional floating-strike case, Lai and Lim [20]
obtained an integral representation of an early exercise premium. As with vanilla options,
there are no pricing formulas for American lookback options, except for the perpetual case; see
Dai [8] for the standard floating-strike case and Lai and Lim [20] for the fractional floating-strike
case. The purpose of this paper is to develop a fast and accurate numerical method for valuing
American fractional floating-strike lookback options.

A number of approximations and/or numerical methods have been developed for numerical
valuation of American options, most of which can be also applied to lookback options. For
American fractional floating-strike lookback puts, Conze and Viswanathan [7] proposed an ex-
plicit upper bound using a technique based on Snell envelopes, which was later shown to be
quite loose for short maturities by Barraquand and Pudet [4]. Hull and White [15], Kat [16],
Barraquand and Pudet [4], Cheuck and Vorst [6], Babbs [3], Dai [9], and Lai and Lim [20]
developed binomial or lattice methods. Among them, a forward shooting grid method in Bar-
raquand and Pudet [4] has a superior performance for American path-dependent options. Yu et
al. [24] adopted the partial differential equation (PDE) approach together with the finite differ-
ence method. It is, however, well known that both the lattice and finite difference methods are
quite time consuming if we need solutions with high-precision. In addition, Dai [9] showed that
a simple binomial tree is not necessarily consistent with its continuous model, resulting the low
speed of convergence. To achieve quick and accurate pricing for practical purposes, this paper
adopts a Laplace transform (LT) approach to valuing American floating-strike lookback options;
see other related LT approaches of Carr [5] and Kimura [17] for American vanilla options and
of Petrella and Kou [21] for a European standard floating-strike lookback option with discrete
monitoring.

2 PDE Formulation

Assume that (S;)i>o is a risk-neutralized diffusion process described by the linear stochastic

differential equation

. |
.3% = (r - 8)dt +odW;, ¢2>0, (2.1)

where r > 0 is the risk-free rate of interest, § > 0 is the continuous dividend rate, and o > 0
is the volatility coefficient of the asset price. Also, W = (W;);>¢ is & one-dimensional standard
Brownian motion process on a filtered probability space (Q, F, (Ft)e>0, P), where (Fyi)e>o is the
natural filtration corresponding to W and the probability measure P is chosen so that the stock
has mean rate of return 7. Let C = C(¢, S, m;) denote the value of the American floating-
strike lookback call option at time ¢ € [0,T]. Note that the values of American and European
call options are equal if the underlying asset pays no dividends, i.e.,, § = 0; see Conze and
Viswanathan [7]. In the absence of arbitrage opportunities, the value C(¢, Sy, m) is a solution
of an optimal stopping problem

C(t,S;,my) = esssupE [e’T(T*'t)(.S'Ti —amz,)" | ]—'}J (2.2)
Telt, Tl

for ¢ € [0, T], where T} is a stopping time of the filtration (F});>p and the conditional expectation
is calculated under the risk-neutral probability measure P. Solving the optimal stopping problem
(2.2) is equivalent to finding the points (¢, S;) for which early exercise is optimal. Let § and C
denote the stopping region and continuation region, respectively. In terms of the value function
C(t,8,m) (S = S; and m = m, for abbreviation), the stopping region S is defined by

S={(t,9) €[0,T]) x [m, +00) | C(t, S, m) = (S — am)*},
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for which the stopping time T} satisfies
T =inf{u € [t,T] | (v, Sy) € S}.
The continuation region C is the complement of § in [0, T X [m, +00), i.e.,
C={(t,S) € [0,T] x [m,+00) | C(t,S,m) > (§ —am)™}.

The boundary that separates S from C is referred as the early exercise boundary (or critical asset
price), which is defined by

S, =sup {8 € [m,+00) | C(t,8,m) > (S —am)*}, ¢ e [0, 7). (2.3)

At the early exercise boundary (S;)sejo,r|, the American fractional floating-strike lookback call
option would be optimally exercised. '

It has been known that C(t, S, m) is obtained by solving a free boundary problem; see, €.g.,
Kwok [19] and Wilmott et al. [23, pp. 207-209]. Define the differential operator A by

0? 0

o252

S*— S— —

A=g0Sggm - 0Sgg -

Then, the free boundary problem can be written in linear complimentary form as

%—?+AG<0 C—(S—am)™ >0,

(2.4)
(%f—+,40) (C—(S—am)T) =0, (t,8)eC

together with auxiliary conditions
o(T,8,m) — (S ~am)* =0,
oc (2.5)

For the free boundary (S't)te[o"z‘], this problem is equivalent to solving the Black-Scholes-Merton

PDE

%?+; 252253 +or-08% _rc=0, m<5<5, (2.6)

%N
with the terminal condition
(T, 8,m) = (S — am)™ (2.1

and the boundary conditions

lim C(t,S,m) = S; — am,
518,
ocC
li =1,
518, 05 28
lim % = (,
Slm Oom

which are called the value matching, smooth pasting and Neumann conditions in order.
Similarly, if we denote the value of the American floating-strike lookback put option by
P = P(t,8;, My), then P(t,S, M) satisfies the same PDE as (2.6), i.e,
opP + 102 526 P oP

B 552 +(r 5)S—é§~rP 0, S,<S8<M, (2.9)
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where (3, );¢(0,7] Is the early exercise boundary for put. The boundary conditions for put are
im P{(t,S,M) =M — S
b ( ) =BM -8,

oP

WP
gllrg_t 55 (2.10)

and the terminal condition is given by

P(T,8,M)= (M - 8)™ . (2.11)

3 Laplace-Carlson Transforms

3.1 Option Values

For the remaining time to maturity 7 = T — t, define the time-reversed value 5’(7, S,m) =
C(T - 7,8,m) (r > 0) and its Laplace-Carlson transform (LCT) as

_~ w —~
C* (A, S, m) = £C[T(r, §,m)] = / X E(r, 5, m)dr, (3.1)
0

for A € C with Re(A) > 0. No doubt, there is no essential difference between the LCT (3.1) and
the Laplace transform (LT)

o~ ~

C(A, S, m) = LIC(r,S,m)] = /oo e ™0(r, S, m)dr.
0

Clearly, we have C*(\, 8,m) = AC(), S, m) for Re(A) > 0. The principal reason why we prefer
LCT to LT is that LCT generates relatively simpler formulas than LT for option pricing problems
because constant values are invariant after taking transformation. In the context of option
pricing, LCT's have been first adopted in the randomization of Carr [5] for valuing an American
vanilla put option with a random maturity. Mathematically, Carr’s randomization is equivalent

to the Post-Widder LT inversion method [1].
For the LCT C*(A, S,m), we obtain

Theorem 1
S - am, : S ..>_ S’*:
am\ 61 am\ 92 A A -
C*(\, S,m) = A1S (-—S—) + AsS (—S~> + ——_I_——g.S’— Y1 om < 8 < 85 (3.2)
g 8
Ags(%”—)%&s(%)z, m< S <am
where

6 (6 1-6 r om\ (5 \"
Ay = A1(61,6,) = S
1 1(61, 02) 0, — 6, ()\+5+ 6o )\+7«5*)(am> ’

Ay = A1(6,,61),

92 0 1—92 T
As=A 9,9 =A 91 '
3 = Az(61,062) 1(192)+92-9] ()\+6+ 8, ,\+r>

(3.3)

A4 = A3(923 Hl)a



and the parameters 61 = 8, > 0 and 6y = 6_ < 0 are given by

11

i{—(d—r—zaz)ﬂ:\/ (6 ~r—$02)?

6y = f+()) =

o2
which are two real roots of the quadratic equation

1
T 50

L% + (5 2)9 —

Tn addition, §* = §*()) is defined by
m

£(\) (0 < £€* < a7 < 1) satisfies the equation

} (£9)P 02

1-6s
)

*

of which

o2 af N
61 B

r—20
A+4

- f*)"l} +ar{

(o - a”)

/\{

(A+6) =0

(5*)92+1 .

+ 207 ()\+5)}

(3.4)

1-601, .06
ERerr) 69

Let P = P(t,S, M) denote the value of the American floating-strike lookback put option at

time ¢ € [0, 7], and let P*(A, S, M) be the LCT of P(r,8,M) =
For the LCT of P(r, 8, M), we can obtain an analogous result to
way.

P(T — 7,5, M) for Re(A) > 0.

Thorem 1 in much the same

Theorem 2
( IBM - 51 S S _‘S.*u
IUANG ﬁM)"z A A .
—_— B ) - —8§+-—p8M, SF<S<pM,
P\, 8, M) = { Bls( s) + 55\ o0 T a2 M,
91 9‘2
s (20)" 1 s (22" <5 <M
) (3.6)
where . o\
92 ) 1- 92 T _*
Bi=Bi6.62) = g5 (M—é 0 A+T S* ) (ﬁM) ’
B2 - 81(92761)1 (347)
_ _ o ) 1—-6, r ‘
By = By(6:,02) = Bil6s, 6) + 5y (,\+5 2 A+r)’
By = Bz(a,01),
and S* = §*(\) is defined by
. M
i = T
n
of which 7* = 7*(\) (n* > 371 > 1) satisfles the equation
ﬁ@z 1601 Gy _ pb 4 101462
)\{'5;'—"—+(ﬁ 5))\+5 (n*)
)\ 1-6y, , 1—61, .
A B e ity S
6 61
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From (3.5) and (3.8), £€*(A) (€ (0,&™1)) and 5*(A) (€ (871, 00)) can be obtained by solving
a functional equation of the form

where f) is an operator mapping defined by

Ag(A)afi 0 _ sATT (xeg _ xel)

Az) = iz v) = At 0 , v=a,8 (3.10)
vr 1:__?_2_3:92 - ——————1 ! z%
g4 3
with . . 5
— N P Ve eyl T — 3.11

Note that f(z) is symmmetric with respect to 61 and f3. From the functional equation (3.9),
we can show some asymptotic properties of the early exercise boundaries.

Theorem 3 For the early exercise boundaries (S;)sep7) and (S, )eejo,r of the perpetual frac-
tional lookback options with T' = oo, we have

~ = M

S =80=- and S, =8, = —

§oo Moo

(3.12)

]

for all £ > 0. If § > 0, the constants {x € (0, !) and e € (871, 00) exist uniquely and they
are solutions of the common equation

z = fola), (3.13)

where 4262 0o o
N ' _ i’ S 1 — 2%~
f()(a’) —fD(iE,V) = 9;(1_98)_95(1_9?)w9§~93’

and 09 = limy_q6;(A) (i = 1,2). If § = 0, then

y=a757

S =00 and S, =0.

Theorem 4 For the early exercise boundaries (S)e(o,7] and (S;)epo ) of the fractional look-
back options with 7" < 0o, we have

- r 7
. _ r . (T _ 14
tler% S; = max (5, 1) am and }er%ﬁt min (6’ 1) BM (3.14)

3.2 Early Exercise Premiums

For American vanilla options, it has been well known that the value of an American option can
be represented as the sum of the value of the corresponding European option and the so-called
early ezercise premium. For American fractional lookback options, Lai and Lim [20] proved
that the value has such a decomposition and that the premium has an integral representation;
see Proposition 2 in Lai and Lim [20]. Here, we will derive closed-form LCTs of early exercise
premiums for the American fractional lookback call and put options.

First, we will derive the LCT of the European call value: Let c(t,S,m) denote the value
of the European fractional floating-strike lookback call option at time ¢ € [0,7]. As in the
American counterpart, c(t, S, m) satisfies the Black-Scholes-Merton PDE

dc b

= + %JZSQW + (T

5 mé)Sﬁ -rc=0, S>m (3.15)

as
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together with the boundary conditions

Hm —(?3 < 0
S0 08 ’
(3.16)
lim _?_c_ =0
Sim m ’
and the terminal condition
e(T,S,m) = (8 — am)*. (3.17)

The solution can be find in Zhu et al. 25, p. 152] for § # r (that includes a typo) or in Lai
and Lim [20, Proposition 2]. Since the notation and assumptions used in these results are fairly
different from those in this paper, we rewrite it to obtain

c(t,S,m) = Se"‘s(T_ﬂ@(d}")—ame"’(T"t)CI)(dl_)

S - 7 -6(T— =
[ (a) - oo
aSe” "I Na T —t (df ®(df) + ¢(d])) , §=r,

where ®(-) and ¢(-) respectively denote the cdf and pdf of the standard normal distribution,

= o () o-ssier-o)

dE = ;\/% (&) £0-o7 (T 1)},

and
_ 2(r = 9)
= —

v
o

For the time-reversed value &(7, §,m) = ¢(T—7, 5, m} (T > 0), define its LCT as (N, 8,m) =
£C[&(r, S, m)]. Then, in much the same way as in the American case, we have

Proposition 1

am\% A A
a - 3 S 3
S — a;S( 5 ) +)\+5S )\_{_‘Tam > am 6519
3 My — 9 P :
ag,s(i"sﬁ)‘+a43(3§—)2, m<S<am

where

_ 92 91_ 62 }\ 1—92 91_1—01 92) A } _91
“1‘91-92{(“ 0w S G g ¢ )arrf

_ 05 A 1—-6; A fa—01 3.90
a3_92-91()\+5+ 64 )\+7’)a ’ ( )

s = 61 A +1—91 A
4 01— 03 \A+4 6, A+r/)
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Theorem 5

(A8, m)+eX(A,Sm), m<S8< S
C*(\,8,m) = ( ) ( ) _ (3.21)
5 — am, §=>5*
where eX(A, S, m) is the early exercise premium
[} =
S(A1 - ay) (f'i’-”-) + SAq (O‘g‘) , am < § < 8%,
“(\, 5, m) = § (3.22)
ez(A,S,m 8 -
S(As — as) (Ts'”) + S(As — ag) (?) , m<8<am

with 4; and a; (i = 1,...,4) defined in {3.3) and (3.20), respectively.

Let p(t, S, m) denote the value of the European fractional floating-strike lookback put option
at time ¢t € [0,T]. As in the American counterpart, p(t, S, m) satisfies the Black-Scholes-Merton
PDE

Op 1,2 , O%p Op
rp= M 3.23
5 10 g (=085~ =0, §< (3.23)

together with the boundary conditions

limp(t, 8, M) = BMe T,

- 8p e (3.24)
StMOM
and the terminal conditibn

p(T, 5,m) = (BM — S5)*. (3.25)
The European put value p(t, S, M) can be written as ‘

p(t,8,m) = BMe ™ T-98(-hy) — SedT-D@(—h})

BS [ —s(-1) gvar_ o (T=1) (%)7 }
. " {e B1®(—h; ) — 5 d(— , 0#T (3.26)

BSe " T o/ T —t ($(~h5) — hi ®(=h7)) §=r,

where

h;_t:m/;ﬁ{m(ﬁil) +(T—§i%02)(fl’—t)},
h;‘:zU%{ln(%)ﬂ:(r—d;%az)(’l’—t)}.

For the time-reversed value p(7, S, m) = p(T—, S,m) (7 > 0), define its LCT as p*(\, S, m) =
LC[p(7, 8, m)]. Then, as with the call case, we can obtain the following proposition and theorem,
which proofs are omitted.

Proposition 2

0
baS (Eg{) - /\-/!\-58+ A ,@M, S < M,

1 G2
b3S (-ﬁ—;z) + byS (ﬂéw) s BM<S<M
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where

61 9 ) A (1—92 1—91 A

by = 1 pY% 61 _ 02 —62

2 eg—el{w b Rl o’ ),\H}ﬁ ’

‘ 6, A 165 A '

by =

3 91 —92 ()\+5 + 92 )\-l"’i") ' (328)
6 A 1—=6 A\ .p-0

by = ! 1~b2

T 5,6 (,\+5T 02 )\+r)ﬁ

Theorem 6

NS, M) +ei(A S M), §F<S<M,
P*(\,8,M) = 7 ) r el ) (3.29)
BM -5, §<8°

where ej(A, S, M) is the early exercise premium

61 ; 65
B (%%) + S(By — by) (%‘1) , 5 < S < M,
e\, 8, M) = ; ; (3.30)
BMN\* BMN\”
S(Bs — b3) (_S_> + S(By — by) <_S—> , BM<S<M

with B; and b; (i = 1,...,4) defined in (3.7) and (3.28), respectively.

4 Conclusion

In this paper, we analyzed American fractional floating-strike lookback options via a Laplace
transform approach to obtain the transforms of the early exercise boundaries, option values,
hedging parameters and early exercise premiums, all of which can be expressed in terms of a
root of a functional equation. Applying Abelian theorems to this equation, we characterized
asymptotic behaviors of the early exercise boundaries at time to close to expiration and at
infinite time to expiration. .

The Laplace transform approach is so general that it could be applied to other American
path-dependent options whose payoff functions are continuous with respect to the state vari-
ables. For options with discontinuous payoff functions such as digital options, however, there
remains some numerical issues in Laplace transform inversion. In addition, the approach could
be extended to the cases that the underlying asset price has jumps [18], and it is discretely
monitored [21}.
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