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0 Introduction

In this note, we write down explicitly the orbits of simple differential
equations by groups of diffeomorphisms or contact diffeomorphisms using
multi-dimensional Schwarzian derivatives or contact Schwarzian deriva-
tives. We give a definition of contact Schwarzian derivatives which is
equivalent to that of Fox [2]. For the lowest dimensional case, the defini-
tion is given in [7], [5].

1 System of second-order PDE’s

In the section, we consider the simple system of second-order partial differ-
ential equations with m independent variable and n dependent variables

&y
0z;0x;
The number of equations in (1) is equal to mn(m + 1)/2. Put

=0 forall 1<i<j<m,1<k<n. (1)

Y = (Y1, %2 Yn)-
Then the system (1) is written simply as
0%y
0z;0z; -

0 forall 1<i<j<m.



Put
— ayz
x-(ml,mg,...,:z:m), Dij = (1< 1 <, 1<]<m)
dz;
and let p = (p;;) be the n x m matrix whose (ij)-component is equal to
Dij-

Let K be R or C and let ¢ : K™ — K™*" be a nondegenerate map
(diffeomorphism) given by

b:z2=(21,.,2m+n) = (21, .. Zipin)-

Put £ = m + n. According to Yoshida[13], [14] or Sasaki [6], (multi
dimensional) Schwarzian derivative Sfj(qb) for 1 <4,7,k < £ is given by

927p 9k BzZP o1 0*z? 01
k — k 2 & 2

(cf. also Gunning[3], Kobayashi—Ochiai[4]). Clearly Sf(¢) = Sk(¢) and
further they satisfy the canonical-form relation

£
D Sh(¢)=0 for i=1,2,...,L

k=1
So the number of Schwarzian derivatives is (£ — 1)£(£ + 2)/2.

If we regard

(Z1,22,.. -7Zm+n) = (-'L'la- sy Ty Y1, - - -’yn)a

the diffeomorphism ¢ maps the system (1) to another system of partial
differential equations

a2yk ok .
= ij <1<3< <k<
53,01, fPri(xy,p) forall 1<i<j<m,1<k<n (2
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where f¢F,; = f®*.(x,y,p) are smooth functions of m + n + mn vari-

2
ables. The set of the system of equations 8?: g’; = f¢k,-j(x, y, p) for all
Oded]

2

diffeomorphisms ¢ is the orbit of the system of equations 5 gz = 0 by
, 0z;

the diffeomorphism group Diff(R™+*"). This is an answer to the problem
of the paper [8].

In the following Theorem 1, we write down explicitly the functions
fok.;(x,y,p) by using the Schwarzian derivatives S (¢).

The case for m = n = 1 is explained in 7] and higher dimensional cases
are left unsolved.

Theorem 1 By the inverse diffeomorphism ¢, the system of 20-PDE
{oxs

0X;0X;

is mapped to a system of 20-PDE

=0 (1<i<j<m, 15kgn)}

az'yk ok . .
= ij <1<£j3< <k<L
{ax,fax,- (%, y, p) (1_Z_J_m,1_k_n)}

where
f¢kij (X, y,p Sm+k Z ij Pks — Z(Snrgitkj Dii + m+t pt])
s=1
m n
+ Z Z m+tJ Pks ptz + Szm+t Dks ptj) m-:-tkmﬁ-s Dti Psj
s=1 t=1 sit=1
+ Z Z Smtum+t Pks Pui btj-
s=1 u,t=1

This is an extension of the following result (cf. {7]).
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Example 1 Let ¢ : K* — K? given by ¢(z,y) = (X(z,),Y(z,y)) be a
diffeomorphism. By the inverse diffeomorphism ¢!,

Y'(X)=0
is mapped to

y'(z) = —S%, + 35}, ¢ - 352, (¥)* + S32 @)

2 System of third-order PDE’s

In this section, we consider the simple system of third order partial differ-
ential equations of n independent variables and one dependent variable

&3y

_— = forall 1<i<j<k<
92:0%,0m, 0 or a <1 <j<k<m,

where y = y(z1,...,%m). The space K?™*1 = {x y, p} has the natural
0%y

3565611{1

and put q = {g11,912, - - - ,gmm}- Then q consists of im(m + 1) functions.

contact form n = dy — 3%, pidz;. For 1 <4 < j < m, put ¢;; =

Let ¢ : K?m+!1 — K?m+l be g contact diffeomorphism with a nonva-
nishing function f such that ¢*n = fn. The contact diffeomorphism ¢
aps the equations &y 0 to another system of partial differen
m u —_— = -
p d 0z;0z;0xy y P
tial equations
&y

92:02,0z fPixy,p,d) for 1<i<j<k<m.
B

Here f¥;;, are smooth functions of 2m+1+-21—m(m+1) = m—z’“g&@- variables.
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We define (multi-dimensional) contact Schwarzian derivatives ij(go)
(Definition 2.1) which is equivalent to that of Fox [2]. For m = 1, the
definition is given in [7], [5].

In the following Theorem 2, we write down explicitly the function
f%i(x,9,p,q) by using the contact Schwarzian derivatives Cf(p). This
extends a result of {7] for the case of m = 1. |

Contact Schwarzian Derivatives

On the contact space K?"+! = {(x,y,p)}, the total differential dzik is

defined by
4a_9 .9
dzy Oy pkay'
For a function A, the total differential of A is expresses as
dA
A;k = d—CU]; = A:znc + Aypk-

Let ¢ : K?»*1 — K?+1 be a contact transformation given by

(P(Cb‘l,...,l‘n,y,pl,...,pn) = (Xl,...,Xn,lf,Pl,...,Pn).
Corresponding to ¢, define (n x n) matrices X, , X, , P, B, by

o0X; 0P,
- (X;)ij = Xi;j’ (Xp)ij - %’ (P’)U - Pi;j’ (Pp)ij B 517?

and define (2n) x (2n)-matrix X, by
_ (X Xp
%= (3 B)

Then (X,)! = X,- = (:1:; TP

(&) ! p. pp
(r,s)-component of the matrix X, ; aps = (X,)rs. Let Brs be the (r,s)-
component of the matrix X,-1 ; Brs = (X,-1)rs. Then B is equal to oy

with replacing small letters z,p with capital letters X, P.

). For 1 < r,s < 2n, let a,s be the |
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For 1 <r,s,t < 2n, put

. 2
Qpst = {ara;t lgisn /J't = Znﬁt «
- Oa . ) rs u'“turs
Tlpt_u ifn<t<2n —

Then, for 1 < 4, j, k < 2n, the contact Schwarzian derivatives C¥; = CE,(¢)
is defined by

2n
1
CY =5 (uis+ 15:) — @nt D) D (ks o + Giktsl ; + Getssy + Oikas).
s=1

N =

Now we have the following theorem;

Theorem 2 By the inverse contact diffeomorphism ¢~!, the system of
30-PDE
o’y

0Xi0X,;0Xx
s mapped to a system of 30-PDE

=0 (1Si$jsksm)}

—-——_—-63 3 .
{amawyamk = f‘Pijk(x7 Y, p, q) (1 <1 < J < k < m)}
Ui}

where
‘Pijk(x Y, P, q)

m
Crit + Z kit — Z kit — ZC?JQ%

Z m+rqiequ+z Cm+rkq'LZQTJ Z C +em+.,~QZJQrk+ Z Cm+em+ersq{JQrk

Lr=1 £r=1 Lr=1 4,r,s=1

This is an extension of the following result ([7],[5]).
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Example 2 Let ¢ : K — K® given by ¢(z,y,p) = (X(z,,p), Y (z,v,p),
P(z,y,p)) be a contact diffeomorphism. By the inverse contact diffeornor-
phism 71,

Y"(X) =0

is mapped to

y"(z) = ~C}, +3C1y" = 3C5, (V') + Coa ().
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