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1 Introduction
Convexity plays a crucial role in proving the existence of various equilibria
in cooperative and noncooperative game theories. While convex analysis on
vector spaces has brought a plenty of fruitful results to optimization theory
and its application to economics and game theory, it is apparent that stan-
dard convex analysis is inadequate to deal with top $\mathit{0}$logical spaces which lack
a vector space structure. In particular, not enough investigation has been
made concerning convexity in a-fields of measure spaces.

In this paper we propose a convex-like structure in a nonatomic finite
measure space. We first introduce convex combinations of measurable sets,
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and quasi-concave and concave functions on a Borel a-field and prove Jensen’s
inequalities, which conform with the standard definitions results in convex
analysis. We then introduce the convexity of preference relations on the Borel
a-field and show that a utility function representing the convex preference
relation is quasi-concave on the Borel a-field. While our attention is focused
on a nonatomic finite measure space with the Borel a-field of a topological
space, the proposed structure and its basic properties can easily be extended
to an arbitrary nonatomic finite measure space.

Having concepts and basic results analogous to those of standard convex
analysis, we apply them, together with our previous results from Sagara
and Vlach (2006) on topologizing a Borel a-field and the representation of
preference relations on the Borel a-field by a continuous utility function,
to the problems of cake division among a finite number of individuals. In
particular, we are concerned with the existence of Pareto optimal partitions,
and the existence of core partitions with non-transferable utility (NTU) and
transferable utility (TU) games arising in a pure exchange economy in which
each individual is endowed with an initial $‘(\mathrm{p}\mathrm{i}\mathrm{e}\mathrm{c}\mathrm{e}$

” of the cake. We also
provide conditions guaranteeing that every weakly Pareto optimal partition
is a solution to the problem of maximizing a weighted sum of individual
utilities. Especially, in contrast to Berliant (1985) and Berliant and Dunz
(2004), we present a direct proof of the existence of core partitions for the
NTU case without introducing any price system.

When preference relations of each individual are represented by non-
atomic probability measures, it is relatively simple to show the existence
of Pareto optimal partitions and the existence of core partitions with TU
by a direct application of Lyapunov’s convexity theorem which ensures that
the utility possibility set is convex and compact (see Barbanel and Zwicker
1997, Dubins and Spanier 1961, Legut 1986 and Sagara 2006). However,
representing a preference relation by a probability measure means that the
corresponding utility function is countably additive on the a-field, and con-
sequently assumes a constant marginal utility. This is obviously a severe
restriction on the preference relation that is difficult to justify from an eco-
nomics viewpoint.

The main purpose of this paper is to obtain the existence result without
imposing any additivity requirements on preference relations. Instead, the
continuity and convexity of preference relations of each individual play a
significant role in guaranteeing the convexity and compactness of the utility
possibility set.
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2Convexity in a Measure Space
In this section we propose a new concept of the convexity in a nonatomic
finite measure space. We introduce convex combinations of measurable sets,
concave and quasi-concave functions on a Borel a-field in conformity with the
standard convex analysis. Although we restrict our attention to a nonatomic
finite measure space with the Borel a-field, all results in this section are valid
for any nonatomic finite measure space.

2.1 Convex Combination of Measurable Sets
Let $(\Omega, \mathscr{B}_{\Omega}, \mu)$ be a finite measure space with St a topological space and
$\mathscr{B}_{\Omega}$ the Borel a-field of $\Omega$ . An element $A\in \mathscr{B}_{\Omega}$ is an atom of a measure
$\mu$ if $\mu(A)>0$ and for any measurable subset $B$ of $A$ , either $\mu(B)=0$ or
$\mu(A\backslash B)=0$ . If $\mu$ has no atoms, then $\mu$ is called nonatomic.

Let $\mu$ be a nonatomic measure on $\mathscr{B}_{\Omega}$ . By Lyapunov’s convexity theorem,
$\mu$ has the convex range in R. Therefore, for any $t\in[0, \mu(\Omega)]$ there exists some
$A\in \mathscr{B}_{\Omega}$ satisfying $\mu(A)=t$ . Especially, for any $A\in \mathscr{B}_{\Omega}$ and $t\in[0, \mu(A)]$

there exists a measurable subset $E$ of $A$ satisfying $\mu(E)=t$ .
Let $A\in \mathscr{B}_{\Omega}$ and $t\in[0,1]$ be given arbitrarily. We define the family $\langle tA\rangle$

of subsets of $A$ by

$\langle tA\rangle=\{E\in \mathscr{B}_{\Omega}|\mu(E)=t\mu(A), E\subset A\}$.

In view of the nonatomicity of $\mu$ , it follows that $\langle tA\rangle$ is nonempty for any
$A\in \mathscr{B}_{\Omega}$ and $t\in[0,1]$ . Note that $E\in\langle tA\rangle$ if and only if $A\backslash E\in\langle(1-t)A\rangle$ ,
and $\mu(A)=0$ if and only if $\langle tA\rangle$ contains the empty set for any $t\in[0,1]$ .

Theorem 2.1. For every element $A$ and $B$ in $\mathscr{B}_{\Omega}$ and any $t\in[0,1]$ there
exist disjoint elements $E\in\langle tA\rangle$ and $F\in\langle(1-t)B\rangle$ .

Theorem 2.1 guarantees that for every element $A$ and $B$ in $\mathscr{B}_{\Omega}$ and any
$t\in[0,1]$ there exists some $C\in \mathscr{B}_{\Omega}$ such that $C$ is a union of disjoint sets
$E$ and $F$ satisfying $E\in\langle tA\rangle$ and $F\in\langle(1-t)B\rangle$ . The family of all such
elements $C$ is denoted by $\mathit{9}_{t}(A, B)$ .

Let $\Delta^{n-1}$ denote the $(n-1)$-dimensional unit simplex in $\mathbb{R}^{n}$ ; that is,

$\Delta^{n-1}=\{(\alpha_{1}, \ldots, \alpha_{n})\in \mathrm{R}^{n}|\sum_{i=1}^{n}\alpha_{i}=1$ and $\alpha;\geq 0,$ $i=1,$ $\ldots,$
$n\}$ .

The following result is an obvious extension of Theorem 2.1.
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Theorem 2.2. For $eve7^{\cdot}y$ finite collection of elements $A_{1},$
$\ldots,$

$A_{n}$ in $\mathscr{B}_{\Omega}$ and
any $(t_{1}, \ldots, t_{n})\in\Delta^{n-1}$ , there exist disjoint elements $E_{1}\in\langle t_{1}A_{1}\rangle,$

$\ldots,$
$E_{n}\in$

$\langle t_{n}A_{n}\rangle$ .

Theorem 2.2 guarantees that for every finite collection of elements $A_{1},$
$\ldots$ ,

$A_{n}$ in $\mathscr{B}_{\Omega}$ and any $(t_{1}, \ldots, t_{n})\in\Delta^{n-1}$ there exists some $E$ in $\mathscr{B}_{\Omega}$ such that
$E$ is a union of disjoint sets $E_{1},$

$\ldots,$
$E_{n}$ satisfying $E_{i}\in\langle t_{i}A_{i}$ ) for each $i=$

$1,$ $\ldots,n$ . The family of all such elements $E$ is denoted by $\mathit{9}_{t_{1},\ldots,t_{n}}(A_{1}, \ldots, A_{n})$ .
When $n=2$, we adhere to using $\mathscr{D}_{t}(A, B)$ instead of $\mathit{9}_{t,1-t}(A, B)$ .

By a partition we always mean an ordered finite collection of disjoint
elements in $\mathscr{B}_{\Omega}$ whose union is $\Omega$ . A partition is called an $n$ -partition if the
number of its members is $n$ .

Theorem 2.3. Let $(X_{1}, \ldots, X_{m})$ be an $m$-partition. For every finite collec-
tion of $n$ -partitions $(A_{1}^{1}, \ldots, A_{n}^{1}),$

$\ldots$ , $(A_{1}^{l}, \ldots, A_{n}^{l})$ and any $(t_{1}, \ldots, t_{l})\in\Delta^{l-1}$

there evists some $A_{ij}\in \mathit{9}_{t_{1},\ldots,t_{1}}(A_{t}^{1}\cap X_{j}, \ldots, A_{i}^{l}\cap X_{j})$ for $i=1,$ $\ldots,$
$n$ and

$j=1,$ $\ldots,$
$m$ such that $( \bigcup_{i=1}^{m}A_{1j}, \ldots, \bigcup_{j=1}^{m}A_{nj})$ is an $n$ -partition satisfying

$\mathrm{U}_{j=1}^{m}A_{ij}\in \mathit{9}_{t_{1},\ldots,t_{1}}(A_{i}^{1}, \ldots, A_{i}^{l})$ for each $i=1,$ $\ldots,$
$n$ .

Corollary 2.1. Let $(X_{1}, \ldots, X_{m})$ be an $m$ -partition. For $e\uparrow\prime e\gamma\eta/pair$ of n-
partitions $(A_{1}, \ldots, A_{n})$ and $(B_{1}, \ldots, B_{n})$ and any $t\in[0,1]$ there erists some
$C_{ij}\in \mathscr{D}_{t}(A_{i}\cap X_{j}, B_{i}\cap X_{j})$ for $i=1,$ $\ldots,$

$n$ and $j=1,$ $\ldots,$
$m$ such that

$( \bigcup_{j=1}^{m}C_{1j}, \ldots, \bigcup_{j=1}^{m}C_{nj})$ is an $n$ -partition satisfying $\bigcup_{j=1}^{m}C_{ij}\in \mathit{9}_{t}(A_{i}, B:)$

for each $i=1,$ $\ldots,$
$n$ .

2.2 Concave Functions on a Borel a-Field
Let $A\triangle B=(A\cup B)\backslash (A\cap B)$ be the symmetric difference of $A$ and $B$ .

The following definitions of the (strict) $\mu$-quasi-concavity and (strict) $\mu-$

concavity of functions on $\mathscr{B}_{\Omega}$ are analogues of the standard definitions in
convex analysis.

Definition 2.1. A function $f$ on $\mathscr{B}_{\Omega}$ is:

(i) $\mu$-quasi-concave if $A,$ $B\in \mathscr{B}_{\Omega}$ and $t\in(\mathrm{O}, 1)$ imply

$\min\{f(A), f(B)\}\leq f(C)$ for any $C\in \mathscr{D}_{t}(A, B)$ .

(ii) Strictly $\mu$-quasi-concave if $\mu(A\triangle B)>0$ and $t\in(\mathrm{O}, 1)$ imply

$\min\{f(A), f(B)\}<f(C)$ for any $C\in \mathscr{D}_{t}(A, B)$ .
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(iii) $\mu$ -concave if $A,$ $B\in \mathscr{B}_{\Omega}$ and $t\in(\mathrm{O}, 1)$ imply

$tf(A)+(1-t)f(B)\leq f(C)$ for any $C\in \mathscr{D}_{t}(A, B)$ .

(iv) $St$rictly $\mu$-concave if $\mu(A\triangle B)>0$ and $t\in(\mathrm{O}, 1)$ imply

$tf(A)+(1-t)f(B)<f(C)$ for any $C\in \mathit{9}_{t}(A, B)$ .

A function $f$ on $\mathscr{B}_{\zeta)}$ is called to be ( $st,7\dot{?}(jt,\iota_{?/})$
$\mu$-quasi-convex if $-f$ is

(strictly) $\mu- \mathrm{q}\mathrm{u}\mathrm{a}\mathrm{e}\mathrm{i}$-concave and $f$ is called to be $(st_{7}\dot{n}ct.l,\uparrow/)\mu$ -convex $\mathrm{i}\mathrm{f}-f$ is
(strictly) $\mu$-concave.

Example 2.1. A trivial example of a $\mu$-concave and also $\mu$-convex function
on $\mathscr{B}_{\Omega}$ is $\mu$ itself. It is immediate that $\mu$ is neither strictly $\mu$-quasi-concave,
strictly $\mu$-quasi-convex, strictly $\mu$-concave, nor strictly $\mu$-convex by its addi-
tivity.

Example 2.2. Let $\varphi$ be a real function on $[0, \mu(\Omega)]$ and define the function
$f_{\varphi}$ on $\mathscr{B}_{\Omega}$ by $f_{\varphi}(A)=\varphi(\mu(A))$ . Then $f_{\varphi}$ is (strictly) $\mu$-quasi-concave on $\mathscr{B}_{\Omega}$

if and only if $\varphi$ is (strictly) quasi-concave on $[0, \mu(\Omega)]$ .

A partition $(X_{1}, \ldots, X_{n})$ is $\mu$-positive if $\mu(X_{i})>0$ for each $i=1,$ $\ldots,$
$n$ .

Definition 2.2. Let $(X_{1}, \ldots, X_{n})$ be a $\mu$-positive partition. A function $f$ on
$\mathscr{B}_{\Omega}$ is:

(i) $\mu$-quasi-concave at $(X_{1}, \ldots, X_{n})$ if $A,$ $B\in \mathscr{B}_{\Omega},$ $t\in(0,1)$ and $Ci\in$

$\mathit{9}_{t}(\mathrm{A}\cap X_{i}, B\cap X_{i})$ for each $i=1,$ $\ldots,$
$n$ imply

$\min\{f(A), f(B)\}\leq f(\bigcup_{i=1}^{n}C_{i})$ .

(ii) Strictly $\mu$ -quasi-concave at $(X_{1}, \ldots, X_{n})$ if $\mu(A\triangle B)>0,$ $t\in(\mathrm{O}, 1)$ and
$Ci\in \mathit{9}_{t}(A\cap X_{\mathfrak{i}}, B\cap X_{i})$ for each $i=1,$ $\ldots,$

$n$ imply

$\min\{f(A), f(B)\}<f(\bigcup_{i=1}^{n}C_{i})$ .

(iii) $\mu$-concave at $(X_{1}, \ldots, X_{n})$ if $\mu(A\triangle B)>0$ if $A,$ $B\in \mathscr{B}_{\Omega},$ $t\in(\mathrm{O}, 1)$ and
$Ci\in \mathit{9}_{t}(A\cap X_{i}, B\cap X_{i})$ for each $i=1,$ $\ldots,$

$n$ imply

$tf(A)+(1-t)f(B) \leq f(\bigcup_{i=1}^{n}C_{i})$ .
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(iv) Strictly $\mu$-concave at $(X_{1}, \ldots, X_{n})$ if $\mu(A\triangle B)>0,$ $t\in(0,1)$ and
$C_{i}\in \mathit{9}_{t}(A\cap X_{i)}B\cap X_{i})$ for each $i=1,$ $\ldots,$

$n$ imply

$tf(A)+(1-t)f(B)<f( \bigcup_{i=1}^{n}C_{i})$ .

It can be shown that for every $\mu$-positive $n$-partition $(X_{1}, \ldots, X_{n})$ it
follows that $\bigcup_{i=1}^{n}\mathscr{D}_{t}(A\cap X_{i}, B\cap X_{i})\subset \mathit{9}_{t}(A, B)$ for any $t\in(0,1)$ and
$A,$ $B\in \mathscr{B}_{\Omega}$ . Therefore, (strict) $\mu$-quasi-concavity [resp. (strict) $\mu$-concavity]
implies (strict) $\mu$-quasi-concavity [resp. (strict) $\mu$-concavity] at $(X_{1,)}\ldots X_{n})$ .
However, for arbitrary $n\geq 2$ and for any $A,$ $B\in \mathscr{B}_{\Omega}$ and $t\in(0,1)$ we can
easily find an $n$-partition $(X_{1}, \ldots , X_{n})$ such that $\bigcup_{i=1}^{n}\mathscr{D}_{t}(A\cap X_{i}, B\cap X_{i})\not\subset$

$\mathit{9}_{t}(A, B)$ . Thus, (strict) $\mu$-quasi-concavity [resp. (strict) $\mu$-concavity] at some
$\mu$-positive partition does not imply (strict) $\mu$-quasi-concavity [resp. (strict)
$\mu$-concavity]; The former is a “local” property while the latter is “global”.
When $n=1$ , Definition 2.2 is equivalent to $\mathrm{D}\mathrm{e}\mathrm{P}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}2.1$ .

Theorem 2.4. A function on $\mathscr{B}_{\Omega}$ is $\mu$ -quasi-concave if and only if it is $\mu-$

quasi-concave at any $\mu$-positivc $n- pa7^{\cdot}titio\gamma\iota$ .

Example 2.3. Let $(X_{1}, \ldots, X_{n})$ be a $\mu$-positive partition and let $\varphi$ be a real
function on $[0, \mu(X_{1})]\cross\cdots\cross[0, \mu(X_{n})]$ . Define the function $f_{\varphi}$ on $\mathscr{B}_{\Omega}$ by

$f_{\varphi}(A)=\varphi(\mu(A\cap X_{1}), \ldots, \mu(A\cap X_{n}))$ .

When $n=1$ , this case reduces to Example 2.2. Define the set $S$ by

$S=$ $\{(\mu(A\cap X_{1}), \ldots , \mu(A\cap X_{n}))\in \mathbb{R}^{n}|A\in \mathscr{B}_{\Omega}\}$ .

Since the measure $\mu_{i}$ dePned by $\mu_{i}(A)=\mu(A\cap X_{\mathrm{c}’})$ is nonatomic and $S$ is the
range of the vector measure $(\mu_{\mathrm{l}}, \ldots, \mu_{n})$ , by Lyapunov’s convexity theorem,
it follows that $S$ is convex and compact in $\mathbb{R}^{n}$ . It can be shown that $f_{\varphi}$

is $\mu$-quasi-concave on $\mathscr{B}_{\Omega}$ at $(X_{1}, \ldots, X_{n})$ if and only if $\varphi$ is quasi-concave
on $S$ . Similarly, $f_{\varphi}$ is strictly $\mu$-quasi-concave [resp. (strictly) $\mu$-concave] at
$(X_{1}, \ldots, X_{n})$ if and only if $\varphi$ is strictly quasi-concave [resp. (strictly) concave]
on $S$ .

Recall that if a function on a real vector space is both concave and convex,
then it is an additive function. Similar property holds for a function on $\mathscr{B}_{\Omega}$

which is both $\mu$-concave and $\mu$-convex at some $\mu$-positive n-partition.

Theorem 2.5. If $f$ is both $\mu$ -concave and $\mu$ -convex at some $\mu$-positive par-
tition and $f(\emptyset)=0$ , then $f$ is finitely additive on $\mathscr{B}_{\Omega}$ .
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Denote the interior of $\Delta^{n-1}$ by

int $\Delta^{n-1}=\{(\alpha_{1}, \ldots, \alpha_{n})\in\Delta^{n-1}|\alpha_{i}>0, i=1, \ldots, n\}$.

The following result, a variant of Jensen’s inequality, also justifies the
introduction of the $\mu$-quasi-concavity and $\mu$-concavity of functions on $\mathscr{B}_{\Omega}$ .

Theorem 2.6 (Jensen’s inequality). Let $(X_{1}, \ldots, X_{m})$ be a $\mu$-positive m-
$pa\tau tition,$ A function $f$ on $\mathscr{B}_{\Omega}$ is:

(i) $\mu$-concave if and only iffor every finite collection of elements $A_{1},$
$\ldots,$

$A_{n}$

in $\mathscr{B}_{\Omega}$ and any $(t_{1}, \ldots,t_{n})\in$ int $\Delta^{n-1}$ ,

$\sum_{i=1}^{n}t_{i}f(A_{i})\leq f(Y)$ for any $Y\in \mathit{9}_{t_{1},\ldots,t_{\hslash}}(A_{1}, \ldots, A_{n})$ .

(ii) $\mu$-quasi-concave if and only if for $\mathrm{e}ve\tau y$ finite collection of elernents
$A_{1},$

$\ldots,$
$A_{n}$ in $\mathscr{B}_{\Omega}$ and am) $(t_{1}, \ldots , t_{n})\in$ int $\Delta^{n-1}$ ,

$\min_{1\leq i\leq n}\{f(A_{i})\}\leq f(Y)$ for any $Y\in \mathit{9}_{t_{1},\ldots,t_{n}}(A_{1}, \ldots, A_{n})$ .

(iii) $\mu$-concave at $(X_{1}, \ldots,X_{m})$ if and only iffor every finite collection of ele-
ments $A_{1},$

$\ldots,$
$A_{n}$ in $\mathscr{B}_{\Omega}$ and any $(t_{1}, \ldots, t_{n})$ $\in$ int $\Delta^{n-1},$ $\mathrm{Y}_{j}$ $\in$

$\mathit{9}_{t_{1},\ldots,t_{n}}(A_{1}\cap X_{j}, \ldots, A_{n}\cap X_{j})$ for each $j=1,$ $\ldots,$
$m$ implies

$\sum_{\dot{\iota}=1}^{n}t_{i}f(A_{i})\leq f(\bigcup_{j=1}^{m}Y_{j})$ .

(iv) $\mu$-quasi-concave at $(X_{1}, \ldots, X_{m})$ if and only if $fo\mathit{7}^{\cdot}$ every finite collection
of elements $A_{1},$

$\ldots,$
$A_{n}$ in $\mathscr{B}_{\Omega}$ and any $(t_{1}, \ldots, t_{n})\in$ int $\Delta^{n-1},$ $Y_{j}\in$

$\mathit{9}_{t_{1)}\ldots,t_{\mathrm{B}}}(A_{1}\cap X_{j}, \ldots, A_{n}\cap X_{j})$ for each $j=1,$ $\ldots,$
$m$ implies

$\min_{1\leq i\leq n}\{f(A_{i})\}\leq f(\bigcup_{=1}^{m}\mathrm{Y}_{i})$ .

It is obvious from the above proof that Jensen’s inequality is also valid
for strictly $\mu$-quasi-concave and strictly $\mu$-concave functions by replacing the
inequalities in Theorem 2.6 with strict inequalities and adding the condition
that $\mu(A_{i}\triangle A_{j})>0$ for some $i\neq j$ .
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3 Preference Relations on a Borel $\sigma$-Field
In this section we first define the convexity of preference relations on $\mathscr{B}_{\Omega}$ .
Convex preferences are in conformity with the representation by a $\mu$-quasi-
concave function discussed in Subsection 2.2. We then show that maximal
elements in $\mathscr{B}_{\Omega}$ are essentially unique with respect to the $\mu$-strictly convex
preferences. We next introduce a metric on $\mathscr{B}_{\Omega}$ which is identified with the
$L^{1}$-norm metric of characteristic functions. We then define the continuity of
preference relations on $\mathscr{B}_{\Omega}$ under which the existence of a continuous utility
function representing the continuous preferences is guaranteed when $\Omega$ is a
compact subset of a locally compact topological group with a regular Haar
measure. The topological argument in this section is based on Sagara and
Vlach (2006).

3.1 Convexity of Preference Relations
A preference $relation_{\sim}\succ$ on $\mathscr{B}_{\Omega}$ is a complete transitive binary relation on $\mathscr{B}_{\Omega}$ .
The strict preference $A\succ B$ means that $A\succ B\sim$ and $B\not\geq A$ . The indifference
$A\sim B$ means that $A\succ B\sim$ and $B\succ A\sim$ . A real-valued set function $f$ on $\mathscr{B}_{\Omega}$

$represents\sim^{\mathrm{i}\mathrm{f}f(A)}\succ\geq f(B)$ holds if and only if $A\succ B\sim$ does, and such $f$ is
called a utility function $\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}_{\sim}\succ$ .

The following definition of the (strictly) $\mu$-convexity of preference re-
lations are analogues of the (strict) convexity of preference relations on a
standard commodity space.

Definition 3.1. A preference $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}\succ$ on $\mathscr{B}_{\Omega}$ is:

(i) $\mu$ -convex if $A\sim\succ C,$ $B\sim\succ C$ , and $t\in(0,1)$ imply $D\sim\succ C$ for any
$D\in \mathscr{D}_{t}(A, B)$ .

(ii) Strictly $\mu- con\uparrow$) $ex$ if $A\succ\succ\sim^{C,B}\sim^{C,\mu(A\triangle B)}>0$ , and $t\in(\mathrm{O}, 1)$ imply
$D\succ C$ for any $D\in \mathit{9}_{t}(A, B)$ .

Definition 3.2. Let $(X_{1}, \ldots, X_{n})$ be a $\mu$-positive partition. A preference
$\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}\succ$ on $\mathscr{B}_{\Omega}$ is:

(i) $\mu$-corlvex at $(X_{1}, \ldots,X_{n})$ if $A\sim\succ C,$ $B\sim\succ C,$ $t\in(0,1)$ , and $D_{2}\in$

$\mathscr{D}_{t}(A\cap X_{i}, B\cap X_{i})$ for each $i=1,$ $\ldots,$
$n$ imply $\bigcup_{i=1}^{n}D_{\sim}\succ C$ .

(ii) Stnctly $\mu$-convex at $(X_{1}, \ldots , X_{n})$ if $A\sim\succ C,$ $B\sim\succ C,$ $\mu(A\triangle B)>0$ ,
$t\in(0,1)$ , and $D_{i}\in \mathit{9}_{t}(A\cap X_{i}, B\cap x_{:})$ for each $i=1,$ $\ldots$ , $n$ imply
$\bigcup_{i=1}^{n}D\succ C$ .
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Theorem 3.1. A $p\prime eferer\iota ce7$ elation is $(st\gamma\eta ctly)$ $\mu$-quasi-convex if and only
if it is $(st\dot{n}ct_{l}l\uparrow/)\mu$ -convex at any $\mu$-positive n-partition.

The following result characterizes (strictly) $\mu$-quasi-concave and (strictly)
$\mu$-concave utility functions.

Theorem 3.2. Let $(X_{1}, \ldots, X_{n})$ be a $\mu$-positive partition. A ut\’ility function
representing a preference $relation_{\sim}\succ is:$

(i) (Strictly) $\mu$-quasi-concave if and only $if\sim\succ is$ (strictly) $\mu$-convex.

(ii) (Strictly) $\mu$-concave at $(X_{1}, \ldots, X_{n})$ if and only $if_{\sim}\succ is$ $(st\gamma\dot{\mathrm{v}}ctly)\mu-$

convex at $(X_{1}, \ldots, X_{n})$ .

An element $A\in \mathscr{B}_{\zeta)}$ is maximal with respect to $\sim\succ$ if there exists no
element $B\in \mathscr{B}_{\Omega}$ such that $B\succ A$ . $\mathrm{S}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{e}_{\sim}\succ$ is complete, this is equivalent to
saying that $A\succ B\sim$ for every $B\in \mathscr{B}_{\Omega}$ .

Two measurable sets $A$ and $B$ in $\mathscr{B}_{\Omega}$ are $\mu$-equivalent if $\mu(A\triangle B)=0$ .
The $\mu$-equivalence defines an equivalence relation on $\mathscr{B}_{\Omega}$ .
Theorem 3.3. If a preference relation on $\mathscr{B}_{\Omega}$ is strictly $\mu$-convex at some
$\mu$-positive $pa7tition_{\mathrm{Z}}$ then its maximal element is unique up to $\mu$ -equivalence.

Remark 3.1. In this paper we havc not pursued the representability of
$\mu$-convex preferences by a $\mu$-concave utility function. The situation here
is similar to the possibility in which convex preferences may not have the
representation by a concave utility function on a commodity space. For a
finite dimensional commodity space, Kannai (1977) characterized the repre-
sentability of convex preferences by a concave utility function. At present
we do not know whether the approach of Kannai is applicable to the convex
preferences on measure spaces in our framework.

3.2 Continuity of Preference Relations
Let (X, $\mathscr{B}_{X},$

$\mu$) be a measure space, where $X$ is a topological space, $\mathscr{B}_{X}$ is
the Borel a-field of $X$ , and $\mu$ is a Borel measure on $\mathscr{B}_{X}$ . Lct $\Omega$ be a compact
subset of $X$ . When $\Omega$ is endowed with the relative topology from $X$ , the Borel
a-field $\mathscr{B}_{\Omega}$ of $\Omega$ is given by $\mathscr{B}_{\Omega}=\{E\cap\Omega|E\in \mathscr{B}_{X}\}$ and the restriction
$\mu$ , which we denote again $\mu$ , to the Borel measurable space $(\Omega, \mathscr{B}_{\Omega})$ makes
$(\Omega, \mathscr{B}_{\Omega}, \mu)$ a finite Borel measure space. Each element $f$ in $L^{1}(\Omega, \mathscr{B}_{\Omega,l^{l}})$

is identified with an element $\tilde{f}$ in $L^{1}(X, \mathscr{B}_{X}, \mu)$ by the embedding $frightarrow\tilde{f}$

satisfying $\tilde{f}=f$ on $\Omega$ and $\tilde{f}=0$ on $X\backslash \Omega$ . This embedding yields an
isometry on $L^{1}(\Omega, \mathscr{B}_{\Omega},\mu)$ into $L^{1}(X,\mathscr{B}_{X}, \mu)$ and under this identification
$L^{1}(\Omega, \mathscr{B}_{\Omega}, \mu)$ is a closed vector subspace of $L^{1}(X, \mathscr{B}_{X}, \mu)$ .
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We denote the $\mu$-equivalence class of $A\in \mathscr{B}_{\Omega}$ by $[A]$ and the set of $\mu-$

equivalence classes in $\mathscr{B}_{\Omega}$ by $\mathscr{B}_{\Omega}[\mu]$ . If, for any two $\mu$-equivalence classes A
and $\mathrm{B}$ , we dePne the metric $d$ by $d(\mathrm{A}, \mathrm{B})=\mu(A\triangle B)$ where $A$ and $B$ are
arbitrarily selected elements of A and $\mathrm{B}$ , then $\mathscr{B}_{\mathrm{f}\mathit{1}}[\mu]$ becomes a complete
metric space. Since $\mu(A\triangle B)=\int|\chi_{A}-\chi_{B}|d\mu$ where $\chi_{A}$ and $\chi_{B}$ are char-
acteristic functions of $A$ and $B$ respectively, we know that two measurable
sets $A$ and $B$ are $\mu$-equivalent if, and only if, their characteristic functions
differ by a $\mu$-null function. Therefore, the mapping A $\mapsto\chi_{A}$ where $A$ is an
arbitrarily selected element of A is an isometry on $\mathscr{B}_{\Omega}[\mu]$ into $L^{1}(\Omega, \mathscr{B}_{\Omega}, \mu)$ .
Definition 3.3. A preference $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}\succ$ on $\mathscr{B}_{\Omega}$ is $\mu$-indifferent if $\mu(A\triangle B)=$

$0$ implies $A\sim B$ .

A $\mu$-indifferent preference $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}\succ$ induces a preference $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}\succ_{\mu}$ on
$\mathscr{B}_{\Omega}[\mu]$ defined by $\mathrm{A}\succ_{\mu}\mathrm{B}\sim$ if and only if there exist $A\in$ A and $B\in \mathrm{B}$ such
that $A\succ B\sim$ . This is equivalent to saying that $\mathrm{A}\succ_{\mu}\mathrm{B}\sim$ if and only if $A\succ B\sim$

for any $A\in \mathrm{A}$ and $B\in \mathrm{B}$ . Thus, any utility function $f\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}_{\sim}\succ$ on
$\mathscr{B}_{\Omega}$ induces a utility function $f_{\mu}\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}_{\sim}\succ_{\mu}$on $\mathscr{B}_{\Omega}[\mu]$ by $f_{\mu}(\mathrm{A})=f(A)$

where $A$ is an arbitrary element in A.

Definition 3.4. A preference $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\sim\succ$ on $\mathscr{B}_{\zeta)}$ is $\mu$ -continuous if it is $\mu-$

indifferent and for any $\mathrm{A}\in \mathscr{B}_{\Omega}[\mu]$ both the upper contour set $\{\mathrm{B}\in \mathscr{B}_{\Omega}[\mu]|$

$\mathrm{B}\sim\mu\succ \mathrm{A}\}$ and the lower contour set { $\mathrm{B}\in \mathscr{B}_{\Omega}[\mu]|$ A $\sim\succ_{\mu}\mathrm{B}$ } are closed in
$\mathscr{B}_{\Omega}[\mu]$ .

The $\mu$-continuity $\mathrm{o}\mathrm{f}\succ \mathrm{i}\mathrm{m}\mathrm{p}\sim \mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}$ that the preference $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}\succ_{\mu}$ induced by
$\sim^{\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}\mathrm{f}\mathrm{i}\mathrm{e}\mathrm{s}}\succ$ the standard continuity axiom for preference relations.

Definition 3.5. A function $f$ on $\mathscr{B}_{\Omega}$ is:

(i) $\mu$-indifferent if $\mu(A\triangle B)=0$ implies $f(A)=f(B)$ .

(ii)
$\mathrm{o}\mathrm{n}\mathscr{B}_{\Omega}[\mu]\mu ccontinu.ous$

if it is $\mu$-indifferent and induces a continuous function $f_{\mu}$

The following result from Sagara and Vlach (2006) guarantees the ex-
istence of a $\mu$-continuous utility function representing $\mu$-continuous prefer-
ences.

Proposition 3.1. Let (X, $\mathscr{B}_{x\mu)}$, be a Borel measure space with $X$ a locally
compact topological group and $\mu$ a regular Haar measure. Moreover, let $\Omega$ be
a compact subset of $X$ and $(\Omega, \mathscr{B}_{\Omega,}.\mu)$ be the finite measure space indu$ced$ by
the restriction of (X, $\mathscr{B}_{X},$

$\mu$). Then, for any $\mu$-continuous preference relation
$\sim\succ on$ $\mathscr{B}_{\Omega}$ , there erists a $\mu$ -continuous utility function $representin\mathit{9}^{\succ}\sim$ .
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Example 3.1. Let $\mu_{1},$
$\ldots,$ $\mu_{n}$ be finite measures of a measurable space $(\Omega$ ,

$\mathscr{B}_{\Omega})$ . Define $\mu=\frac{1}{n}\sum_{i=1}^{n}\mu_{i}$ . Let $f$ be a continuous function on $[0, \mu_{1}(\Omega)]\cross$

$\cross[0, \mu_{n}(\Omega)]$ . A preference relation on $\mathscr{B}_{\Omega}$ defined by

$A\succ B\Leftrightarrow f\sim(\mu_{1}(A), , . . , \mu_{n}(A))\geq f(\mu_{1}(B), \ldots, \mu_{n}(B))\mathrm{d}\mathrm{e}\mathrm{f}$

is $\mu$-continuous.

Example 3.2. Let $\mu_{1},$
$\ldots,$ $\mu_{n}$ and $\mu$ be defined as in Example 3.1 and let

$(X_{1}, \ldots, X_{n})$ be a partition. Let $f$ be a continuous function on $[0, \mu_{1}(X_{1})]\cross$

. $\cross[0, \mu_{n}(X_{n})]$ . Consider a preference relation on $\mathscr{B}_{\Omega}$ defined by

$A\succ B\Leftrightarrow f\sim(\mu_{1}(A\cap X_{1}), \ldots, \mu_{n}(A\cap X_{n}))\mathrm{d}\mathrm{e}\mathrm{f}\geq f(\mu_{1}(B\cap X_{1}), \ldots , \mu_{n}(B\cap X_{n}))$.

This is a numerical representation of preference relations studied by Spru-
mont (2004). As in Example 3.1, it can be shown that $\sim\succ$ is $\mu$-continuous.
See for details Sagara and Vlach (2006).

The (strict) $\mu$-monotonicity of preference relations on $\mathscr{B}_{\Omega}$ in the following
definition are analogues of the (strict) monotonicity of preference relations
on a standard commodity space.

Definition 3.6. A preference $\mathrm{r}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}_{\sim}\succ$ on $\mathscr{B}_{\Omega}$ is:

(i) $\mu$ -monotone if $A\supset B$ and $\mu(A)>\mu(B)$ implies $A_{\sim}\succ B$ .
(ii) Strictly $\mu$-monotone if $A\supset B$ and $\mu(A)>\mu(B)$ implies $A\succ B$ .

Similar to Definition 3.6, the (strict) $\mu$-monotonicity of functions on $\mathscr{B}_{\Omega}$

are defined as follows.

Definition 3.7. A function $f$ on $\mathscr{B}_{\Omega}$ is:

(i) $\mu$ -monotone if $A\supset B$ and $\mu(A)>\mu(B)$ implies $f(A)\geq f(B)$ .
(ii) Strictly $\mu$-monotone if $A\supset B$ and $\mu(A)>\mu(B)$ implies $f(A)>f(B)$ .

Example 3.3. Let $f_{\varphi}$ be a set function on $\mathscr{B}_{\Omega}$ introduced in Example 2.3.
Then $f_{\varphi}$ is (strictly) $\mu$-monotone on $\mathscr{B}_{\Omega}$ if and only if $\varphi$ is (strictly) increasing
on $S$ .

Note that preference relations on a standard commodity space are strictly
monotone if they are continuous, monotone and strictly convex. As the
$\mathscr{B}_{\Omega}\mathrm{f}\mathrm{o}110$.wing result shows, the similar property holds for preference relations on

Theorem 3.4. If a $pre,fere,nc,e,$ $re,lat?on$ is $\mu$-rontinuous, $\mu$ -monotone, and
strictly $\mu$-convex at some $\mu$-Positive partition, then it is strictly $\mu$ -monotone.

70



4 Pareto Optimal Partitions
This section is concerned with the existence and characterization of a Pareto
optimal partition. The existence of a weakly Pareto optimal partition fol-
lows from the $\mu$-continuity of the utility function of each individual and the
compactness of the set of partitions in $L^{1}$ . It is shown that if each individ-
ual has a $\mu$-continuous and strictly $\mu$-monotone utility function, then weak
Pareto optimality is equivalent to Pareto optimality. We also show that if
each individual has a $\mu$-concave utility function, then the utility possibility
set is a convex set, and consequently every weakly Pareto optimal partition
is a solution to the maximization problem of a weighted utility sum of each
individual by the supporting hyperplane theorem.

Note that a preference relation is represented by a (strictly) $\mu$-monotone
utility function if and only if the preference relation is (strictly) $\mu$-monotone.
By Proposition 3.1, a preference relation is represented by a $\mu$-continuous
utility function if and only if the preference relation is $\mu$-continuous, and
by Theorem 3.2, a preference relation is represented by a (strictly) $\mu$-quasi-
concave utility function if and only if the preference relation is (strictly) $\mu-$

convex. Therefore, it is legitimate in the sequel to employ utility functions
of individuals instead of their preference relations.

4.1 Characterization of Pareto Optimality
Let (X, $\mathscr{B}_{X},\mu$ ) be a Borel measure space with $X$ a locally compact topolog-
ical group and $\mu$ a nonatomic regular Haar measure. Let $\Omega$ be a compact
subset of $X$ and $(\Omega, \mathscr{B}_{\Omega,\mu})$ be the nonatomic finite measure space induced
from (X, $\mathscr{B}_{X},$

$\mu$) as in Subsection 3.2. A typical example of this structure is
the Lebesgue measure space of $\mathbb{R}^{n}$ with any compact subset of $\mathbb{R}^{n}$ in which
$\mathbb{R}^{n}$ is locally compact topological Abelian group under the vector addition
and the Lebesgue measure is a nonatomic regular Haar measure. Denote the
finite set of individuals by $I=\{1, \ldots , n\}$ . A utility function of individual
$i\in I$ on $\mathscr{B}_{\Omega}$ is denoted by $u_{i}$ and the set of $n$-partitions of $\Omega$ by $\mathscr{P}_{n}$ .

Definition 4.1. A partition $(A_{1}, \ldots, A_{n})$ is:

(i) Weakly Pareto optimal if there exists no partition $(B_{1}, \ldots , B_{n})$ such
that $u_{i}(A_{\mathrm{t}})<u:(B_{i})$ for each $i\in I$ .

(ii) Pareto optimal if no partition exists $(B_{1}, \ldots, B_{n})$ such that $u_{i}(A_{i})\leq$

$u_{i}(B_{i})$ for each $i\in I$ and $u_{i}(A_{i})<u_{i}(B_{i})$ for some $i\in I$ .
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We denote the $n$-times Cartesian product of $\mathscr{B}_{\zeta)}[\mu]$ by $\mathscr{B}_{\Omega}^{n}[\mu]$ and define
the set $\mathscr{P}_{n}[\mu]$ of $\mu$-equivalence classes of partitionv by

$\mathscr{P}_{n}[\mu]=\{(\mathrm{A}_{1}, \ldots, \mathrm{A}_{n})\in \mathscr{B}_{\Omega}^{n}[\mu]|\exists(A_{1}, \ldots, A_{n})\in 1_{n} : A_{i}\in \mathrm{A}_{i}\forall i\in I\}$ .

The following result from Sagara and Vlach (2006) plays a crucial role in the
analysis in the sequel.

Proposition 4.1. Let (X, $\mathscr{B}_{X},$
$\mu$) be a Borel measurr space with $X$ a $lo(jal,l’,l/$

compact $t,opological$, group and $\mu$ a regular Haar measvre. If $\Omega$ is a c,om-

pact subset of $X$ and $(\Omega, \mathscr{B}_{\Omega}, \mu)$ is the finite measure space induced by the
restriction of (X, $\mathscr{B}_{X},$

$\mu$), then $\mathscr{P}_{n}[\mu]$ is a compact metric space.

Define the utility possibility set $U$ by

$U=$ $\{(x_{1}, \ldots , x_{n})\in \mathbb{R}^{n}|\exists(A_{1}, \ldots , A_{n})\in 1_{n} : x_{i}\leq u_{i}(A_{i})\forall i\in I\}$ .

Note that if $u_{i}$ is a nonatomic finite measure for each $i\in I$ , then the convexity
of $U$ trivially follows from Lyapunov’s convexity theorem without imposing
any concavity on $u_{i}$ . Thus, the next theorem is regarded as a variant of this
result for the case that $u_{i}$ is not necessarily additive for each $i\in I$ .

Theorem 4.1. If $u_{i}$ is $\mu$-continuous and $\mu$ -concave at some $\mu$ -pos\’itive par-
tition for each $i\in I$ , then $U$ is a closed convex subset of $\mathbb{R}^{n}$ .

The main results of this section are the following.

Theorem 4.2. (i) If $u_{i}r,s\muarrow(iont,inuo\uparrow lS$ for each $i\in I$ , then there ($jx\dot{r,}st,s$ a
weakly Pareto optimal partition.

(ii) If
$\cdot$

$u_{i}$ is $\mu$-continuous and strrictly $\mu$-monotone $fo7’$ each $i\in I$ , then a
partition is Pareto optimal if and only if it is weakly $\Gamma are,t,\mathit{0}$ optimal.

(iii) If $u_{i}$ is $\mu$-concave at some $\mu$-positi$\mathrm{t}’ epa7^{\cdot}tition$ for each $i\in I$ , then a
$pa7t.it?,on$ is weakly Pare, $t,o\mathit{0}I^{\mathit{1}firr.(J[if},$, and $\mathrm{o}nl,.\uparrow/if\cdot rt$. solves $t,f_{\mathfrak{l}},ep\tau\cdot oble,rr|$,

$\max\{\sum_{i\in I}\alpha_{i}u_{i}(A_{i})|(A_{1}, \ldots, A_{\tau\iota})\in \mathscr{P}_{n}\}$ $(P_{\alpha})$

for some $\alpha\in\Delta^{n-1}$ .

Example4.1. Let $(\Omega, \mathscr{B}_{\Omega}, \mu)$ be a Lebesgue measure space with $\Omega$ a compact
subset of $\mathbb{R}^{l}$ and $\mathscr{B}_{\Omega}$ the a-field of Borel subsets of $\Omega$ . Suppose that $\Omega$ is
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decomposed into disjoint sets $X_{1},$
$\ldots,$

$X_{m}$ with $\mu(X_{1}),$ $\ldots$ , $\mu(X_{m})>0$ . Let
utility functions of each individual be given by

$u_{i}(A)=f_{i}(\mu(A\cap X_{1}), \ldots , \mu(A\cap X_{m}))$ ,

where $f_{1}$ is real-valued functions defined on $[0, \mu(X_{1})]\cross\cdots\cross[0, \mu(X_{m})]$ for
each $i\in I$ . This representation of preferences is a special case of Example
3.2. Note that this economy is analogous to a pure exchange economy with
$n$ individuals, $m$ commodities and total endowment $\Omega$ . If $f_{i}$ is continuous,
then $u_{i}$ is $\mu$-continuous (Example 3.1). Define the set by

$S=\{(\mu(A\cap X_{1}), \ldots, \mu(A\cap X_{m}))\in \mathbb{R}^{m}|A\in \mathscr{B}_{\Omega}\}$ .

Then $S$ is convex and compact, and $f_{i}$ is concave and strictly increasing on $S$

if and only if $u_{1}$ is strictly $\mu$-concave at $(X_{1}, \ldots , X_{n})$ and strictly $\mu$-monotone
(Examples 2.3 and 3.3). Therefore, Theorem 4.2 is true for this economy.

Remark 4.1. The existence of a weakly Pareto optimal partition was estab-
lished first by Dubins and Spanier (1961) for the case of additive preferences
represented by a nonatomic finite measure. The equivalence between Pareto
optimality and weak Pareto optimality is guaranteed for the case of additive
preferences if a nonatomic finite measure of each individual is mutually abso-
lutely continuous (see Sagara 2006). A characterization of weak Pareto opti-
mality in terms of the maximization problem of a weighted utility sum using
the supporting hyperplane theorem was provided by Barbanel and Zwicker
(1997) for the case of additive preferences. Without imposing any topological
structure on a a-field, Sagara (2006) extended these results for the case of
nonadditive preferences with a concave transformation of a nonatomic finite
measure by employing Lyapunov’s convexity theorem.

5 Core Partitions in a Cooperative Game
This section introduces cooperative games with NTU and with TU in a pure
exchange economy in which the initial individual endowments form a par-
tition. We show the existence of a core partition with NTU under the as-
sumption of $\mu$-continuity and $\mu$-quasi-concavity of utility functions of each
individual and the existence of a core partition with TU under the assump-
tion of $\mu$-continuity and $\mu$-concavity of utility functions of each individual.

5.1 NTU Game
A nonempty subset of $I$ is called a coalition. We denote the collection of
coalitions by $A^{f}$ . Let $(\Omega_{1}, \ldots, \Omega_{n})\in \mathscr{P}_{n}$ be an initial partition in which
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individual $i\in I$ is endowed with a measurable subset $\Omega_{i}$ of $\Omega$ . A partition
$(A_{1}, \ldots, A_{n})$ is an $S$ -partition if $\bigcup_{i\in S}A_{i}=\bigcup_{i\in S}\Omega_{i}$ for coalition $S$ .

Definition 5.1. A coalition $Simp_{\mathit{7}}oves$ upon a partition $(A_{1}, \ldots, A_{n})$ with
NTU if there exists some $S$-partition $(B_{1}, \ldots, B_{n})$ such that $u_{i}(A_{i})<u_{i}(B_{i})$

for each $i\in S$ . A partition with NTU that cannot be improved upon by any
coalition is a core partition with NTU.

It is obvious from the definitions that a core partition with NTU is weakly
Pareto optimal. Note that if $u_{i}$ is $\mu$-continuous and strictly $\mu$-monotone for
each $i\in I$ , then a core partition with NTU is also Pareto optimal by Theorem
4.2(ii).

Theorem 5.1. If $u_{i}$ is $\mu$-continuous and $\mu$ -quasi-concave at some $\mu$-positive
partition for each $i\in I$ , then there exists a core partition with $NTU$.
Remark 5.1. Berliant (1985) identified a measurable set with a characteris-
tic function in $L^{\infty}$ and introduced a price system in $L^{1}$ as a weak* continuous
linear functional on a commodity space in $L^{\infty}$ to show the existence of an
equilibrium for the case of additive preferences by the standard argument of
Bewley (1972). The existence of an equilibrium implies the nonemptiness of a
core partition with NTU. Berliant and Dunz (2004) embedded characteristic
functions in $L^{1}$ with a price system in $L^{\infty}$ as the norm dual of a commodity
space in $L^{1}$ to show the existence of an equilibrium for the case of nonadditive
preferences by the fixed point argument under the continuity assumption of
preferences and the strong convexity assumption that the upper contour set
is separated by hyperplanes in $L^{\infty}$ . Dunz (1991) proved balancedness of the
NTU game for the case of nonadditive preferences with a specific integral
form and Sagara (2006) also gave a proof of the balancedness for the case of
nonadditive preferences with a concave transformation of a nonatomic finite
measure.

5.2 TU Game
TU game developed here is a variant of a market game introduced by Shapley
and Shubik (1969), who showed the balancedness of the market game with a
finite dimensional commodity space.

Definition 5.2. A coalition $S$ improves upon a partition $(A_{1}, \ldots , A_{n})$ with
TU if there exists some $S$-partition $(B_{1}, \ldots, B_{n})$ such that $\sum_{i\in S}u_{i}(A_{i})<$

$\sum_{i\in S}u_{i}(B_{i})$ . A partition with TU that cannot be improved upon by any
coalition is a core partition with TU.
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It is obvious from the definitions that a core partition with TU is weakly
Pareto optimal and that a core partition with TU is a core partition with
NTU. Note that if $u_{i}$ is $\mu$-continuous and strictly $\mu$-monotone for each $i\in I$ ,
then a core partition with TU is also Pareto optimal by Theorem 4.2(ii).

Theorem 5.2. If $u_{i}\mu$-continuous and $\mu- \mathrm{r},onc,0,\uparrow\prime eo,t$ some $\mu$-positive $part?,tion$

for each $i\in I$ , then there exists a core $pa7^{\cdot}tition$ with TU.

Remark 5.2. Legut (1990) characterized payoff vectors in the core of the
TU game for the case of additive preferences with a nonatomic finite mea-
sure. Legut (1985) proved the balancedness of the TU game with countably
infinite individuals for the case of additive preferences with a nonatomic fi-
nite measure, and Legut (1986) and Sagara (2006) showed the balancedness
of the TU game with finitely many individuals for the case of nonadditive
preferences with a concave transformation of nonatomic finite measures.
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