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An exact WKB method for 2 X 2 systems

and applications

SRR AR IR BRES  (Setsuro FUJIIE)
Graduate School of Material Science, University of Hyogo

This report is mainly based on the joint work with Caroline Lasser and
Laurence Nédélec.

1. BASIC THOERY OF AN EXACT WKB METHOD

We study 2 x 2 systems of first order differential equations

hd
1 tlu=
(1) --u M(z, h)u,
where the unknown function u(z, h) = *(ui(z, k), u2(z, h)) is a column vec-
tor, M(z,h) is a 2 x 2 matrix valued function and h is a small parameter.

By conjugating the system with the function

exp (—% / ’I‘rM(t,h)dt),

we can assume M is trace-free: - .

@) Maw = (G2l Hen ).

The eigenvalues of M are +iv/det M = +i2'. The zeros of det M (z,h)
are called the turning points of the system (1). In this section, we assume

(HO): M is independent of h and M € H(2,GL(2,C)), i.e. the ele-
ments a(z, h), b(z, h) and ¢(z, h) are analytic in a complex domain
2 and there is no turning point there.

1.1. Formal construction. We define the phase function z(x, k) by

(3) | z(:c;q) = /ﬂC Vdet M(t) dt,

for a fixed point «, and we look for solutions of the form
141

@ wEm=eoreE) () ) ),
(5) wE(z,h) = wal‘(a:,h), wi(z,h) = ( é ) ,
n=0 :

where the sums are ahsolutely convergent in a neighborhood of a fixed point -
zg € §, i.e. us are exact solutions and, moreover, they give asymptotic
expansions of u+ as h — 0 in a subdomain 0%, which will be defined later.



Lemma 1.1. There ezists Q(z) € ’H(Q,GL(Q,C)) such that the followings
hold:

gm0
© ame=(% 2.).
c(z) O

where ' stands for the derivative with respect to z. Such matriz Q(z) is
unique up to multiplication from the right by a diagonal constant matriz.

(7),1 Q7 Q) =- ( 0 cila) ) for some cyi(z) € H(Q,C),

Proof. Since (2 is turning point free, the matrix M is diagonalizable in 2 by
a regular analytic matrix P = P(z, h):

P-IMP = ( izl 0 )

0 —i
Put
“1pr _ _ () c12(x)
(8) pip = Cla) = ( g; (=) cg(m) ) .
Then Q(z) and c4(z) are given by
_ _ ( exp(= [ en(z)dz) 0
V@)= Pla)B(z), Blz) = ( v fgn ’ exp(— [ c2o(z)dz) ) ’

4 () = —era(a) exp { [teuto) - cntoas}

c-(z) = —Czl(x)exp{/(czz(m) - Cu(w))dﬂ?} :
O

Remark 1.2. As a consequence from (7), det Q(z) is independent of .
Indeed, (7) implies

d . 0 cyu(x) _
@ == (G “g7 )ema=o

Lemma 1.3. If the matriz M is anti-diagonal

_ 0 g+(2)
©) M@= (0 o),
the matriz Q(z) and the functions c*(z) are given by

H(z)"! H(z)! _ H'(z)
o) = (T ES ) c@=c@=5E,

Hiz) = (g~(w))1/4.

g+(x)

where




+

The functions w= in (4) satisfy

dW:t 0 0 + 0 C:F +
(10) *d_a;_*(o :h2z’/h>w "l 0 )V
or regarding w* as functions of z,

dw* 0 0 . 1/ 0 ct +
(1) ’E?J’(o :I:Q/h)w =Z\c 0 )V

where 2’ .and ¢* are also regarded as functions of z in the second equations.
We can formally construct solutions of these systems in the form (5) with

' +
w
(12) wi=( ),
" Wan-1
by determining inductively the functions wn(2,h) by
(13) —l = 0 wO = ].
and for n > 1,
+ +
(14) { Fw = Fwg,y,
+
(% * 72;2'(9”)) Woy = CF Wi
or equivalently,
d,+ _ cF +
(15) =W = ~c,;,'r?‘vZ'n.—l’
+ + 4
(&£ 3) W1 = S Wi
The recurrence equations (14) with initial conditions
(16) wipmzo =0 (n>1)

uniquely determine the sequence of scalar functions {wZ(z, h;20)}3 _, and
the sequence of vector functions {wZ(z, h;z0)}52,. Let us write

+ + o) — + :
Waven (T, h; o) Zw2n x,h;x0), wiy(z, hizo)= szn“l(m,h,xo),

Thus we have constructed formal solutions (4), which we write from now
on ux(z, h;a,zy), depending on a base point « for the phase and a base
point zg for the amplitude.

Theorem 1.4. The ezact WKB solutions ui(z, h;a,zo) have the following
three properties:

(i) The formal series (5) are absolutely convergent in a neighborhood of
xo.
(if) Let Q4 be the set of z € Q such that there erists a path from xq to

in ) along which +Rez(x) increases strictly. Then we have for each
NeN

N-1
=) wr =0(Y),
n=0

uniformly in any compact subset of Q4.



(iil) The Wronskian of any two exact WKB solutions of different sign
with different base points of amplitude are given by

(17) Wt (z,h;a,20),u"(z, h;a,z1)) = —det Q w‘;en(ml,h;xo),
where W(f,g) is by definition the determinant of the matriz (f,g).
Proof. The proof of the first and the second parts are just the same as in

[1], [2], [3], and we only check the third part.
From (4), we immediately have

W(u*t(z, h; o, zp), u™ (2, h; @, z1))

01
=detQ W 1 0

= det Q (wlyy(z, h; zo)wiyy (2, hs 1) — When (2, h; To)Wayen (2, b 71)).

W+(z,azo),w_(z,x1)>

This must be independent of z since the matrix M is trace free. Hence we
can replace z in the right hand side by a particular point, say £ = z;. Then
taking (13) and (16) into accont, we get (17). O

This theorem enables us not only to construct exact solutions in each
turning point free complex domain but also to connect these solutions using
the Wronskian formula (17). In particular, if the base points of these WKB
solutions are connected by a canonical curve along which the real part of the
phase increases in the good direction, we can know the asymptotic behavior
of the Wronskian, i.e. the connection coeflicients. Thus we can generically
know the global asymptotic behavior of solutions.

2. APPLICATIONS

In this setion, we expose some typical problems of mathematical physics
to which our method of the previous section can be applied.

2.1. 1-d Schrodinger equation. 1-d Schrodinger equation
' 2
-—h2%y- + V(z)u = Eu

is reduced by putting *u = (w, —ih%—m‘i) to the form (1) with

M&=( _y@)-n o)

which is of the form (9). Hence, by Lemma 1.3, the first component of the
vector valued solution (4) is: |

ug(z,h) = (V(z) — B) V4t [TV-B2da/h (2 b + wE (2, b)),

even

which are the exact WKB solutions introduced in [3]. This method was
applied to the double-well eignevalue asymptotics ([3]) and semiclassical 1-d
scattering problems ([6}, [2] etc.)



2.2. 2-level adiabatic transition. If z = ¢ is a time variable, the equa-
tion (1) can be considered as a time-dependent 2-level Schrodinger equation
with Hamiltonian —M (¢, k). The small parameter h is the semiclassical or
adiabatic parameter. M is often supposed to be real symmetric

a(t,h) b(t,h)
Mt ) = ( k) ) |

By the change of the unknown

(1)

(1) can also be reduced to the form (9):

hdv_- 0 ia+b v
i dz —(ia—b) O

In this case, one has

z(z,h) =1 / (a® + 6%z, H= (

a+ib)1/4

a—1b

2.3. Langer modification. 3-d Schrodinger equation with radially sym-
metric potential is reduced to the 1-d equation with respect to the radial
variable r:

(18) h32+V()

For this equation, r = 0 is a regular singular point with Fuchsian indices

!+1, 1. The principal terms of the usual WKB solutions (so called Liouville
Green functions) are

(V(r)-E+ fil(—i;—l)—)“l/'i exp {i% /T(V(r) —-E+ ﬂfl_;:_l.).)lﬂdr} :

and they behave asymptotically like r2V {+1D+1/2 g5 7 —, 0 (while h > 0 is
fixed). The exponents apparently differ from the Fuchsian indices, and this
means that the WKB approximations in this direction are not unlformly
accurate when r is small. This change of exponents from (I + 1) to (I + 1)?
is often called Langer modification, and since his own work [5], many dlffer-
ent approaches have been tried to know the monodromy around a regular
singular point (see for example [2], [4] for very recent references).

The following reduction to a system is also one of such approaches. Put

tu = (fr—l/zu, E_rir"l/zu) ]
i dr

Then (18) is reduced to

hd 1 0 !
(19) TEU= ( —r2(V(r) — B) — (L + 1)2 0 ) *

2
Ei(;—;_—l)—u = Fu.



r = 0 is a regular singular point also for this system and the Fuchsian
indices are (I + 1/2). On the other hand, the principal terms of the exact
WKB solutions constructed for (19) in our way are

z(r H ,h -1
(20) s (r, h) ~ X2/ ( ;i(}"l (T? ) ) ,

where

()= [ VAV - B) T WG 1P 2,

H(r,h) = (r¥(V(r) - B) + K31+ 1/2)2) /%

Since z(r, h) ~ (I+3) logr and H(r,h) ~ hl/z(l—i--é-)l/2 asr — O while h > 0
is fixed, the right hand side of (20) behaves like constant times r*(i+1/2),
which coincides with the Fuchsian indices.

As a matter of fact, it can be shown that the subdominant solution at
the origin to (19) corresponding to the index [ + % (which corresponding the
regular solution to (18)) is colinear to the exact WKB solution u. (7, h; o, 0)
whose phase z(r,h) is determined so that its real part is decreasing as r
tends to 0 and whose base point for the symbol is taken at the origin. Note
that, in this case, the recurence relations (14) becomes of regular singular
type equations at r = 0 with O initial data there.

2.4. A model of conical intersection. In [1], the semiclassical distribu-
tion of resonances of the following model of 2-d 2-level Schrodinger equation
is studied:

—h?Au + 1 %2 u= Fu
T2 —I

This second order equation is reduced to a first order one by h-Fourier
transform: ‘

1 .
A — —iz-Efh
u(é) 5T Rze u(z)dz.

Using the polar coordinate £ = r(cos 8, sin §) and developing (£) in Fourier
series after some change of the unknown function

.8 oo
ﬁ({) _ 'r'1/2 ( cos ——Slnai ) Z ei(l+1/2)7r9/hvl(,r),

sSin b] Cos b

DO

l=—00
we get the following reduced equations for v,(r):
hd_ rP—E  (+1h/r
(21) idr T ( —(+3)h/r E-—r? G
This equation has a regular singular point at » = 0 and the Fuchsian indices
are +(I + 1/2).
1

Conjugated with a constant matrix 75

1 —
1 1
again of the form (9), and we can construct exact WKB solutions as in the

, this equation becomes



previous section. Their principal terms are given by (20) where

o(r,h) = / VTR =R E- ) L

3\ 174
H(r,h) = ((l+ 1/2)h+ Er —r ) .
(l+1/2)h—Er+1r3
In this case also, the physically interesting solution to (21) is colinear
to the exact WKB solution constructed with the phase whose real part
decreases as r — 0 (see [1]).
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