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1 Introduction

Let H be a Hilbert space and let C be a closed convex subset of H. Then a mapping
T from C into itself is called nonexpansive if

1Tz - Tyl| < llz - yll, Vz,yeC.

For a mapping T of C into itself, we denote by F(T) the set of fixed points of T, i.e.,
F(T)={z € C: Tz = z}. Let f be a function of C into itself. Then, f is said to be a-
contractive on C if there exists a constant a € (0, 1) such that | f(z)—f(y)| < a|lz—y]|
for all z,y € C. In 1967, Browder [2] obtained the following: |

Theorem 1 (Browder [2]) Let H be a Hilbert space and let C' be a closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F(T) is
nonempty. Let o be an arbitrary point of C and define S,, : C — C by

Snz = (1 —ap)Tz + anzo

for all z € C and n € N, where 0 < a, < 1. Then the following hold:

(i) Sy has a unique fixed point u, € C;,

(ii) if an — 0, then the sequence {u,} converges strongly to Pg(1)%o, where Pp(7) is
the metric projection onto F(T').



After Browder’s result, such a problem has been investigated by many authors: see
Takahashi and Kim [9]. In 2000, Moudafi [4] proved the following strong convergence
theorem:

Theorem 2 (Moudafi [4]) Let H be a Hilbert space and let C be a closed convex
subset of H. Let T be a nonexpansive mapping of C into itself such that F(T) is
nonempty and let f be a-contractive of C into itself. Let

1 .
Ty = T—;-é—nTz 1+ nf(:L‘n) ‘ (1)

where {¢,,} is a sequence in (0,1) and €, — 0. Then {z,} converges strongly to the

unique solution £ € C of the variational inequality

& € F(T) such that (I-fz,z—z) <0, VzeFT),

Further, in 2004, Xu [12] extended Moudafi’s result in the framework of a Hilbert
space to that in a uniformly smooth Banach space.

In this paper, motivated by Mouda.ﬁ’s result, we introduce a sequence for finding
a common fixed point of a countable family of nonexpansive mappings in a Hilbert
space and prove a strong convergence theorem (Theorem 5) which is a generalization
of Browder’s theorem.

In chapter 4, usiné the viscosity approximation method and Theorem 5, we study
the problem of find a solution to the equation

0 € Au,

where A C H x H is a maximal monotone operator.'

2 Preliminaries and Lemmas

Throughout this paper, let H be a real Hilbert space with inner product (:,-) and
norm ||-||, and let N be the set of all positive integers. It is known that a Hilbert space
H satisfies Opial’s condition [5], that is, for any sequence {z,} C H with z,, — z, we

have
liminf||z, — z|| < liminf||z, — y||
n—oo n—oo
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for every y € H with y # z, where — denotes the weak convergence. Let C be a
nonempty closed convex subset of H. We denote by P¢(-) the metric projection of H
onto C. It is known that for z € C, 2 = Pp(z) is equivalent to (z — y,z — z) > 0 for
every y € C. So, we have ||z — Poz||? < ||z — y||* — ||Poz — y||? for every y € C. See
[8] for more details.

The function f : H — (—00,00] is said to be proper, if D(f) = {z € H: f(z) € R}
is nonempty. For a proper lower semicontinuous convex function f : H — (—o0, 00,
. the subdifferential df(z) of f at z € H is defined by ’

Of(x)={z€H: f(z)+(y—=,2) < f(y), Vye€H}
We know that 8f C H x H is a monotone operator, that is,
| (x—y,z—w) >0

whenever (z, 2), (y,w) € 8f. A monotone operator A C H x H is said to be maximal if
the graph of A is not properly containd in the graph of any other monotone operator.
We also know that the monotone operator 0f is maximal. An operator B: H - H
is said to be a strongly monotone if there exists ¢ > 0 such that (Bz — By,z — y) >
c|lz — y||? for all z,y € H. If A is a maximal monotone operator, then we can
define, for any r > 0, a nonexpansive single valued mapping J, : R(I + r4) — D(A)
by J. = (I +7A)~1. It is called the resolvent of A. We also define the Yosida
approximation A, by A, = (I-J;)/r. We know that A,z € AJ .z forallx c R(I+rA)
and ||Ayz|| < inf{||y|| : y € Az}, for all z € D(A) N R(I + rA). We also know that
for a maximal monotone operator A, we have A~10 = F(J,) for all > 0.

Let T3,T3,. .. be a infinite family of mappings of C into itself and let A, Ag,... be

real numbers such that 0 < \; < 1 for every i € N. Then, for any n € N, Takahashi-

[7] (see also [6], [10] and [3]) defined a mapping W, of C into itself as follows:

Un,n+1 = I,
Un,n = AnT'nUn,rH-l + (1 - A'n,)Ia
Un,n—l = A'n.—l:z-'n—lUn,,n + (1 - A-n——l)Ia

Unk = MTkUn k41 + (1 — M),
Unjk—1 = Ak—1Tk-1Unx + (1 — Ak—1)1,
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Unz = AT2Uns + (1 — M),
Wn = Un,1 = )\1T1Un,2 + (1 - Al)I.

Such a mapping W, is called the W-mapping generated by T,,,Ty,-1,...,71 and
/\na A‘n—‘l, s a/\l-

Using [6] and [1], we obtain the following two lemmas.

Lemma 3 Let C be a nonempty closed convex subset of a Banach space E. Let
T1,T5,... be nonexpansive mappings of C into itself such that ﬂ;’:l F(T;) is nonemp
ty and let A1, As,... be real numbers such that 0 < A\; <land 0< \; <b< 1 for
any ¢ = 2,3,.... Then for every x € C and k € N, the lim,,_,o, Uy, sz exists.

Using Lemma, 3, for k € N, we define mappings U x and U of C into itself as follows:

Usokz = lim Up gz
n—o00

and

Uz = lim Wz = lim U,z
n—00 n—o0

for every z € C. Such a U is called the W-mapping generated by T,T5,... and
A1, A2,

Lemma 4 Let C be a nonempty closed convex subset of a strictly convex Banach
space E. Let Ti,T3,. .. be nonexpansive mappings of C into itself such that
Nieq F(T;) is nonempty and let Ay, Az,... be real numbers such that 0 < \; < 1
and 0 < \; <b< 1foranyi=23,.... Let Wo(n =1,2,...) be the W-mappings
of C into itself generated by T,,,Tp,—1,...,7y and A\p, Ap_1,...,A; and let U be the
W-mapping generated by T1,T3,... and A1, Az,.... Then F(W,) = i, F(T}) and
F(U) = N2, F(T). |

3 Strong convergence theorem

Next we prove the following strong convergene theorem which generalizes Browder’s

convergence theorem.
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Theorem 5 Let H be a Hilbert space. Let C be a closed convex subset of H and
let {Tn,} be a countable family of nonexpansive mappings of C into itself such that
Nieq F(T;) # 0. Let f be an a-contractive mapping of C into itself. Let b be a real
number with 0 < b < 1 and let A1, Ag,... be real numbers such that 0 < A; <1 and

0< X <b<1forevery i =2,3,.... Let W,(n=1,2,...) be W-mappings of C into -
itself generated by Tp,,Tp—1,...,T1 and An,An—1,...,A1. Let U be the W-mapping

generated by T1,T5,... and A1, Ag,..., ie.,

Uz = lim Wypz = lim Uy 1z
n—o0 n—o00

for every z € C. Define S,, : C — C by

Snz = (1 — an)Whz + anf(z)

for each z € C and n = 1,2,3,.... Then the following hold:

(i) Sy has a unique fixed point u,, in C;

(ii) if @n, — 0, then the sequence {u,} converges strongiy to u = Pp(y)f(u), where
Pryy is the metric projection onto F(U).

Proof. From Lemma 4, we obtain ;2; F(T) = Nay F(Wa) = F(U).
(i) Let z,y € C and n € N, we have

1902 = Sapll < (1 = ) [Waz = Wagll + el f(@) — FW)I
< (1~ an)llo ~ vl + aanlz - gl
= (1 - an(1 - @)1z ~ gl

Then, since S, is a contraction of C into itself, there exists a unique fixed point u,
of S, in C.
(ii) Let 2 € F(U). Since

lun — 2l = |(1 = an) (Warn = 2) + an(f(ua) — 2)||
< (1 - an)llun = 2|l + anllf(un) - 2|
< (1= om)llun — 2l + an{llf(un) = ()| + [1£(2) — 21}

< (1= an)llun — 2| + acnllun — 2|l + anl|f(2) = 2|,

we have 1
Jun = 2l < T 11£(2) = 2.
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Therefore, we obtain {un}, {Wpu,} and {f(ur)} are bounded. From the definition

of u,, we have

"un - Wnun” = ”(1 - an)Wnun + anf('u'n) - Wnun“

= an||Wnun — f(un)|l
S Qnp - K,

where K = 2sup,c¢||z||. Hence we obtain
ﬂlfflgo"un — Whun| = 0. (2)
Since {u,} is bounded, we assume that there exists a subsequence {un,} C {un}

such that {un,} converges weakly to u. Suppose that u # Uu. Then, from Opial’s
theorem, (2) and limp,—.c0 |[Wnu — Uu|| = 0, we have

lim inf|un, - ul
1—00
< lmlgg'f”uﬂ¢ - UU”
< lim inf{|tn, — W tin,[| + [[Watin, ~ Waull + [|Wa, = Uull}
< lim inf{un, — Wagtn | + llun, = ull + [[Wa,u = Unl]}

= liminf||lun, — ul|.
1— 00

This is a contradiction. Hence we have Uu = u.

Next, we prove un, — u = Pp)f(u). For each i, we have
an, f(tun,) = an,Un, + (1 — an,)(un, — Wy, un,).
Since u is a fixed point of W,,;, we also have
Qn, U = an,u+ (1 — an,)(u — Wp,u).

If we substract these two equations and take the inner product of that difference with

Up, — U, We obtain

(1 - ani)((I - Wni)um - (I - Wm)u> Un, = u) + an, (um — U, Un, — u)

= o, (f(Un;) = U Un, — ),
where [ is the identity. From ((I — Wy, )un, — (I - Wha, ), un, — u) > 0, we have

”um - u“2 S (f(um) — Uy Un; — u‘)’
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Since {un,} converges weakly to u and

“um - U”2 < <f(um) = U, Up,; — u)
= (f(um) - f(u’)’ Un; — ’U,> + (f(u) — U, Up; — U)

< afjun, — u“2 + (f(u) — u, un, - u),

we obtain that {un,} converges strongly to u. Finally, we show that {u,} converges

strongly to u, where u = Pp(yyu. Since u, = (1 — an)Wypun + anf(un), we have

(I = fYum = —2Z22(1 — W, ).
Thus, for any z € F(U), we obtain
1 - an

(( = Fn, un — 2) = — (I — Wa)up, un — 2)

n
l_an

. (I =WRup — (I — Wy)z,upn — 2)

<0,
and hence ((I — f)un,, Un, — 2) < 0. Taking the limit, we have
((I-flu,u—2z)<0

for all z € F(U). This implies u = Ppyu. We assume that u,, — 4. Since

@ € F(U), we have »
(I-flu,u—u) <0

Further we also obtain _
(I - ft,d—u) <0.

Summing up two inequalities yields
(T=flu-T - fa,u—a) <0

and hence
lu — 4l < (fu— fi,u—a) < aflu— 4|2

This implies that u = 4. So, we obtain that u, — u = Pruyu.



4 Applications

Let H be a Hilbert space and let A C H x H be a maximal monotone operator.
Next, we consider the problem of finding a point v € E such that 0 € Av, using
the viscosity approximation method. For the viscosity approximation method, for
instance, see Tikhonov [11]. The abstract setting of the viscosity method is as follows:
Let H be a Hilbert space and let f : H — (—00, 00] be a real-valued function. Let us

consider the minimization problem
min{f(z);z € H}. (3)

Let g : H — [0, oo] be a viscosity function and for any € > 0, consider the approximate

minimization problem
min{f(z) + eg(z); = € H}. (4)

The viscosity function g usually has assumputions like strict convexity, continuity and
coerciveness with respect to the norm and plays an important role in the existence
and uniqueness of the solution sequence {u.} of (4).

Motivated by this method, we can prove the following theorem:

Theorem 6 Let H be a Hilbert space. Let A C H x H be a maximal moﬁotone
operator and let B - H x H be a maximal monotone operator which is strongly
monotone with modulus ~.

For r > 0, let z, be an element of H such that

0 = A.(z,) + rB.(z,), (5)
where A, = 1(I-JA), B, = 1(I— J2B). Then {z,} — & as r — 0, where £ = JA(2).

Proof. The viscosity method (5) can be rewritten as

1 T
wr = me(Dr + i_+—r'J1.B$r-
Since J# is a nonexpansive mapping and JZ is T_&;;-contractive, by Theorem 5, we

obtain z, — & € F(JA).
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